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Euclid 75 = 7;'(11%(—- )

(Bepi) =%

fundamental Theorem of Arithmetic (& #i8 & 2 I2) N
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(BmhA) 54 %
[Theorem BT
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(The Curious Incident of the Dog in the Night-Time)

Ny o> o~ . e A
y;,'g@jxjﬁ]mw@g T Mark Haddon (& &)
L ¢« 2003% "AF R EREGEH T E
e e 2004 # FruEaF AP TR FHE
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& X & (Sieve of Eratosthenes)

(©) #f1
52 @)

1’»‘ yid ’?i“iﬁi%‘f +Eratosthenes#; !

2
11 12
21 22
3l 32
41 4z
51 52
61 62
71 T2
81 82
91 92
101 102
111 112

13

23

33

43

53

63

13

83

93

103

113

4 3
14 15
24 25
34 35
44 45
54 55
64 65
4 75
84 85
94 95
104 105
114 115

§
6 7

16 17
26 27
3E 37
46 47
56 57
66 67
77
g6 87
96 97
106 107
116 117

38

48

58

BE

i

G

98

108

118

&

9 10
19 20
29 30
39 40
49 50
1= I
69 70
79 BO
g9 90
99 100
109 110
119 120

Prime numbers
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Gauss (B #r) L L2
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L Tg 313

\&) Newsler Th;;m Q“IZ" g Scienmet.
Gauss (1777-1855) M‘#‘” fics. v Wl a‘

> Gauss 3 J1 T
A V8w — Bp AREK
2z on§ 1 > 9, \
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s FEPPEEY > 4R (Time Complexity)

TR E o
« Time Complexity {ﬁié;] B R RS i

’ =2, ? _\ ) SO ~ > Y 7z o
o FOEAFIENBEIERIAG T RS

|3 . RlERE Time Complexity 4
X (6 v
02014 v
Z 10° X
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o FE N GFRIAET AT Tk

{ = “Hcz e’
(5l4e: #ics: 20140215 70 =8)
Time COfﬂplEXityZ 10 (Proof skipped)

o BN R RCPRE A A
+ Gauss 14 i el50# > B BPE FLE BHEF R
- EERPF T T RPIFRZ > TRIREE D

Time Complexity #_ € 7% 78 ;% » £ — 7 ;L & 5
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e 2002 #

L Kayal

AKS B B ip| 38 2

» Agrawal-Kayal-Saxena 5 | 7

Agrawal (1966-) (Microsoft Researcher) Saxena
(Professor)

AKS T Beipl 3872

O W N

Input: integer n>1.
1.

If (n=a’ for a € N and b > 1), output COMPOSITE.
Find the smallest r such that o.(n) > log’n.

If 1< (a,n) <n for some a <r, output COMPOSITE.
If n <r, output PRIME.!

For a=1 to |[\/¢(r)logn| do

if (X +a)"# X" +a (mod X" —1,n)), output COMPOSITE;

Output PRIME.




AKS 5 Hipl 82
« AKSH #cip| 32 «hTime Complexity: (8

« B F R

Notices

of the American Mathematical Society AMS Home - About Nofices

Current Issue: May 2003 volume 50 Issue 5

Jump to issue: Year EGEENRA 'ssuvc [ERE - ¢°

PRIMES Is in P: o

Breakthrough for A\l

"Everyman"
Folkmar Bornemann

Last year saw the discovery of a deterministic

algorithm for deciding the primality of integers in
polynomial running time. This article tells the story of

the new algorithm from the point of view of a
nonspecialist.

Email this

SREIRUE SR (2003)
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ELECTRONIC FRONTIER FOUNDATION
DEFENDING YOUR RIGHTS IN THE DIGITAL WORLD K Largest known primh

m ABOUT OUR WORK DEEPLINKS BLOG PRESS ROOM rank prime digits  who when
1 25788516l 4 17425170 G13 2013
EFF Cooperating 2 3112609 ; 12978189 G10 2008
. i i 21 B /gg
Computing Awards EFF cooperatlve CDmpUtlng Awards | B 2 B <) IE 3 242643801_1 12837064 G12 2009
Rules Thinking about claiming this award? You MUST read this entire page 4 237156667_1 11185272 G11 2008
first! -
News 5 23298265731 9808358 G9 2006
The Electronic Frontier Foundation (EFF), the first civil liberties group - - _
Frequently Asked dedicated to protecting the health and growth of the Internet, is 6 23040'43 ‘-1 9152052 G9 2005
Questions sponsoring cooperative computing awards, with over half a million 23064051 P
dollars in prize money, to encourage ordinary Internet users to i 27 -1 M @ 2005
Prime Number contribute to solving huge scientific problems " o
: 24036583 -~ g - v
Resources and 8 2 1 7235733 G7 2004
Information Through the EFF Cooperative Computing Awards, EFF will confer o
roudn P PN 9 20996011 ;6320430 G6 2003
prizes of: e s =
Press Release 13466917 ;
: 3466917 4 4053946 G5 2
Announcing Awards - $50,000 to the first individual or group who discovers a prime 10 2 1 4053946 G5 2001
number with at least 1,000,000 decimal digits (awarded Apr. /
. a— 32 = AN _ = Fa
:Iiﬂgﬂs.l]rﬂil;:eclmal 6,2000) § i~ T b= Aa B i y
gisp - $100,000 to the first individual or group who discovers a prime /
10,000,000 decimal number with at,,lf-a?:[ ]9,000,(1\00 ?eimal dlglts—iiw:fard,e‘d Oct.
digits prize 22,2009 10 & ~ > 2 ° [ + 3B
- $150,000 to the first individual or group who discovers a prime i 32 = 2% e s
number with at least 100,000,000 decimal digits > ]. 5 l% 'E ",’

- $250,000 to the first individual or group who discovers a prime
number with at least 1,000,000,000 decimal digits > 25 ;ﬁ"é 9 j‘: b
= ]



(BALFAA" #HFE)
(Uncle Petros & Goldbach’s Conjecture)

A A mazond®FE MTEG % & ek o 08

';—: ‘ — o —_ » S

(e .. BF X APetros BH- 4@

AR E-ANNIRTRY | RGP ERGE T aNme . 2920 L 1

e e BIFEM BT AR - mE A
BOR - WAWRE (Ofiver Sacks, M)

it Petros e*ig » 2 A #EcE

5 HFE ¢ il R o e

i* e Apostolos Doxidis (# ")




# ft, = A JjF 1 (Goldbach Conjecture) e7d %k

Goldbach (# 4t = #%)
o 4 3+1690-1764 5 4, W #cE T

Euler (®x )
o 4 31707-1783 L 3 E R
c Y ERE &Y R -

Euler (1707-1783)

#1742 # > Goldbach & Eulerif 7 - Goldbach # ;127
R RFERALT AR -



B 1t = &% 5+ 1 (Goldbach Conjecture)

/Weak Goldbach Conjecture

ER R
\ % B =p1+Pp2+Pp3

- < 05 e FRF AT A

~

J

(Strong Goldbach Conjecture
- X 208 He, BN & T
S ’F‘rﬁ{?\ fe

BHc=p+p’

_ B=p+p

~

J

11
13

2013

10

2014

-

/L""IJ'?" :

2+2+3
3+3+3
3+3+9
3+9+95

3+ 997+ 1013

2+ 2
3+ 3
3+95
O+ 9

983 + 1031



Diophantus’ F¥

Wi A

o« R o=+ % e Diophantus

\

J 3x + 2y

x + 4y

3x+2y=3

x+4y =2

B ok 4R 2E




Diophantus’ ¢ 42

» Diophantus’ i* 38 £.4p J = 42 & = 42 0 0 ficf2
(Solve equations In integers)

-

> =+

Frl T3 [ ﬁiéiﬁjﬁﬁiﬁ;
(@) x+y+z=15

b) | x+y+z=2
x+2y+3z=15

c) x*—10y* =9

(d) x*+y* =27



Goldbach’s F* 48

Diophantus’ Problem: &= #2 &% = 4% te i #icf#
(solve in integers)

Goldbach’s Problem: = fz & = f2 e ef7 #cfz
(solve in primes)

/Strong Goldbach Conjecture: >t i = %?Zév’ﬂﬁiﬁ;:n?
X+y=n 3 FHEjz
Weak Goldbach Conjecture: ¥f3t= B < »t508 #en»
\_ x+yt+z=n73j Fi#jiz )

Goldbach Conjecture ¥ €_— i# 4 7% 753 Goldbach’s Problem



Weak Goldbach Conjecture =:& & i 4%

e 208 %47 ® W#E KHardy and Littlewood
]?EQ”E]/Z‘IJZ 2% R
Goldbach problem

O HardyA(1877 1947) thtlewood‘(1885 ‘1977)
e 1937 # > 'é‘ &? #l.M. Vinogradov
;\d: E!}-/\ %)7 };y; 3o
T - & 3t 106846169 s #c > Tg&?

Vinogradov (1891-1983)



Weak Goldbach Conjecture =:& & i 4%

2002& > W Pr#d(HKU) 2 1 = % 38100846167
%1 1 10




Weak Goldbach Conjecture =:& & i 4%

« 2013# Helfgott (CNRS) & # = >3
Weak Goldbach Conjecture.

THE YEAR IN SCIENCE

Dlscover

Helfgott (1977-)

- TOPTEN

B Two Elusive Prime Number
Problems Solved

by Julie Rehmeyer

After centuries of flummoxing
number crunchers, two mathematical
puzzles about prime numbers were

January/ February 2014 cracked this year.




#H 5 Goldbach’s Problem

1990# » j‘j;?;;,jc;:b% %}é;v PP T
ﬁv m, Nk &_— l“’“zti';ﬂ&u}f 1= 5 1 TF
7 fg ey B

X+ y+ z+ u+ v
X+ 2y +3z+4u+Sv

m
n

B AT1038E M F NGB T- B
x> +y?+z- +u’+v> =N
FOFHE (leNT B A5 T S 2 {r)
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¢ E M(X) =S X E R

e.g. (10) =4, n(15) =6

o 18+ & % 0 ;2 W#E degendre
% 48 W B8 7 Gauss A W B 3

n(x) g o g %k g it

Inx °

s Graph of y =1Inx
-y 4 ‘ ;
Legendre Gauss :

(1752-1833)  (1777-1855)



n(x) ~ — el £

In x
m(x) —x/Inx R
=L 3y 5} TRATE
x  mx)= X En %‘rﬁ'{g{ L x/Inx x/ Inx Relative error
102 25 21.71 0.151
10 168 144.7 0.161
10° 1,229 1,085 0.132
10° 9,592 8,685 0.104
106 78,498 72,382 0.084
107 664,579 620,420 0.071
108 5,761,455 5,428,681 0.061
10° 50,847,534 48,254,942 0.054
1010 455,052,511 434,294,481 0.048
1011 4,118,054,813 3,948,131,653 0.043
102 37,607,912,018 36,191,206,825 0.039
103 346,065,536,839 334,072,678,387 0.034
10  3,204,941,750,802 3,102,103,442,166 0.033
105 29,844,570,422,669 28,952,965,460,216 0.031

101 279,238,341,033,925 271,434,051,189,532 0.029
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A Puzzle

Pl [
- F &5 £ 7B
%= F 0002 2
%=} 0003 3
B fs— B 1787 572

CAE s PR D T EaaNgh | R

Ans: T g B> E ik

1787
~ 238, 1787) = 276
n17g7 2386, mI787)




B AR (- )
?ﬁx% (1-175)

2 (5) (7J QD arny 19
(23) 31 41 47 53

59 67 83 89

97 101 103 107 109 113 127) 131

137 139 149 151 (157) 163 167 173

BLE 3 T E L Hicr| (Arithmetic Progression)

> = 5-3 5 7 (a,a+d,a—|—2d, ,a+(k—1)d\
C1F - (k terms, common difference = d)

> w35, 11,17, 23 e.g. 2,6, 10, 14,

> T35 11,17,23,29 (x5, % £ =4) ,

» » 3.7, 37,67,97, 127, 157



F45 R L8

* [ Theorem. If p,p+d,p+2d,---,p+ (k—1)d are all primes
and Q = the product of all primes < k, then Q divides d.

] (i.e. d 2.Q iz )

k = number of terms
d = common difference

e.g. 5, 11, 17, 23, 29 (d=6,k=5,Q=2x%x3=06)
257, 269, 281, 293 (d=12,k=4,Q=2x3=06)

s FEFEERPIANTES L HT|
eg. 4c%k p,p+d, p+2d,---, p+13d B F#F 2 #7) >
FRAE- d>30030 (1% Q=2-3---11-13 =30030 )
[kT=QT=4dT, gipx15]



FH T EE L85

p,P+d,p+2d,---, p+25d are all primes, where

p = 43142746595714191, d = 23681770 x 223092870. Lo
¥ Q v

R

Largest known primes in AP [edi] b EDIA

The Free Encyclopedia
For prime q, g# denotes the primorial 2-3-57-._-q.
As of April 2010, the longest known AP-k is an AP-26, found on April 12, 2010 by Benoat Perichon on a
PlayStation 3 with software by Jaroslaw Wroblewski and Geoff Reynolds, ported to the PlayStation 2 by
Bryan Little, in a distributed PrimeGrid project:™

43142746595714191 + 23681770-23%-n, for n = 0 to 25. (23# = 223092870) (sequence A204189 in
OFEIS)

By the time the first AP-26 was found the search was divided into 131,436,182 segments by PrimeGrid™! and
processed by 32/64bit CPUs, Nvidia CUDA GPUs, and Cell microprocessors around the world.
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/Green-Tao Theorem (2 +R-F8 T32), 2004
’E’ﬁ{]—%;']“‘ e 37 }a TR & NE I #HA)

N

(Forevery k=1,2,3,4,..., one can find arithmetic

\_ progressions of k terms in primes.)

J

%

Ben Green (1977-) Terence Tao (1975-)F

Professor, University of Oxford Professor, UCLA
2006 Fields Medalist




BB R (2 )
‘E’ﬁi%« (1-175)

101 103 107 109 113 127 131
137 139 149 151 157 163 167 173

BLZ S 4 F g (Twin Primes)  “4p BE2 e 8T Bicdt”

e.g. (3,5), (11,13), (29,31), (41,43)

% 4 F 8 (Twin Prime Conjecture)
¢ A UHE S T




F4 g y—x=2 D #cfE

 Twin Prime Problem: ¥t+#7% p ZR#kn-
y—x=2, x>n "3 - ¥ HfE
» Strong Goldbach Problem: ¥+#73 p X#cn > 2>
y+x=2n #} - $ [k
BLE
1) v rA Fid
2) Acd H_REEHCfE T lf’a""% % S D I E S
e.g. XxX=n,y=nFy+x=2n - EFHfZ
3) FdciE: X,y L (1B F S i)
FrBcZ: x,y B8O F F]F #ed )



1915# > FR= #F R Brun & I e § 2 o
£ > F*"a,b

o U ,
K HcfiA B Ecf#
e X, Y & 7 1 Xx:AAgdEa g
B 1885-1978
! N SER y: 3 2B 1
. WA A¥FE TR A

$ 1 HE 1l (e azT,b=1),

RN SO L

Strong Goldbach Conjecture % Twin prime conjecture



A THEGEE D LR ke

Year | Mathematician (a,b)
1915 |V. Brun (9,9)
1924 | H. Rademacher (7,7)
1932 |T. Estermann (6,6)
1940 |A. Buchstab (4,4)
1956 |Y. Wang (£7T) (3,4)
1957 | A. Vinogradov (3,3)
1957 |Y. Wang (F7T) (2,3)
1962 |C.D.Pan (&) |(1,4)
1963 | M. Barban (1,4)

E. Bombieri (1,3)
1965 A. Vinogradov (1,3)
1352 J.R. Chen (JEE-8) |(1,2)

W B oo K

B*%L‘a:]:b:]
» B ¢ REs rx

>

Strong Goldbach %2 Twin Prime
G LY S s s E

¥ LA g
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\_

"= y—x=27 &K

(o g Kl 2N BT 4 7 2n—x+y’ A XL

e e T T PR S ke

Lz >y m?‘r F]1F B HcAH AZL:E 2o Xﬂ—\%ﬁrﬁi
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1966 & [t § FEEH
(FL5 2e8) 1

€€ !

X ” F#‘l(é-ﬂl
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=

S

1972 » i B B 8
1427 GEM 22 &
I RFEE)
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ERHIER 20

B o A

(RERERRFTIERT)

§1 85 &

HEE Y AT KRBT RE A
TRH—AEE R — ML @ S R
ZRMEIEE N, 6,

Fob B TR Hakit | Selberg HikR
Dirichlet LBt 3t 88 5 B o 2 e
(1, o), BUHERATICL, o) RS bl
—F:

(1,5) (HA&FEY, Bapban)

(1, 4) (ER™, @KEAY, Bapcan'™)

€1, 3) (Byxwrag®, Busorpanon™)

(AR A B AR B (L, 2) MEERMIR
2L PRHRRYIER 3 B 3 E .

sz EFEHE

i x R, & Po(e, £ 0R
A TR P AT
px palmod ), (1<),
W3 =p<p< - <Y BER
it A RS ER.

SiE— T ¢, A Pux, p, 2

Pabrt s E Lo o i
e, p=x(modp’),
P x(modp ) (1 < i),
Wbl py pa cey i BIESELE,
i 0 (x, 2, 1) BIEL T RIS 1
¥ P

=it P

Mo psStTpp,

Hehop, p, po HIRSEE,
dir Po(1, 2) WEA T ALl % ko p
2
r—p=p Hox—p = pups,
et py g py MRS
WATE LU T E =5 | HE ol
HIW L RAITH

Pule, %) = 29765C;
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My 30 MINUTES OF FAME
By Dan Goldston

I've only had 3 or 4 really good mathematical ideas in the last twenty
years, so when the latest one occurred after more than a decade I felt
both elated and lucky. The idea was both simple and obvious, and
was entirely convincing. What I didn’t know then that I know now is
that the idea was wrong - mathematically false as formulated, con-
fused in its intent, and ultimately futile even when repaired. But be-
fore I knew these things I had received the small-time fame that is
accorded people who achieve something in a respectable field of little
interest to the general public, and the even smaller-time fame of mistaken fame. 15 minutes of fame
and 15 minutes of negative fame. But fame unlike merit is a non-negative additive functions, hence
the title of this article.
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Question 1. Can it be proved unconditionally by the current method that there {Q\j\»
are, infinitely often, bounded gaps between primes? Theorem 1 would appear to be M j\?
A

within a hair’s breadth of obtaining this result. However, any improvement in the \1 ~y A4 \S =
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level of distribution ©# beyond 1/2 probably lies very deep, and even the GRH does ~ /] [ Fv g s ,7;\'
not help. Still, there are stronger versions of the Bombieri-Vinogradov theorem, as <l J/ 2 4\ &
found in [3], and the circle of ideas used to prove these results, which may help to T /[VZ( Yoy
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Bounded gaps between primes

This is the home page for the Polymath8 project, which has two components:

= Polymath8a, "Bounded gaps between primes", was a project to improve
the bound H=H_1 on the least gap between consecutive primes that was
attained infinitely often, by developing the techniques of Zhang. This
project concluded with a bound of H = 4,680.

= Polymath8b, "Bounded intervals with many primes", is an ongoing project

il

to improve the value of H_1 further, as well as H_m (the least gap between Mayna rd
primes with m-1 primes between them that is attained infinitely often), by
combining the Polymath8a results with the techniques of Maynard. (J@i{ﬁﬁﬂnﬁ)
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