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Abstract

Consider a hidden Markov chain obtained as the observation process of an ordinary
Markov chain corrupted by noise. Zuk, et. al. [I3, [[4] showed how, in principle, one
can explicitly compute the derivatives of the entropy rate of at extreme values of the
noise. Namely, they showed that the derivatives of standard upper approximations to
the entropy rate actually stabilize at an explicit finite time. We generalize this result
to a natural class of hidden Markov chains called “Black Holes.” We also discuss in
depth special cases of binary Markov chains observed in binary symmetric noise, and
give an abstract formula for the first derivative in terms of a measure on the simplex
due to Blackwell.

1 Introduction

As in 2], let Y = {Y° } be a stationary Markov chain with a finite state alphabet
{1,2,---,B}. A function Z = {Z>_} of the Markov chain Y with the form Z = ®(Y)
is called a hidden Markov chain; here ® is a finite valued function defined on {1,2,---, B},
taking values in {1,2,--- , A}. Let A denote the probability transition matrix for Y; it is well
known that the entropy rate H(Y') of Y can be analytically expressed using the stationary
vector of Y and A. Let W be the simplex, comprising the vectors

{w: (w1>w2>"' >'UJB) GRB:'UJZ' EO,Z’UJZ = ]_},

and let W, be all w € W with w; = 0 for ®(i) # a. For a € A, let A, denote the B x B
matrix such that A,(i,7) = A(4,j) for j with ®(j) = a, and A,(i,5) = 0 otherwise. For
a € A, define the scalar-valued and vector-valued functions r, and f, on W by

ro(w) = wA,1,



and
falw) = wA,/rq(w).
Note that f, defines the action of the matrix A, on the simplex W.
If Y is irreducible, it turns out that

H(Z) = —/Zra(w) log 1 (w)dQ(w), (1.1)

where @ is Blackwell’s measure [1] on WW. This measure is defined as the limiting distribution

Recently there has been a great deal of work on the entropy rate of a hidden Markov
chain [8, Bl @), M3, 4 [T4]. See also closely related work [7, [T, [T2].

In Section B, we establish a “stabilizing” property for the derivatives of the entropy rate
in a family we call “Black Holes”. Using this property, one can, in principle, explicitly
calculate the derivatives of the entropy rate for this case.

In Section Bl we consider binary Markov chains corrupted by binary symmetric noise. For
this class, we obtain results on the support of Blackwell’s measure, and for a special case,
that we call the “non-overlapping” case, we express the first derivative of the entropy rate as
the sum of terms, involving Blackwell’s measure, which have meaningful interpretations. We
also show how this expression relates to earlier examples, given in [9], of non-smoothness on
the boundary for this class of hidden Markov chains, and we compute the second derivative
in an important special case.

2 Stabilizing Property of Derivatives in Black Hole
Case

Suppose that for every a € A, A, is a rank one matrix, and every column of A, is either
strictly positive or all zeros. In this case, the image of f, is a single point and each f, is
defined on the whole simplex W. Thus we call this the Black Hole case. Analyticity of the
entropy rate at a Black Hole follows from Theorem 1.1 of [2].

In this section we show that, in principle, the coefficients of a Taylor series expansion,
centered at a Black Hole, can be explicitly computed. This result was motivated by and
generalizes earlier work by Zuk, et. al. [I3, [4] and Ordentlich-Weissman [I0] on cases of
hidden Markov chains obtained by passing a Markov chain through special kinds of channels.
All of the hidden Markov chains considered in [I3, [[4] are Black Holes.

As an example, consider a hidden Markov chain obtained from a binary Markov chain
corrupted by binary symmetric noise with crossover probability £ (described in Example 4.1
of [2]). When e =0,

Too o1

A = Too o1
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here, m;;’s are the Markov transition probabilities, and ® maps states 1 and 4 to 0 and maps
states 2 and 3 to 1. In this case, the nonzero entries of Ag and A; are restricted to a single



column and so both Ay and A; have rank one. If m;;’s are all positive, then this is a Black
Hole case.

Suppose that A is analytically parameterized by a vector variable € = (e1,€9,- -+ ,&,,).
Recall that H,(Z) is defined as

H,(Z) = H(Z|Z2}).

The following theorem says that at a Black Hole, one can calculate the derivatives of H(Z)
by taking the derivatives of H,(Z) for large enough n.

Theorem 2.1. If at € = &, for every a € A, A, is a rank one matriz, and every column of
A, s either a positive or a zero column, then

aa1+a2+m+amH(Z) _ aa1+a2+~--+amHa1+az+m+am(Z)
a1 N0z - 1 Y2
g1 Ueg * - 8?;7 e=é €1%ez 7 ag:? e=¢

In fact, we give a stronger result, Theorem L8, later in this section.

Proof. For simplicity we assume that A is only parameterized by one real variable €, and we
drop € when the implication is clear from the context.
We shall first prove that for all sequences z° _ the n-th derivative of p(zo|z-L) stabilizes:

P (z0l225) = p™ (2020-,) at e =& (2.2)
Since p(zo|z25) = py_1 = - [225)A.,1 (here - represent the states of the Markov chain
Y), it suffices to prove that for the n-th derivative of z; = p(y; = - |2* ), we have
" =p (i = |2) =P = |,) at e = & (2:3)
Consider the iteration:
ri 1A,
rp = ———1.
ZL’i_lAzil

In other words, x; can be viewed as a function of x;_; and A,. Let g denote this function.
Since at ¢ = £, A,, is a rank one matrix, we conclude that g is constant as a function of
z;—1. Thus at e = ¢

. i1, _ P(yi1 = )A.,

Taking the derivative of g with respect to €, we have at ¢ = ¢,

) dg dg

€T.
axi_l e=¢€

(l’i_l, Azz) A,ZZ +

e=¢€

(Tim1, Az) 254

i p—
0A.,,
Since at ¢ = £, ¢ is a constant as a function of x;_;, we have

dg

Oy

O(a constant vecto
(xic1, Ay) = (a con vector) =0
O0x;_q

e=¢€



It then follows from (7)) that at e = ¢
/

=Py = 12Lo) =P/ (yi = |2i1)-

Taking higher order derivatives, we have

n 8 n
ZL’E )= % (xim1, AL,) ZL'Z(-_)l + other terms,
8l’i_1 e=¢€
where “other terms” involve only lower order (than n) derivatives of ;1. By induction, we
conclude that
2™

i

=" (yi = - [2Ls0) = 0™ (i = - 2i_0)-
at € = £. We then have (23)) and therefore (222) as desired.
By the proof of Theorem 1.1 of [2], the complexified H,(Z) uniformly converges to the

complexified H(Z), and so we can switch the limit operation and the derivative operation.
Thus, at all €,

H'(Z) = (lim Y " (p(=%,) log p(z0|24))

k—o00 5
Zk

= lim Y (p'(2°,)logp(z0|274) + p(2°;)
koo £ p(zo0l22)

Zp Zp P (20l275) =0,

Since

we have for all
H'(Z) = lim » (p'(2%,)logp(zo]22;))- (2.5)

k—o0

At € = £, we obtain:

H'(Z) = lim (p’(zo_k)logp(zo\z_l))

k—oo o
2k

= Z 1) log p(z0]2-1)) = Hi(Z).

For higher order derivatives, again using the fact that we can interchange the order of limit
and derivative operations and using (25 and Leibnitz formula, we have for all &

k—oo

H™(Z) = lim ZZCl ! W) (log p(zo]224)) "0
Zok

(the use of (ZH) accounts for the fact that there is no [ = 0 term in this expression). Note
that the term (log p(zo\z )Y involves only the lower order (less than or equal to n — 1)
derivatives of p(zo|27}), which are already “stabilizing” in the sense of (Z2); so, we have

k—o0

= lim qulz 11p(l 22 logp(zo|z_n)) Y
20, 1=

4



=> Zci 202, (log p(z0l220)) ") = HIM(2).
Q1=

We thus prove the theorem. O

Remark 2.2. Tt follows from (24]) that a hidden Markov chain at a Black Hole is, in fact,
a Markov chain. Note that in the argument above the proof of the stabilizing property of
the first derivative (as opposed to higher derivatives) requires only that the hidden Markov
chain is Markov and that we can interchange the order of limit and derivative operations
(instead of the stronger Black Hole property). Therefore if a hidden Markov chain Z defined
by A and @ is in fact a Markov chain, and the complexified H,(Z) uniformly converges to
H(Z) on some neighborhood of A (e.g., if the conditions of Theorem 1.1, 6.1 or 7.5 of [2]
hold), then at A, we have

H'(Z) = H{(Z). (2.6)

For instance, consider the following hidden Markov chain Z defined by

1/4 1/4) 1/2
A=1 0 1/6 5/6 |,
7/8 1/8 0

with ®(1) =0 and ®(1) = ®(2) = 1. Z is in fact a Markov chain (see page 134 in [5]), and
one checks that A satisfies the conditions in Theorem 7.5 in [2]. We conclude that for this
example, (28) holds.

In the cases studied in [I3), 14} [I0], the authors obtained, using a finer analysis, a shorter
“stabilizing length.” This shorter length can be derived for the Black Hole case as well, as
shown in Theorem below, even though the proof in [T4] doesn’t seem to work.

We need some preliminary lemmas for the proof of Theorem ELG.

By induction, one can prove that the formal derivative of ylogy takes the following form:

y(al)y(G’?) e y(am+1)

" +y™M(logy+1)

(y log y>(N) = Z E[aham-" Jm 1]

12022 >am+1:01+a2++am41=N

-1

= Z y(a1=i) Z E[al’@’m @]

=1 220322 0m+1

y(az)y(a3) e y(am+1)
ym

N)(logy +1).

Let ¢;[y] denote the “coefficient” of ¥, which is a function of y and its formal derivatives
(up to the i-th order derivative). Thus we have

N
(ylog y)(N) = Z qilyly () = High » ly] + Low nly],
i=1
where High y[y| = Z((NH)/Q] ai[yly® and Low y[y] = ZfN 1)/2] ailyly®.



In the following, let P(aq,as,--- ,a,) denote the number of distinct sequences obtained

by permuting the coordinates of the sequence (ay,as,- - ,a,,). Namely if
Ay =0ag ="+ =0my > Omy+1 = " = OQmytmy > """ > Amy+mo+-4mji_1+1 = = Cmy+ma++m; = Am,
(2.7)
then '
m!
P(@l,&g,"‘,am): ] ] 1
mymg:---My:

Lemma 2.3.

(' /y)"™ = > Claraz,am] (Y “yl®) @)y fym,

a12a2>->am=>1:a1+az++am=n+1

_ m4+1 1 (a14+as+--+am)!
where Clay ay, 0] = (=) Plas, ag, -+ am) =00

Proof. One checks that Cpy) = 1 and Clg, 4,,... a,,,) Satisfies the following recursion relationship:
Fora12a22"'2am227

Clayascam] = D D@1, as, -+ amibibay -+ 00)Cloy by ] (2.8)
where the summation is over all by > by > --- > b,, > 1, and all b; is equal to a; except for
one of them, say by = a — 1, and D(aq,as, -+ ,am;b1, by, -+, by) is defined to the number
of by occurring in the sequence of by, by, -+ ,b,,. Fora; > as > -+ > a,, =1,

C[al,az,m,am} = Z D(ala A2, 5 Am; bl> b2a T >bm)C[b17b27~~7bm} - (m - 1)C[a1,a2,~~,amf1}; (29)

again here the summation is over all by > by > --- > b,, > 1, and all b; is equal to a;
except for one of them, say by = ar, — 1, and D(ay, a9, -+ ,amy;b1,be, -+ ,by,) is defined to
the number of b, occurring in the sequence of by, by, - - -, by,.

One checks that

1 o ta)!
(—1)m+1—P(a1,a2,-~- ’am)(al+a2+ +a )
m alas! -+ a,!

)

satisfies the initial value and recursion (28)) and (229). Since the initial value and recursion
uniquely determine the sequence, the theorem then follows. O

Lemma 2.4. Fori = [(N +1)/2],---,N, qly] is proportional to (logy + 1))=Y, More
specifically, we have .
gilyl = Cin(logy + 1)V,

where C; n 15 an integer.

Proof. We first prove that for N = 2k + 1, the coefficient of y**1 is proportional to 21,
where z = (logy + 1)’ = ¢/ /y. According to Leibnitz formula, we have

2k

(ylog y) @+ = (y/(logy + 1)) = Z CL oy (log y + 1)@
1=0



+

2k—1
(2k+1)(10gy + 1) + Z Céky(l—i—l)z(%—l—l).
1=0

It suffices to prove that the coefficient of y*+1) of

C§;1y(k) (k) + Ok (k=) (k1) | o2k (2h=1)
is Ck“ . Applying Lemma and collecting terms, we have the coefficient of y®*+1

equal to
Ot Crrany™ fy + Co 2 C (M) fy?

+C§§3C[k+172](y(k‘2)y(2))/y2 +C§;—3C[k+l,l71](y( )y(l)y( ))/yg
HON Al g (YD) P+ i g 2, (y* Dy @y D) fyP 4+ O 1,1, (y 0y Dy Dy W) /1y
et Cglﬁo[kﬂ,k_u (y(l)y(k_l)/yz +-F C2ka+1,1, .71](y(1)y(1) -yt )/y .

Consider the term (y(@)y(@2).. ~y(“m))/y (here a; +az + - - -+ a,, = k) and compute its
coefficient in the expression above. Assuming that a; > ay > -+ > a,, satisfy (1), we have
the coefficient of y*+1):

2k+1—ay 2k+1—amq +1
C C[k+l ag, - ,am] + C C[k"f‘l,al,“‘ yamy ,Amy 42, 7a7n} +e

02k+1—am1+m2+.“+m]‘71+1 C

2k [k+17a17"'7am1+m2+»-»+mj,17am1+m2+»-»+mj71+27'"7am]
_ (_1)m+1 1 (2k)! (2k+1—ay)! m!

2k +1—a)l(a; — D! (k+ Dlag! - ap! (mg — 1)Imy! - - - my!
N (2k)! (2k 4+ 1 — amy11)! m! T

2k + 1 — amy 1) (@my+1 — DV ag! - ap, [k + Dlap, 42! - - ap! mal(mg — 1)1 - -my!
(Qk)' (2k +1- am1+"'+mj71+1>! m!

(2k +1-— am1+,,,+mj71+1)!(am1+...+mj71+1 - 1)' al! s am1+...+mj71!(]f + 1>!am1+,.,+mj1+2! s am! ml!mQ! s (mj — 1)‘
_ (_1)m+1i (Qk)' m! miay + Mol 41 + -+ + MjGmy 4+ tmj_q+1
m(k+1)'m1‘m]' a1!&2!"'am!
_ (- )mﬂi (2k)! (a1 +ag+ -+ ap)! m!
m (k+ 1)!(k—1)! aylas!- - ay,! mylma! - - - my!

k+1
= O Clay a2, am]-

It then follows that the coefficient of y**1) is equal to C4F*z(:=1).

One can do similar computations to prove that for N = 2k, 2k + 1, this lemma holds
for other derivatives. An alternative approach is to use induction. Using the fact that the
coefficient of y*+1) is proportional to z*~ (established above), one can prove by induction
that for the 2k-th order derivative of ylogy, the coefficient of y® is proportional to (logy -+
1)1 for | with k+1 < < 2k; and for 2k + 1-th order derivative of ylogy, the coefficient
of y is proportional to (logy + 1)@*+1=0 for [ with k +2 <1 < 2k + 1. O



Lemma 2.5.

[(N-1)/2] o v=n/2
Low ylaz] = Z ri[a)lz® +
i=0 i=0

where r;[a] is a function of a and its derivatives (up to order [(N —1)/2]), and s;[z] is a
function of x and its derivatives (up to order [(N —1)/2]). Also,

solz] = Low y[z].

Proof. By Leibnitz formula, we have

N

((az)log(az))™) = Z Ci(az)® (log(az)) ™~

1=0

—ZC’NZC] D(loga + log z) N9,

Thus there exist a function of a and its derivatives ¢;[a], and a function of = and its derivatives
w;[x] such that

N N
((az) loglaz))™ = 3" tlalz® + 3 w;{a]a®,
i=0 i=0
with w[z] = (xlogz)™).
By Lemma Z4] we have
N
High y[az] = Z gilax](az)? = Z Cin(loga +logz + 1)N =9 (qz)®
i=[(N+1)/2] =[(N+1)/2]

Thus we conclude that there exist a function of a and its derivatives u;[a], and a function of
x and its derivatives v;[z] such that

N N
High y[azx] = Z w;[a)z® + Z vlx]al?,
=[(N+1)/2] i=[(N+1)/2]

with vo[z] = High y[z]. Since
Low y[az] = ((az)log(az))™) — High y|az],

existence of r;[a] and s;[x] then follows, and they depend on the derivatives only up to
[(N —1)/2], and so[z] = Low y[z]. O

Theorem 2.6. If at € = £, for every a € A, A, is a rank one matriz, and every column of
A, s either a positive or a zero column, then

aa1+a2+"'+amH(Z) B aa1+a2+~~+amHRa1+a2+ tam+1)/2] (Z)



Proof. For simplicity we assume that A is only parameterized by only one variable ¢, and
we drop € when the implication is clear from the context. Recall that

H,(Z) Zp 22,,) log p(z|2=}) Zp 22 ) logp(2,) = > p(z,") logp(z,")).

With slight abuse of notation (by replacing the formal derivative with the derivative with
respect to e, we can define High x[p(2°,,)] = High x[p°(2°,,)]. Similarly for Low x[p(2°,)],
etc.),

(p(22,,) log p(z2,,))"™ = High x[p(22,,)] + Low n[p(z2,,)]
(p(z23) log p(22,)) ™) = High x[p(223)] + Low n[p(=2,)]
Note that by Lemma B4, we have

High v[p(z2,)] = Z Cin(log p(z0|22)) + log p(22)) + 1) p(22,)®,
—[(N+1)/2]
and
High v[p(22,)] = Z Civ(logp(zZy) + 1) Ip(z2) 1.
=[(N+1)/2]
Thus
Z High y Z High y[p(z=})]
= Z Z Cin(logp(z0]27)) +logp(27)) —log p(=7))) N p(2°,)®
20 i=[(N+1)/2]
= Z Z Ci n(log p(zo]273)) N Ip(22,)
=[(N+1)/2]
= Z Z Civ(logp(z0]2Z 1)) P vy )
—[(N+1)/2]
So the higher derivative part stabilizes at [(N + 1)/2], namely for any n > [(N + 1)/2],
Zzgn High n[p(z2,,)] — Zz:; High n[p(22,)] is equal to Zzgwﬂ)m High n[p(2? ((N+1)/21)] -
szwmm HighN[p(z:%(NH)m )]. And by Lemma 3 we have
(v-1)/2] G |
Low y[p [p(z0]2=0)Ip(225) " + silp(z23))Ip(z0l220) @,
=0 =0

with so[p(22,))] = Low y[p(2Z;)]. Thus,

ZLOWN ZLOWN



=> rilp(zol2=1)]p(==1) .

20, =0
[(N-1)/2]
-1 -1 7
:Z Z Ti[p(Z0|Z—((N+1>/21)]p(z—mvﬂ)/zw)()'
20 =0

Consequently the lower derivative part stabilizes at [(/N +1)/2] as well, namely for any n >
[(N+1)/2], 3.0 Low N[p(zo_n)]—zz:i Low y[p(2Z,)] is equal to 3 o Low w[p(22 rn 1)1 =

ZZ:%<N+1)/2W Low N[p(z:%(NH)m )]. The theorem then follows.

[(N+1)/2]

O

Remark 2.7. For an irreducible stationary Markov chain Y with probability transition
matrix A, let Y~! denote its reverse Markov chain. It is well known that the probability
transition matrix of Y~ is diag (7; !, w5 b, - -+, w5t ) Aldiag (71, mo, - - -, ), where A? denotes
the transpose of A and (m, 79, -+ ,7p) is the stationary vector of Y. Therefore if A’ is a
Black Hole case, the derivatives of H(Z™') (here, Z~! is the reverse hidden Markov chain
defined by Z=! = ®(Y 1)) also stabilize. It then follows from H(Z) = H(Z™!') that the
derivatives of H(Z) also stabilize.

3 Binary Markov Chains Corrupted by Binary Sym-
metric Noise

In this section, we further study hidden Markov chains obtained by binary Markov chains
corrupted by binary symmetric noise with crossover probability ¢ (described in Example 4.1
of [2]). We take a concrete approach to study H(Z), and we will “compute” H'(Z) in terms
of Blackwell’s measure.

Here the Markov chain is defined by a 2 x 2 stochastic matrix I = [r;;] (the reader should
not confuse II with the 4 x 4 matrix A:

7T00(1 —8) TooE 7T()1(1 —8) T01€
7T00(1 — 5) TooE 7T01(1 — 5) To1€
7T10(1 — 5) T10€ 7T11(1 — 5) T11€ ’
7T10(1 — 5) T10€ 7T11(1 — 5) T11€

which defines the hidden Markov chain via a deterministic function).

When det(IT) = 0, the rows of II are identical, and so Y is an i.i.d. random sequence
with distribution (7o, me1). Thus, Z is an i.i.d. random sequence with distribution (mw, 1 — 1)
where m = moo(1 — €) + mo1€. So,

H(Z)=—nmlogm — (1 —m)log(l — 7).
From now through the end of Section B2 we assume:

o det(Il) >0 — and —

10



o all m; >0 —and —
e c>0.

We remark that the condition det(Il) > 0 is purely for convenience. Results in this sec-
tion will hold with the condition det(Il) < O through similar arguments, unless specified
otherwise.

The integral formula ([CTI) expresses H(Z) in terms of the measure @) on the 4-dimensional
simplex; namely @ is the distribution of p((yo,€0)|2°,,). However, in the case under con-
sideration, H(Z) can be expressed as an integral on the real line [§], which we review as
follows.

From the chain rule of probability theory,

)

p(%ﬂ/z) - p(zl_la Ziy Yi—1 = 07 yz) _l_p(zi_la ZiyYi—1 = 17?41)

= P(Zi,yi|zi_l,yz’—1 = 0)2?(21_1,.%—1 =0) +p(ziayi|zi_l>yi—l = 1)p<zi_1>yz’—1 =1),
and . . . .
p(zi,yil 2 yimr = 0) = p(21 127 yis vie1 = O)p(yil2i " yim1 = 0)
= p(zily))p(yilyi-1 = 0) = pe(ei)p(vilyi-1 = 0).
Let a; = p(z},y; = 0) and b; = p(2%,y; = 1). The pair (a;, b;) satisfies the following dynamical
system:
a; = pp(zi)Tooai—1 + pe(zi)mobi—1
b; = pr(Zi)To1ai—1 + pr(Zi)m1bi—1.

Let x; = a;/b;, we have a dynamical system with just one variable:

Tip1 = fzi+1 (1'1)7

where

f.(2) :PE(f) 7T00I+7T10’ 2=0.1
pe(Z) Tz + T

starting with
Ty = 10/ To1-

We are interested in the invariant distribution of x,,, which is closely related to Blackwell’s
distribution of p((yo, €0)|2%,,). Now

plyi = 0|21 = plyi = 0,421 = 0]z") + p(y; = 0,41 = 1]2])
= moop(Yi1 = 0|20 ) + mop(yi1 = 1|20
a;—1 + bi—l
T
ai—1 + bi—y 1 ai—1 + bi—q

= Too

11



Similarly we have

plyi =11217") = plyi = Lyima =012 +p(ys = Ly = 1271
Ti—1
+ 11

T = S EE——
011+l’2‘_1 1+in_1

Further computation leads to

Pz =047 = plyi=0.e=0/"") +plys = Lei=1]z")
= ples = 0)p(y: = 01217") + ples = Dp(y: = 1]217")

= ((1—8)71'00+€7T01) +((1 —8)7Tlo+€7T11)

i—1
1 + T 1 + X1
= TO(xi—l)u

where

o ((1 - 5)7T00 + 577'01)1' + ((1 — 5)7710 + €7T11)
rol) = o | (3.10)

Similarly we have

p(zi=1lz"") = plyi =0,e; =1[2{7") +ply; = 1,e; = 0[21)
= ple; = Dp(y; = 0|2{7") + ple; = 0)p(y; = 1]247")

— ((emo0 + (1= &)mo ) —5 4 (e + (1 — &)y ) ——

1 + Ti—1 1 + Ti—1
= N (Ii—l)>

where

(67’[‘00 —+ (1 — 8)7701)1’ + (€7T10 + (1 — E)?Tll)
ri(z) = P : (3.11)

Now we write
p(z; € Elr;q) = Z p(zi = alzi_1).
{alfa(zi-1)€E}

Note that

p(zi = 0lzioy) = plzi=027") = ro(zi1),
p(ZZ' = 1‘:1,’1'_1) = p(ZZ = 1|Zi_1> = Tl(xi—l)-

The analysis above leads to

p(r; € B) = /fl(E) To(zi—1)dp(Ti-1) +/ r1(wi—1)dp(ziy).

0



Abusing notation, we let ) denote the limiting distribution of z; (the limiting distribution
exists due to the martingale convergence theorem) and obtain:

am = [ Q) + / | Q) (3.12)

We may now compute the entropy rate of Z; in terms of ). Note that

E(logp(z|2™) = Ep(zi = 0|27 logp(z; = 027)) + p(z = 1|27 ) logp(z; = 1]2071))
= FE(ro(x;—1)logro(xi—1) + ri(xi_1) logri(zi_1)).

Thus (1) becomes
H(Z)= - /(ro(:c) logro(x) 4+ r1(x) logr (z))dQ(x). (3.13)

3.1 Properties of ()

Since det(IT) > 0, fy and f; are increasing continuous functions bounded from above, and
fo(0) and f1(0) are positive; therefore they each have a unique positive fixed point, pg and
p1. Since f; is dominated by fy, we conclude p; < pg. Let

e [ denote the interval [p, pg] — and —
e L=, L, where

Ln = {fl1 © fiz © 0 fin(pj)|ilai27 e 7in € {07 1}7] = 07 1}

Let I;,i,..., denote fi, o fi, , o---o fi,(I), and pi,i,..i, denote p(z1 =iy, 20 =g, , 2, =
in). The support of a probability measure ), denoted supp(Q), is defined as the smallest
closed subset with measure one.

Theorem 3.1. supp(Q) = L.

Proof. First, by straightforward computation, one can check that f{(po) and fi(p;) are both
less than 1. Thus, py and p; are attracting fixed points. Since p; is the unique positive
fixed point of f;, it follows that the entire positive half of the real line is in the domain
of attraction of each f;, i.e. for any p > 0, fi(") (p) approaches p; (here the superscript
denotes the composition of n copies of the function).

We claim that both py and p; are in supp(Q). If po is not in the support, then there
is a neighborhood I,,, containing p, with (-measure 0. For any point p > 0, for some n,

fén) (p) € I,,. Thus, by Equation there is a neighborhood of p with Q)-measure 0. It
follows that ([0, 00)) = 0. On the other hand, @ is the limiting distribution of z; > 0 and
so Q([0,00)) = 1. This contradiction shows that py € supp(Q). Similarly, p; € supp(Q).

By Equation B T2 we deduce

fi(supp(Q)) C supp(Q).

13



It follows that L C supp(Q). Thus L C supp(Q).

Since f;((0,00)) is contained in a compact set, we may assume f; is a contraction
mapping (otherwise compose fy or f; enough many times to make the composite map-
ping a contraction as we argued in [2]). In this case the set of accumulation points of
{fi.ofi._,---ofi,(p)lir, iz - ,in € {0,1},p > 0} does not depend on p. Since any point in
supp(Q)) has to be an accumulation point of { f;, o f;,_, - - -0 fi, (10/701)|i1, 92, - ;i € {0, 1}},
it has to be an accumulation point of L as well, which implies supp(Q) C L. O

It is easy to see that:
Lemma 3.2. The following statements are equivalent.
1A ST,
2. foI) N fi(1) = ¢.
3. fi(po) < fo(p1).

Theorem 3.3. supp(Q) is either a Cantor set or a closed interval. Specifically:
1. supp(Q) is a Cantor set if fo(I)U fr(I) S 1.
2. supp(Q) = I if equivalently fo(1)U f1(I) = 1I.

Proof. Suppose that fo(I)U fi(I) G 1. If (iy, 42, -+ ,in) # (j1,J2,- - » Jn), then

Ii1i2,,,in N ]j1j2"’jn = ¢

Define:
Iy = U Lijigein-

1,02, in

Alternatively we can construct I, as follows: let 1% = (fi(po), fo(p1)), then

Tenias = Tens\ U fin © finy0---0 fil(Id)'

1,02, in

Let Iooos = (Vo= I<n>. It follows from the way it is constructed that I, is a Cantor set
(think of I¢ as a “deleted” interval), and L = I.~. Thus by Theorem Bl supp(Q) = L is
a Cantor set.
Suppose fo(I) U f1(I) = I. In this case, for any point p € I, and for all n, there exists
i1,1%9, - ,1, such that
D E Lijigeiy,-

From the fact that fo and f; are both contraction mappings (again, otherwise compose fy
or fi enough many times to make the composite mapping a contraction as we argued in [2]),
we deduce that the length of I;,,,..;, is exponentially decreasing with respect to n. It follows

that L is dense in I, and therefore supp(Q) = L = I. a
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Theorem 3.4. Q) is a continuous measure, namely for any point p € supp(Q), and for any
n > 0, there exists an interval I, containing p with Q(1,) < n (or equivalently Q has no point
mass).

Proof. Assume that there exists p € I such that for any interval containing p, Q(1,) > no,
where 1 is a positive constant. Let & = max{ro(z),r1(z) : * € I}. One checks that

0 < ¢ < 1. By (BI2), we have

£QU) < QU (1) + QU (1)

Iterating, we obtain

(%) Mo < Z QUfi;" o fiyh oo fi (1))

1,02, ,in

For fixed n, if we choose I, small enough, then
qu o igl 0.0 izl([p) N ];1 o J;l 6.0 fj—l(]p) = ¢,

for (iy,19,- -+ ,in) # (1,72, , Jn)- 1t follows in this case that

An= Y Qe Z-;lo.-~of;1<fp>>z(1)"%.

7;177;27... 7'in

Therefore for large n, we deduce
QU) > 1,
which contradicts the fact that () is a probability measure. O

By virtue of Lemma B2 it makes sense to refer to case 1 in Theorem as the non-
overlapping case. We now focus on this case. Note that this is the case whenever ¢ is
sufficiently small; also, it turns out that for some values of m;;’s, the non-overlapping case
holds for all ¢.

Starting with z¢g = mi9/me1, and iterating according to x, = f., (g,2,-1), each word
Z = 21,29, , 2, determines a point x, = z,(z) with probability p(z1, 22, -, 2,). In the
non-overlapping case, the map z +— x,, is one-to-one. We order the distinct points {z,,} from
left to right as

Tn1yTp2, " 5 Tp2n

with the associated probabilities

Pn,1,Pn2," " yPn2n-

This defines a sequence of distribution ),, which converge weakly to (). In particular, by
the continuity of @, Q,(J) — Q(J) for any interval J.

Theorem 3.5. In the non-overlapping case,
QUisizin) = QnLiyizin) = Pivig-in-
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Proof. We have

Qn(Liyiyin) =D(21 =11, 20 = do, -+ , 2 = ip).
Furthermore
Qni1(Liyigin) = Qnit(Loiyin-in) + Qni1(Liiyiniv,)
:p(ZO = O,Zl :’il,ZQ :i27“' y An :ZTL> +p(20 = 17Z1 :7:1722 :i27”' y ’n :Zn)

:p(zl :i1722:i27"' >Zn:Zn)

Iterating one shows that for m > n,

Qm(Liyigin) = QuLiyinein) = Diyig-rein-

By the continuity of @ (Theorem B4

Q(Inzzzn) = Dijio-in-

From this, as in [8, O] we can derive bounds for the entropy rate. Let
r(x) = —(ro(z) logro(x) + ri(x)logri(z)).
Using (BI3) and Theorem BH, we obtain:

Theorem 3.6. In the non-overlapping case,

m M
Z ,riliQ"'inpiliZ"'in S H(Z> S TiliQ---inpilizmin7
1192 ln 1112++in
m _ : M _
where riliZ"'in = mlnxeliliz...in ’I“(I‘) and ri1’i2~~~in - ma‘XxEIiliQ--»in T’(ZL’)

Proof. This follows immediately from the formula for the entropy rate H(Z) ( BI3). O

3.2 Computation of the first derivative in non-overlapping case

To emphasize the dependence on e, we write p,;(¢) = Pni, Tni(€) = Tni, Po(€) = Do,
pi(e) = p1, and Q,(e) = Q,. Let F,(e,z) denote the cumulative distribution function of
Qn(e). Let HS(Z) be the finite approximation to H*(Z). It can be easily checked that

HE(Z) = / (2, 2)dQu(e)
I
and we can rewrite (B3) as

He(Z) = /Ir(s,x)dQ(s).

In Theorem B, we express the derivative of the entropy rate, with respect to ¢, as the sum of
four terms which have meaningful interpretations. Essentially we are differentiating H¢(Z)
with respect to e under the integral sign, but care must be taken since Q(e) is generally
singular and varies with ¢.
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Rewriting this using the Riemann-Stieltjes integral and applying integration by parts, we
obtain

H:(Z) = /Ir(s,x)an(e,x)
= Fu(e,2)r(e,z)"2) - / Fu(z,2)g(e, z)dx,

1

where g(g,z) = aréi’x).

From now on' denotes the derivative with respect to . Now,
H:(Z) =r(e,po(€))" = Dale),

where

Dy(e) = lim [; Fu(e + h,x)g (E+h,$)dl’—fIFn(gjx)g(Lg’x)dx'
h—0 h
We can decompose D, (g) into two terms:

Dy(e) = Dy(e) + Dy(e),

where

Fn h’? - Fn )
D}(g) = lim (E+h2) G x>g(e, x)dz,
h—0 I h,
and
D2e) = [ Fuera)g (.
I
In order to compute D} (¢), we partition I into two pieces: 1) small intervals (z,,;(¢), 2,(c +

h)) and 2) the complement of the union of these neighborhoods, to yield:

DL(e) = }IL{%/I F,(e +h, x})l — Fn(a’x>g(5,$)dx _

DCINCHCEmTR [ Fitenigte s
I
Combining the foregomg expressions, we arrive at an expression for H:(Z)":

Hz(Z) E p() +an7, (E,l‘n,i(f))

_/IF’/‘(E’x)g(E’x)dx_/IFn(Eax)g'(s,x)dx,

Write H5(Z) = H(Z), Q(¢) = @ and let F(e,z) be the cumulative distribution function
of Q(e).

We then show that HE(Z) converges uniformly to H¢(Z) and HE(Z)' converges uniformly
to some function; it follows that this function is H(Z). This requires showing that the
integrands in the second and third terms of the previous expression converge to well-defined
functions.

We think of the z,;(¢) as locations of point masses. So, we can think of z,;(¢)" as an

instantaneous location change.
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1. 2nd term, Instantaneous Location Change (See Appendix[Cl): For x € supp(Q(¢))
5

and any sequence of points T, i, (€), Tn,,i,(€), - - - approaching z, Ki (e, z) = lim; o0 27, ;. (€)

is a well-defined continuous function.

2. 3rd term, Instantaneous Probability Change (See Appendix [D): Recall that
supp(Q(e)) is a Cantor set defined by a collection of “deleted” intervals: namely, [¢ =
(fo(p1), fi(po)), and all intervals of the form f; o f;,0---of; (I?) (called deleted intervals
on level n). For « belonging to a deleted interval on level n, define Ky(e, z) = F). (¢, z).
Since the union of deleted intervals is dense in I, we can extend Ks(e,x) to a function
on all z € I, and we show that Ks(e,x) is a well-defined continuous function.

Using the boundedness of the instantaneous location change and probability change (es-
tablished in Appendix [Al and Appendix [B]) and the Arzela-Ascoli Theorem (note that Ap-
pendix [0 and Appendix [D imply pointwise convergence of H:(Z) and Appendix [A] and
Appendix Bl imply equicontinuity of H:(Z)'), we obtain uniform convergence of H:(Z)' to
He=(Z)', which gives the result:

Theorem 3.7. In the non-overlapping case,

He(Z) =r(e,po(e)) +/ o) Ki(e,z)g(e, x)dF (e, x)

_/IKz(g,x)g(g,x)da;—[F(s,x)g'(s,x)dx

Note that the second term in this expression is a weighted mean of the instantaneous
location change and the third term in this expression is a weighted mean of the instantaneous
probability change.

Remark 3.8. Using the same technique, we can give a similar formula for the derivative of
H¢(Z) with respect to m;;’s when € > 0. We can also give such formulae for higher derivatives
in a similar way.

Remark 3.9. The techniques in this section can be applied to give an expression for the
derivative of the entropy rate in the special overlapping case where fo(p1) = f1(po)-

3.3 Derivatives in other cases

1. If any two of the m;’s are equal to 0, then
H¢(Z) = —cloge — (1 —¢)log(1l —¢)

H¢(Z) is not differentiable with respect to € at € = 0.

2. Of more interest, it was shown in [9] that H(Z) is not differentiable with respect to
¢ at € = 0 when exactly one of the 7j;’s is equal to 0. We briefly indicate how this is
related to (BI3). Consider the case: mgo = 0, mp1 = 1, 0 < m9 < 1. Then for ¢ > 0,

H(Z) = —/ ro(x)logro(x)dQ — [ ro(x)logre(z)dQ

Io Il

18



—/ ri(z)logri(x)dQ — [ ri(x)logri(z)dQ.

Io I

When € — 0, the lengths of Iy and I; shrink to zero with I; approaching 0 and I approaching
00. So, of the four terms above, as ¢ — 0, the dominating term will be

/ ro(z) logre(x)d@Q ~ eloge,
1o
and all the other three terms are bounded by O(e) (see (BI0) and (BIT)). This indicates
that H(Z) is not differentiable with respect to € at € = 0.

3. Consider the case that ¢ = 0 and all the 7;;’s are positive. As discussed in Example
4.1 of [2], the entropy rate is analytic as a function of € and 7;;’s.

In @] (and more generally in [13], [I4]), an explicit formula was given for H'(Z) at ¢ = 0
in this case. We briefly indicate how this is related to our results in Section B2

Instead of considering the dynamics of x,, on the real line, we consider those of (a,, b,)
on the 1 dimensional simplex

W = {(wy,ws) : wy +we = 1, w; > 0}.

Let @ denote the limiting distribution of (a,, b,) on W, the entropy H(Z) can be computed
as follows

H(Z) = /W —(ro(w) logre(w) + r1(w) logry(w))dQ,

where
ro(w) = ((1 — E)?To() + 57?01)1,01 + ((1 — 8)7T10 + €7T11)'LU2,

Tl(’LU) = ((€7T00 —+ (1 — 8)7701)’[[11 + (671'10 + (1 — E)?Tll)wg.
In order to calculate the derivative, we split the region of integration into two disjoint parts
W =wuUW?! with
WO ={t0,1)+ (1 —1)(1/2,1/2) : 0 <t < 1},

W= {t(1/2,1/2) + (1 —#)(1,0) : 0 <t < 1}.
Let r(w) = —(ro(w) logro(w) 4 ri(w) logri(w)), and H(Z) = [, r(w)dQ, then

H(Z) = H(Z) + H'(2).

For W9 we represent every point (wi,ws) using the coordinate w;/w,. For W', we
represent every point (w, ws) using the coordinate ws/w;. Computation shows that HZ(Z)
uniformly converge to H°(Z) on [0,1/2]. Note that expressions in Theorem B are not
computable for ¢ > 0, however we can apply similar uniform convergence ideas in each of
these regions to recover the formula given in [4] for ¢ = 0.

4. (Low SNR regime, ¢ =1/2) In Corollary 6 of [§, it was shown that in the
symmetric case (i.e., mo; = 7y), the entropy rate approaches zero at rate (1/2 —¢)? as ¢
approaches 1/2. It can be shown that the entropy rates at € and 1 — ¢ are the same, and so
all odd order derivatives vanish at ¢ = 1/2. It follows that this result of [§] is equivalent to
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the statement that in the symmetric case H”(Z)|.=1/2 = 0. We generalize this result to the
non-symmetric case as follows:

2
HY(Z)) oy = —1 (M) _

T10 + To1

For more details, see Appendix [El

Appendices

A Proof of Boundedness of Instantaneous Location Change

Claim: For any fix 0 <7 < 1/2, x,(fz)(s) < Cy(k,n), n <e <1/2, Cy is a positive constant
only depending on k,n.

Proof. We only prove the case when k£ = 1. Consider the iteration,
Tpt1 = fzn+1 (E ZBn)

Take the derivative with respect to e, we obtain

of. of.
Pr = Dot e ) 4 Dot ),
Note that fz”“ (e,x,) is unlformly bounded by a constant and %(5 x,) is bounded
by p with 0 < p < 1, we conclude z/, is uniformly bounded too. O

B Proof of Boundedness of Instantaneous Probability
Change

Claim: For z ¢ {z,,;} and 0 <e <1/2, F, (5 x) < Cy(k), where Cy is a positive constant
only depending on k.

Proof. We only prove the case when k = 1. For x with z,9 < * < Z,92+1, we have
F.(e,2) = F,_ (e, x) and consequently 8F7é(§ 7) 8F”51€(5 ) For x with Tpoic1 < T < T2,

BFn(a x) OFy,_1(e,x)

is bounded by Cp', here C is a positive constant and 0 < p; < 1 (see
proof that K, is well-defined in Appendix [0). Therefore we conclude the instantaneous
probability change is uniformly bounded. O

C Proof that K; is Well-defined

Proof. We need to prove that if two points z,, ; and z, ; are close, then x;, ., and z ,
are also close. Note that for non-overlapping case, if z,, ;, and z,,; are very close, their

corresponding symbolic sequences must share a long common tail. We shall prove that the
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asymptotical dynamics of z,, does not depend on the starting point as long as they have the
same common long tail. Without loss of generality, we assume that z, Z have common tail

21,29, , Z,. In this case, the two dynamical systems start with different value zq, 2y along
the same path. Now the two iterations produce
of. of.
Py = oot (e ) 4 Dot o,
~1 — a-fz'n,«kl

afan S ~
+ W (E, ZL‘n)I‘

n*

xn—i—l 05 (57 i‘n)

Take the difference, we have

/ Al o afzn+1 _ afzn+1 afzn+1 / afzn+1 A Al

xn-ﬁ-l - xn-ﬁ-l - 88 (67 xn) 86 (57 l‘n) + ax (67 $n)In - 8$ (57 l‘n)l'n
o 8fzn+1 8fzn+1 A afzn+l / afzn+l A / afzn+l 2 / 8fzn+1 2 Al
- 85 (67:1:71) ag (67:1:“)_'_ aa,; (5,117”)37” aa,; (6an)xn+ aa,; (€an)xn ax (87‘r”)xn
Since

e when n — oo, x, and Z,, are getting close uniformly with respect to € — and —
. %(5, -) and %(5, -) (i = 0,1) are Lipschitz — and —

e fi(e,-) (i=0,1) are p-contraction mappings,

we conclude that =/, and z/, are very close uniformly with respect to €. The well-definedness
of K, then follows. O

D Proof that K5 is Well-defined

Proof. Every deleted interval corresponds to a finite sequence of binary digits and K is well
defined on these intervals. We order the deleted intervals on level n from left to right

d d d
TV EONERRI P

n,17 *n,2»

We need to prove if two deleted intervals I¢ ., I¢ . are close, then Fy, (e, I¢ ;) (which is defined

as F,(e,x) with « € I ;) and F, (e, I2 ;) are c;fose. Assume m < n, then the points x, ;s
in between If, ; and I ; must have a long common tail. Suppose that the common tail is the
path 21, 2o, -+, 2,, let ¢; denote the sum of the probabilities associated with these points.
Note that as long as the sequences have long common tail, the corresponding values of Ko
are getting closer and closer. For simplicity we only track one path for the time being. Then

we have

aiv1 = Pe(2ip1)(mooa + miobi),

biv1i = pe(Zip1) (o + mb;).

21



It follows that
(aiy1 + biy1) < pla; + b)),

here 0 < p < 1 and p is defined as
P = max{(l — 8)7’(’00 + €71, (1 — 8)71'10 + emy1, €T + (1 — 8)71'01,877'10 + (1 — 8)71'11}.

Immediately we have
(an +bn) < p".

Take the derivative, we have

Uy = —(Toon + moby) + (1 — €)(mooa,, + m10b},),

Vi1 = (moran + miiby) + e(moar, + mi1b),).

In this case we obtain,
(@] + 10| < p(lag] +10,1) + 07,

which implies that there is a positive constance C' and p; with p < p; < 1 such that

a, + b, < Cpy.

Then we conclude |al, + b/, — 0 as n — oo. Exactly the same derivation can be applied to

multiple path, it follows that
<P a4, < CpY

So no matter what level we started from the deleted intervals, as long as they have long
common tails, the corresponding values of Ky function are close. Therefore K, is well

defined.

E Computation of H"(Z)|._;/,

Let

and

Then we have

Immediately we obtain

pZ(Z{L> = le(Zlu Z2) Tt M(ZTL—17 ZTL>1

We consider the case when the channel is operating on the low SNR region. For conve-

nience, we let

1
l—e=—=-+9¢
€ 2—|—,
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and ]
= - — 4.
°T Y

Thus when the SNR is very low, namely ¢ — %, correspondingly we have 6 — 0. Since H(Z)
is an even function at 6 = 0, the odd order derivatives at 6 = 0 are all equal to 0. In the
sequel, we shall compute the second derivative of H(Z) at § = 0.

In this case, we can rewrite the random matrix M; = M(z;2;41) in the following way:

,:1 px(zig1]2i) pX(Zi+l|Zi)]_'_5|:pX(Zi+1|Zi) —px (Ziga|2)
2 | px(zinlz) px(ZieaZ) px(zip1lZi)  —px(Zig1]Z)

For the special case when ¢ = 0, we have

1

M, = 3 [px(21), px (Zig1)] + 0 [px (21), —px(21)] -

Then

1 1 1
pz() = (GMg” +0ME) MY + M) - (MY + 6MY L.

Now define the function

Ra(8) = > pz(0) log(pz(21))-

27
Then according to the definition of H(Z),
1
H(Z) = — lim —R,(9).

n—oo 1

It can be checked that

(logpz(27) +1)).

IR, (0) _ Z Ipz(27)
o)

Now

1 n—1n—1
() M M, v
§=0 :

1 n—1 n B
~(3) Stoxe)-pxe),
Again simple calculations will lead to

"R, (5) 82p () 1 (Opz(z)\° | 0*pz(2)
= Z ( ) ( ) + ) :

g bzis1)y n YPzi~)
252 gz ospz(E) + mes | =5 5°

n
21

Since
1

82172(2") e 0 0 0 1 0 0 1 0 0
=0 i#j
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n—2
_ px (zjr1lzir1) —px(Zipalzi)
Zi y T Zi _ _ _
) px(zi41), =px (2o {PX(ZJ'+1|Z:'+1) —px(Zj+1|Zit1)

VR
DN | —

1 n—2 B B B B
= (5) Z(pX(Zj—i-la zit1) = Px (25415 Ziv1) — Px (241, Zig1) + px(Z415 Zin),
#J

.

O°R,,(6)
962

o 21: o ((%)”—1 zn:(px(zi) - px(z,)))2 .

i=1

Let z,y temporarily denote the stationary distribution

T10 o1
)= —— )= —F—,
px(0) Tor + 710 px(1) To1 + 710
respectively. Then
o5 = o Z CH(2ix 4 2(n — i)y —n)?
6=0 i=0
1 &
= > Ci((2x — 2y)i + 2ny — n)?
i=0

n n

= (22 —2y)? Z C'i% + (2ny — n)? Z 1+ 2(2x —2y)(2ny — n) Z Cli.

i=0 i=0 i=0
Using the following two combinatoric identity

n

Z iCL =n2" 1,

1=0

and .

> P2CL =n(n—1)2" +n2"

=0
we derive
9?R,, (0 1
W() =03 ((z —y)*(n(n — 1)2" + n2"*") + n?2"(2y — 1)* + 2(z — y)(2y — 1)n2")

6=0

= dn(x — y)*

From the fact that the derivatives of H(Z) with respect to ¢ are uniformly bounded on
[0,1/2] (see [, also implied by Theorem 1.1 of [2] and the computation of H*(Z)|.—o), we
draw the conclusion that the second coefficient of H(Z) is equal to

2
H//(Z)‘€:1/2 — _4 (M) .

T10 + o1
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