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Abstract

We prove that under mild positivity assumptions, the entropy rate of a continuous-
state hidden Markov chain, observed when passing a finite-state Markov chain through
a discrete-time continuous-output channel, is analytic as a function of the transition
probabilities of the underlying Markov chain. We further prove that the entropy rate
of a continuous-state hidden Markov chain, observed when passing a mixing finite-type
constrained Markov chain through a discrete-time Gaussian channel, is smooth as a
function of the transition probabilities of the underlying Markov chain.

1 Main Results

Consider a discrete-time channel with a finite input alphabet ) and the continuous output
alphabet Z = R. Assume that the input process is a Y-valued first order stationary Markov
chain Y with transition probability matrix IT = (7;;)|y|x|y| and stationary vector m = (m;)y|
(here we assume Y is first order only for simplicity; an usual “blocking” approach can be
used to reduce higher order case to first order case). Assume that the channel is memoryless
in the sense that at each time, the distribution of the output z € Z, given the input y € Y,
is independent of the past and future inputs and outputs, and is distributed according to
probability density function ¢(z|y).

The corresponding output process of this channel is a continuous-state hidden Markov
chain, which will be denoted by Z throughout the paper. The entropy rate H(Z) is defined
as

H(Z) = lim

—-n

when the limit exists, where

H(Z%,) = —/Z Hp(z(ln)logp(zgn)dzﬁn,



here 2° = (2_p, 2 ns+1, -, 20) denotes an instance of Z° := (Z_,,Z .1, -+, %), and

p(2°,,) denotes the probability density of 22, . It is well-known (e.g., see page 60 of [3]) that
if H(Z°,) is finite for all n, H(Z) is well-defined and can be written as

H(Z) = lim H,(Z),

n—oo

where
H,(Z) = —/ p(2°,) log p(zo|224)d22 (1)
2n+1

here p(z|2Z,,) denotes the conditional density of 2 given z~}. Since the channel considered

in this paper is memoryless, and Y, Z are stationary, we have
H(Z2,|Y2,) = (n+ 1) H(Z|Yp),

where H(Zy|Yy) can be computed as

H(Zo[Ys) = j£:7n%/m a(21i) log ¢(=]i)d=

It then follows from
H(Z2 |Y2) < H(Z°,) <H(Y?)+ H(Z°,]Y°,)

that if

/ddwﬂ%ﬁWMz

is finite for all i, H(Z) is well-defined and finite.
The following theorem states that under positivity assumptions, H(Z) is analytic as a
function of II.

Theorem 1.1. Consider a discrete-time memoryless continuous-output channel as above.
Assume that T1 is analytically parameterized by & = (e1,€9,- -+ ,&m) € Q, where ) denotes
an open and bounded subset of R™, and assume that q(z|y) > 0 for all (y,z) € (¥, Z), and

the integral
[ atlosatlia:
zEZ

is finite for alli. If I1 is strictly positive at £y, then H(Z) is analytic around £.

Our next result deals with a discrete-time memoryless Gaussian channel, a special type
of discrete-time memoryless continuous-output channel. We shall relax the positivity as-
sumptions in Theorem [[.1, and we assume that the input Markov chain is supported on a
mixing finite-type constraint. The consideration of such channels mainly comes from prac-
tice: Gaussian channels are of great importance in a variety of scenarios in real applications,
and often (particularly in magnetic recording) input sequences are required to satisfy certain
constraints in order to eliminate the most damaging error events [§] and the constraints are
often mixing finite-type constraints.



Let X be a finite alphabet, and let X™ denote the set of words over X of length n. Let
X* = U, X" A finite-type constraint S over X is a subset of X* defined by a finite list F
of forbidden words [7, §]; in other words, S is the set of words over X’ that do not contain
any element in F as a contiguous subsequence. We define §,, = S N A". The constraint &
is said to be mizing if there exists N such that, for any u,v € S and any n > N, there is a
w € S,, such that vwv € S.

The mazimal length of a forbidden list F is the length of the longest word in F. In
general, there can be many forbidden lists F which define the same finite type constraint S.
However, we may always choose a list with smallest maximal length. The (topological) order
of § is defined to be m = m(S) where m + 1 is the smallest maximal length of any forbidden
list that defines S (the order of the trivial constraint X* is taken to be 0). For example,
one checks that the order of the (d, k)-RLL constraint 7], which is a commonly seen mixing
finite-type constraint, is £ when k < oo, and is d when k = oo.

For a stationary stochastic process X over X, the set of allowed words with respect to X
is defined as

AX)={uw", :n>0,PX° =uw") >0}

For any m-th order Markov process X, we say X is supported on a constraint S if S = A(X);
note that in this case, the constraint S is necessarily of finite-type with order m < m. Also,
X is mixing if and only if S is mixing (recall that a Markov chain is mixing if its transition
probability matrix (obtained by appropriately enlarging the state space) is irreducible and
aperiodic).

Now, consider a discrete-time memoryless Gaussian channel, which is a special case of
the generic channel model described in the beginning of this paper. More specifically, for
any input y € ), the channel is characterized by the transition probability density function

1 ()2 /(202
q(zly) = em v/, (2)

V2rmoy

where 0, > 0, and z € Z denotes a possible output of the channel.

The following theorem states that under certain assumptions, H(Z) is smooth (infinitely
differentiable) as a function of the transition probabilities of Y. More specifically, we state
our second result of this paper as follows.

Theorem 1.2. Consider a discrete-time memoryless Gaussian channel as above. Assume
that 11 is analytically parameterized by € = (1,62, -+ ,&m) € §, where Q denotes an open
and bounded subset of R™, and assume that at €y € €1, the input Markov chain'Y is supported
on a mizing finite-type constraint S, i.e., A(X) =S8, then H(Z) is smooth around £.

The rest of the paper is organized as follows. In Section [2] we briefly review the Hilber
metric and introduce a complex Hilbert. In Section [3], using the complex Hilbert metric, we
prove that for any continuous channel, under mild positivity assumptions, H(Z) is analytic
with respect to the input Markov parameters (Theorem . In Section , we prove that
for a Gaussian channel, where the input Markov chain is supported on a mixing finite-type
constraint, H(Z) is smooth with respect to the input Markov parameters (Theorem [1.2).



2 A Complex Hilbert Metric

In this section, we briefly review the classical Hilbert metric and review a new complex
Hilbert metric, which we will use to prove Theorem [1.1]
Let W be the standard simplex in |)|-dimensional real Euclidean space,

W ={w = (w1, wy, -~ ,w|y|) e RV Dw; zo,zwizg,

and let W° denote its interior, consisting of the vectors with positive coordinates. For any
two vectors v, w € W°, the Hilbert metric [9] is defined as

w; Jw,
d ,U) = 1 2, 3
() = maxlog (222 )
For a |Y| x |Y| strictly positive matrix T' = (¢;;), the mapping fr induced by T on W is

defined by
wT
- 4
frlw) = o (4)
where 1 is the all 1 column vector. It is well known that fr is a contraction mapping under
the Hilbert metric [9]. The contraction coefficient of 7', which is also called the Birkhoff

coefficient, is given by

(T) = sup dg(vT,wT) 1—+/&(T)

o du(v,w) 14+ \/o(T) ©)

tiktjl
tiktil”

Let W denote the complex version of W,
W = {w = (wy,wy, - - ,Wy|) € cl. Zwi =1}.

where ¢(T') = min; j x,

Let Wt = {v e W : R(v;/v;) >0 for all 4,7}. For v,w e W, let
J
log (wi/wj)’7 (6)

vi/v;
where log is taken as the principal branch of the complex log(-) function (i.e., the branch
whose branch cut is the negative real axis). Since the principal branch of log is additive on
the right-half plane, dy is a metric on W, which we call a complex Hilbert metric.

Let M denote the set of all stochastic matrices with dimension |Y| x |V, i.e.,

dp (v, w) = max
[2¥)

|V
j=1
Let M denote the complex version of M, defined as

1V
M = {H = (7'('1']') € C|y|x‘y‘ . Z’Trij = 1}
j=1
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For a glven positive II and a small 51 > 0, let Mn(él) denote the d;-neighborhood around
IT within M. For an element II € Mn(él) similar to , 11 will induce a mapping fi on

W. For a small 6, > 0, let W5(6,) denote the dy-neighborhood of W° within W+ under the
complex Hilbert metric, i.e.,

W5 (82) = {v = (vi,v2,- - ,vpy) € W+ 3ue We,dy(v,u) < 8}
The main theorem in [5] says:

Theorem 2.1. For sufficiently small 61,05 > 0, there exists 0 < p1 < 0 such that for any
II € My (61), fg is a pr-contraction mapping on W (d2) under the complex Hilbert metric in

3 Proof of Theorem 1.1l

In this section, we consider a discrete-time memoryless continuous-output channel as in
Theorem [I.1] which was described in the beginning of Section [1]
For each z € Z, define I1(2) as a |Y| x |Y| matrix with the entries

I1(2)ij = mi;(€)q(z]j), for all 4, j, (7)

here we suppressed the dependence of II(2) on £ for notational simplicity. By (4), II(z) will
induce a mapping f¢ := fr(z) from W to W. For any fixed n and 2, define

—n>

E( 0

z; = xi(2L,) = p(yi = - |20, 21,0, 2on), (8)

3 (2

(here - represent the states of the Markov chain Y,) then similar to Blackwell [1], {z5}
satisfies the random dynamical system

xirl = zgm (l’f), (9)

starting with )
=, =m7(8). (10)
And obviously we have
PF(z0l2-n) = 27, T1(z0)1, (1)
and
P(22,) = m(E(zp) (2o pgr) - T(20)1. (12)

Apparently 2%, p°(z|z_,) and p°(2°,) all depend on the real vector & € Q. In what
follows, we shall show that they can be “complexified”. For r > 0, let CZ (1) denote a r-ball
around &y in C™. For any & € CZ(r), one checks that for r small enough, the following
system of equations with respect to 7(£)

A=), S (@), =1

Y



has a unique solutlon 7(€), which is analytic on CZ'(r) as a function of ¢ Then through
and @ x5 can be analytically extended to CZ(r); furthermore, through (1 and (12 .

(z0|z n) and p?(z%,) can be analytically extended to CZ (r). Eventually, HZ(Z) can be
analytically extended to CZ (r) as well.

For any z € Z, by the definition of II(z), one checks that for any u,v € W, we have

A

dp (ull(z), vI1(2)) = dg (ull, vII). (13)

Then immediately by Theorem [2.1] we have the following lemma, which, roughly speaking,
says that if we perturb &, “a bit” to &, f¢ is a contraction mapping on a complex neighborhood
of W*°, and the contraction coefficient is uniform over all the values of z.

Lemma 3.1. For sufficiently small r,0 > 0, there exists 0 < p1 < 1 such that for any
£e Cl(r) and any z € Z, fZ is a pi-contraction mapping on W (0) under the complex
Hilbert metric in (0.

The following lemma, roughly speaking, says that if we perturb &, “a bit” to &, the image
of any point in W under fZ, for any z € Z, does not change much.

Lemma 3.2. Consider any &, € Q with m;;(o) > 0 for alli,j. For any 6 > 0, there exists
r >0 such that for any €€ CZ(r), any 2 € Z and any x € W, we have

dn(f(@), [(2)) < 6
Proof. Since all m;;(£p) are strictly positive, for any d; > 0, there exists > 0 such that for
all 7, j and all £€ Cg (r), we have
|35 (€) —fij(go)\ <5
mij(€0)

Now for any x = (1,22, -+ ,zy) € W and for any j and for all £ € Cs (r), we have

'leyll (i (&) — mij(£0)) Zz L Timig(£0) (m45(€) — mi5(€0)) /i3 (£0)

i S 2w (80)

< 4.
22 imij (€0)

Thus, for d; small enough, we have

szmwvzk%0+z%amﬁ%wwmv

S @i (20) S @i (&)

log < 4.

Notice that

S S wm (E)a(z]5) thwM@mx4k>>
du(f(z), [2°(z)) = max log =~ - 3
(f2@). £2() (gz”@%@w@m ® Y wmalE)alk)

Q% HEC i%xmu7>,

= e M Vi
I Zz 13717%(50) Zz 1551791{(50)



It then follows that for any d > 0, there exists r > 0 such that for any £ € Cz (r) and any

x € W, we have o )
du(f:(z), [2°(2)) <0
m

For 0 > 0, let Cg+[d] denote the “relative” d-neighborhood of RT := {z € R : z > 0}
within C, i.e.,
Cgr+[0] = {2z € C: |z — 2| <z, for some xz > 0}.

The following lemma, which is implied by the proof of Lemma 1.3 in [5], allows us to connect
the complex Hilbert metric and the Euclidean metric. We give a proof for completeness.

Lemma 3.3. 1. For any 0 > 0, there exists £ > 0 such that for any & € W*, x e We
with dy (2, x) <&, we have &; € Cg+[0] for all i.

2. For any ¢ > 0 and any 6 > 0, there exists £ > 0 such that for any 2,9 € W+ with
|z — x|, |7 —y| < for some x,y € W°, and dy(z,5) < &, we have |& — g| < 0.

Proof. 1. Fix certain £ > 0 and assume that d(i, x) < &. Then we have for all 4, 7,

o (57

% - 1‘ < L¢. Let aj = 2j/x;. Then for all

<&

It follows that for some L > 0 and for all , j,

i 7,
|2 — ajai| < LE|ayw;,

and so

n n n

11— ay = ) (@ —aga)| <N — aga| < Lélay] Y wi = LE|ay].

i=1 i=1 i=1
It follows that |; — z;| < L&|#;], and so |@;] < = L{’ and so |7; — x| < lLigx] < 2L&x;,
which implies 1., if £ is sufficiently small.

2. Fix Certain ¢ > 0 and assume that ci(i, y) < &. Then we have for all i, j,

log (x/y)
T5/7;

??/yl — 1’ < L. Let aj = 2;/9;. Then for all

< ¢

It follows that for some L > 0 and for all 4, 7,

/y]
Z?j?
| — oy < L&y |9il,
and so
11—y = ) (@ —aydi)| <D |& — il < Loy Y |l = L(1+ BEE oy,
i=1 i=1 i=1

It follows that |z; — g;| < L(1 + BQ)¢|z;| < L(1 4 B()&(z; + ¢), which implies 2., if ¢ is
sufficiently small. m



~

dy(x

5]

We are now ready for the following lemma, whose proof can be roughly described as
follows. As before, we complexify the real random dynamical system corresponding to @
Lemma and Lemma can guarantee the complex orbit will be exponentially close to
the original real orbit under the complex Hilbert metric, thus implying the complex orbit
will be close to W under the Euclidan metric and further, with , establishing part 1). For
part 2), again by Lemma we can show that the complex orbits, starting from possibly
different initial points, get exponentially close under the complex Hilbert metric, then with

and Lemma [3.3] we can establish part 2).

Lemma 3.4. 1) For any 0 > 0, there exists v > 0 such that for any &€ CZ(r) and for all
20 € ZnHl,
P (20]22)) € Cre 0]

2) For sufficiently small v > 0, there exist 0 < p; < 1 and a positive constant Ly such that
0 0 2 0 _ 30 - m
for any two Z-valued sequences {a”,, } and {b2, } with a®, =0, and for all &€ CZ(r),
we have
[P (aolaZy,) — p(bolb=p,)| < Lapip™(ao).

Proof. By Lemma [3.1] we can choose r and ¢ sufficiently small such that
for some 0 < p; < 1, f5 is analytic on Cz (r) and is a p; — contraction on W (4)

under the complex Hilbert metric. (14)

Further, we claim that by choosing r smaller, if necessary, such that

for all &€ Cg,(r), all i,n and all choices of 2,25 € W5 (0), (15)

—n? ’L

To see this, fixing p; and ¢, choose r > 0 so small (the existence of r is guaranteed by
Lemma such that

dy(f3(z), f(x)) <0(1 —py), forany z € Z, forallz € W, all €€ Cs(r)  (16)

and
( (&), m(€0)) < (1 — py), for all &€ Cg (r). (17)

Now consider the Hilbert distance

~ =, =

1 03y) = dn (;H(:vg) &L @) < du(fs,, (25), 05, @) + du(f2, (), f2, (2)). - (18)

Then by (14 . and ., and . for i > —n — 1, we have
dp(afy,232) < pdp(af,2) +6(1 = py).

So, for all i, )
dH(xH-b H—l) <9,

and thus for all ¢, we have 27, € W}}(é), yielding . Each 5 is the composition of
analytic functions on Cg (r) and so is complex analytic on Cg, (7).



Through analytic continuation as before, we have for all &€ Cg (7),

xia = xﬂ( 7711) fE( = | Z;n1)7

x’ib =T; ( 777,2) fs( = ’ 717712)
Apparently we still have

g 5 g g _ rZ g
Litla = ai+1(xi,a)7 Lit1p = fbi+1(xi,b)'
First note that there exists a positive constant L} such that

dH(fs ) < L/

—n,a’ —n b

for all £ € Cg(r), where 7 is chosen sufficiently small as above. Then from and ((15)),
we have

dH(x La L= 1b) Lyt
Then by Lemma , there exists a positive constant L] independent of ny,ny such that for
any £ € Cg, (1), we have
|xila Z 1b| < Lipt, (19)

0

Naturally for any sequence 2, , we have

Plec)) = 2

(22 DTI(20)1. (20)

Together with the fact that

P(a0) = 3 m(eb)q(aoli),

here 7(£p), q(apli) are all strictly positive and bounded from above, we conclude that that
there is a positive constant Lq, independent of nq, no, such that

[p(aolaZy,) = p7(bo[b=5, )| < Lipip™ (ao). (21)
O

We will need the following lemma for the proof of Theorem as well, which can be
easily proved.

Lemma 3.5. For any ¢ > 0, there exists v > 0 such that for all 22, and for all &€ CZ (r),
we have

(2] < (1+6)"p(22,).
Proof. Note that

E :7ry . (€0) H Tyiyier (£0) H q(zilys),

i=—n i=—n



and

Zﬂy a(€) H Tyiyiss (€) H q(zily:)-

i=—n it=—n

Notice that for any given 0, there exists r such that |m,  (&)] < (1 + d)m, () and

1Ty (E)] < (14 0)7y,y,., (€0). The lemma then immediately follows.
[

We are now ready for the proof of Theorem [I.1]

Proof of Theorem[1.1. We only need to prove that there is a r > 0 such that the HZ(Z), as
n — oo, uniformly converges on CZ (r). Note that

[H5,11(Z) — H(Z)| =

/20 pg(zgn—l) 10gpg(ZO|Z:rlz—1)ngn—1

n—1

- [, P torr el
20

[, P og ki) ~ gl

—n—1

Note that for sufficiently small §] > 0, by the mean value theorem, there exists a positive
constant L} such that for any «, 5 € Cg+[d}]

| log o — log f3| SLllmaX(m_m’ |a—ﬁ|)‘
af 8]

Now fix £ € CZ(r), then by Lemma , either we have, for some 0 < p; < 1 and some
51 with (1 + 51)/)1 < 1,

p7(22,,_1)(log p(20]2Z_1) — log p™(20]22)))

- P (20l220_1) — P (20]22,)
P, )Y
' ' P (z0l220_1)

< L7 (22— ) Lapip™ (20) < LyLapi (1 +61)"p™ (22510 (20),
or we have, for some 0 < p; < 1 and some d; with (1 + d;)p; < 1,

P (22, 1) (log p™(20]27, 1) — log p™(z0l27,))]

20 0 (ZO|Z—711 1) — g(ZO|Z:}L))
)2
P (z0|22))
< Ly p" (22 )07 (-1 2, | Lapip™ (20)
< LYLypt (1 + 61)"p% (20)p™ (2—nm1)p™ (220).
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Combining all the inequalities above gives us some L > 0 and some 0 < p < 1 such that
for all &€ CZ (r),

HAD) -2 < [ )

(log p*(z0]225_1) — log p (20|22 0)) |22, < Lp",

which implies the analyticity of H%(Z) around &.
0

Remark 3.6. Consider a discrete-time memoryless discrete-output (with a possibly infinite
output alphabet) channel with channel transition probability ¢(z|y). With essentially the
same proof, we can show that if ¢(z|y) > 0 for all (y,2) € (Y, Z), and

> q(zli)log g(2]i)

z2€EZ

is finite for all ¢, and the transition probability matrix II of the input Markov chain Y,
analytically parameterized by &) is strictly positive at &y, then for the corresponding output
discrete hidden Markov chain Z, H(Z) is analytic around £y. More precisely, all the lemmas
above still hold, and one only has to replace the integral sign [ in the main proof with a
summation sign » .

In the case when the channel only has a finite output alphabet, analyticity of H(Z) is
already proven by the main result of [4]. The flow of the proof of Theorem [1.1] in fact,
mainly follows from that of the proof of the main result of [4]. However, in the proof of
Theorem , based on equality , we used the new complex Hilbert metric in a critical
way ( does not hold for the Euclidean metric, which was employed in the proof of the
main result in [4]), and we have to deal with some technical details differently.

4 Proof of Theorem 1.2

In this section, we consider a discrete-time memoryless Gaussian channel as in Theorem [I.2]
which was described in Section [I} For simplicity, we assume both the order of the constraint
S and the order of the input Markov chain Y are 1; the higher order case can reduced to
order 1 case by the usual “blocking” technique.

Assume that e is the smallest positive integer such that at £y, I1° is strictly positive. For
the Markov chain Y, define Y = {Y;:i € Y} to be a “blocked” process taking values in
Y =Y by

}/i = (}/eia }/ei—la e 73/67:—64-1);

correspondingly, for the hidden Markov chain Z, define Z = {Zi .1 € Z} to be a “blocked”
process taking values in Z = Z¢ by

Zi = (Zei; Zeiflu Ty ZeifeJrl)-

It follows that H,(Z)/e will converge to H(Z) as n goes to oo, thus to prove the smoothness
of H(Z), it suffices to prove that H,(Z) and all its derivatives uniformly converge within a
real neighborhood of &.

11



For each Z € Z, define TI(%) by
1(2) = T )T(E) - T(E). (22)

Similarly as in Section , I1(Z) will induce a mapping f; := fr) from W to W. For any
fixed n and 2°,, define

E=F(3,) = p(§ = - |5 Bty o B, (23)

(here - represent the states of the Markov chain Y',) then {#} satisfies the random dynamical
system

Tig1 = fth(‘% ), (24)
starting with
T =7(8). (25)
Again similarly, we have
p(Z0|Z-n) = 2111(%)1, (26)
and
p(22,) = m(E(Z_n)I(Zps1) - - - TI(Z) 1. (27)

For any fixed M > 0, 0 < a < 1, an instance (with finite length) 2=}

~,, of the above-

mentioned Z-process, is said to be (M, a)-typical if the number of i (—n < i < —1) with

|Z;] < M (here || denotes {,-norm of a sequence) is bigger than an. Let T2 denote the
set of all the (M, a)-typical Z-sequences with length n.

The following lemma says that non-(M, «)-typical sequences only occur with exponen-

tially small probability, thus we only have to focus on (M, «)-typical sequences. The proof

uses the fact that the Gaussian channel transition function ¢(z|y) (see (2)), decreases “very

fast” when z goes to oo.

Lemma 4.1. Fiz 0 < a < 1. For sufficiently large M, there exists 0 < p < 1 such that

-1

—n?

Proof. Note that for a given “blocked” hidden Markov sequence z
Zp p(Eali=n)-

So we have

7 Haz"} i) —1y g5—1
[—1€waa dZ -n f_1€ ]Mazp n‘y ZP / ( ‘y )dZ n

Tn ~—1 ~—1 ~_1€T]Ma

Let p denote the largest among all |i;| and let o denote the smallest among all o;, then

1 o\
[ < ( )
z=lgrMe lz|>M V27O

12




noticing that C{' ™" + .- + Cr < 2", we then have

1 (z=w)? (1=c)n
/ p(z=dz"t | < |Yy|m2n </ e o dz> :
27 T 0 l2|>M V270

It then follows that for sufficiently large M, there exists 0 < p < 1 such that

/ p(3~Y)dz"L = 0(p").
271 gT]\J,a

]

The above lemma says that non-(M, a)-typical sequences only occur with exponentially
small probability, thus we only have to focus on (M, «)-typical sequences. More precisely,
define

H)(Z) = / —p(zo,n)log p(ZolZ70)dz°,..
z—leT]V[ a -~
Note that for any z/, we have

min Y | = (=R (20) < p(z]2™h

= ;11,1 < maxz Tk (k) (20}

\ 2moy,

It then follows from
p(Z0]27,) log p(Z0]27,)
0
H P2, et+1) Z Ing(Zz‘|Z:11—e+1)
i=—e+1 i=—e+1

that |p(z0|2-;)logp(20]|2-;)| is upper bounded by an integrable function g(Z), which is
independent of 2=}, It then follows from Lemma that there exists 0 < p < 1 such that

ne

HY(Z) ~ H |—‘ Lo P lomp G,
e

- / PRl logp (Gl
~—1 QT]M o ~

<L pEDa [ ot
€T 20 Zo

which implies that, like H,(Z), HM*(Z) converges to H(Z), as n — 00,
To prove smoothness of H(Z) at &, it suffices to prove that H(Z) and all its derivatives
uniformly converge on a neighborhood of £,. In the followmg, In the following, we use

= O0(p"),
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a(zj ) = O(B(2})) to denote that there exist positive constants C, K, which are independent

Z

of z , such that ' ‘
a(2])] < CB(=H"

For any smooth function f of &and @ = (ny,ng, -+ ,ny) € Z™, define
0 orlf

et Oey? - - - Oeim’
here |7i| denotes the order of the 7i-th derivative of f with respect to &, and is defined as

We say = 1, if every component of is less or equal to the correspondmg one of 7. For any

U= (li,lo, - 1) € Z™, Il is defined as l'—H ;). For any [ = 7, define C’l _ﬁ(;lf)!‘

Proof of Theorem[1.3. In the following we shall prove that HM*(Z) and all its derivatives
with respect to & uniformly converge within certain neighborhood of &, thus implying
smoothness of HM*(Z). Although the convergence of HM*(Z) and its derivatives can
be proven through the same argument at once, we first prove the convergence of H%’O‘(Z )
only for illustrative purpose.

Using the inequalities

1

|log o — log ] < max (|(a — B8)/B)], (B — a)/al), (28)
we have
| HY(Z2)-H 0 (Z)] = / —p(22,,) logp(éoliii)dign—/ —p(2°, ) logp(Z|22}_1)dZ°,
zlere 5 F €T o
= + / —p(2°,, ) logp()z=1yaz°,
‘ </5‘}LET%Q,5—}L LET 2 EZleTyh ZTh g Te 5o > ! !
— + / —p(2°,, Dlogp(%|2=L )dz°,
</2‘ieTM“2‘i (ETYY Z0 A et ﬁTﬁ?:) ' ' '
< —p(ggn—l)(bgp(go‘g:é) 10gp(’20’2—n 1))d2—n 1
s—lerMe 2_1 TM 5
n Pladen n+l’
T / p(20, ) log p(alZh)dE, |+ / p(2°, ) log plzol i)y,
~—1 TIWa ~—1 1¢Tr]L\il 7~ 5_,}L€TMQ ~—1 Tﬁlf
s la— 1
< / _p(2. ) max (’p(Zolz ») — p(Z0l 225 _4) 7 p(%|35)) — pEZolz_n 1) )dign_l
sThery ATh eTn g p(Z%|z7)) p(%]25, 1)
+ / ) e N o I COM e CEa I P
T a ~:711 lg n+l’ 71¢T “ ~7:L le’Tn-"J"~

(29)
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We first show that the second and the third terms above are O(p™) for some 0 < p < 1.
Similarly as before, one checks that

Ip(Z0]2Z5_1) log p(Z0]22,)|

is upper bounded by an integrable function go(Zy), which is independent of 2Z,. So we have,
by Lemma [£.1], for some 0 < p < 1,

_p(ggn—l) logp(golg:'rll)dzgn—l
z-ter

n a1 n+l <
M,avz—n—lgTM,a»zO

/ 1 —p(27, )p(%|25, 1) log p(20|27,)d22,,
z_, €Ty,

]VIa’ —n— 1€ Ia’ 20

/ i [ st
=L et %

M,

<

= O(p").

Similarly [p(Z_,1|223)], [p(20|225_1) log p(%0]27) ;)| are upper bounded integrable func-
tions g1(Z_n—1), g2(Z0), respectively. So we have, again by Lemma [4.1] for some 0 < p < 1,

—p(,’z':}b)p(fz'_n_l |5:¢1L)p(50|5:111—1) logp(§0|2:rlb—1>d2gn—l

JU N |
Z—ngTM,a’Z—n—leTJ\/I ar?

< / p(5-1)dz! / 9En )z [ ()i = O,

nET o 20

To show the first term is also O(p"), we need to estimate |7¢ — #?| where we rewrite
7;(24), 7;(24,, ) as 7%, 70, respectively. Note that for |Z;|o. < M, thereisa 0 < p; < 1 such
that

dH<xz ) :L’l) < pldH( Ti—1) f?—l)a

while otherwise trivially we have
dp (37, 7)) < du (T, T;_,).

Then for any sequence 2_; € T let ig denote the smallest index such that || < M,
then we have
dH(*%Cibi{ ) Om ldH( Ligs go)

which implies that there exists 0 < p < 1 such that |7, — 2°,| < O(p"). It then follows
that there exists 0 < p < 1 such that [p(Z|ZZ}) — p(Z0]2=} )| < p"g3(Z0), where g3(%) is an
integrable function of Z,. This, together with the fact that p(zZ_,_1|2°,) is upper bounded
by ga(3_n_1), which is an integrable function of Z_,_, will establish the case when |I] = 0,
thus implying that HM(Z) uniformly converge to H(Z).

Apply multivariate Faa Di Bruno formula [2, [6] to the function f(y) = logy, we have for
['with |I] # 0,

=" D(ay, - @) (™ fy) (6™ fy) - (W Jy),
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where the summation is over the set of unordered sequences of non-negative vectors a, ds, - -
with 61+62++6k = [ and D(d’l,(i’g,---
m, we have

iz = [

€ln 7,20

. ak

p I (L, (log plZ|22,)) V22,

S

—C,

I\

X
3

J H—1) %|271) @) (ak)
"—1 TM a ~

%0 \T1£0,7= @y + it =T (Z°|Z n) (ZO|Z =

sTlemMe 5

Notice that there exists a positive constant C,, such that for any z° . we have

—n)

P (22,)] < Crn™lp(22,,).

Again using the inequalities and with a parallel argument through replacing p(z°,), p(z°,,_,)
by p™ (20, p™ (2%, ), respectively, we can show that

Lo sl - P (L) logp(GolzT )2, | =
5=leTe 5 ER =

Tn+17

And using the identity

a0y =P By B = (o —=Pr)ag - - an+Bi(ae—Ba)ag - a4 4 B1 - Buoi (0 — Br),

we have B s B
‘ p(201220) ) p(%]22,) ) p(%] 2 1)(“1) - p(Al 1)(‘1’“)
p(Z0l22,) p(Z0l22,) p(Z0lZ2,1) p(Z0lZ2, 1)
< ’( p(0l22,) @) (50|5_71L1)(a1)) p(0l22,) ™) p(Zo|Z2,) @
B p(%0l22,) (%0270 1) p(Z0l22,) p(Z0]225)
+‘ p(Z0|Z5, 1)(‘“) ( p(%|22,) ™ p(50|5—i-1)(62)) p(Z0]22,) %) p(Zo|22,) +...
p(Z0lZ2,1) p(Z0lZ2,) p(Z0lZ20 ) p(Z0l22,) p(Z0l22)
+‘ (50|5_,11_1)(a1) - p(E 0|25, )(“k’l) ( p(%|22,) ) p(ZolZ2,_ 1)@))’
p(Z0lZ, 1) p(Z0lZ7, 1) p(Z0l22,) p(Z0lZ, 1)
Now apply the inequality
b B BBy BB g fagag)lfn — asl + 1/ (ao)1Br — i,
aq Q9 o1 (6% Qg

we have for any feasible i,

‘p(zolé_i)@’i) p(Zolz=, 1)@
p(Z|Z25) p(Z|Z2h 1)
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p(Z|22,)'
p(Z0l220)p (20|25 1)
To estimate |p(Zo|2-3) @) — p(Zo|271 )@,
the derivatives of z¢ and if

In what follows, we prove that for any k with |l;] 1, the k-th order derivatives of
72,70 get exponentially close with respect to n along any (M a)-typical sequence 2~} (up
to certain integrable functions). Note that

~ (k) Ofziin -

Ip(%0]22,)" ™ —p (20|22, _1) ).

|p(50|é$)—p(%o|5$1)!+‘m

afiiﬂ B (k)

xi-l—l,a = FE <€7 ji,a) + o ( 7xi,a)ji,a :
Similarly, we also have
i dfs, ofs. 2
~(k Zivl (o = Zig1 o~ \~(R
B, = =5 ETip) + =5 = Fip)ELy -
Note that o7 o7
Z Z _ O 1|1
)| [ en| = o

where |- |; denotes the £; norm and the constants in O(el?l!) is independent of all Z € Z and

all z € W. It then follows from an inductive argument, using the iterations above, that for
~—1

any 2=,

|x 1a| |l’_1b| = ( [Z—nl1+|Z—nt1l1++|2- 1|1)

where the constants in O only depend on k.
Take the difference of the iterative equations, we then have

e 7 82_ 85'1—»~ 65.1_)~
~(k) ~(k) o f7,+1(—' ~ ) fH- (g’xiyb)_i_L(g’ iya)

~(
Titla — Tig1p = OF » Lia) — OF or Lia O ) Zyb)ml,b
8f5¢+1 - ~ 6fzz+l ~ 6f2i+1 -~ ~(E) 6f2i+1 - o~ ~(E)
= ?(&Im) OF (&%) a—x(€7‘ri,a)'ri,a - a—x<€7‘ri,b)xi,a
afgz - ~ ~ ]Z 8f21 - ~ ~ i
+ 83;_1 ( ) Z,b)xl,a) - o - ( 7x17b)x7, b)
Ofzipr - _(F)

where we defined

~q afzz 1 affl 1 /> ~ afé, 1/ > ~ ~
giv1(Z H) = (9; (€, T40) — a—g(&ﬂ?i,b) + a—aj(g’xi,a)xia T T ow

Applying the mean value theorem, one checks that
Gis1(F4)) = O(elFrhtFmhittlEaly (3, — 5y4).

Letting the dynamical system evolve, we obtain

_9 —2
k k asz k ~(k affz
%, -9, = T oy @, - a9+ [ Lo

i=—n z:—n—l—l
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Ofz_,

R (W(g7 53_271,))9_2<5:2) + 9—1(5_n)-

Consider any individual term above,

rOfa

JECERIEN)

i=j
When j + n is larger than 2(1 — a)n, |T;-1, — Tj_1] = O(p}) for some 0 < p; < 1; while
J + n is smaller than 2(1 — a)n, it follows from the fact that f;  o---ofs ofs: isa
contraction mapping under Hilbert metric and Lemma that for some 0 < p; < 1, we
have ,

1 9/
ox

=7

(& 2ip) < PYO(Zmali + -+ [Zoa]u).

In any case, there exists 0 < p; < 1 such that
a—é;(&i Fip)g;(2,) = prO(elF-n-tht -ty

which implies that there exists 0 < p; < 1 such that
20 = 2l)y] = Ot

Most importantly, one checks that there exists 0 < p; < 1 such that

slepMe sl epMa g e (Zo\z_n 1) (Zolz_n 1)
p(Z0|2Z )(al) ~ -1 ~—1 p(Zo ~:711—1)(6”1) p(Zo ~:711 1)(&”) ~0
Ip(ZolZ20)—p(Gol 272 )12 — ——dz%,_, <pf,
p(20|2—n) (Zo|2 not) ' (ZO|Z—$) (20|Z—rlb) ' '
and
my =0 PGElZ )™ p(E|ZT, 1)( &i-1)
1 M, 1 p <Z7n71> 1
“terMe szl erM p(Z0l2Z,-1) (20|Z n-1)
1 5 1z—1\(a@; ; p(Zo 2:;— (@i41) (ZO Z—n (6m) > n
‘— ‘p(ZO’Z—Tll)( i) — (ZO‘Z—n 1)( i) ( ’ = ~£)1 ’ 1) d’zgn 1 <015
(20220_1) p(Z0|225) p(Z0|Z25)

where we used the facts that there exists C'| . such that

|p(m Z)( )l < C\* l|p( Yk
and there exists 0 < py < 1 such that
[p(20]223) ) = (20|25 1) @] = php(Z0) O (el 1)),

and

PolZZn )™ o s s
p(Z0lZZ, 1) = Qe
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A completely parallel yet more tedious argument can be applied to higher derivatives to
establish that for any m, we have

[(H)™(Z) = (HE)™(Z)] = O(p"),

which implies that HY(Z) and its derivatives with respect to & uniformly converge to the

function H(Z) and correspondingly its derivatives on some neighborhood of £y, which implies
the smoothness of H(Z).
O

Remark 4.2. Unlike Theorem [I.1] the complex Hilbert metric can not be applied because
of the possible zero entries of II.

Problem 4.3. Can Blackwell’s measure be generalized to continuous-state hidden Markov
chains? It seems like doable when the transition probability matriz of the Markov chain is
strictly positive, since we have strict contract along any hidden Markov chain sequence.

For analyticity, what about treating entropy rate as a function of channel parameters. It
appears that given the positivity assumptions, entropy rate should be analytic with respect
to channel parameters too. For this, we may have to prove perturbation of the channel
parameters will uniformly act on the real simplex.

What about asymptotic behavior of entropy rate? Remember BSC' is an extreme version
of Gaussian channel.
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