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Abstract

We prove that under mild positivity assumptions the entropy rate of a hidden
Markov chain varies analytically as a function of the underlying Markov chain parame-
ters. A general principle to determine the domain of analyticity is stated. An example
is given to estimate the radius of convergence for the entropy rate. We then show
that the positivity assumptions can be relaxed, and examples are given for the relaxed
conditions. We study a special class of hidden Markov chains in more detail: binary
hidden Markov chains with an unambiguous symbol, and we give necessary and suffi-
cient conditions for analyticity of the entropy rate for this case. Finally, we show that
under the positivity assumptions the hidden Markov chain itself varies analytically, in
a strong sense, as a function of the underlying Markov chain parameters.

1 Introduction

For m,n € Z with m < n, we denote a sequence of symbols ¥,,,, Yim+1, - - -, Yn by y;r. Consider
a stationary stochastic process Y with a finite set of states {1,2,---, B} and distribution
p(yl). Denote the conditional distributions by p(y,11|yl). The entropy rate of Y is defined
as

H(Y) = lim —E,(log(p(o|y~5)));

where E, denotes expectation with respect to the distribution p.
Let Y be a stationary first order Markov chain with

A(i, J) = plyr = jlyo = 7).
It is well known that

H(Y)=- Zp(yo =9)A(i, j) log A(i, 5).

A hidden Markov chain Z (or function of a Markov chain) is a process of the form
Z = ®(Y), where ® is a function defined on {1,2,---, B} with values {1,2,---, A}. Often



a hidden Markov chain is defined as a Markov chain observed in noise. It is well known that
the two definitions are equivalent (the equivalence is typified by Example ETI).

For a hidden Markov chain, H(Z) turns out (see Equation (E4]) below) to be the integral
of a certain function defined on a simplex with respect to a measure due to Blackwell [4].
However Blackwell’s measure is somewhat complicated and the integral formula appears to
be difficult to evaluate in most cases.

Recently there has been a rebirth of interest in computing the entropy rate of a hidden
Markov chain, and many approaches have been adopted to tackle this problem. For instance,
some researchers have used Blackwell’s measure to bound the entropy rate [20] and others
introduced a variation [§ on bounds due to [3]. An efficient Monte Carlo method for com-
puting the entropy rate of a hidden Markov chain was proposed independently by Arnold
and Loeliger [2], Pfister et. al. [25], and Sharma and Singh [31].

In another direction, [20, 12, B5] have studied the variation of the entropy rate as pa-
rameters of the underlying Markov chain vary. These works motivated us to consider the
general question of whether the entropy rate of a hidden Markov chain is smooth, or even
analytic [30), 82], as a function of the underlying parameters. Indeed, this is true under mild
positivity assumptions:

Theorem 1.1. Suppose that the entries of A are analytically parameterized by a real variable
vector €. If at €= £y,

1. For all a € {1,2,---, A}, there is at least one j with ®(j) = a such that the j-th
column of A is strictly positive — and —

2. Every column of A is either all zero or strictly positive,
then H(Z) is a real analytic function of & at &.

Note that this theorem holds if all the entries of A are positive. The more general form
of our hypotheses is very important (see Example ECT]).

Real analyticity at a point is important because it means that the function can be ex-
pressed as a convergent power series in a neighborhood of the point. The power series can
be used to approximate or estimate the function. For convenience of the reader, we recall
some basic concepts of analyticity in Section Bl

Several authors have observed that the entropy rate of a hidden Markov chain can be
viewed as the top Lyapunov exponent of a random matrix product [I1, 12, T0]. Results
in |1, 22, 23, 27] show that under certain conditions the top Lyapunov exponent of a
random matrix product varies analytically as either the underlying Markov process varies
analytically or as the matrix entries vary analytically, but not both. However, when regarding
the entropy rate as a Lyapunov exponent of a random matrix product, the matrix entries
depend on the underlying Markov process. So, the results from Lyapunov theory do not
appear to apply directly. Nevertheless, much of the main idea of our proof of Theorem [T
is essentially contained in Peres [23]. In contrast to Peres’ proof, we do not use the language
of Lyapunov exponents and we use only basic complex analysis and no functional analysis.
Also the hypotheses in [23] do not carry over to our setting. To the best of our knowledge
the statement and proof of Theorem [[1] has not appeared in the literature. For analyticity



of certain other statistical quantities, see also related work in the area of statistical physics
in 7, Bl 15, 6)].

After discussing background in Sections ] and Bl we prove Theorem [Tl in Section Bl As
an example, we show that the entropy rate of a hidden Markov chain obtained by observing
a binary Markov chain in binary symmetric noise, with noise parameter ¢, is analytic at any
€ =¢gp > 0, provided that the Markov transition probabilities are all positive.

In Section B, we infer from the proof of Theorem [Tl a general principle to determine
a domain of analyticity for the entropy rate. We apply this to the case of hidden Markov
chains obtained from binary Markov chains in binary symmetric noise to find a lower bound
on the radius of convergence of a power series in € at ¢g = 0. Given the recent results of [36],
which compute the derivatives of all orders at ¢y = 0, this gives an explicit power series for
entropy rate near ¢y = 0.

In Section B, we show how to relax the conditions of Theorem [Tl and apply this to give
more examples where the entropy rate is analytic.

The entropy rate can fail to be analytic. In Section [ we give examples and then give a
complete set of necessary and sufficient conditions for analyticity in the special case of binary
hidden Markov chains with an unambiguous symbol, i.e., a symbol which can be produced
by only one symbol of the Markov chain.

Finally in Section B, we resort to more advanced techniques to prove a stronger version,
Theorem BTl of Theorem [Tl This result gives a sense in which the hidden Markov chain
itself varies analytically with €. The proof of this result requires some measure theory and
functional analysis, along with ideas from equilibrium states [26], which are reviewed in
Appendix [ Our first proof of Theorem [Tl was derived as a consequence of Theorem Bl
It also follows from Theorem that, in principle, many statistical properties in addition
to entropy rate vary analytically.

Most results of this paper were first announced in [9].

2 Iteration on the Simplex

Let W be the simplex, comprising the vectors

{w = (wy,wa, - ,wp) e RE :w; ZO’Zwi: 1},

and let W, be all w € W with w; = 0 for ®(i) # a. Let W denote the complex version of
W, i.e., W® denotes the complex simplex comprising the vectors

{w:(w17w27"' ,U)B) ECBszzl}J

and let W denote the complex version of Wy, i.e., W consists of all w € WC with w; =0
for (i) # a. For a € A, let A, denote the B x B matrix such that A,(i,7) = A(4,7)
for j with ®(j) = a, and A,(i,7) = 0 otherwise. For a € A, define the scalar-valued and
vector-valued functions r, and f, on W by

ro(w) = wA,1,
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and
fa(w) = wA,[rqe(w).
Note that f, defines the action of the matrix A, on the simplex W. For any fixed n and
20 . define '
vy =xi(2L,) = p(yi = - |z 21,0+ 5 2on), (2.1)
(here - represent the states of the Markov chain Y')) then from Blackwell [, {x;} satisfies
the random dynamical iteration

Tiv1 = fopy (@), (2.2)
starting with
Topo1 = P(Y-p-1="). (2.3)
We remark that Blackwell showed that

1(2) = - [ Yo raw)logra(w)dQ(u), (24)

where , known as Blackwell’s measure, is the limiting probability distribution, as n — oo,
of {xo} on W. However, we do not use Blackwell’s measure explicitly in this paper.

Next, we consider two metrics on a compact subset S of the interior of a subsimplex W’
of W. Without loss of generality, we assume that W' consists of all points from W with the
last B — k coordinates equal to 0. The Euclidean metric dg on S is defined as usual, namely
for u,v € 9,

u = (uy,ug, -+ ,ug),v = (vy,v9,- -+ ,vp) €8,

we have

dE(u, U) = \/(ul - ’01)2 + (Ug — 1}2)2 + -+ (uk - Uk)2.
The Hilbert metric [29] dg on S is defined as follows:

dp(u,v) = max log (M) :

iAj<k v;/v;

The following result is well known (for instance, see [I]). For completeness, we give a
detailed proof in Appendix [Al

Proposition 2.1. dg and dp are equivalent (denoted by dg ~ dg) on any compact subset S
of the interior of a subsimplex W' of W, i.e., there are positive constants C7; < Cy such that
for any two points u,v € S,

Cidp(u,v) < dg(u,v) < Cadp(u,v).

Proposition 2.2. Assume that at €5, A satisfies conditions 1 and 2 of Theorem [L1. Then
for sufficiently large n and all choices of aq,...,a, € {1,2,--- A} and b € {1,2,---, A}
(here ay,...,a, and b denote hidden Markov symbols), the mapping fa, © fa, 4 © -0 fa, 1S
a contraction mapping under the Euclidean metric on W,.



Proof. W, = fo(W) is a compact subset of the interior of some subsimplex W, of Wj; this
subsimplex corresponds to column indices j such that ®(j) = b and the j-th column is
strictly positive. Therefore one can define the Hilbert metric accordingly on W;. Each f,
is a contraction mapping on each W, under the Hilbert metric [29]; namely there exists
0 < p < 1 such that for any a and b, and for any two points u,v € W,

dp(fa(u), fa(v)) < pdB(u,v).

Thus, for any choices of as,as, - - ,a,, we have

dB(fan © fanfl ©---0 faz(u)7 fan © fanq ©---0 fa2(v)) < pn_ldB(u7U)'

By Proposition I, there exists a positive constant C' such that
dE(fan © fanfl 0---0 ft12<u)7 fan ° fanfl ©---0 faz (U)) < Cpn_ldE(uav)'

Let L be a universal Lipschitz constant for any f,, : W, — W, with respect to the Euclidean
metric. Choose n large enough such that Cp"~! < 1/L. So, for sufficiently large n, any
composition of the form f, o---o f,, is a Euclidean contraction on W.

U

Remark 2.3. Using a slightly modified proof, one can show that for sufficiently large n, any
composition of the form f, o---o f,, is a Euclidean contraction on the whole simplex W.

3 Brief background on analyticity

In this section, we briefly review the basics in complex analysis for the purpose of this paper.
For more details, we refer to [30, B2].

A real (or complex) function of several variables is analytic at a given point if it admits
a convergent Taylor series representation in a real (or complex) neighborhood of the given
point. We say that it is real (or complex) analytic in a neighborhood if it is real (or complex)
analytic at each point of the neighborhood.

The relationship between real and complex analytic functions is as follows: 1) Any real
analytic function can be extended to a complex analytic function on some complex neigh-
borhood; 2) Any real function obtained by restricting a complex analytic function from a
complex neighborhood to a real neighborhood is a real analytic function.

The main fact regarding analytic functions used in this paper is that the uniform limit
of a sequence of complex analytic functions on a fixed complex neighborhood is complex
analytic. The analogous statement does not hold (in fact, fails dramatically!) for real
analytic functions.

As an example of a real-valued parametrization of a matrix, consider:

2e € 1-—3e
Ale)=| ¢ 1—¢e—sin(e) sin(e)
g2 g3 1—g2—¢3

Denote the states of A by {1,2,3} and let ®(1) = ®(2) = 0, ®(3) = 1. Each entry of A
is a real analytic function of € at any given point € = ¢y. For ¢y > 0 and sufficiently small,



A is stochastic (i.e., each row sums to 1 and each entry is nonnegative) and in fact strictly
positive (i.e., each entry is positive). According to Theorem [l for such values of ¢, the
entropy rate of the hidden Markov chain defined by A(e) and & is real analytic as a function
of ¢ at g¢. .

While we typically think of analytic parametrizations as having the “look” of the pre-
ceding example, there is a conceptually simpler parametrization — namely, parameterize an
n X n matrix A by its entries themselves; if A is required to be stochastic, we choose the
parameters to be any set of n — 1 entries in each row (so, the real variable vector is an
n(n — 1)-tuple). Clearly, for analyticity it does not matter which entries are chosen. We call
this the natural parametrization.

Suppose that H(Z) is analytic with respect to this parametrization. Then, H(Z) viewed
as a function of any other analytic parametrization of the entries of A is the composition
of two analytic functions and thus must be analytic. We thus have that the following two
statements are equivalent.

e H(Z) is analytic with respect to the natural parameterization.

e H(Z) is analytic with respect to any analytic parameterization.

We shall use this implicitly through the paper.

4 Proof of Theorem [I.1]

Notation: We rewrite A, Z, f.(x), p(20|22}) with parameter vector & as A%, Z¢, f(z) and
p7(20|27}), respectively. We use the notation W, to mean f&(W). Let Q¢ = Qc(r) denote
the set of points of distance at most r from &y in the complex parameter space C™. Let
N, = Ny(R) denote the set of all points in Wgc of distance at most R from Wb.

We first prove that for some r > 0, logp®(2|z-}) can be extended to a complex ana-
lytic function of & € Q¢(r) and for two symbol sequences 2, and 2°, . |logp(20]22},) —
log p¥(%0]22},)| decays exponentially fast in n, when n < ny,ny and 22, = 2° | uniformly in
g e Qc(r).

Note that for each a,b, f5(w) is a rational function of the entries of A¥ and w € W,. So,
by viewing the real vector variables ¢ and w as complex vector variables, we can naturally
extend fZ(w) to a complex-valued function of complex vector variables & and w. Since A
satisfies conditions 1 and 2 at &y, for sufficiently small r and R, the denominator of f(w) is
nonzero for £in Q¢(r) and w in Ny(R). Thus, fS(w) is a complex analytic function of (£, w)
in the neighborhood Q¢(r) x Ny(R).

Assuming conditions 1 and 2, we claim that A has an isolated (in modulus) maximum
eigenvalue 1 at £5. To see this, we apply Perron-Frobenius theory [29] as follows. By

permuting the indices, we can express:
A { U o }

Vo

where U is the submatrix corresponding to indices with positive columns. The nonzero
eigenvalues of A are the same as the eigenvalues of U, which is a positive stochastic matrix.
Such a matrix has isolated (in modulus) maximum eigenvalue 1.
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The stationary distribution pf(y = - ) (the eigenvector corresponding to the maximum
eigenvalue 1) is a rational function of the entries of A%, since it is a solution of the equation
vA® = v. So, in the same way as for f(w) we can naturally extend p®(y = - ) to a complex
analytic function p(y = - ) on Qc.

Extending (1) for each i, we define

;= 25(2L,) = p(yi = |2L,), (4.5)
by iterating the following complexified random dynamical system (extending (Z2) and (Z3])):
:E‘Z_l = iﬂ(xf), (4.6)

starting with

£

2 =0 (Y =), (4.7)

By Proposition Z2 for sufficiently large n, we can replace the set of mappings { f°} with
the set {f5° o fe o---o feo} and then assume that each f:° is a Euclidean contraction

an—1
on each W, with contraction coefficient p < 1. Since W, is compact and the definition of
p-contraction is given by strict inequality, we can choose r and R sufficiently small such that
fZ is a Euclidean p — contraction on each Ny(R), € € Q¢(r). (4.8)
Further, we claim that by choosing r still smaller, if necessary,

25 € UpNy(R), for all 4,m and all choices of 2°,, ¢ € Q¢(r). (4.9)

To see this, fixing p and R, choose r so small that

f2(z) — f22(2)] < R(1—p), © € BW,, € € Qc(r) (4.10)
and ) )
Ip°(-) =p ()] < R(1 = p), € € Qc(r). (4.11)
Now consider the difference
g &
Tiv1 — T

Then by (X) , (EI0) and @II), and {I2), for i > —n — 1, we have
o710 — 2| < plef — 2] + (1= p)

So,
751 — 2l < R,
and thus for all 4, we have z5,; € U,N,(R), yielding [@J). Each 25 is the composition of
analytic functions on Q¢(r) and so is complex analytic on Qc¢/(7).
For 0 < ny,ny < oo, we say two sequences {z° } and {2° '} have a common tail if there

—n1 —no
exists n > 0 with n < ny, ny such that z; = 2, —n < i < 0 (denoted by 2°, ~ 200,).



Let

xf = xf(zl—nl) = pg(yl = |Zi—’n1)
B =202, =" (w="1%,,)
Then we have
xf—i—l = §i+1(x§)7 jf—i—l = §z+1(§:1€)

From (LX) and @), if 2%, ~ 2%, , then there exists a positive constant L independent of
ny and ng such that
25 — 48] < Lp" (4.13)

Naturally

P2 = Y Y A y-ny)p (y-1l=D)): (4.14)

{yo:®(yo)=20} ¥-1

Then, there is a positive constant L', independent of ny, ny, such that
P (20l220,) — p7(20l225,)1 < Lp"™. (4.15)

Since A% satisfies condltlons 1 and 2, p(z]z7}) is bounded away from 0, uniformly in
g € Qc, n and choices of z~,; thus there is a positive constant L”, independent of nq, ns,
such that

—'I’L?

|log p® (20|22, ) — log p™ (%] 22,) < L'p" (4.16)
Since for each y € {1,..., B}, p°(y) is analytic, from

we deduce that p?(z) is analytic. Furthermore since p®(zo|2=}) is analytic on Q¢, we conclude
p°(2°,) is analytic on Qc.
Choose o so that
l<o<1/p.

If » and R are chosen sufficiently small, then

Z 1p%(20|221)| < 0, € € Qc(r) and all sequences 2 (4.17)

and

Z p°(20)| < 0, € € Qc(r). (4.18)

20

Then we have

Z|p —nl|_Z|p —nl ZO|Zn |<Z|p —nl|Z|p ZO|Zn |<UZ|p —n
7’)11 77L

77L 1 77L 1

implying

7n 1
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Let
Zp ) 1og p*(z0|27))

and
P = p5 < 17
then we have
|H ,(Z) — H,(Z)| = | Z 2 ) logp (20200 1) — > p7(22,) log p (2] 273
7n 1 Zgn
= | Z 22 _1)(logp(z0]22h_y) — log p™(20]220))| < 0°L"pt;

77L 1

here the latter inequality follows from (E216) and (I9). Thus, for m > n,
. . ) B 0.2 L pn
|H;(Z) = Ho(Z)| < L' (P} + ...+ pi7!) < ——.
This establishes the uniform convergence of HZ(Z) to a limit HZ (Z). By Theorem 2.4.1
of [32], the uniform limit of complex analytic functions on a fixed complex neighborhood is
analytic on that neighborhood, and so HZ (Z) is analytic on Qc.
For real & HZ (Z) coincides with the entropy rate function H(Z¢), and so Theorem [[]
follows.

Example 4.1. Consider a binary symmetric channel with crossover probability €. Let {Y,,}
be the input Markov chain with the transition matrix

M= { Moo 701 } . (4.20)

10 7T11
At time n the channel can be characterized by the following equation
Zn = Yn ©® Enu

where @ denotes binary addition, F,, denotes the i.i.d. binary noise with pg(0) = 1 — ¢ and
pe(l) = ¢, and Z,, denotes the corrupted output. Then (Y, E,) is jointly Markov, so {Z,,}
is a hidden Markov chain with the corresponding

7T()0(1 —E) TooE 7T()1(1 —8) T01€
7T()0(1 —E) TooE 7T()1(1 —8) T01€
7T10(1—€) T10E 7T11(1—€) T11€
7T10(1 — 8) T10€ 7T11(1 — 8) T11€

A =

here, ® maps states 1 and 4 to 0 and maps states 2 and 3 to 1. This class of hidden Markov
chains has been studied extensively (e.g., [12], [20]).

By Theorem [[T], when ¢ and m;;’s are positive, the entropy rate H(Z) is analytic as a
function of € and m;;’s. This still holds when ¢ = 0 and the m;;’s are positive, because in this
case, we have

700 0 o1 0

. 700 0 o1 0
A= mo 0 w1 O
mo 0 w1 O



5 Domain of Analyticity

Suppose A is analytically parameterized by a vector variable £, and Conditions 1 and 2 in
Theorem [Tl are satisfied at & = &y. In principle, the proof of Theorem [[T] determines a
neighborhood Qc(r) of & on which the entropy rate is analytic. Specifically, if one can find
p,r and R such that all of the following hold, then the entropy rate is analytic on Q¢/(r).

1. Find p such that each f:° is a Euclidean p-contraction on each W),. Then choose
positive 7, R such that for all &€ Q¢(r), each f¢ is a Euclidean p-contraction on each

Ny(R) (see ([LF)).

2. Next find r smaller (if necessary) such that for all £ € Q¢(r), the image of the stationary
vector of A® under any composition of the mappings { ¢}, stays within U, N,(R) (see
(@J)). Note that the argument in the proof shows that this holds if (EE10) and (1)
hold.

3. Finally, find r, R such that the sum of the absolute values of the complexified con-
ditional probabilities, conditioned on any given past symbol sequence, is < 1/p, and
similarly for the sum of the absolute values of the complexified stationary probabilities

(see (EI7) and (EIX)).

In fact, the proof shows that one can always find such p,r, R, but in condition 1 above
one may need to replace f,’s by all n-fold compositions of the f,’s, for some n.

Recall from Example BTl the family of hidden Markov chains Z¢ determined by passing
a binary Markov chain through a binary symmetric channel with cross-over probability
e. Recall that H(Z¢) is an analytic function of € at ¢ = 0 when the Markov transition
probabilities are all positive. We shall determine a complex neighborhood of 0 such that the
entropy rate, as a function of ¢, is analytic on this neighborhood.

Let u,, = p(y, = 0|2}) and v, = p(y, = 1|z}). For z,,1 = 1 we have

6(71'001,6” + 7T10’Un)
E(ﬂ'ooun + 7T1()Un) + (1 — 6) (7T01Un + 7T11’Un)’

Un4+1 =

(1 — 5)(7T01Un + 7T11Un)
6(7TO0Un + 7T10Un) + (1 — 8) (7T()1un + 7T11’Un) ’

Un+1 =

Since u, + v, = 1, u, 1 is a function of u,; let g; denote this function.
For z,,1 = 0 we have

w _ (1 — 5) (Wooun —+ 7T10Un)
et (1 — 8) (Wooun + 7T10Un) + 8(7T01un + 7T11’Un) ’

o e(mo1ttn + T110n)
et (1 — E) (7TO0Un + Wlovn) + 6(7?01un + 7T11’Un) ’

Again, u, 1 is a function of u,; let gy denote this function.
And for the conditional probability, we have

p(zn = 012071 = (1 — €)oo + emor )tn + ((1 — €)10 + €711 Vn.
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Since u, + v, = 1, p(z, = 0]27""!) is a function of u,; let ry denote this function. And
p(zn = 112071 = (emo + (1 — &) o1 )un + (6710 + (1 — €)711) Vn.

Again, p(z, = 1]|2}"1) is a function of u,; let 7; denote this function.

Note that go, g1, 70, 71 are all implicitly parameterized by . The stationary vector (g, 1)
of Y, which doesn’t depend on ¢, is equal to (m10/ (710 + 7o1), To1/ (710 + To1))-

We shall choose p with 0 < p <1, 7 > 0 and R > 0 such that for all € with |¢| <r

1. go and ¢, are p-contraction mappings on R-neighborhoods of 0 and 1 in the complex
plane,

2. the set of all {ga, © ga, , © -0 ga,(m0)}) are within the R-neighborhoods of 0 and 1,
3. and |ro(u)| + |ri(u)| < 1/p for u in R-neighborhoods of 0 and 1 in the complex plane.

By the general principle above, the entropy rate should be analytic on |g]| < r.
More concretely, condition 1, 2 and 3 translate to (here p < 1):

L. |go(w)| < p, lgi(u)] < pon (Je] <r and |u| < R) and (|e|] < r and |1 — u| < R),

2. max{|go(0) — 1|, |go(1) — 1|, ]g2(0)],]g1(1)|} < R(1 — p) on |e] < r (this follows from
(ET10); BT is trivial since the stationary vector of Y doesn’t depend on ¢),

3. |ro(w)| + |ri(u)| < 1/pon (le] < r and |u| < R) and (|e| < r and |1 —u| < R).

A straightforward computation shows that the following conditions guarantee conditions
1,2, 3:

\/7"(7” +1)| — moom™11 + T10701 |

0< < 7
= 1 — |mo — mu|r — (|me0 — 0 — To1 + |7 + |01 — 711 |) R VP
] —
0 S \/T(T—l- )| Too7T 11 +7T107T01| < \/ﬁ,
o1 — |moo — mor | — (|00 — T10 — To1 + Ta|r + |01 — T11|) R
0 S \/T(’f’—i‘ 1)| —7T117T00—|—7T017T10‘ < \/57
Too — |01 — moo|r — (|00 — T10 + T11 — 7o |7 + |m10 — o) R
] —
0 S \/T(T—l- )| 11700 +7T017T10| < \/ﬁ,
o — |m11 — To|r — (|To0 — T10 + 711 — Toa |7 + 710 — To0|) R
0<—% <R(1-p),0< —F < R(1-p),
7T01—|7T00—7T01|7“ 7T11—|7T10—7T11|7“
0< s <R(1—p),0< ol < R(1 - p),

10 — |7T11—7T10\7” o0 — |701—7T00\7”

2(|7T00 — To1 — 710 + 7T11‘7" + ‘77'01 — 7T11DR -+ 2|7T10 — 7T11|7’ + 1 < 1/p,
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Figure 1: lower bound on radius of convergence as a function of p

2(|7T10 — 11 — To0 —|—7T01‘7”—|— ‘71'11 - 7T01‘)R+ 2|7T00 — 7T01|7’ +1< 1/p

In other words, for given p with 0 < p < 1, choose r and R to satisfy all the constraints
above. Then the entropy rate is an analytic function of € on |¢] < 7.

Let mgg = w1 = p and my; = w9 = 1 — p. We plot lower bounds on radius of convergence
of H(Z) (as a function of €) against p in Figure[ll. For a fixed p, the lower bound is obtained
by randomly generating many 3-tuples (r, R, p) and taking the maximal r from the 3-tuples
which satisfy the inequality conditions above. One can see in the plot that as p goes to
0.5, the lower bound is rapidly increasing. This is not surprising, since when p = 0.5, the
corresponding entropy rate is a constant function of £, and thus the radius of convergence is
00.

6 Relaxed Conditions

We do not know a complete set of necessary and sufficient conditions on A and & that
guarantee analyticity of entropy rate. However, in this section, we show how the hypotheses
in Theorem [Tl can be relaxed and still guarantee analyticity. We then give several examples.
In Section [, we do give a complete set of necessary and sufficient conditions for a very special
class of hidden Markov chains.

In this section, we assume that A has a simple maximum eigenvalue 1; this implies that
A has a unique stationary vector §.

For a mapping f from W, to W and w € W,. Let f’ denote the first derivative of f at w

restricted to the subspace spanned by directions parallel to the simplex W, and let ||-|| denote
the Euclidean norm of a linear mapping. We say that {f, : a € {1,2,---, A}} is eventually
contracting at w € W, if there exists n such that for any ag,a,---,a, € {1,2,---, A},
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|(fa, © fa,_y © -0 fo,) (w)|| is strictly less than 1. We say that {f, : a € {1,2,---, A}}
is contracting at w € W, if it is eventually contracting at w with n = 0. Using the mean
value theorem, one can show that if {f, : a € {1,2,---,A}} is contracting at each w in a
compact convex subset K of W, then each f, is a contraction mapping on K.

Let L denote the limit set of

{(fan ofanﬂ o"'ofao)(g) DAy, Gz, A € {1727"' 7A}7n > 0}
Theorem 6.1. If at A = A,
1. 1 is a simple eigenvalue for A,

2. For every a and all w in L, ro(w) > 0,

3. For every b, {f, :a € {1,2,---, A}} is eventually contracting at all w in the convex
hull of the intersection of L and Wy,

then H(Z) is analytic at A = A.

Proof. Let X denote the right infinite shift space {a%® : a; € {1,2,---, A}}. Let LY be the
set of all points in W, of distance at most § from L N'W,, and let L% = UbL‘g. Choose ¢ so
small that

e Forevery a € {1,2,---, A} and w in L%, r,(w) > 0 — and —

e For every b, {f, : a € {1,2,---, A}} is eventually contracting at all w in the convex
hull K7 of L3.

Since K7 is compact, there exists n such that for any ag,a;,--- ,a, € {1,2,---, A} and
any w € KP, ||(fan © fan_y © -0 fa) (w)| is strictly less than 1. For simplicity, we may
assume that { f,} is contracting on K¢, and so each f, is a contraction mapping on K. Since
L) C K}, it follows that f,(L%) C L°.

For any ¢* € X, there exists n such that {(f., o f., ;00 fs)(5)} € L°. Let Xz denote
the cylinder set {a® : ag = c, a1 = 1, ,a, = ¢, }. Since f,(L°) C L°, we conclude that
for any ag° € X2 and all m > n, {(fa,, © fa,s 0 -0 fo,)(5)} € L. By the compactness
of X, we can find finitely many such cylinder sets to cover X. Consequently we can find n
such that for any a® € X and any m > n , we have {(fa,, © fa,_, 00 fa)(5)} € L°. We
can now apply the proof of Theorem [Tl — namely, we can use the contraction (along any
symbolic sequence z° ) to extend H,(Z) = H(Zy|Z~}) from real to complex and prove the
uniform convergence of H,(Z) to H(Z) in complex parameter space. O

Remark 6.2.

(1) If A has a strictly positive column (or more generally, there is a j such that for all i,
there exists n such that AZ > 0), then condition 1 of Theorem Bl holds by Perron-Frobenius
theory.

(2) If for each symbol a, A, is row allowable (i.e., no row is all zero), then r,(w) > 0 for
all w € W and so condition 2 of Theorem holds.
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Theorem Bl relaxes the positivity assumptions of Theorem [Tl Indeed given conditions 1
and 2 of Theorem [T}, by Remark B2, conditions 1 and 2 of Theorem hold. For condition
3 of Theorem [l first observe that L is contained in U,f,(W). Using the equivalence
of the Euclidean metric and the Hilbert metric, Proposition shows that for every b,
{fa:a€{l,2,---, A}} is eventually contracting on f,(W), which is a convex set containing
the intersection of L and W,

Theorem also applies to many cases not covered by Theorem [Tl Suppose that some
column of A is strictly positive and each A, is row allowable. By Remark 622, Theorem
applies whenever we can guarantee condition 3. For this, it is sufficient to check that for
each a, b, f, is a contraction, with respect to the Euclidean metric, on the convex hull of the
intersection of L with each W;. This can be done by explicitly computing derivatives. This
is illustrated by the following example.

Example 6.3. Consider a hidden Markov chain Z defined by :

aixr G2 a13 Q4
A _ | Q21 G22 Q23 {24
az1 Az G33 0a34
A41 Q42 A43 Q44

with ®(1) = ®(2) = 0 and ®(3) = B(4) = 1. We assume that some column of A is strictly
positive and both AO and Al are row allowable.

Parameterize Wy by (y, 1 —v,0,0) and parameterize W, by (0,0,y,1—y) (with y € [0, 1]).
We can explicitly compute the derivatives of fy and f; with respect to y:

a11022 — A12021
)
a1 + aig — A1 — G2)Y + Qg1 + Gg2)?

fé‘(y,l—y,0,0) = ((

a31a42 — A32041
)
((as1 + ase — g1 — ag2)y + ag1 + ag2)?

f(; | (0)07y»1_y) =

13024 — A14023
)
13 + Q14 — Qo3 — G24)Y + Qo3 + G24)?

f{ ‘ (y,l—y,0,0) = ((

33044 — 34043
((ass + ass — aus — Gag)y + Qg + a44)?’
Note that the row allowability condition guarantees that the denominators in these expres-
sions never vanish.

Choose a;;’s such that each of these derivatives is less than 1; then we conclude that the
entropy rate is analytic at A. One way to do this is to make each of the 2 x 2 upper/lower
left /right matrices singular.

Or choose the a;;’s such that

f{ | (0)07y»1_y) =

aq * 61 0
Ao 0 a 0 B
A= )\1 * M 0
0 A 0
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where 0 < a1 < ag, 0 < 1 < (B2, 0 < A1 < A9, 0 < 13 < 19 and * denote a real positive
number (note that Theorem [Tl doesn’t apply for this special case). Let (s2,s4) be the
Perron eigenvector of the stochastic matrix:

ay [
Ay M2 |
Then § = (0, s9, 0, s4) is the stationary vector of A corresponding to the simple eigenvalue 1.

Let wy = (0,1,0,0) and w; = (0,0,0,1). One checks that forn > 0, f,, 0 fs, 00 fa(5) =
w,, . Therefore L consists of {wg,w;}. Using the expressions above, we see that

f6|w0 = 041/042 < 1,f6‘w1 = )\1/)\2 < 1,

filwo = B1/B82 < 1, filw, = m/m2 < 1.

So, fo and fi are contraction mappings at {wo, w1}, and so condition 3 holds. Thus, the
entropy rate H(Z) is analytic at A.

7 Hidden Markov Chains with Unambiguous Symbol

Definition 7.1. A symbol a is called unambiguous if ®~1(a) contains only one element.

Remark 7.2. Note that unambiguous symbol is referred to as “singleton clump” in some
ergodic theory work, such as [24].

When an unambiguous symbol is present, the entropy rate can be expressed in a simple
way: letting a; be an unambiguous symbol,

H(Z)= Y plai,ai, - ana)H(zlai,a;,_, - asar). (7.21)

ai;7a1

In this section, we focus on the case of a binary hidden Markov chain, in which 0 is
unambiguous. Then, we can rewrite ([LZ]) as

H(ZF) = p?(0)H?(2]0) + pf(10)H*(2|10) + - - - + p"(1™0) HF(2[1™0) + - - - (7.22)
where 1™ denotes the sequence of n 1’s and
HE(2[1770) = —p*(0]170) log p*(0[170) — p*(1]170) log p*(1[10).

Example 7.3. Fix a,b,...,h > 0 and for € > 0 let

e a—e b
Ale)=1g ¢ d
h e f

Assume a, b, ..., h > 0 are chosen such that A(e) is stochastic. The symbols of the Markov
chain are the matrix indices {1,2,3}. Let Z¢ be the binary hidden Markov chain defined by:
®(1) =0 and ®(2) = ¢(3) = 1. We claim that H(Z¢) is not analytic at € = 0.

15



Let w(e) be the stationary vector of A(e) (which is unique since A(e) is irreducible).
Observe that

p°(0) = mi(e), p°(00) = mi(e)e,
and for n > 1.

190 = m@@—enl € 4 (1.

’ e f 1

Since A(e) is irreducible, 7(¢) is analytic in £ and positive. Now,
p*(0)H*(2|0) = —p®(00) log p*(0]0) — p*(10) log p*(1]0). (7.23)
The first term in (ZZ3) is
—p°(00) logp®(0]0) = —my(e)e loge,
which is not analytic (or even differentiable at € = 0). The second term in (Z2Z3J) is
—p°(10) log p*(1|0) = —m1(e)(a — € + b) log(m(¢)(a — € + b)),

which is analytic at ¢ = 0. Thus, H%(z|0) is not analytic at € = 0. Similarly it can be shown
that all of the terms of ([L22)), other than H¢(z|0), are analytic at £ = 0. Since the matrix

c d
e f
has spectral radius < 1, the terms of ([L22) decay exponentially; it follows that the infinite

sum of these terms is analytic. Thus, H(Z¢) is the sum of two functions of &, one of which
is analytic and the other is not analytic at € = 0. Thus, H(Z¢) is not analytic at ¢ = 0.

Example 7.4. Fix a,b,--- ,¢g > 0 and consider the stochastic matrix
e a b
Ale)=| f—¢e ¢ ¢
g 0 d

The symbols of the Markov chain are the matrix indices {1,2,3}. Again let Z¢ be the binary
hidden Markov chain defined by ®(1) = 0 and ®(2) = ®(3) = 1. We show that H(Z°) is
analytic at € = 0 when ¢ # d, and not analytic when ¢ = d. Note that

and for n > 1.

When ¢ # d, we assume ¢ > d, then

c € n_ " 60"_11;(_(1(1//66)”
0d| |o dn '




Since A(e) is irreducible, 7(¢) is analytic in ¢ and positive. Simple computation leads to:

pE(1]1™0) = (ac™ + aec"_lll%(il//cc)n +bd™)/(ac" ™ + af—:c"_z%/dc/):_1 + bd™ 1)
—ac* 4 acer L b)) ffae + r DT (o),

and

o1 — (dfe)"™!
1—d/c

o 1= (d/o)"™!

+bd" 1))/ (ac" asc™” T—djc

p°(011M0) = ((f—e)ac™  +glasc™™ +bd™ 1)
1—(d/c)"!
1—d/c

In this case all terms are analytic. Again since

c €

0 d
has spectral radius < 1, the term p®(1™0)H¢(2|1™0) is exponentially decaying with respect
to n. Therefore the infinite sum of these terms is also analytic, and so the entropy rate is a

real analytic function of e.
When ¢ = d, we have

1 — (/o)™

+bd(d/c)"))/(ac + ¢ T—djc

= ((f —€)ac + g(ae + bd(d/c)"72).

P (1[1™0) = (ac™*! 4 ae(n + 1) + b)) /(ac™ 4+ aenc™™! + be™)

= (ac® + ag(n + 1)c + be*) /(ac + aen + be),

and
p°(0[1M0) = ((f — e)ac™ + gaenc" " + gbc")/(ac™ + aenc™™* + be™)

= ((f — e)ac + gaen + gbc)/(ac + asn + be).

For any n, consider a small neighborhood N,, of —(a+b)c/an in C such that —(a+b)c/aj € N,
only holds for j = n. When ¢ — —(a+b)c/an, the complexified term p°(1(0)He(2]1(0) —
0o. Meanwhile, the sum of all the other terms can be analytically extended to N,, (from any
path I from a positive € to —(a + b)c/an with —(a + b)c/aj ¢ I for j # n). Thus, by the
uniqueness of analytic continuation of H(Z¢), we conclude that H(Z¢) blows up when one
approaches —(a + b)c/an and therefore is not analytic at € = 0 (although it is smooth from
the right at ¢ = 0).

The two examples above show that under certain conditions the entropy rate of a binary
hidden Markov chain with unambiguous symbol can fail to be analytic at the boundary. We
now show that these examples typify all the types of failures of analyticity at the boundary
(in the case of a binary hidden Markov chains with an unambiguous symbol).

We will need the following result.
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Lemma 7.5. Let A(£) be an analytic parameterization of complex matrices. Let X be the
spectral radius of A(&y). Then for any n > 0, there exists a complex neighborhood Q of €y
and positive constant C' such that for all €€ Q and all 7, 7, k

k k
[45(E)] < C(A+n)".
Proof. Following [29], we consider
(I—zA)' =T+ 2A+22A%+
And

4 Adi(I —zA) Adj(I — zA)
(I —zA)" = = :
det(I —zA) (1= Xz2)(1 —Xa2)--- (1 — A\p2)
where A1, ..., \, are the eigenvalues of A. So every entry of (I — zA)™! takes the form:
(po+p1z+ -+ pm2"™ HZAZ’
7j=1 =0

o m

§ : § : § 11\ 12 in Lk
)\1 )\2 R )\n"Z

=0 u=0  i1tis+tin=k—u

Since the eigenvalues of a complex matrix vary continuously with entries, the lemma follows.
U

Now let S(n) denote the set of all the n x n complex matrices with isolated (in modulus)
maximum eigenvalue.

Lemma 7.6. S(n) is connected.

Proof. let A, B € S(n), then we consider their Jordan forms:
A = Udiag (A, C) U, B = Vdiag (n;, D)V,

here A1, 71 are maximum eigenvalues for A, B, respectively, C, D correspond to other Jordan
blocks, and U,V € GL(n,C) (here GL(n,C) denotes the set of all the n x n nonsingular
complex matrices). Since GL(n,C) is connected [19], it suffices to prove that there is a path
in S(n) from diag (A1, C') to diag (n1, D). This is straightforward: first connect diag (A, C) to
diag (n1,m1 /A1 C) by a continuous rescaling; then connect 7y /A;C to D by the path tn; /A C'+
(1 —t)D (the path diag (m,tn: /A C + (1 —t)D) stays within S(n) since the matrices along
this path are upper triangular with all diagonal entries, except 7;, of modulus less than
ml)- u

For a complex analytic function f(z1, 22, ,2,), let V(f) denote the “hypersurface”
defined by f, namely

V(f):{(zl,zg,--- >Zn) ecn:f(zbz%"' >Zn):()}

Now let Q)¢ denote a connected open set in C". It is well known that the following Lemma
holds (for completeness, we include a brief proof).
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Lemma 7.7. Qc\V (f) is connected.

Proof. For simplicity, we first assume ¢ is a ball B,(zy) (here zy € C" is the center of the
ball and r is the radius, i.e., B,(z9) = {# € C" : |z — 2| < r}) in C". For any two distinct
point P, Q € Qc\V(f), consider the “complex line”

LE°® = {2P+(1-2)Q: 2 € C}.

LE? NV (f) N Qe consists of only isolated points (A non-constant one variable complex
analytic function must have isolated zeros in the complex plane [30]). It then follows that
for the compact real line segment:

LE? = {tP+(1-1)Q :te[0,1]},

L]gQ N V(f) N Q¢ consists of only finitely many points. Certainly one can choose an arc
in LgQ N Q¢ to avoid these points and connect P and ). This implies that Qc\V(f) is
connected.

In the general case, ()¢ is a connected open set in C". Let I be an arc in ()¢ connecting
P and @, and let {B,,(z;)} be a collection of balls covering I such that each B, (z;) N
B, ,(zj+1) # ¢. Pick a point P; in B, (2;) N B,,,,(zj4+1) such that P; € Qc\V(f). Applying
the same argument as above to every ball B, (z;), we see that P is connected to @ in
Qc\V(f) through the points P;’s. Thus we prove the lemma. O

Theorem 7.8. Let A be an irreducible stochastic d x d matrixz. Write A in the form:

A:{Z ;} (7.24)

where a is a scalar and B is a (d — 1) x (d — 1) matriz. Let ® be the function defined
by ®(1) =0, and ®(2) = --- = ®(d) = 1. Then for any parametrization A(E) such that
A(&) = A, letting Z denote the hidden Markov chain defined by A() and ®, H(Z?) is
analytic at &y if and only if

1. a>0, and rB’c >0 for j =0,1,---.

2. The maximum eigenvalue of B is simple and strictly greater in absolute value than the
other eigenvalues of B.

Proof. Proof of sufficiency.
We write @ (@
a(e) r(
20- |15 5] )
where a(€) is a scalar and B(£) is a (d — 1) x (d — 1) matrix.

Since A(£p) is stochastic and irreducible, its spectral radius is 1, and 1 is a simple
eigenvalue of A. Thus, if Q¢ is sufficiently small, for all £ € Q¢, any fixed row 7(&) =
(m1(8), 3 (E), - -+, ma(€)) of Adj(I — A(€)) is a left eigenvector of A(€) associated with eigen-
value 1 and is an analytic function of £ Normalizing, we can assume that 7(£)1 = 1, 7(&) is
analytic in &, and 7;(&) > 0 for j =1,2,--- ,d.
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The entries of (), B(£), and ¢(€) are real analytic in £ and can be extended to complex
analytic functions in a complex neighborhood Q¢ of &. Thus, for all n, 7, ()r(8)B(g)"'1
and 71 ()r(8) B(€)""'¢(€) can be extended to complex analytic functions on Q¢ (in fact, each
of these functions is a polynomial in £).

Since B(£p) is a proper sub-matrix of the irreducible stochastic matrix A(£p), its spectral
radius is strictly less than 1. Thus, by Lemma [[3, there exists 0 < A* < 1 and a constant
C7 > 0, such that for some complex neighborhood ¢ of &y, all £ € Q¢, and all n,

B (@) < Cr(A)".

Since m(€), r(€) and ¢(£) are continuous in &, there is a constant Cy > 0 such that for all
g€ Q¢ and all n:
[m(€)r(€)B(&)"1] < Co(A")"™. (7.26)

We will need the following result, proven in Appendix
Lemma 7.9. Let

oo = PEOBE

gn) =

- m@r@)BE) 1
bE ) = m(E)r(£)B(E)"e(E).
’ m(&)r(&)B(E)" 1

For a sufficiently small neighborhood Q¢ of €y, both |a(E,n)| and |b(€,n)| are bounded from
above and away from zero, uniformly in € € Q¢ and n.

Define

and

I—[g = —a,(é; n) log Cl(g; n) - b(g; n) log b(é n)7

n

where a(£,n) and b(€,n) are as in Lemma Choosing Q¢ to be a smaller neighborhood
of &y, if necessary, a(€,n) and b(&,n) are constrained to lie in a closed disk not containing
0. Thus for all n, HE is an analytic function of &, with |HZ| bounded uniformly in & € Q¢
and n. Since 71(£)r(€)B(€)""'1 is analytic on Q¢ and exponentially decaying (by (Z20)),
the infinite series

HE(Z) = m(&)HE + m()r(@1H: + -+ m(S)r(&)B(&)" " 1HE + - - - (7.27)

converges uniformly on Q¢ and thus defines an analytic function on ()¢.
Note that for £> 0,

p(170) = m (E)r()B(E)" "1 (7.28)

and
p(0170) = m (E)r(HBE)" (2. (7.29)
By ([28), (CZ) and [C2ZA), H?(Z) agrees with the entropy rate when A(£) > 0, as desired.
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Remark 7.10. We show how sufficiency relates to Theorem Namely, the assumptions
in Theorem imply those of Theorem Bl Condition 1 of Theorem follows from the
fact that A is assumed irreducible. For conditions 2 and 3 of Theorem Bl one first notes
that the image of f is a single point Wy, and the f;-orbit of W, and fi-orbit of § converge to
a point p;. It follows that L is the union of Wy, the fi-orbit of W, and p;. The assumptions
in Theorem imply that r, > 0 on L (i.e., condition 2 of Theorem holds) and that
for sufficiently large n, the n-fold composition of f; is contracting on the convex hull of the
intersection of L and Wj (so condition 3 of Theorem holds). To see the latter, one uses
the ideas in the proof of sufficiency.

Proof of necessity

We first consider condition 2. We shall use the natural parameterization and view H(Z)
as a function of A, or more precisely of (B, r). Note that there is a one-to-one correspondence
between A and (B, r); we shall use this correspondence throughout the proof.

Suppose A doesn’t satisfy condition 2, however H(Z) is analytic at A with respect to the
natural parameterization. In other words, suppose there exists a complex neighborhood Na
of A (here N corresponds to Ng x N, where Np is neighborhood of B and N, is neighborhood
of r) such that H(Z) can be analytically extended to N, while the corresponding B doesn’t
have isolated (in modulus) maximum eigenvalue.

We first claim there exists A € Ny with #B¥1 = 0, here 7 and B correspond to A and
B has distinct eigenvalues (in modulus). Indeed we can first (for simplicity) perturb A to A
such that the corresponding B has distinct eigenvalues in modulus. Then

B =Udiag (A, Ao, -+, A1) U™
= (619{]29 e a{}d—l)diag (5\1a 5‘2) o axd—l)(wia 7113, T awg—l)t

where |\ > [Xo| > --- > |Ag_1], and @;,10;’s are appropriately scaled right and left eigen-
vectors of B, respectively. Then we have

’/’Bkl = T?jlﬁ)ll;\lf + T@gﬁ)glj\g + -+ T@d—1ﬁ)d_115\§_1-
Further consider a perturbation of B from
B = 0d1ag (5\17 5\27 Ty S\d—l)ﬁ_l

to
B = VUdlag (5\1, 5\2, e ,S\d_1>0_lv_1,

where V' is a complex matrix close to the (d — 1) x (d — 1) identity matrix I;_;. So we can
pick V such that 9110, V=1 # 0, 0w,V # 0, 09wV 11 # 0. Clearly 9w,V 1 is not
proportional to G,V ~11. Then by a further perturbation of r to 7, we can simultaneously
require that fﬂl’djll §£ 0, fﬁlwlé §£ 0, fﬁg’d)gl §£ 0, |f171u~)11| % ‘f’ﬁg’d)gl‘, where we redefine
0; = V¥; and w; = w;V 1. For any 6 and n > 0, it can be checked that

JLe" 12— €] <} = C\{0}.
k=0
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Since A, is a perturbation of \;, it follows that for large enough k, one can perturb Ao to
satisfy the equation

Y

< o \kF =Pl — Foswsl(As/ AP — - — PO Wa1 1 (Ag_1 /A1)
(/) -

TUWa1

with |As| # | M| and |Xo| strictly greater than |\,| for j > 3. Thus we prove the claim.

We now pick a positive matrix A € Na with corresponding # and B. We then pick
A € Na with corresponding 7 and B (with distinct eigenvalues in modulus) such that
7B*¥1 = 0 for some k1, and we can further require that 70,1 # 0, 701w1¢ # 0 (see the
proof for the previous claim), where as before, #;,1w; are eigenvectors corresponding to the
largest eigenvalue of B. According to Lemma [78, there is an arc I; C S (d — 1) connecting
B to B; we then connect 7 and 7 using an arc I, in C*1. According to Lemma IZZI we can
choose the arc I = (I, I) to avoid the hypersurface V((rvlwll)(rvlwlc)) C Cl-1* x Ci- 1,
in other words, we can assume that along the path I, rvjw;1 # 0 and rviwic # 0; here
v, wq, ¢ are determined by the variable matrix B along the path I; and r is the variable
point along path I (we remind the reader that the coordinates of v; and w; are all analytic
functions of the entries of B). We then claim that there is a neighborhood N; of I such that
Vi NNy # ¢ and W, N N; # ¢ hold for only finitely many k, where Vj, = {(B, ) : rB¥1 = 0}
and W, = {(B,r) : rB¥c = 0}. Indeed for any A € I with corresponding B € S(d — 1), by
the Jordan form we have

rB*1 = rojw 1AF 4+ o(A\F),

where \; is the isolated maximum eigenvalue and vy, w; are appropriately scaled right and
left eigenvectors of B, respectively. Since rvyw;1 # 0 on I, there exists a complex connected
neighborhood Nj of I such that rv;w;1 # 0 on N; and rvlwll)\’f dominates uniformly on
N; (see Lemma [[H). Consequently, |rB*1| > 0 on N; for large enough k. In other words,
Vi N N; # ¢ holds for only finitely many k. Similarly since rvjwic # 0 on I, there exists
a complex neighborhood N; of I (here we use the same notation for a possibly different
neighborhood) such that Wy N N; # ¢ holds only for finitely many k. From now on, we
assume such k’s are less than some K, which depends on Nj.

We claim that we can further choose I and find a new neighborhood N; in C*~! x S(d—1)
of I such that V,, N Ny # ¢ holds only for k = kl and W, N Ny = ¢ for all k. Consider A
with corresponding B, let F; = Fy(B) = {r : rBi1 = 0}, which is a hyperplane orthogonal
to the vector B'1 in C4-1. Similarly we define G; = G;(B) = {r : B¢ = 0}. Recall
that B = Udiag (A, Az, -+, Aa_1)U~"; we can require that U~'1 has no zero coordinates
by a small perturbation of U if necessary. We then show that F’s and G;’s define different
hyperplanes in C?~!. Indeed suppose F; = Fj. It follows that Udiag ()\Zl, )\’2, = )\3 1)U 1
is proportional to Udiag (X, X}, -+, X,_)U~'1. Tt then follows that (A, A, ---, A} ) is
proportional to (5\{, 5\%, cee 5\2_1). However since not all eigenvalues have the same modulus,
this implies that ¢ = j. With a perturbation of ¢ (equivalently a perturbation of row sums
of B), if necessary, we conclude that the F;’s and G;’s determine different hyperplanes, i.e.,
F,#F;, G; # G, fori # j < K, and F; # G; for all ¢, j. Thus, with a perturbation of 7 if
necessary, we can choose a new A contained in Vk,, but not contained in any Vj with k # k;
or W, for all k. Again by Lemma [[7, one can choose a new I inside original N, connecting
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A and A, to avoid all V},’s and W}’s except Vi, , then choose a smaller new neighborhood N;
of the new [ to make sure that V, N N; # ¢ only holds for & = k; and W, N N; = ¢ for all k.
Since the perturbed complex matrix B still has spectral radius strictly less than 1, all the
complexified terms in the entropy rate formula (see (I[LZM)) with k # k; are exponentially
decaying and thus sum up to an analytic function on N.(i.e., the sum of these terms can be
analytically continued to Nj), while the unique analytic extension of the k;-th term on N;
blows up as one approaches Vi, N N; from A. Again by the uniqueness of analytic extension
of H(Z) on Ny, this would be a contradiction to the assumption that H(Z) is analytic at
A (here we are applying the uniqueness theorem of analytic continuation of a function of
several complex variables, see page 21 in [30]). Thus we prove the necessity of condition 2.

We now consider condition 1. Suppose A doesn’t satisfies condition 1, namely a = 0 or
rB*c = 0 for some k, however H(Z) is analytic at A. With the proof above for the necessity
of condition 2, we can now assume the corresponding B € S(d — 1).

If a = 0, consider any perturbation of A to A; such that B € S(d — 1), 7oyl # 0,
Finné # 0, FB*1 # 0 and #B*¢ # 0 for all k (here we follow the notation as in the proof
of necessity of condition 2). Then using similar arguments, we can prove the sum of all
the terms except the first term in the entropy rate formula (see (ZZ0)) can be analytically
extended to A. However this implies that aloga is a well-defined analytic function on some
neighborhood of 0 in C, which is a contradiction. Similar arguments can be applied to the
case that rB¥c = 0 for some k’s. Thus we prove the necessity of condition 1. O

8 Analyticity of a Hidden Markov Chain in a Strong
Sense

In this section, we show that if A is analytically parameterized by a real variable vector £
and at £y, A satisfies conditions 1 and 2 of Theorem [[1], then the hidden Markov chain itself
is a real analytic function of £ at & in a strong sense. We assume (for this section only) that
the reader is familiar with the basics of measure theory and functional analysis [I7, B4, [18].
Our approach uses a connection between the entropy rate of a hidden Markov chain and
symbolic dynamics explored in [16].

Let X denote the set of left infinite sequences with finite alphabet. A cylinder set is a
set of the form: ({2°__:x¢ = 20, -+ ,7_, = 2_,}). The Borel sigma-algebra is the smallest
sigma-algebra containing the cylinder sets. A Borel probability measure (BPM) v on X is a
measure on the Borel measurable sets of X' such that v(X) = 1. Such a measure is uniquely
determined by its values on the cylinder sets.

For real &, consider the measure ¥ on X defined by:

—

v ({a% i mo =20, 0 = 20 }) = pF(20,). (8.30)
Note that H(Z) can be rewritten as
HE(Z) = /— log p (20|21 )dv®. (8.31)

Usually, the Borel sigma-algebra is defined to be the smallest sigma-algebra containing
the open sets; in this case, the open sets are defined by the metric: for any two elements &
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and 7 in X, define d(&,n) = 27% where k = inf{|i| : & # n;}. The metric space (X,d) is
compact.

Let C(X) be the space of real-valued continuous functions on . Then C(X) is a Banach
space (i.e., complete normed linear space) with the sup norm || f||s = sup{|f(z)|: x € X'}.
Then any BPM v acts as a bounded linear functional on C(X), namely v(f) = [ fdv.
As such, the set of BPM’s is a subset of the dual space, C'(X)*, which is itself a Banach
space; the norm of a BPM v is defined: ||v|| = sup;secxyfjz1y J fdv. In fact, since X is
compact, C'(X)* is the linear span of the BPM’s.

It makes sense to ask if & — v7 is analytic as a mapping from the parameter space
to C(X)*; by definition, this would mean that ¥ can be expressed as a power series in
the coordinates of &. However, as the following example shows, this mapping is not even
continuous.

Let X be the set of binary left infinite sequences. Let v, denote the i.i.d. (p,1 — p)
measure, with 0 < p < 1. We claim that, for fixed p > ¢ and € with 0 < e < (p — q)/2, by
application of the law of large numbers to v, and v,, one can find a finite union C of cylinder
sets such that

vp(C) >1—¢

and

v,(C) < e.

To see this, first say that a word w = wy...w, is (p,e,n)-typical if the frequency of 0’s
inwisin [p—e,p+el. Let C,., be the union of the cylinder sets corresponding to the
(p, e, n)-typical words. The law of large numbers asserts that for n sufficiently large

Vp(Cpem) > 1 —cand v, (Cyrep) >1—¢

Since p > q + 2¢, then C, . ,, and C, . ,, are disjoint. Thus, we have
Vg(Cpem) <1 —14(Cyen) <e.

Set C'= Cp .

Now, if f is the characteristic function of C', we have

o=l = [ fav,— [ fvy =0,(C) = () > 1 -2

So, ||y, — || > 1. It follows that v, cannot converge in norm to v, as ¢ — p, and so the
map p — v, from R to C'(X)* is discontinuous.

On the other hand, using the work of Ruelle [26], we now show that &+ v is analytic
as a mapping from the parameter space to another natural space.

For f € C(X), define var,(f) = sup{|f(&) — f(&)] : {2 =&, for i < n}. We denote by
F? the subset of f € C(X) such that

1 fllg = Sglg(”"varn(f)) < +o0.

F? is a Banach space with the norm || f| = max(||f|l.,|lfll,). Let (F°)* denote the dual
space (i.e., the set of bounded linear functionals) on F’. For any v € (F?)*, the norm of v
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is naturally defined as ||v|| = supy epo.| s =13 ¥(f). Using complex functions instead of real
functions, one defines FZ and (F{)* similarly.

In the following theorem, we prove the analyticity of a hidden Markov chain in a strong
sense.

Theorem 8.1. Suppose that the entries of A are analytically parameterized by a real variable
vector €. If at € = &y, A satisfies conditions 1 and 2 in Theorem [, then the mapping
£ — logp®(20|2=L) is analytic at &y from the real parameter space to F? (here p is the
contraction constant in the proof of Theorem[Il). Moreover the mapping & — v° is analytic
at €y from the real parameter space to (F'*)*.

Proof. For complex &, by (BIH), one shows that log p(z9|2=L,) can be defined on Q¢ as the
uniform (in £and 2 € X) limit of log p*(20]27) as n — 0o, and log p(zo|222,) belongs to F£.

By ([E3), (D), (D) and ETI) it follows that p (z0|z_n) is analytic on Q¢. As a result of
([ETH), if A satisfies conditions 1 and 2, for fixed z € X, log p®(20]2-L,) is the uniform limit

of analytic functions and hence i 1s analytic on Q¢ (see Theorem 2.4.1 of [32]).

For a given sequence z = 2°__, let f(&2) = logp®(20|2-L). Let Dzf|(2) denote the
vector of partial derlvatlves of f (5, z) with respect to & at & = 3. Using (EI0) and the
Cauchy integral formula in several variables [32] (which expresses the derivative of an analytic
function at a point as an integral on a closed surface around the point), we obtain the
following. There is a positive constant C’ such that whenever z ~ 2, for all £, € Q¢

|Defls(2) — Defla(2)] < Cp" (8.32)

For a direction / in the parameter space, let Dzf | (h: z) denote the directional derivative
of f(& z) at &= & in direction h. Let Dzf|z(h;-) denote the function on &, whose value
on z=2"__ € X is given by Dzf|s(h; z). By B3D), D: f|go( ) belongs to F{.

Now, we must prove that the mapping & — logp(z|2=L) is complex differentiable
(therefore analytic) from Q¢ to FE. For this, it suffices to prove that for all &) € Q,

£ (56 + i) — £(6; ) — Defla (hi )|l < ol|R)). (8.33)
and B . B
1£ (€6 + hi ) — f(€0;) — Defla(hi)l, < o(|hl). (8.34)

Let D2f |£5(E, h; z) denote the second directional derivative in direction (%, k) of f(&: 2)
at €= £). Again applying the Cauchy integral formula in several variables, it follows that
there exists a positive constant C” such that for all £y € Q¢ we have

|D2f | (B, 1 2)] < O (8.35)

n
and whenever z ~ Z,

— —

/0(1_t)|(D2f‘€o(h'v 2) = D2f|s(h. h: 2))|dt < C"[hfp", (8.36)

From the Taylor formula with integral remainder, we have:

-

F(Eo+ h: 2) — f(E0; 2) — Dafla(hs 2) = /0 (1= t)D2f s (B, s 2)dt. (8.37)
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To prove (B33), use (B3H) and (B37). To prove ([B34), use [B30) and ([B3Q). Therefore &'+—

log p°(+) is analytic as a mapping from Q¢ to F£. Restricting the mapping &+ log p¥(2o]22L%)

to the real parameter space, we conclude that it is real analytic (as a mapping into F'?). Using
this and the theory of equilibrium states [26], the “Moreover” is proven in Appendix [ O

Corollary 8.2. Suppose that at €y, A satisfies conditions 1 and 2 in Theorem [L, and
£ f€ € FP is analytic at &y, then & ve(f?) is analytic at £y. In particular, we recover
Theorem I Q: &+ H?(Z) is analytic at &.

Proof. The map
Q— FPFx(F\)" =R

£ (f507) = V()

is analytic at &p, as desired. 0
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Appendices
A Proof of Proposition 2.1

Proof. Without loss of generality, we assume S is convex (otherwise consider the convex hull
of §). It follows from standard arguments that max norm and sum norm are equivalent.
More specifically, for another metric d; defined by

dwo)= | '3 log? (ui/“j )

v Jv;
i#j<k i/ Vi

we have dg ~ d;. For metric dy defined by

dy(u,v) = Z (uifu; — vi/vj)2.

i#j<k
Applying mean value theorem to log function, one concludes that d; ~ dy. Note that

U; %
Uy +ug+ - +u, vV F+v+ U
1 1

Uy s+ Un Ui 4 - upfu; 010+ V) F -+ Vs

U; —UV; =
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Applying the mean value theorem to function f, defined as

1
ot at ety

f(xlvx%”' 7:1:3)

we conclude that there exists £ € S such that
w —v; = Vfle (ufu; — v /vy, - ug/u; — v /v;).
It follows from Cauchy inequality that there exists a positive constant Dy such that
dg(u,v) < Dydy(u,v).

Similarly consider u;/u; — v;/v;, and apply mean value theorem to function g, defined as
g(x,y) = x/y, we show that there exists a positive constant Dy such that

dy(u,v) < Dydg(u,v).

Namely dy ~ dg. Thus the claim in this Proposition follows, namely there exist two positive
constant C'; < Cy such that for any two points u,v € S,

Cidg(u,v) < dg(u,v) < Cydg(u,v).

B Proof of Lemma [7.9

Recall that for a non-negative matrix B, the canonical form of B is:

By Bip -+ DB,
0 B22 te B2n
0 0 --- B,

where B;; is either an irreducible matrix (called irreducible components) or a 1 x 1 zero
matrix.

Condition 2 in Theorem is equivalent to the statement that B = B(&)) has a unique
irreducible component of maximal spectral radius and that this component is primitive. Let
C' denote the square matrix obtained by restricting B to this component and let S denote
the set of indices corresponding to this component. Let A\; denote the spectral radius of B,
equivalently the spectral radius of C'.

Let A;(€) denote the largest, in modulus, eigenvalue of B(£). Since the entries of B(¢)
are analytic in & and A is simple, it follows that if the complex neighborhood €2 is chosen
sufficiently small, then \;(€) is analytic function of & € (.

The columns (resp., rows) of Adj(A\ ()] — B(€)) are right (resp., left) eigenvectors of
B(&) corresponding to A;(£). By choosing z(£) (resp. y(€)) to be a fixed column (resp. row)
of Adj(A\(8)I — B(£)) and then replacing x(£) and y(£) by appropriately rescaled versions,
we may assume that:
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o 2(£p),y(€p) > 0, and they are positive on S¢

.« y(&)-2(E) =1

e z(£) and y(&) are analytic in £ € Q

Let
V(&) = M(e)z(8) - y(8)
and
U(©) = B(&) = V(9).
Then

U@V (E) = BE)V(E) — V2(E) = M (&)x(2) - y(8) — A (D)z() - y(8) = 0.
And similarly
V(@U(e) = 0.

Let 1(£) denote the spectral radius of U(¢). By condition 2, u(£p) < A1(£p). Thus, there
is a constant v > 0 such that if the neigbhourhood €2 is sufficiently small, then for all £ € Q

pE) <v <M.

Thus, by Lemma [[3 and making still {2 smaller if necessary, there is a constant K; > 0
such that for all , 7, all n and all £ € (,

Uz(@)| < Ky (B.38)

Let r = 1(&p), ¢ = c(&p), * = x(&y) and y = y(&p).
Let sy € Sc. Since A(&p) is irreducible, for some jgy, (rB7°),, > 0. Similarly, there exist
a state s; of the underlying Markov chain and j; such that B ¢, > 0. Now

S0S1

rB"c > (7"Bj°)8()6’"_j‘)_j1Bj1 c

5080 5081 ~S1°

Since C'is primitive, by Perron-Frobenius theory, C7 70~ grows like AP0 (up to a scalar)
as n goes to infinity; it then follows that there is a constant K5 such that for sufficiently
large n,

rx - ycAy +rU"c =rV"c+rU"c = rB"c > Ky\},

which by (B38) implies that rz - yc > 0. Therefore if Q) is sufficiently small, there exists a
positive constant K4 such that

r(E)2(8) - y(E)e(d)] > Ka,

for €€ Q.
Let K3 be an upper bound on the entries of |x(£)|, |y(€)], |r(£)] and |c(£)].
Thus, for all n and all £ € €2, we have

[r(@)B"(E)e(@)] < Ir(@)U™(E)e(@)] + [r(EV"(E)e(@)] < IBI* KyKiv" + |BI*K3| M ()]
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and
(&) B™()c(E)] = [r(E)V™(E)e(€)| — [r(@U"(E)e(@)| = Kal M ()" — B K3 K",
With similar upper and lower bounds for |r(&)B"(£)1], it follows that for sufficiently large n

and all €€ Q,
m (E)r(E)B(E)"1
m(E)r(@)B(E) 1

m(E)r(E)B(E)" 'e(€)
@ @BE L
are uniformly bounded from above and away from zero. By condition 1, for any finite
collection of n, there is a (possibly smaller) neighborhood €2 of &, such that for all £ € Q,
these quantities are uniformly bounded from above and away from zero. This completes the
proof of Lemma ( and therefore the proof of sufficiency for Theorem [[§)

and

C &+ 1° is analytic

In this appendix, we follow the notation in Section B Let 7 : X — X be the right shift
operator, which is a continuous mapping on X under the topology induced by the metric d.
For f € C(X), one defines the pressure via a variational principle [26]:

P = s () [ i),

HEM(X,T)

where M (X, 7) denotes the set of 7-invariant probability measures on X and H,(7) denotes
measure-theoretic entropy. A member p of M (X, 7) is called an equilibrium state for f if
P(f) = H(T) + | fdu.

For f € C(X) the Ruelle operator L : C(X) — C(X) is defined [26] by

(Lih)(x) = Y /Yh(y).

yer—1(x)

The connection between pressure and the Ruelle operator is as follows [26, 28]. When
f € F% P(f)islog\, where X is the spectral radius of £;. The restriction of £ to F? still
has spectral radius A, and X is isolated from all other eigenvalues of the restricted operator.
Using this, Ruelle applied standard perturbation theory for linear operators [I3] to conclude
that pressure P(f) is real analytic on F?. Moreover, he showed that each f € F? has a
unique equilibrium state p1; and the first order derivative of f +— P(f) on F? is py, viewed
as a linear functional on F?. So, the analyticity of P(f) implies that the equilibrium state
py is also analytic in f € F.

We first claim that for f(£,2) = log p¥(z0|22%), we have uye.) = v° as in (B30).

To see this, first observe that the spectral radius A of £ = Ly(z.) is 1; this follows from
the observations:

e the function 1 which is identically 1 on X is a fixed point of £  — and —
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e (see Proposition 5.16 of [26]) £*(1)/A" converges to a strictly positive function.

Thus P(f(&,-)) = 0. So, for u = pif(.), we have

hye(7) + / F(E,)duf = 0.

But from (83Tl), we have
h,(T) + /f(é', NdvF = 0.

By uniqueness of the equilibrium state, we thus obtain pse.) = V¢ as claimed.

Since &'+ f(&,-) is analytic, it then follows that &+ v is analytic, thereby completing
the proof of Theorem
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