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1 Introduction

The study of holomorphic isometries between Kéahler manifolds endowed with
real-analytic Kahler metrics originated with the works of Bochner and Calabi.
Especially, Calabi [Cab3] established results on the existence, uniqueness and
analytic continuation of germs of holomorphic isometries into Fubini-Study
spaces of finite or countably infinite dimension. Embedding any bounded do-
main U € C" into the countably infinite-dimensional Fubini-Study space
(P>, ds%g) of constant holomorphic sectional curvature +2 by means of an
orthonormal basis of the Hilbert space H2(U) of square-integrable holomor-
phic functions on U, it follows from [Ca53] that any germ of holomorphic
isometry f : (Uy, )\ds%]l;xl) — (UQ,dS?]2;£L'2) extends to a proper holomorphic
isometric embedding F' : (U1, Adsg, ;1) < (Us, ds{ ; x2) provided that the
Bergman metrics on the bounded domains U; and U, are complete. (Here ds%]
stands for the Bergman metric on U and A > 0 is a real constant.) Moti-
vated by questions on holomorphic isometries on bounded symmetric domains
in Clozel-Ullmo [CU03] arising from the study of commutants of Hecke corre-
spondences, the second author studied in [Mok12] the general question of alge-
braic extension of germs f : (Uy, )\ds%h;xl) — (Ug,ds2U2;gcg)7 and proved that
Graph(f) extends as an affine-algebraic variety provided that the Bergman
kernel Ky (z,w) is a rational function in (z,w) for U = Uy, Us.

Restricting to the study of bounded symmetric domains there arises natu-
rally the question of existence and classification of such maps. In view of Her-
mitian metric rigidity when rank(U;) > 2, the essential question is to classify
holomorphic isometric embeddings up to normalizing constants from a com-
plex unit ball B™ to a bounded symmetric domain (2. In [Mok12] examples of
nonstandard holomorphic isometries from the Poincaré disk into polydisks and
into certain Siegel upper half-planes were constructed, and the first examples
of nonstandard holomorphic isometries from B, m > 2, were constructed in
[Mok16]. They are holomorphic isometries F : (BPTL, ggp11) < (£2, g), where
{2 is an arbitrary irreducible bounded symmetric domain of rank > 2, the
positive integer p = p(X,) is defined by ¢;(X.) = (p + 2)d for the compact
dual manifold X, of {2 and the positive generator 6 of H*(X,,Z) = Z, and
gpm resp. gn denotes the normalized Kéhler-Einstein metric on B™, m > 1,
resp. {2 with respect to which minimal disks are of constant Gaussian cur-
vature —2. These examples arise from varieties of minimal rational tangents
on X. and they are at the same time bona fide holomorphic isometries F' :
(BPF1, ds?BpH) — (£2,ds%) with respect to the Bergman metric.

We consider here primarily holomorphic isometries F' : (B™, ggm ) < (£2, 90)
where (2 is irreducible, leaving aside the general case to future works. Essen-
tial to the study of such maps is the duality between {2 and X, in the sense
both of algebraic geometry and differential geometry. We prove first of all a
principal result that the image S := F(B™) is an irreducible component of the
intersection of 2 with a linear section of X, < P(I'(X,, O(1))*) projectively
embedded via the minimal embedding. In the special case of Lie balls, i.e.,

type-IV domains DLV n > 3, we give a complete classification of such maps
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(which yields at the same time the full classification with arbitrary normalizing
constants). The case of type-IV domains is especially relevant to uniqueness
questions arising from [Mok16]. In fact, when m = p(£2) + 1, possible iso-
morphism classes of tangent spaces to S have been identified in Mok-Yang
[MY16] by an application of duality and the Gauss equation, leading already
to uniqueness theorems for holomorphic isometries of B™ into {2 for some se-
ries of classical irreducible bounded symmetric domains of rank > 2 and for
the two exceptional bounded symmetric domains. The latter approach fails
completely precisely in the case of type-IV domains and our result in the
current article shows in particular that there exist in this case nonstandard
holomorphic isometries which are incongruent to the examples in [Mok16].

After circulating and posting a first version of the article, it has recently
been brought to our attention that there are preprints of Xiao-Yuan [XY]
and of Upmeier-Wang-Zhang [UWZ] studying holomorphic isometries of the
complex unit ball into bounded symmetric domains. Results of both articles
overlap with the second half of the current article. Especially, both articles gave
explicit parametrizations of all holomorphic isometric embeddings of complex
unit balls of codimension 1 into DI, whereas we give a full classification
of images of holomorphic isometric embeddings of complex unit balls of any
dimension. While functional equations are made use of in [XY], the article
[UWZ] is based on entirely different methods, viz., the theory of Jordan al-
gebras and the study of norm-preserving linear operators on Hilbert spaces
arising from holomorphic isometries.

2 General properties of holomorphic isometric embeddings of the
complex unit ball into irreducible bounded symmetric domains

Let 2 € C¥ be an irreducible bounded symmetric domain in its Harish-
Chandra realization and X. be the compact dual Hermitian symmetric space
of 2. Recall that B™ C C™ is the complex unit ball with respect to the stan-
dard complex Euclidean metric on C™. Throughout this article, given an irre-
ducible bounded symmetric domain D, we denote by gp the canonical Kahler-
Einstein metric on D normalized so that minimal disks are of constant Gaus-
sian curvature —2. Denote by HI, (B™, 2) the space of holomorphic isometries
(B™, Agg~) — (§2, g02) for a positive real constant A > 0. We will show that \ is
an integer satisfying 1 < A < rank({2). Note that our notation HI,(B", (2) is
in general different from the notation in [Mok11, p. 261], since the background
metrics in [Mok11, loc. cit.] are the Bergman metrics, which on both B™ and
{2 are canonical Kahler-Einstein metrics of constant Ricci curvature —1, while
we make different choices for the canonical Kahler-Einstein metrics ggr» and g,
in the current article. Note also that in this section for notational convenience
the complex unit ball is taken to be of dimension n.
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2.1 Preliminaries

Let (Xo,g0) be the Hermitian symmetric manifold of the noncompact type
underlying a bounded symmetric domain (2. Let Gy be the identity compo-
nent of the group of holomorphic isometries of Xy, K C Gy be a maximal
compact subgroup, and write 3 : Xg = Go/K — X. = G./K = G¢/P for
the Borel embedding, where (X, g.) is the compact dual of (Xo,go), G is
the group of holomorphic isometries of (X, g.), K C G. is a maximal proper
subgroup (being isomorphic to and identified with K C Gy), G€ stands for the
complexification of both Gy and G., and P C G is the isotropy (parabolic)
subgroup at a base point of X.. Writing g© = m~ @ ¢© @ m* for the Harish-
Chandra decomposition in standard notation of the Lie algebra g€ of GT,
there is a biholomorphism ¢ : m™ 2 CN — X, = G®/P onto a dense open
subset of X, containing the Hermitian symmetric space Xo = Go/K, and the
bounded symmetric domain will from now on be identified with £~1(Xj), giv-
ing the Harish-Chandra realization £2 € CV (cf. [Mok89, p. 94] or Wolf [Wo72,
pp. 278-281]).

Suppose that the bounded symmetric domain {2 is irreducible. Then, we
let f:(D,90) — (£2,902) be a holomorphic isometric embedding, where D is
an irreducible bounded symmetric domain. We will look for general properties
of the image f(D) in P(I'(X.,O(1))*) = PN via the minimal embedding
L Xo <= P(I'(X.,0(1))*) defined by the positive generator O(1) of the
Picard group Pic(X,.) =2 Z of X.. In the case where D is of rank > 2, Clozel-
Ullmo [CU03] noted that it already follows from the proof of Hermitian metric
rigidity of Mok [Mok87] that f is necessarily totally geodesic. Therefore, we
will focus on the case where D = B".

The Borel embedding {2 C X, identifies the irreducible bounded symmetric
domain 2 as an open subset of its dual Hermitian symmetric space of the
compact type X., which is a Fano manifold of Picard number 1, and the
minimal canonical embedding ¢ : X, — PV " identifies X, as a projective
submanifold uniruled by projective lines. For uniruled projective manifolds X
Hwang-Mok [HM99] introduced the notion of the variety of minimal rational
tangents (VMRT) at a general point « € X. In the special case of a projective
submanifold X C P™ uniruled by projective lines, as is the case of X =
((X.) € PN, the VMRT %,(X) C P(T,(X)) consists of all [a] € P(T,(X))
such that, defining ¢(«) to be the unique line on P passing through a and
satisfying T, (¢(a))) = Ca, we have £(a) C X. Moreover, for a general point
[a] € €, (X), we have T'(X)|ya) = O(2) @ O(1)? © O for nonnegative integers
p, ¢ depending only on X, and we have dim %, (X) = p. For 2 C X, and for a
point z € 2 we will speak of the VMRT %, ({2) at « € {2 to mean %, (X,). The
subvariety €, (§2) C P(T,(12)) is equivalently the collection of projectivizations
of nonzero vectors a € T,(§2) tangent to minimal disks on {2 passing through
the point z.

From now on we denote also by X, the image of X, in P(I'(X.,0(1))*) =
PN’ via the minimal embedding, i.e., we identify X, with ¢(X.). From [DLOS,
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p. 2341], we may assume that the minimal embedding ¢ : X, < IP’(F(XC, (9(1))*)
=~ PN maps CV biholomorphically onto the set X, ~ {[¢o,...,én] € PV -
€0 =0} = X,NUy C PV, where Uy = {[50, LEN] €PN gy £ o}. Let wpn:

be the Kihler form on PV which corresponds to the normalized Fubini-Study
metric gpns On PN such that (]P’N ,gpnv) is of constant holomorphic sectional
curvature 4+2. Then, the pullback of the Kéhler form wpy: to CN' 1< {0} is

given by wpy' = /=190 log (Z;\i:,o |§j|2) for (y,...,&n7) € CN' 1 {0} so
that the induced Kéhler form wx_ on X, is given by the restriction of wpn’ to
X.. Therefore, in terms of the Harish-Chandra coordinates z = (z1,...,2n) €
CV, we may assume that ¢ is written as 1(z) = [00(2),...,0n/(2)], 0% €
I'(X.,0(1)) for 0 < k < N, such that 0;(0) = 0 for 1 <! < N’ and o9
is non-vanishing on CV. Here, the key point is the existence of a holomor-
phic section in I'(X., O(1)) which does not vanish on the Harish-Chandra
coordinate chart CN O (2. In particular, replacing o; by G; := ng) for 1 <
I < N’, the restriction of the Kihler form wx_ to CV is given by wx, |CN =
v/—109 log (1 + le\:l |Gl(z)|2). On the other hand, the Bergman kernel of {2
can be written as K (z,w) = m (cf. [FK90, p.77]), where h(z, w)
is a polynomial in (z,w) satisfying h(z,0) = 1, ho(w, 2) = ho(z,w), and mg
is some positive integer depending on 2. Actually, C;? = Vol(£2) is the Eu-
clidean volume of 2, hp(z,w) = N(z,w) is the generic norm (cf. [Lo77])
and ¢1(X.) = mg -6 so that mgo = p(f2) + 2, where p(£2) = p(X.) =
dim %,(X.) is the complex dimension of the VMRT %,(X.) C P(T,(X.))
of X, at some base point o € X, (cf. [Mokl16]). More precisely, Kqo(z, w) =
ﬁ(mhg(z, w)~P+2) Then, we have the Kihler forms

Wgp = =V *18510gh0(272); =V - 3810g hQ(Z 72,)

(cf. [LM11, p. 1061]) so that the minimal disks (resp. minimal rational curves)
are of constant Gaussian curvature —2 (resp. 4+2) with respect to the induced
Kaéahler metric. In other words,

N/
V—190log ho(z,—2) = vV/—1001og | 1 + Z |G1(2)|?

=1

Lemma 1 Let 2 € CV be an irreducible bounded symmetric domain of rank
> 2 in its Harish-Chandra realization. Then, there are Harish-Chandra coor-
dinates z = (21,...,2n) on 2 @ CN such that

N

ha zz—l—Z%%—&-Z 1% Gy(2)G(2),

where N > 1 is some integer, Gi(2) is a homogeneous polynomial in z of
degree deg Gy > 2 and x; € {0,1} for 1 <1< N". As a consequence, we have
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the polarization

N

(2,8 =1- szfj—kz DX Gy (2)G(€).

Proof Since 2 € CV is a bounded complete circular domain, we can write

ho(z,6) =1+ Zl§|1|=\J|§NQ bIszEJ for some positive integer Ny and some
b7 € C. Note that the Harish-Chandra coordinates (z1,...,2nx) can be re-
garded as complex geodesic coordinates of 2 at 0 [Mok89, p. 88]. Hence, up
to rescaling of the coordinate system (z1,...,2zy) we may suppose that the
Harish-Chandra realization 2 € CV is chosen so that

2

02;0%;

2

= log K
2—0 82162‘7 Og Q('Z? Z)

-logho(z,2)

-_mo————-> = mgéij

and thus bz = —d;;. Note that ho(z,£) = ho(, 2), so it follows from the
identity

2Re(b72'27) = b72"2 + b7272 = |b72" + ZJ|2 - |b17zl|2 - ‘z‘]f
for multi-indices I, J (|| = |J| > 2) that

N N

hQ(Z,Z):lsz]ZJ+Z X’Gl ( ),

j=1

where N > 1 is an integer, él( ) is a homogeneous polynomial in z of degree
> 2and x; € {0,1}, 1 <1 < N”. Here the existence of the homogeneous
polynomials G;(z) in z of degree > 2 is due to the fact that BY and §2 could not
be holomorphically isometric to each other. Obviously, we have analogously
the formula for the polarization hg(z,€) of ho(z,2) as stated, yielding the
lemma. O

If we restrict wx, |c~ to £2, then from the previous observations, — log hg(z, —2)
and —log(1+ Zf\il |G1(2)]?) differ by the real part of some holomorphic func-
tion on 2. It follows from partial differentiation with respect to z1,...,2zn
and ho(2,0) =1 =1+ N, Gi(2)G1(0) that 1 + SN [Gy(2)]2 = ho(z, —2)
on §2 and thus on the whole CV. Then, we have the polarized equation
14+ N, Gi(2)Gi(w) = hg(z, —w) so that

o= —V=10dlog [ 1+ Gi(2)Gi(—2)

=1

Remark 1 Recall that hg(z,&) = N(z,€) is indeed the generic norm and
Loos [Lo77] wrote down the formula of N(z,&) explicitly for each irreducible
bounded symmetric domain {2 of rank r by using Jordan triple systems.
Then, one can deduce from sections 4 and 7 in [Lo77] that G;(z) can be
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chosen to be homogeneous polynomials of z and of degree deg(G;) such that
2 <deg(G;) <rfor N+1<I1< N and G,(z) = z; for 1 <j < N by using
Jordan triple systems, i.e.,

e
ho(z,§) =1+ Z(*l)deg(Gl)Gl(Z)Gl(f)'
=1

Nevertheless, it is not necessary to use the above explicit form and properties
of generic norms in the current article.

The following proposition shows that any mapping in HI.(B"™, 2) is totally
geodesic whenever r = rank((2).

Proposition 1 Let F : (B",rggn) — (£2,90) be a holomorphic isometric
embedding, where 2 € CN is an irreducible bounded symmetric domain of
rank v and n > 1 is an integer. Then, F is totally geodesic.

Proof Write S := F(B"). Then, for any y € S and a € T, °(S) with [|of|2, =
1, we have —2 = Roaaw (S, 90ls) < Ragaw(£2,90) < —2 so that Ragaw(S, 90|s)
= Razaw(£2, g2) = —2. Denoting by o the (1,0)-part of the second fundamen-
tal form of S in ({2, g0), it follows from the Gauss equation that o(a,a) =0
for any a € T;’O(S) and y € S. Then, for any o, € T;’O(S) and y € S,
we have 0 = o(a+ f,a + ) = 20(a, B) so that ¢ = 0. Hence, F' is totally
geodesic. a

2.2 System of functional equations induced from holomorphic isometries
between bounded symmetric domains

Let D € C*, 2 € CV be irreducible bounded symmetric domains in their
Harish-Chandra realizations such that rank(2) > 2. Recall that for a bounded
domain U we denote by ds?; the Bergman metric on U. Let f : (D, Ads%,; 0) —
(£2,ds%;0) be a germ of holomorphic isometry. We can write the Bergman
kernels as K(2,&) = C,"%ho(z,£)"™?, Kp(w,() = Cp™Php(w,{)~™P of
2, D respectively such that hg(z,€) (resp. hp(w,()) is a polynomial in (z, &)
(resp. (w,)) satisfying ho(0,0) = 1 (resp. hp(0,0) = 1), where mg, mp are
some positive integers depending on {2, D respectively. From Proposition 1.1.2.
in [Mok12], we consider the system of functional equations Kp(z, f(¢)) =
A Kp(w, ) for ¢ € B"(0,e) € D, where A := K(0,0)Kp(0,0)~* and
€ > 0 is some real number. Then, Mok [Mok12] defined

VY= {(w,2) €D x2: Koz f(Q) = A- Kp(w,O)*} (1)

and V0 := Neenn(0,6) VCO. (Here, VCO (resp. V?) is a notation different from that
being used in [Mok12].) Note that A is a positive rational number (cf. [Mok12,
proof of Theorem 1.3.1, p. 1634]). Write X’ := )‘nTQD , which is a positive integer

(cf. [Mok12, p. 1635]). For each irreducible component I" of V2, by taking
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fractional powers of both sides of the defining equation of V<0 in Eq. (1), one
gets

ha(z f(C)) = cr - hp(w, )™,

where c¢p is some non-zero complex number depending on I'. For each ¢ €
B"(0,¢), we only consider the variety V¢, which is the union of all irreducible
components of VCO containing the point (0,0) € D x 2. Since h(0,0) = 1
and hp(0,0) = 1, we see that (0,0) € I, ie., I' C V¢, if and only if ¢y = 1.
In other words, we have

Ve = {(w.2) € Dx 2: haa(z, £(0)) = hp(w, O}, @

which is the union of all irreducible components of VCO containing the point
(0,0) € D x {2. Moreover, we define V := (\.c5n(q ) V. In order to study all

irreducible components of V? containing (0, 0), it suffices to consider another
system of functional equations hg(z, f(¢)) = hp(w, ()N for ¢ € B™(0,¢) € D.

Letting F¢(w, 2) := ho(z, f(¢))—hp(w, )Y, it is obvious that F,(0,0) = 0
for any ( € B™(0,¢) and we have (w, z) € V if and only if F,(w, z) = 0 for all
¢ € B™(0,¢). For each fixed (w, z), the function F¢(w, z) is holomorphic in ¢.
Thus, after shrinking B™(0, €) if necessary, we can write the Taylor expansion

of F¢(w, z) as a holomorphic function of ¢ around 0 € B™(0, ¢). Hence, (w, z) €
i1

V if and only if %FC (w,z = 0 for any multi-index I satisfying |I| > 1.

)|C:0
In particular, we have

11
V:{(w,z)EDXQ:aIFC(w,z) =0 VI, 121} (3)
¢ ¢=0

by Eq. (2). From [Mok12], the system of functional equations is said to be suffi-
ciently non-degenerate if any irreducible component of V' containing Graph(f)
is of dimension n = dim Graph(f). Write the positive rational number A as -

where p and ¢ are relatively prime positive integers. Let W# c C* x CN be
the affine-algebraic subvariety given by

WH:= {(w,2z) € C" x CN : Kn(z, f(¢))? = AT Kp(w, )P} . (4)

(W* is defined as in the proof of Theorem 1.3.1. in [Mok12], except that the
constant A appearing in the definition of W# there should have been A?.) Note
that for each ¢ € B"(0,¢), F¢(w, ) is defined for any (w, z) € C" x CV. Then,
the union of all irreducible components of W* containing (0, 0) lies inside the
variety W’ defined by

1]
W= (w,z)GC"XCNsafF(w,z) =0 VI, |I|>1;. (5)
74¢
¢ ¢=0
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2.3 Properties of the common zero set of a family of extremal functions

Let D € C" and 2 € CV be bounded symmetric domains in their Harish-
Chandra realizations such that 2 is irreducible and of rank > 2. Recall
that for a bounded domain U we denote by ds2U the Bergman metric on U.
Let f : (D,A\ds%) — (£2,ds%) be a holomorphic isometric embedding. As-
sume without loss of generality that f(0) = 0. Suppose that the system of
functional equations is not sufficiently non-degenerate. Then, from the proof
of Proposition 1.1.2. in [Mok12], there is a complex-analytic one-parameter
family {fihiea such that fo = f and Ko(fi(2), f(w)) = A - Kp(z,w),
where A := K(0,0)Kp(0,0)~*. Furthermore, under the assumption that
BBTk’“ft(z)‘t:O =0 for k < I, Mok [Mok12] defined n(f(z)) := %ft(z)|t:0 £ 0.
Denote by H?(§2) the space of all square-integrable holomorphic functions on
£2. Then, for each zp € D, := B"(0,¢) € D such that n(f(z0)) # 0, Mok
[Mok12, Lemma 1.1.2.] showed that an extremal function on 2 is given by

On(rzonK(f(20),C) = (On(r(z0))P0) o (C)
(200 Pn(f(20))

(200 (€) = ; (6)

where hg € H?(2) is chosen so that |h(f(z0))| attains its maximum value
at h = ho among all h € H?(2) of unit L?>norm (see [Mok89, p. 55]).
Here Oy (f(z0))ho means Op(¢(z0))ho(f(20)), etc. For the construction of such
extremal functions, we refer the reader to [Mok12, pp. 1626-1627]. Recall that

ho(z,¢) =1+ ZlNzll Gi(2)Gi(—(). Then, we also have hg(z,() = ho((,2) =
1+ 3N Gl(O)Gi(~=2). Define Hy(z) = Gy(—z), we have

—mo

v
Ko(2,0) =C5™ [ 1+ ) Hu(2)Gu(0)
pn=1

Lemma 2 In the above setting, we have Zero(hy(s(z))) = Zero(hy s, le),
where h;](f .o)) 18 some holomorphic function on CN which is a C-linear com-
bination 0} é)l,...,GN/. In particular, for the family of holomorphic func-
tions he, a € A, on §2 constructed in [Mok12, Proposition 1.1.2.], we have
Zero(hy) = Zero(h!,|a), where h!, is a holomorphic function on CN which is
a C-linear combination of G1,...,Gn.

Proof We follow the notation in the proof of Proposition 1.1.2. in [Mok12].
Note that zp € D is chosen so that n(f(z9)) # 0. Recall that we may write

Ko(2,0) = C,™?hp(2,()"™? and hp(z,() =1+ 25\11 H;(2)G(€) because
2 is irreducible. We compute

0
TZJKQ(ZGC) . =—mg
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Denote by (9;H,)(f(20)) = F2=(f(20)). We write f, = (f},..., f¥). From

— _ Koz f(20))
[Mok12], we have ho(z) = NI Hence, by Eq. (7)

(£ (20 0 (f (20))ho(C)

6)5"7

e Z o *0)
Therefore, we have

In(rzonBa(f(20),C) = (On(f(z0))h0)ho(¢)
=-—moKn((, f(20))

S @) ) Gulf (20)) ®
t= he(f(z0), f(20)) Kq(¢, f(20))-

SEI Sy GH)FG)GAQ) i, OH) (F20)Galf (20)
= ot 70 0 hao (¢, f(z0)) ho(f(20), f(20))
K()(Caf(zo )
ha(C, F(z0)ha(f(20), f(20))
N alftj N
> G )| > (A45.,(F(20)) = By (20)) Hu ([ (=0))) Gu<c>—Bj<f<zo>>>,

ha(f(20), F(20))(0;H,)(f(20)) and Bj(f(z)) == Sn_,
20)). From [Mok12], dho(n(f(z0)) = 0. On the other hand,
On(f(z0) Kz, f(zo))|z:f(zO)

VEaGGo TGy 0 that

e
; a‘{l)fltj Goll P = _mfzrlzf(r{((?zi;){,(?()zl))8"(“2”))[(9(2’ TeoD], g
—0.
(10)
Hence,
m h <f<zO>>(C)
(11)

Let w € D be sufficiently close to zp so that f(w) is defined. From [Mok12],
we have hy(f(0)) (f(w)) = 0, hence by Eq. (11) we deduce




Holomorphic isometries of B" into bounded symmetric domains 11

From properties of Bergman kernels on bounded symmetric domains, note
that for an arbitrary but fixed point & on (2, the holomorphic function
56, (€) == Ko((, &) on 2 has no zeros. This is the case since {2 is a com-
plete circular domain, hence K,(¢, 0) is a constant function, and since Aut((2)
acts transitively on 2. Thus, beyond Eq. (12) it follows in fact from Eq. (11)
that the zero set of hy,(s(.,)) agrees with that of the holomorphic function
ho(5 (20| 2> Where

N [N j

My (€ Z Z (0)| _ Aps(FGe0)) | Gul©)
p=1 \j=1 (13)

= half (), ) Dyggianbal O]
i..e., Zero(hn(f(ZO))) = Zer().(h%(f(zq))m). Moreover Ay () is a '(C—linear com-
bination of the holomorphic functions G, ..., Gy-. For the family h,, a € A,
constructed in [Mok12, Proposition 1.1.2.], each h,, o € A, is of the form
P #(z0)) for some zy € D satisfying n(f(z0)) # 0, so the result follows from
the above computations. a

Proposition 2 If dim,, ) (VN ({w} x 2)) > 1 for a general point w € D,
then there is a non-trivial family of holomorphic functions hy, a € A, on
2 such that f(D) C E := [\,ca Zero(hy) and (E) = P N u(£2) for some
projective linear subspace P in P(I'(X.,O(1))*) = PN, Viewing h!, as a holo-
morphic function on CN for each o € A, H := [, Zero(hl,) C CV is a
complex-analytic subvariety satisfying H N 2 = E and «(H) = P N (CV).

Proof From the proof of Proposition 1.1.2. in [Mok12], we have obtained a non-
trivial family of holomorphic functions ks, @ € A, on {2 such that f(D) C E :=
Naca Zero(hy). By Lemma 2, we have Zero(h,) = Zero(h[,|a), where hl,|q is
a holomorphic function on {2 which is a C-linear combination of G1,...,Gn-.
Actually, we have defined the holomorphic functions h/, on CV because G4,
..., Gy are defined on CV. Recall from Section 2.1 that the restriction of
the minimal embedding ¢ : X, < P(I"(X,, O(1))*) = PV’ to the dense open
subset CV C X, may be written as ¢(z) = [1,G1(2),...,Gn/(2)] in terms of
the Harish-Chandra coordinates z = (21,...,2y) € CN. We write h/ (z) =
Z;VI1 aq,jG;(2) for o € A and some a, ; € C. Let

’

P = [fO7£1a"'7£N’]€PN/:Zaa,jszovaeA
j=1

be a projective linear subspace in PN, Then, it is clear that H N {2 = F and
PNyCN) =< [1,G1(2),...,Gni(2)] €PN Zaaj )=0, zeCVN

=u(H).
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Similarly, we have P N ¢(£2) = o(E). O

2.4 Holomorphic isometries in HI; (B™, {2) arising from linear sections of the
minimal embedding of the compact dual of (2

Let 2 € CV be an irreducible bounded symmetric domain of rank > 2 in its
Harish-Chandra realization. For n > 1, the corresponding Kéhler form of the
Kahler metric gg» on B” is given by

1 _ n
Wosn = T Wdst, = —v/—=1901log | 1 — Z lw;|?

j=1

Recall that for a bounded domain U we denote by ds%] the Bergman metric
on U. One may regard the following lemma as an analogue of Proposition
3.2 in [Ngll] or an assertion made in the proof of Theorem 1.3.1 in [Mok12,
pp. 1634-1635].

Lemma 3 Let 2 = 2, x - x 2, @ CN x ... x CNn» = CN be a bounded
symmetric domain such that for 1 <1 <m, mg, =m’ for some positive integer
m' independent of I, where m > 1 is an integer and 2; @ CNi is an irreducible
bounded symmetric domain in its Harish-Chandra realization for 1 < j < m.
Let f : (B", \dsZ.) — (£2',ds%,) be a holomorphic isometric embedding for
some real constant A > 0, where n > 1 is an integer. Then, A\ = % for
some positive integer k satisfying 1 < k < ﬁ, where C is a positive real
number such that —C' is the mazimum of all holomorphic sectional curvatures
of (£2',ds%,). In particular, if ' is irreducible, then we have 1 < k < rank({2').

Proof Without loss of generality suppose that f(0) = 0. We write f = (fy,
.. ,fm) such that f; : B™ — (2; is a holomorphic map, 1 < j < m. Then, we
have the polarized functional equation

A(n+1)
7n/

L1 2e, (fiw), £50) = | 1= 3w : (14)

Note that from [Mok12] and [Mok16], at a general point b = (by,...,b,) € OB,
there exists an open neighborhood Uy, of b in C™ such that f|y,~p~ extends to
a holomorphic embedding f* = (ff, o fE) Uy - CN = CM x o x Cm
with f#(U, N OB™) C 0¢2". By composing with an automorphism of B" and
restricting to the unit disk {(¢,0,...,0) € B™ : { € A} in B", we assume
without loss of generality that b = (Co,0,...,0) with [(o|* = 1. Now, we have

A(n+1)

[T 7o, (£1(C.0,...,0), (G0, 0,....0)) = (1= ¢Co) ™ (15)
j=1
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for ¢ € Uy N {(¢,0,...,0) € C": { € A} by Eq. (14) and continuity. Actually,
both sides of Eq. (15) are holomorphic in ¢ on some open neighborhood of ¢
in C. As ¢ — (o, the holomorphic function ¢(¢) := H;n:l hn].(f;i((,a .., 0),

fg(Co7 0,...,0)) of ¢ on the left-hand side of Eq. (15) vanishes to a certain order
k, where k is a p0s1t1ve integer. This shows that )‘(nH) is a positive integer
and we have \ = . By Ahlfors-Schwarz lemma (cf. [CCLT79]), we have
f*ds?, < "“ -dsi.. Therefore we have 210 . ds2, = f*ds?, < ﬁ -dsi,.,

is irreducible, then we have m' = mgo = p(2') + 2 and
C = m so that k < rank(Q’ ). The result follows. O

Lemma 4 Let 2 € CV be an irreducible bounded symmetric domain of rank
> 2 in its Harish-Chandra realization. If f : (B",Ads3.;0) — (£2,ds%;0) is
a germ of holomorphic isometry for some real constant X > 0, then we have

Z;\/:l glii (0)f7(¢) = ”H)CH for 1 < pu < n. Moreover,

V= (¢,6)eC xCN . Zafj :M@, 1<p<n

3wu mo

is a complex N-dimensional vector subspace of C"*N such that Graph(f) C
V C V/. In particular, we can write V.=V NVy, where

11|
Vy = (w,z)GB"xQ:%Fg(w,z) =0 VI, |[I|>2;.
oC ¢=0
Proof We have the polarized functional equation
A(n+1)
n mo
ha(f(w), F(Q) = | 1= D w;G (16)
j=1
Moreover, Lemma 1 asserts that ho(z,£) = 1 — Z] L 2& + Zz 1 ( 1)x
Gi(z) Gi(€), where Gy(z) is a homogeneous polynomial in zy, . . ., zy of degree
> 2 for 1 <1 < N”. Therefore, differentiating both sides of Eq. (16) with
respect to w, and evaluating at w = 0 gives Ej 1 gf (0)f7(¢) = N¢, for
1 < p < n, where X := (”H) . Letting V{ be as defined in the statement of

the lemma, it is clear that Graph( f) € V{. Moreover, the Jacobian matrix of
V/ at each point in V/ is of full rank n, so V{ € C"*¥ is actually a complex N-
dimensional vector subspace. The rest follows from the previous observations.

O

The following characterizes the image of any holomorphic isometric embedding
f:(B" gpn) = (£2,90), where n > 1. In short, the embedded image of f(B™)
in P(I'(X.,O(1))*) via the embedding ¢ is an irreducible component of the
intersection of ¢({2) with the linear section P N X, for some projective linear
subspace P C P(I"(X,, O(1))*).
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Theorem 1 Let 2 € CN C X, be the standard embeddings of an irreducible
bounded symmetric domain {2 of rank > 2 in its Harish-Chandra realization
2 € CN as a bounded domain and its Borel embedding 2 C X. as an open
subset of its dual Hermitian symmetric space X.. Let n be a positive integer,
and f : (B", ggn) — (§2,902) be a holomorphic isometric embedding. Denote
by v X — P(I'(X,,0(1))") = PN the minimal embedding of X, defined
by the positive generator O(1) of Pic(X.) = Z. Then, f(B™) is an irreducible
component of some complex-analytic subvariety ¥ C §2 satisfying «(¥) = PN
L(£2), where P is some projective linear subspace of P(I'(X.,O(1))*) = PN’

Proof The hypothesis on the mapping f is equivalently that f : (B", \ds,.) —
(£2,ds?%) is a holomorphic isometry for A = ;”—fl We can suppose that f(0) =0
after composing with some ¥ € Aut(2). In the notation of Lemma 4 we define

N 5l
V" =V/N(B"xN) = {((,z) eB" x £2: Z%(O)zl —(=0,1<j< n},
=1

which is a smooth affine linear section of B x 2 in C**N =~ C" x CV. From
Lemma 4, one can compute V4 = B" x V" where

V"= {zeﬁ:aljhg(z,f(()) =0VI, |I|22}.
¢

Therefore, V =V N (B™ x V").

If the system of functional equations is sufficiently non-degenerate, then
any irreducible component S of V' = V{' N (B™ x V") containing Graph(f) is
of dimension n = dim Graph(f) [Mok12, p. 1622]. Let S” be an irreducible
component of V" containing f(B™) and Sy C V{'N(B™ x S”) be an irreducible
component of V"N (B" x S”) containing Graph(f). Then, we have n = dim S >
dim Sy > N 4+ (n+dim S”) — (n + N) = dim S” so that dim S” = n because
f(B™) c S”. If the system of functional equations is not sufficiently non-
degenerate, then we may take £/ = [ ca Zero(hy) for some family {ha}aca
of extremal functions on {2 so that any irreducible component of VN(B" X E) =
VI'N(B"x (V"NE)) containing Graph(f) is of dimension n = dim Graph(f) (by
Proposition 1.1.2. and Theorem 1.1.1. in [Mok12]). By the same arguments as
above, the irreducible component S’ of V"N E containing f(B") is of dimension
n.

Since by construction both V" and E are complex-analytic subvarieties in
CN, V"N E c CV is also a complex-analytic subvariety. Moreover, from the
expression of hqo(z, f(()) =1+ Zfil G1(2)Gi(—f(¢)) and Proposition 2, it
is clear that V' (resp. E) can be viewed as the intersection of +(£2) with the
linear section X, N P; (resp. X. N P») for some projective linear subspace P;
(resp. P») of P(I'(X., O(1))*) PN’ Hence, f(B") lies inside an irreducible
component S of ¥ N2, where dim S =n, ¥ = V" (resp. ¥ = V”NE) when the
functional equation is sufficiently non-degenerate (resp.not sufficiently non-
degenerate) such that «(¥) = P N () for some projective linear subspace



Holomorphic isometries of B into bounded symmetric domains 15

P CP(I'(Xc, 0(1))%) = PN, Since f(B") and S are both irreducible complex-
analytic subvarieties of {2 having the same dimension n and f(B™) C S, we
conclude that f(B™) = S and the result follows. O

3 Holomorphic isometries of B™ into type-IV domains

In the previous section, we have shown that the image of a holomorphic isomet-
ric embedding in HI; (B™, {2) is an irreducible component of the intersection
of 2 with a linear section of the minimal embedding of the compact dual X,
of 2 (cf. Theorem 1). For the particular case where 2 = DIV € C* (n > 3) is
an irreducible bounded symmetric domain of type I'V, we completely charac-
terize linear sections of Q™ C P"*! intersecting with DIV € C* C Q™ which
correspond to holomorphic isometries F' € HI;(B™, DLV for some m > 1.
As a consequence, we have a complete classification of images of maps in
HI, (B™, DIV) for integers n > 3 and m > 1 and for any \' > 0. Among
these, we will provide explicit examples of nonstandard holomorphic isomet-
ric embeddings (B" !, ggn—1) — (D£V7gD£v) which are incongruent to those
holomorphic isometric embeddings constructed in [Mok16].

3.1 Preliminaries

Recall that for a bounded domain U we denote by ds? the Bergman metric on
U. Let m,n be integers satisfying m > 1 and n > 3. The irreducible bounded
symmetric domain in C™ of type IV can be written as

DIV — (zl,...,zn)GC":Z\zj|2<2, Z|zj|2<1+ 52,2?
j=1 j=1 j=1

and the Kéahler form corresponding to the Bergman metric ds% ;v on DIV is

given by Was? | = —n+y/—1001og (1 D 2] + ’% > 23

the corresponding Kahler form of the Kéhler metric gp:v on DIV is given by

L a2 - Let o (B™ Nggm) — (DI, gprv) be a holomorphic
D n

wgpflv = n

2
) . Moreover,

isometric embedaing. In this section, we suppose that all component functions
of F' are non-constant; otherwise, we could reduce the study to holomorphic
isometries F' € HIy (B™, DIV) for some n’ < n — 1. From Lemma 3, if F :
(B™, Xdsg.) — (DLY,ds%,y) is a holomorphic isometric embedding, where
A > 0 is a positive real number, then \ := A(m + 1)/n is a positive integer
and 1 < X < 2. In particular, F € HIy/(B™, DIV). On the other hand, the
following shows that HIo(B™, DIV) is empty for m > 2 and n > 3.

Proposition 3 Let F: (B™, Nggm) — (D,Ilv,gpiv) be a holomorphic isomet-
ric embedding, where m > 2 and n > 3. Then, X = 1.
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Proof Write S := F(B™). Note that ,(Q") = Q"2 is a hyperquadric in
P(T,(DLV)) = P! for any y € DIV, where €,(Q") is the VMRT of Q™ at
x € Q" (see Section 2.1). For m > 2, P(T,(S)) is a projective linear subspace
in P(T,(DLV)) 2 P"~! of complex dimension m—1 > 1. Therefore, P(T,(5))N

€, (Q") # @ for any y € S. Let [o] € P(T,(5)) N €,(Q™) with ||04||3D1V =1.
Then, it follows from the Gauss equation that —% = Raaoa (S, ngL§/|s) <
Rogow(D}Y, gprv) = —2 so that A < 1 and thus X' = 1. O

The following corollary is a direct consequence of Proposition 3 and Proposi-
tion 1.

Corollary 1 Let F : (B™,2ggn) — (DY, gprv) be a holomorphic isometric
embedding. Then, m =1 and F is totally geodesic.

Thus, among HIy(B™, DIV), where m > 1 and n > 3, it remains to consider
HI;(B™,DIV) with 1 < m < n —1 and n > 3. Note that if (B™, ggm) —
(DIV, gpiv) is a totally geodesic holomorphic isometric embedding, then its
image is clearly the intersection of DIV with some projective linear subspace
P™ =2 P C P**! which lies inside Q™ entirely. The latter is the case since to-
tally geodesic embeddings (B™, ggm ) — (D;V, gprv) extend to totally geodesic
embeddings (P, gpm) — (Q™, gon)-

3.2 Characterization of images of holomorphic isometries of complex unit
balls into type-IV domains

3.2.1 Basic settings

For1<m<n-—1andn > 3,let A” € M(n —m,n;C) be a matrix of rank
n—m. If 1 <m <n—2, we define

21

s o2
Var = (Zl,...,Zn) eC": A = (2 ZJO—1ZJ>

Zn

If m=mn-—1,then A = v = (v1,~-~ ,vn) € M(1,n;C) and we let V,, C
C™ be the affine-algebraic subvariety defined by -7 v;z; — %Z?Zl 27 = 0.
Moreover, we define X o := Var N DIV

We write Q™ = {[z1,...,2n42] € P"T1: Z?Zl z]2 — 22p412n42 = 0}. Let
¢ DIV c C* — Q" C P! be the Borel embedding defined by (z) =

[zl,...,zn,l,%zyﬂ ZJZ], where n > 3. Then, we have ((Xa~) = (Par N

Q™) Nu(DLY), where Pa» C P"*! is the projective linear subspace defined by
A" (21 -+ zn+2)T =0 and A" is given by [A” 8 _01 } (resp. [A” 0 —1]) if
1 <m < n-—2 (resp.m = n—1). By computing the (complex) Jacobian matrix
of the projective subvariety Par N Q™ C P"*! at 0 =[0,...,0,1,0], Par N Q"
is smooth at o. From linear algebra, we have the following lemma.



Holomorphic isometries of B into bounded symmetric domains 17

Lemma 5 Letn',m’ be integers such that1l < m’ <n' and A" € M(m/,n’;C)
be a matriz such that AVA7" = L./ . Then, there exists a matriz U’ € M (n' —

m/,n';C) such that [U ] e U(n'), where U(n') is the group of n’ x n’ unitary

!/
A/l

matrices.

Proposition 4 Under the above assumptions, for any matriz A’ € M(n —
m,n; C) satisfying AN = I,—m, the irreducible component of XA/ con-
taining O is smooth and actually Xar C DIV is a smooth complex-analytic
subvariety of dimension m.

Proof Let A’ € M(n — m,n;C) be a matrix such that AN = ILi_m. We
Vi

write A’ = : , where v; € M(1,n;C) is a row vector for 1 < j < n—m.

Vn—m,
Then, vjvTT = 9,5 for 1 <'i,j <n—m. It suffices to show that the (complex)
Jacobian matrix of Ya- is of full rank n — m at any point zg € X'a/. Assume
the contrary that the Jacobian matrix of Yo/ at some point (29,...,20) €
YA C Dﬁv is not of full rank n — m. Note that the Jacobian matrix of Xa-
.20

at (29,...,29) equals A’ — 0...0

" n

], which is of rank at least n — m — 1.

0 0
Zl .. Zn

0---0
If n —m = 1, then we have A’ = (27 --- z) so that Y7 (z9)* = 0. In

Then, A’ — [ } is of rank n — m — 1 < n — m by the assumption.

n

2
particular, 1 — 37" [29]* + ‘% Z;’:l(zjo)z‘ = 0 and }7_, [29]* = 1, which

contradicts with the fact that (29,...,20) € Yo, C DIV. Supposing n—m > 2,
we have v; — Z;:;ncjvj = (2f,-++,20) for some ¢; € C,2 < j < n—m.
Since (2,...,2%) € ¥a/, we have
0 0
n 21 n—m 21 1 n
042 : 0y2
ST B S g IS E
=1 20 =2 20 j=1

so that Z;;l(z?)Q = 0. Moreover, we have

n n—m n—m n—1
012 _ . T _ —T | _ 2
E |z; |7 = | vi— E CjV; Vi E Gv;, | =1+ E [1a
Jj=1 Jj=2 Jj=2 Jj=2

2

But then 1-3>77_, 12917+ ’2?21(29)2’ =— Z;z; |cj|* <0, a plain contradic-
tion. Thus, Yo/ is smooth and of dimension m. Let V' C X'o: be an irreducible
component containing 0. Then, V' C Xa: is the connected component of Xa-
containing 0 and V' is smooth. O
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3.2.2 Basic results

In what follows we are going to show that the functional equation for a holo-
morphic isometry F' : (B™, ggm) — (DflV,ngLv) provides sufficient defining
equations for an affine-algebraic subvariety V' in C™ which extends F(B™).

Proposition 5 Let F : (B™, ggm) — (D}, gprv) be a holomorphic isometric
embedding, where n > 3, m > 1. Then, W(F(B™)) is the irreducible com-
ponent of the complez-analytic subvariety YXa: containing 0 and ((Xa/) =
Par N u(DEVY for some matriz A’ € M(n —m,n;C) satisfying AN = Inm
and some W € Aut(DLV) satisfying (F(0)) = 0.

Proof Since B™ and D1V are not biholomorphic to each other, we have m <
n—1. Let ¥ € Aut(DLY) be such that ¥(F(0)) = 0. Write F := W o F. Then,

~ . ~. 2
we have the functional equation 1 — =7, [F (w)|* + ‘% S (F(w)?| =

1 — >, lw|* By a well-known result of Calabi [Ca53, Theorem 2 (Local
Rigidity)], there exists U € U(n) such that

~ ~. T
F(w) (wr, o wm, 3 S0, (FIw))?,0) i 1<m<n—2
U : =

ﬁn.(w) <w1, W1, 3 E?ﬂ(ﬁj(w))Q)T itm=n-1 -

for any w = (w1,...,wy,) € B™. Writing U = (uij) we have w; =

1<ij<n’
- /

Z?:l wi FI(w) for 1 <1 < m. We write U = [K,},
and A’ € M(n — m,n;C) are matrices. Then, it follows from Eq. (17) that
S := F(B™) C Xar. It is clear that t(Xas) = Pas N (DY) C PasNQ™. Since
XA+ is smooth by Proposition 4, letting S’ be the irreducible component of X4
containing S, we have dim S’ = m and S’ is a connected complex submanifold
of DIV Since S C S’ are irreducible complex-analytic subvarieties of DIV and

dim S’ = m = dim S, we have ' = § = F(B™). O

where U’ € M(m,n;C)

Proposition 6 Let n,m be integers satisfying 1 <m <n—1 andn > 3. Let
A’ € M(n—m,n;C) be a matriz satisfying AN = I, m. Then, the irre-

ducible component W of Xa: containing 0 is the image of some holomorphic

isometric embedding F : (B™, ggm) — (D,,ILV,QD’ILV).

Proof Let W be the irreducible component of Yo, containing 0 for some ma-

trix A’ € M(n — m,n;C) satisfying AR = I._m. Then, there exists a
!

matrix U" € M (m,n;C) such that [K,

4, W is a connected complex m-dimensional submanifold of DIV and 0 € W.

~ ~ T =
Writing (Gl(z),--- ,Gm(z)) =U (217"' 7Zn)T7 we have Y7, IGi(2)” +

} € U(n) by Lemma 5. From Lemma
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2 .
’% S 7| =220 |zl for (21, .., z,) € W. This implies that for (21, ..., 2,)

€ W, we have

2
n

n 1 m .
1=z + 52%2 =1-> |Gi(2). (18)
j=1 =1

j=1

Then, it follows from Eq. (18) that —log(1 — Y1, [Gi(2)[?) is a local Kéhler
potential of (W’ngLV‘W) for z € W < D!V, which is the restriction of

n

the Kéahler potential of (D,,ILV,gDTILV) to a neighborhood of 0 in W. Hence,
(W, gp1vlyy) is locally holomorphically isometric to (B™, ggm ). By Theorem

2.1.2. in [Mok12], W c DIV is the image of some holomorphic isometric em-
bedding F : (B™, ggm ) — (DTILV,QD{LV). O

Remark 2 The map (G, ..., Gy,) gives a holomorphic isometry from W onto
B™. Inverting this map, we can get an explicit formula for the holomorphic
isometry F : (B™, ggm) — (DLV, gp1v), but we are not concerned with such
an explicit formula in this article.

Note that the following proposition characterizes those holomorphic isometries
F € HI;(B" 1, DIV) (n > 3) which are congruent to nonstandard holomor-
phic isometries constructed in [Mok16].

Proposition 7 Let n > 3 be an integer and W be the irreducible component
of Xar containing 0, where A’ = (cl,~-~ ,cn) € M(1,n;C) is a row vector
such that A/A7 = 1. Then, W = V, for some q € By = Reg(0DLV) if and
only if A’ - (A")T = 0, where V, is defined in [Mok16].

Proof For ¢ = (q1,---,q,) € E1 = Reg(dDLV), Mok [Mok16] defined the
subvariety V, =V, N DIV c DIV, where

Vg = U{E : £ is a minimal rational curve on Q" through ¢}

(cf. [Mok16, p. 4518]). Suppose that g € Ey is chosen so that 0 € V;. Then, we
have V, =V, N D}V, where V] :=V,NC" = {(z1,...,2,) €C*: 37, q;2; —
3212 =0} IfA’-(A)T =0, then 1 =377, |¢j|* + ‘% > i1 c?r =0 and
> i—1lejl? =1 so that ¢ := (c1,...,cn) € Er. Thus, we have W=2Xa =V,
Conversely, if W = V, for some ¢ € E; = Reg(dD]V), then we have W =
Vi = Yar so that A’ = (q1 qn) satisfies A’ - (A")T = 0. O
Remark 3 Let A’ € M(1,n;C) and f € HI;(B"!,DIV) (n > 3) be such
that A/A7T = 1, A’ (AT #£ 0 and f(B"!) is the irreducible component
of Yar = Var N Dflv containing 0. Then, Va: is a smooth affine-algebraic

subvariety of C™ so that f(B"~!) can in particular be extended as a complex
submanifold of some neighborhood of DIV in C".
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3.2.3 Slicing of complex unit balls

By Theorem 2 in [Mok16], if F : (B™, ggm) — (Dflv,ngLv) is a holomorphic
isometric embedding, then m < n—1. We show that any holomorphic isometric
embedding F : (B™, ggm) — (Dflv,ngzv) with 1 <m <n—-2andn > 3is
obtained from some holomorphic isometric embedding f : (B"~!, ggn-1) —

(DLIV gpiv) by slicing B"~! by an affine linear subspace.

Theorem 2 Let F : (B™,ggm) — (D}V,gprv) be a holomorphic isometric
embedding, where 1 < m < n —2 and n > 3. Then, I’ = fo p for some
holomorphic isometries f : (B" ™% ggn-1) — (D,ILV,ng/v) and p : (B™, ggm) —
(Bn_lagIB”*l)'

Proof Let W € Aut(DIV) be such that (¥ o F)(0) = 0. Write F := W o F.
Then, F(B™) is an irreducible component of X4+ for some matrix A’ € M (n—

m, n; C) satisfying AN = I,_m by Proposition 5.

We write A’ = { , where v € M(1,n;C) is a row vector and A} €

v
AL
M(n —m — 1,n;C) is a matrix. Then, vV = 1 so that the irreducible
component of X, containing 0 is the image of some holomorphic isomet-
ric embedding f : (B"" !, ggn-1) — (D,ILV,gDJLv) by Proposition 6. We can
suppose that f(0) = 0 after composing with some element in Aut(B"1).
Since Yaor C X, and F (B™) C Xas is the irreducible component contain-
ing O, ﬁ(IB%m) lies in the irreducible component of X, containing 0 so that
S = F(B™) C f(B""!) =: . Note that both (S,gp:v|s) = (B™, ggn) and
(S’ s 9gp1v |5/) = (B"!, ggn-1) are of constant holomorphic sectional curvature
—2. Therefore, (S, gprv ls) C (S’,gDév |s) is totally geodesic so that F=fop
for some (totally geodesic) holomorphic isometric embedding p : (B™, ggm ) —
(B"~1, ggn—1). The result follows. O

Recall that for a bounded domain U we denote by ds?, the Bergman metric
on U. Combining the previous results, we state the theorem as follows:

Theorem 3 Let F': (B™, Adsg..) — (D}V,ds%,v) be a holomorphic isometric
embedding, where n > 3 and m > 1 are integers, and X\ > 0 be s real constant.

. _ _ 2 . .
Then, either A = -1 or A = =5 and we have the following:

L IfA= 57, thenl <m <n-1and F' = fo p for some holomorphic

isometry f : (B"1, gga-1) — (D,ILV,gD{Lv) and some (totally geodesic)
holomorphic isometry p : (B™, ggm) — (B" "1 ggn-1).

2. If A= 5q and m = n — 1, then F is congruent to a nonstandard holo-

morphic isometry F = (B, ggn-1) — (DY, gp1v) such that F(B" 1)
18 the irreducible component of X containing 0 for some row vector ¢ €
M (1,n;C) satisfying c€! = 1. In addition, F is congruent to the nonstan-
dard holomorphic isometric embedding constructed in Mok [Mok16] if and
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only if there is such a holomorphic isometry 2 congruent to F such that
= O
3. If)\ =

m+1’ then m =1 and F is totally geodesic.

Proof According to Lemma 3, X := 2"+ i o positive integer Such that
XN =1 or XN = 2. In particular, we have either A = -~ or A\ = + CIf
A=Ay, ie, X =1, then 1 <m <n—1 by [Mokl6, Theorem 2]. Thus if
N =1, then part 1 follows from Theorem 2. If m = n — 1, then part 2 follows
from Proposition 5 and Proposition 7. Moreover, F' and F' are nonstandard
because of the identity m = n—1 = p(D.")+1 and the arguments in [Mok16,
p.4519]. If A = m%’il, ie., X =2, then m = 1 and F is totally geodesic by
Corollary 1. O

Remark 4

1. Recall from Proposition 6 that the irreducible component of Y. contain-
ing 0 in part 2 of Theorem 3, for any ¢ € M(1,n;C) satisfying cc? =
1 is indeed the image of a holomorphic isometry from (B"~!, ggn-1) to
(D,ILV,gD}qv), where n > 3.

2. For any f € HI;(B™, DIV) (n > 3), f is totally geodesic if and only if f is
congruent to some f € HI;(B™, DIV) such that f(B™) is the irreducible
component of X'a~ containing 0 for some matrix A” € M(n — m,n;C)
satisfying AR = I,_m and the condition that A” -v = 0 implies
vT'v = 0 for any column vector v € M(n,1;C) = C".

3. For each row vector ¢ € M(1,n;C) satisfying cc’ = 1, let F,e HI, (B" 1,
DIV be such that F(B"~1) is the irreducible component of X containing
0. For any row vector ¢ € M(1,n; C) satisfying ce? = 1 and cc” = 0, there
is a Sequence {c; }jC’T of row vectors in M(1,n;C) satisfying c;e;7 = 1
and c;jc;T # 0 such that lim; 1o c; = ¢ and the family {F¢ }/ of

holomorphic isometric embeddings in HI;(B"~!, DIV) converges to F,
€ HI;(B"!, DIV) which is congruent to the nonstandard holomorphic
isometric embedding constructed in Mok [Mok16].

3.3 Explicit examples and their applications

Recall that any holomorphic isometry f € HI;(B™, DLV arises from a linear
section of the hyperquadric Q™ C P"*!. Moreover, a linear section of Q" in
P! can be a complex projective subspace lying entirely in Q", a smooth
quadric or a singular quadric in Q™ C P"*!. On top of the images of non-
standard holomorphic isometries F € HI;(B"~1, DIV) constructed in Mok
[Mok16] which extend as singular quadrics in Q™ C P"*! by Theorem 3 and by
slicing we also have holomorphic isometries in HI; (B™, DIV') which arise from
smooth linear sections A of Q™ C P"*!. In what follows, we write down explicit
examples of images of such isometries in HI; (B™, DIV') which are not congru-
ent to singular slices of the nonstandard holomorphic isometries constructed
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by Mok [Mok16]. Let Q™ C Q™ be a smooth hyperquadric passing through
0o=10,...,0,1,0] € P»*! such that Q™ N C" is a linear subspace, where C"
is identified with its image in Q™ via the map ¢ : DIV € C* — Q" c P*H!
mentioned in Section 2.1. Our examples are of the form v(Q™) N DIV for cer-
tain automorphisms v of @™ fixing o. The explicit parametrizations of v(Q™)
are taken from [Zh15].

Example 1 Let n > 3 and 1 < m < n — 1 be integers. For a,,41,...,a, €
C* = C~ {0}, let M(amy1,---,a,) C Q™ = GC/P be a non-flat standard
model of Q™ passing through o = [0,...,0,1,0], i.e., the image of the quadric
Q™ = {lz1,- -+, Zns Znt1, Znt2) € Q" ¢ Zmy1 = -+ = zp, = 0} € Q™ under
a non-trivial element in M~ C Aut(Q™) on Q™ [Zh15]. Here M~ is the an-
alytic subgroup of G® with Lie algebra m~ being the (—/—1)-eigenspace of
the complex structure J at o on m®, where g€ = €€ @ mC is the Lie algebra
of G® (cf. [Mok89]). Then, it follows from direct computation in [Zh15] that
D(ami1s---,an) = M(ami1,...,a,) N DIV = {(21, cey2p) € DIV iz =
%Z;;lz?, m+1 <1 < n} for some a; € C*, m+1 <[ < n. Moreover,
D(am41,---,an) is smooth at 0, thus we can consider the germ of open subset
S = S(am+1,---,an) of D(amy1,...,a,) at 0, which is the germ of complex
submanifold in D!V at 0. By computing the holomorphic sectional curvature of
(S,9p1vls) at 0 and requiring that (S, gp:v|s) is of constant holomorphic sec-
tional curvature —2, it is necessary that Y ;" . |a|* = 5. Now, we consider
all complex submanifolds S(a,, 11, - ..,a,) C DLV with ap41,...,a, € C* sat-
isfying >, 1 lar|* = . Therefore, we assume that ay11,.. ., a, € C* satisfy
>t lai]* = 3. Then, we can provide explicit examples in HI; (B™, D]V)
as follows such that the image of any such isometry is precisely the irreducible
component of D(an41,.-..,a,) containing 0.

(a) We always consider (z1,...,2n) € D(@mg1,.-..,an). I D0 1 af # 0,

then

n m n
V2ay — 243 — 4a?, ( Z a?) ZZJQ =2 ( Z al2> 2
j=1

l=m+1 l=m+1
for m + 1 <!’ < n. Thus, we have defined
2y = Ul’(zla ) Zm)

1 n m
S oy e | V2 2%2,_4%2,( D af)Zz?
l=m+1

l

for m 4+ 1 <1’ <n (cf.[Zh15]). Then, we have

2 2
n n

1=l + |5 2 4 =1—Z|zj2+<fl—§ > |al|2> >
=1 =1

j=1 l=m+1
m
=1-) |z
j=1
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Define F' = (F*,...,F") :B™ — DIV by

Fl(w) = Zuﬂwz, I<j<m,
=1

V2ap + (1% \/2“1’ daf, (31 1 af) 25 (F9 (w))?
23 O

F'(w) =

for m+1 <1 < n, where U = (uij)1<”<m € U(m), xir = 0 (resp.1)

if \/2a3 = —/2ay (resp. V2a3 = V2ay) for m +1 < I’ < n. For each
I, m+1 <1 < n, we specify the branch of F as follows: For each ',
m+1 <1 < n, consider the term 2aj, — 4a}, >, ) af >0 (F/(w))?
for w € B™. We have

daj, Y ap Yy (F(w))?| < dlav|’ Z |a]? Z|FJ

l=m+1 j=1 l=m+1

= 2|al/\2 Z ‘w]‘|2 < 2\ay|2.

Jj=1

Then, for w € B™, we have

2al2,—4al2,< Y a >Z 2 e{leC:[¢—2d}| <2lar|?} #O0.

l=m+1

Therefore, we have really used a single branch for each component function
FY of F (m+1 < I’ < n) by choosing a branch cut of the square root
function, which is either {z = 2 + /-1y € C: y =0, 2 > 0} or {2z =
x++/—1y € C:y =0, z <0}. Then, we have

2
n

1—Z|F7 (R w) —1—Z\F7 P=1-3 P
j=1

] 1

so that F = (F',...,F") : (B"™,ggm) — (D}V,gpiv) is a holomorphic
isometric embedding.

(b) If Z?:mﬂ a? =0and m < n—1, then for (215 -y 2n) € D(Gmi1,-.-,0n),
we have ‘j—’[/ Z? 12 = = ‘\lfzj 1 27 and we deﬁne 2 =vp (21,0 Zm)
= Z] y 23 for m 41 <1 <n. Then, we have

2 2 2
n n

Z |’Ul/(21,.--,zm)|2: Z |al/ Z = Zl %Z J2
j=1 J= Jj=1

I'=m+1 I'=m+1
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Thus, for (z1,...,2n) € D(@m41,---,an), we have

Z 2 2: 2| _ E' |2
1— _1|Zj| + §j:12j —1—j=1|z‘7|.

Jj=

Define F = (F*,...,F"):B™ — DIV by

m
Fj(w)zzujlwla ]-S]Sma
=1

Fl(w) = \%;(Fﬂ‘(w))?, m+1<1<n,

for (wq,...,wy,) € B™, where U = (um) € U(m). Thus, we

1<i,j<m
_ N . 2 o
have 1= 327y [ ()P + |5 5oy (F@)?[ = 1= X7, [P ()P =

1= Jwil? so that F = (F',...,F") : (B™,ggm) — (D}, gprv) is
a holomorphic isometric embedding.

Remark 5

1.

Example 1 gives the first examples of holomorphic isometric embeddings
of B"~! into DIV which are incongruent to those constructed in [Mok16]
that we discovered without using the general theory based on functional
equations as given in Theorem 1. In fact, if there is any example f :
(B" L, ggn1) — (D,Izv,gD{Lv) incongruent to those in [Mok16], the im-
age S = f(B") C DLV must inherit a sub-VMRT structure modeled on
(Q™ 1, Q") in the sense of Mok-Zhang [MZ15]. In other words, the re-
striction of the holomorphic conformal structure on Q™ to S must be
non-degenerate. For any « € S and any [a] € P(T,(S)) N €.(Q™), from
Rozaw (S, gprvl]s) = Raaaa(Dﬁv,gDév) = —2 and the Gauss equation it
follows that o(a, a) = 0 for the second fundamental form of (S, gp:v|s) —
(D,’{LV,gD”ILV). Thus, for the unique minimal disk A, C DIV such that
z € A, and T, (A,) = Ca, A, must be tangent to S to the order > 2
at z, from which it follows that all such minimal disks lie on S, i.e., S
is rationally saturated. By Zhang [Zh15], S must be an open subset of a
smooth hyperplane section Q"' of Q™.

Note that examples in HI;(B™, DLV) obtained in part (a) of Example 1
cannot extend to any open neighborhood of B" while examples in HI; (B™,
DIV) (1 <m < n—2and n > 3) obtained in part (b) of Example 1 are
holomorphically extendible to C™.

Note that part (b) of Example 1 actually yields nonstandard holomorphic
isometries F : (A, 2ds}) — (D}V,ds%,v) (n > 3) other than the square-
root embedding composed with a totale geodesic holomorphic isometric
embedding A? — D!V because F' can be extended holomorphically to
an open neighborhood of A while the square-root embedding cannot be
extended to any open neighborhood of A. In particular, this also provides
an answer to Problem 5.2.5. in [Mok11].
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