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Large Random Matrices

Random matrices

Itisa N x N matrix
Yiiu - Yin

YnNi -+ Yan
whose entries (Yj;; 1 <4,j < N) are random variables.

Matrix features
Of interest are the following quantities
> Yy's spectrum (\;, 1 < < N) in particular A, and Amax (if real spectrum).

> linear statistics

N
trf(Yn) = f(N)
i=1

> eigenvectors, etc.
Asymptotic regime
Often, the description of the previous features takes a simplified form as
N — oo

leading to “good enough” approximation in real applications with finite V.



Large Random Matrices: Wigner Matrices

Matrix model

Let X = (X;;) a symmetric N x N
matrix with i.i.d. entries on and above
the diagonal with

EXZ'j =0and E |X7j]"2 =1

and X;; = X; (for symmetry).
> consider the spectrum of Wigner

matrix | Yy = X\/—%
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Matrix model

Let X = (X;;) a symmetric N x N
matrix with i.i.d. entries on and above
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Large Random Matrices: Wigner Matrices

Wigner Matrix, N= 1500
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the diagonal with
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> consider the spectrum of Wigner g J
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Figure : The semi-circular distribution (in
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Wigner's theorem (1948)

"The histogram of a Wigner matrix converges to the semi-circular distribution”




Large Covariance Matrices

Matrix model

Let X be a N X n matrix with i.i.d.
entries

EX;; =0, E[X;[?=1

*

and consider the spectrum of %XNXN
in the regime where

N
N,n—oo and — — ce€ (0,00)
n

dimensions of matrix X of the same order ‘
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Wishart Matrix, N= 40 ,n= 100

Matrix model B
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Wishart Matrix, N= 200 ,n= 500
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Large Covariance Matrices

Wishart Matrix, N= 1600 ,n= 4000
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Large Covariance Matrices : Maréenko-Pastur's theorem

Wishart Matrix, N= 1600 ,n= 4000

ER F\
Matrix model .
\
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entries b
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Figure : Mar&enko-Pastur’s distribution (i
red)

n

Mar&enko-Pastur’s theorem (1967)

"The histogram of a Large Covariance Matrix converges to
Margenko-Pastur distribution with given parameter (here 0.4)”




Large Non-Hermitian Matrices

Matrix model

Let X be a N x N matrix with i.i.d.
entries

EX;; =0, ElX;[2=1

and consider the spectrum of matrix
- 1
Yy = \/NXN as N — o

> In this case, the eigenvalues are
complex!
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Matrix model
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Non-hermitian matrix eigenvalues, N= 100
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Large Non-Hermitian Matrices : The Circular Law

Matrix model

Let X be a N x N matrix with i.i.d.
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Large Non-Hermitian Matrices

1000

Non-hermitian matrix eigenvalues, N:

Matrix model

Let X be a N x N matrix with i.i.d.

entries

(wnuoads)wy

EX;; =0, ElX;[2=1
and consider the spectrum of matrix

Xy as N — oo

1
VN

Yy =

In this case, the eigenvalues are

complex!

>

Re(spectrum)

The circular law (in red)

Figure :

Theorem: The Circular Law (Ginibre, Girko, Bai, Tao & Vu, etc.)

‘ The spectrum of Yy converges to the uniform probability on the disc ‘
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> Data Analysis (Wishart, 1928)
> Theoretical Physics (from the '50s - Wigner, Dyson, Pastur, etc.)

> Pure mathematics (from the late '80s - non-commutative probability, free
probability, operator algebra - Voiculescu, etc.)

> Graph theory (spectrum of the Laplacian)

> Wireless communication (Telatar, 1995 - Verdd, Tse, Shamai, Lévéque, a Parisian
group with Loubaton, Debbah, Najim, etc.)

Current trends

> Statistics in large dimension (Bai, Bickel & Levina, Ledoit and Wolf, etc.)

> Pure mathematics: universality questions, operator algebra (Tao, Vu, Erdds,
Guionnet, etc.)

» Social networks, communication networks

> Neuroscience (non-hermitian models - G. Wainrib)
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Empirical spectral distribution (ESD)

The spectral theorem

For a Hermitian (symmetric) matrix A,

N
A=U"AU =) \u;u;
j=1

with its real eigenvalues {)\;} and orthonormalized eigenvectors {u;}.
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Empirical spectral distribution (ESD)

The spectral theorem

For a Hermitian (symmetric) matrix A,

N
A=U"AU =) \u;u;
j=1

with its real eigenvalues {)\;} and orthonormalized eigenvectors {u;}.

The ESD

The ESD of A is the normalized counting measure of the eigenvalues:

N

1 1
Ly =— O, thatis, Ly(B)= —#{\; € B}.
N NZE:1 X at is ~N(B) N#{ i }

10



Spectral analysis tool (i): by moment convergence
Example of the semi-circle law
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> The Hermitian Wigner matrix is Yy =

Moment convergence method:

Note. Computation of the empirical moments {m,(N)} relies on heavy combinatorics. L
11




Spectral analysis tool (i): by moment convergence

Example of the semi-circle law

.. . . 1
> The Hermitian Wigner matrix is Yy = ﬁXN
» Moments of its ESD are
N
mp(N) = /17’ Ly (dz) = Z 0 — —trYp.

Moment convergence method:

Note. Computation of the empirical moments {m,(N)} relies on heavy combinatorics. L
11




Spectral analysis tool (i): by moment convergence

Example of the semi-circle law

.. . . 1
> The Hermitian Wigner matrix is Yy = ﬁXN
» Moments of its ESD are
N
mp(N) = /szn(dz Z 0 — —trYp.

Moment convergence method:

1. Prove, in probability or almost surely, that

L T
mp(N) —s m(k) if p=2k,
0 if p is odd

Note. Computation of the empirical moments {m,(N)} relies on heavy combinatorics. L

11



Spectral analysis tool (i): by moment convergence

Example of the semi-circle law

1
» The Hermitian Wigner matrixis Yy = —Xyu
& VN
» Moments of its ESD are
N
mp(N) = /:L‘p L, (dz) = Z = —trYp.

Moment convergence method:

1. Prove, in probability or almost surely, that

12k .
mp(N) m(k) if p=2Fk,
N—o0 0 if p is odd

2. Figure out that these are exactly the moment sequence of the semi-circular law:
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Spectral analysis tool (i): by moment convergence

Example of the semi-circle law

1
» The Hermitian Wigner matrixis Yy = —Xyu
& VN
» Moments of its ESD are
N
mp(N) = /:L‘p L, (dz) = Z = —trYp.

Moment convergence method:

1. Prove, in probability or almost surely, that

12k .
mp(N) m(k) if p=2Fk,
N—o0 0 if p is odd

2. Figure out that these are exactly the moment sequence of the semi-circular law:

2 1 2k . —
/ Z’k/tsc(diﬁ) _ m(k) lfp72k7
9 ) 0 if p is odd

3. Conclude, by Carleman’s criterion, that Ly = psc.

Note. Computation of the empirical moments {m,(N)} relies on heavy combinatorics. L
11
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Spectral analysis tool (ii): The Stieltjes Transform

> The Stieltjes transform of a probability measure 1 on R is

1
S“(Z):/R:p—zu(dw)’ z€CT,

> the transform characterize the measure through the inversion formula: for all
continuity points a, b of p,

1 b
w(la,b]) = — limi‘f/ Su(z+iy) dx ,

T yl0

Examples
1L 1
1. ESD of a H iti trix A1 s = —
of a Hermitian matrix SLy (2) N 12:1 pyp—
. 211 ‘ 1
2. Semi-circle law: s, .(2) = 2—\/4 —22dx = 5 (—z +V22 — 4) .
2 X — Z 4T

3. Mar&enko-Pastur Law:

b —c—z—/(z—a)(z —
Spunmp (2) = / ! ! V(b —z)(x —a)dr = ! ( X b

T — z 2mwcx 2cz

(by convention, \/z has positive imaginary part for z € C)

12



Why does RMT prefer Stieltjes transform ?

» For a Hermitian matrix A,

N
1
spy(2) = Stieltjes transform of <N Z(S)w)
i=1

z| =

N
;)\i—z

13
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Why does RMT prefer Stieltjes transform ?

» For a Hermitian matrix A,

N
1
spy(z) = Stieltjes transform of (N 25/\,11)
i=1
N
1 1
o N ; )\z —Z
1 —1
= —tr(A—2zI .
tr(A =)

> Write
ail af
A= Ly,
(al Al) '
and similarly for the diagonal elements a22,...,ax Ny to get the sequence of
N — 1 dimensional vectors {a;} and principal submatrices {A} };

This shows how matrix algebra helps the study of the ESD of a large matrix A.
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Why does RMT prefer Stieltjes transform ?

» For a Hermitian matrix A,

N
1
s v(z) = Stieltjes transform of | — O,
(o j (x30)
N
1 1
R
! tr (A I~
= —tr(A—=z
N
> Write
(o &
A= 2
and similarly for the diagonal elements a22,...,ax Ny to get the sequence of

N — 1 dimensional vectors {a;} and principal submatrices {A} };

> By Schur complement

1

1 1 &
(2) = —t A—1*1,f§:
SLN(Z) NF( Z) Nkl o z—ak(Ak—ZI) 1ak

This shows how matrix algebra helps the study of the ESD of a large matrix A.
13



Sketched proof of Wigner's semi-circle law

> Now we let

11 12 TNN

A_vy 1 % 1 22 - T2N
SN TN TN

TNN

where {z;; : 7 < j} arei.i.d. with mean 0 and variance 1.

So,
1 1 1

jj = —=T45, a=——=X, Ap=-—
VOUNTT TR TP

X, etc

14



Sketched proof of Wigner's semi-circle law

> Now we let

11 12 TNN

A_vy 1 1 22 - T2N
=YN=—"7=XN=—"=
v N VN

TNN

where {z;; : 7 < j} arei.i.d. with mean 0 and variance 1.
So,
—1 —1 A —1 X t
a;; = Tii, ap = X, = , etc.
“ VN 7 . VN . . VN .

» We have

Z| =
M=

sp (2
Ly (2) apr — z — aj (A — zI)"lay

B
Il
-

I
Z|~
M=

a\~

—1
1 % 1
15Tkl = 2 = X (\/—ka — zI) Xk

14



Sketched proof of Wigner's semi-circle law (cont.)

N
= () = 5

1
» When N — oo, —=xpr — 0;

VN
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Sketched proof of Wigner's semi-circle law (cont.)

spy(2) = —tr

1
» When N — oo, —— 1z, — 0;
VN

>

1
N

« 1 -t
Xy, (—NXk —zI) Xk

1 (I Ifl_li
N \UN NTF =N

1

N tr (\/%Xk —zI
i tr (LX;$ —zI
N \VN
i tr (LX;C —zI
N \VN

15



Sketched proof of Wigner's semi-circle law (cont.)

SLN(Z):itr(LXN—zI)ilziﬁf: 1 -
N \VN NS oo — 2 — dxp (KeXe —#1)
» When N — oo, kak — 0;
VN
| 3
1, 1 -1 1 . 1 —1
ka (ﬁxk — zI) X, = Ntr Xy, (ﬁXk — zI) X
_ itr( ! Xk—zl>7lxkxk
N \VN
~ itr< ! Xk—zI>_1IN,1
N \VN
= itr (kale>7l
N \VN
~  spy(2)
> So sy, (2) does have a limit s(z) satisfying
1 X 2
s = , thatis, s+ zs+1=0.

—z — S8
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Sketched proof of Wigner's semi-circle law (cont.)

1 1 -1 1 X 1
sLN(z)=—tr(—XN—zI) = — g —
N \VN N 4~ 1 ( 1 xkle) xp

1
» When N — oo, —— 1z, — 0;
VN

>
1, 1 -1 1 . 1 -1
ka (ﬁXk — zI) X, = Ntr Xy, (ﬁXk — zI) X
_ itr( ! Xk—zl>7lxkxk
N \VN
~ itr( ! Xk—zI>_1IN,1
N \VN
= i'CI’ (kale>7l
N \VN
~  spy(2)
> So sy, (2) does have a limit s(z) satisfying
1 X 2
s = , thatis, s+ zs+1=0.
—z—s

1
> Solving the equation, we find  s(z) = 5 (7,2 + V22— 4), e Sy (Z) !
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Outline

Large Covariance Matrices
Wishart matrices and Mar&enko-Pastur theorem
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Wishart Matrices |
The model

» Consider a N x n matrix X with i.i.d. entries
EX;; =0, E|X; ?=1.

Matrix X v is a n-sample of N-dimensional vectors:

Xy=[X1 - X with EX 1 X¥ =1y .
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Wishart Matrices |
The model

» Consider a N x n matrix X with i.i.d. entries
EX;; =0, EX; P*>=1.

Matrix X v is a n-sample of N-dimensional vectors:

X]\r = [XAI X,,L] With EX.1X,*1 = I[\r .

Objective
> to describe the limiting spectrum of 1 X X%, as

N
— ———c€(0,00) .
n n—oo

i.e. dimensions of matrix X 5 are of the same order.
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Wishart Matrices |l

The usual case N << n

Assume N fixed and n — co.
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Wishart Matrices |l

The usual case N << n

Assume N fixed and n — co. Since
EX1 X5 =1In,
L.L.N implies

1 1 <&
—X X5 :72 X X%
n NN ni:l 4N

a.s

n—o0

In
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Wishart Matrices |l

The usual case N << n

Assume N fixed and n — co. Since

EX XY =1y,
L.L.N implies
Lxnxy = lix Xr =2
n N R - R n—oo
i=
In particular,

> all the eigenvalues of %XNX}‘\, converge to 1,

In
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Wishart Matrices |l

The usual case N << n

Assume N fixed and n — co. Since

EX . X" =1n,
L.L.N implies
1 I . a.s.
—XnXy ==Y XX 2 Iy
n n i1 n—o0o
In particular,

> all the eigenvalues of %LXNX}‘V converge to 1,

> equivalently, the spectral measure of %XNXR, converges to J7 .
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Wishart Matrices |l

The usual case N << n

Assume N fixed and n — co. Since

EX . X" =1n,
L.L.N implies
1 I . a.s.
—Xn Xy =) XXy 2 Iy
n n i1 n—o0o
In particular,

> all the eigenvalues of %XNX}‘V converge to 1,

> equivalently, the spectral measure of %XNXR, converges to J7 .

A priori observation # 1

If the ratio of dimensions ¢ “\, 0, then the spectral measure should
look like a Dirac measure at point 1.
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Wishart Matrices |l

The case where ¢ > 1

Recall that Xy is N X n matrix and ¢ = lim % .
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The case where ¢ > 1

Recall that X is N X n matrix and ¢ = lim % .

If N > n, then %XNX}‘\, is rank-defficient and has rank n;
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Wishart Matrices |l

The case where ¢ > 1
Recall that X is N X n matrix and ¢ = lim % .

If N > n, then %XNX}‘V is rank-defficient and has rank n;

> in this case, eigenvalue 0 has multiplicity NV — n and the spectral measure writes:

1 X 18 N—n
Ly = — Sy, = — > Oy, -5
N NZ i N; A T N 00

1=1
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The case where ¢ > 1
Recall that X is N X n matrix and ¢ = lim % .
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> in this case, eigenvalue 0 has multiplicity NV — n and the spectral measure writes:
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Wishart Matrices 1l

The case where ¢ > 1
Recall that Xy is N X n matrix and ¢ = lim % .

If N > n, then %XNXTV is rank-defficient and has rank n;

> in this case, eigenvalue 0 has multiplicity NV — n and the spectral measure writes:

1 1 & N-—n
Ly = — O\, = — Ox, 1
N NZ i NZ A T N 00

i=1 i=1

> The limiting spectral measure of L necessarily features a Dirac measure at 0:

N —n 1 N
6o — ([1—=)dg as — —c.
N c n

A priori observation #2

If ¢ > 1, then the limiting spectral measure will feature a Dirac
measure at 0 with weight 1 — (i
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Simulations
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Simulations
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Marcenko-Pastur theorem

Theorem
> Consider a N x n matrix X with i.i.d. entries
EX;; =0, E|X;?>=1.

with NV and n of the same order and L its spectral measure:
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Marcenko-Pastur theorem

Theorem

> Consider a N x n matrix X with i.i.d. entries
EX;; =0, E|X;?>=1.

with NV and n of the same order and L its spectral measure:

N
1 1
cn=———c€(0,00), LN:N;:;;)W; ) )\i:>\i<;XNX

*

N

)
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Marcenko-Pastur theorem

Theorem
> Consider a N x n matrix X with i.i.d. entries
EX;; =0, E|X;?>=1.

with NV and n of the same order and L its spectral measure:
1 Y 1
077':7—>C€(0700)7 LN:N;5A7’ )\7.:>\7,<EXNX

> Then almost surely

Ly —— pvp  in distribution
N,n—oo

*

N

)
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Marcéenko-Pastur theorem
Theorem
> Consider a N x n matrix X with i.i.d. entries
EX;; =0, E|X;?>=1.

with NV and n of the same order and L its spectral measure:

N
1 1 .
enZ — ———ce(000), Ly= 7§:16M , A= N (;XNXJ*V)

> Then almost surely

LN — UMP in distribution
N,n—oo

where p\rp is Maréenko-Pastur distribution:
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Marcenko-Pastur theorem

Theorem
> Consider a N x n matrix X with i.i.d. entries
EX;; =0, E|X;?>=1.

with NV and n of the same order and L its spectral measure:

N
1 1 .
C',L:f—)(JG(O,OO), LN:Nj:EIZS)\i s Ai = N\ <EXNX}(V>

> Then almost surely

Ly —— pvp  in distribution
N,n—oo

where p\rp is Maréenko-Pastur distribution:

—z)(z —a)

1\ * (b
,u,]\qp(dll?) = JE— 50((11) + l[a,b] ({E) dx
c 2mex
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Marcéenko-Pastur theorem
Theorem
> Consider a N x n matrix X with i.i.d. entries
EX;; =0, E|X;?>=1.

with NV and n of the same order and L its spectral measure:

N
1 1
tn = — ———cCE (0700) , Ly = N ;:15)\71 A=A <EXNX

> Then almost surely

Ly —— pvp  in distribution
N,n—oo

where p\rp is Maréenko-Pastur distribution:

+
,u,]\/[p(dll?) = (1 — %) 50((11) +
. a = (1-,/c)?
with { b o= (14402

(b—z)(x—a)

1 dx
2mex [a,8] (2) da

*

N

)

21
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Simulations vs MP distribution

Wishart Matrix, N= 500 , n= 1000, c= 0.5

s
®
© |
o
=
7]
g <
o o
N ]
o
<
=i
r T T 1
0 1 2 3
spectrum

Figure : Histogram of 1 X X7, o2 =1

22



Simulations vs MP distribution
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Simulations vs MP distribution

Wishart Matrix, N=100, n=1000, c= 0.1
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Simulations vs MP distribution
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Simulations vs MP distribution

Wishart Matrix, N=10, n=1000, c= 0.01
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Simulations vs MP distribution
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Remarks |

> Mar&enko-Pastur theorem describes the global regime of the spectrum.
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Remarks |

> Mar&enko-Pastur theorem describes the global regime of the spectrum.

» Convergence in distribution: For a given realization and every test function
¢ : R — R (continuous and bounded), the theorem states:

1N

N > 6n) oot é(z) e (dz)
i=1 o .
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Remarks |

> Mar&enko-Pastur theorem describes the global regime of the spectrum.
» Convergence in distribution: For a given realization and every test function
¢ : R — R (continuous and bounded), the theorem states:

N

1 ,

N E 1 B(As) Voo é(z) e (dz)
iz

» The Dirac measure at zero is an artifact due to the dimensions of the matrix if

N >n (cf. infra) .
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Remarks 1l

What if ¢ N\ 07

» If ¢ — 0, that is n >> N, then
typical from the usual regime
”small dimensional data vs large
samples”.
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» If ¢ — 0, that is n >> N, then
typical from the usual regime
”small dimensional data vs large
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> the support of Mar&enko-Pastur
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Remarks 1l

Marchenko-Pastur Distribution

What if ¢\, 07 .
» If ¢ — 0, that is n >> N, then
. . o | = c=0.9
typical from the usual regime ® =05
"small dimensional data vs large - ¢=0.1
samples” . N = ¢=0.01
> the support of Mar&enko-Pastur S 4
distribution
2 2 =
(1 - V)2, (1+ Vo)
concentrates around {1} and \
— 5 1T
HMP 0 1 - o \\
© T T T T
0 1 2 3
> In accordance with a priori X

information # 1

Figure : MP distribution as ¢ ™\, 0



Extreme eigenvalues of Wishart matrices
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Extreme eigenvalues of Wishart matrices

Convergence of extremal eigenvalues

Recall that [(1 — /)2, (1 4+ /c)?] is the support of MP distribution, then:

1 . S
Ao (;XNX?\;) almost surely (1 + \/6)2’

N,n— o0
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Extreme eigenvalues of Wishart matrices

Convergence of extremal eigenvalues

Recall that [(1 — /)2, (1 4+ /c)?] is the support of MP distribution, then:

1 . .
Ao (;XNXE) almost surely (1 + \/6)2’

N,n— o0

1
)\m‘m (;XNX}‘\,) almost surely (1 B \/5)2,

N,n—o00

under the 4th moment condition: E|X;;|* < co (Bai and Yin, 1988).
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Extreme eigenvalues of Wishart matrices

Convergence of extremal eigenvalues

Recall that [(1 — /)2, (1 4+ /c)?] is the support of MP distribution, then:

1 . .
Ao (;XNX?\;) almost surely (1 + \/6)2,

N,n— o0

1
)\m‘m (;XNX?]) almost surely (1 B \/E)Q,

N,n—o00

under the 4th moment condition: E|X;;|* < co (Bai and Yin, 1988).
Fluctuations of A\pax: Tracy-Widom distribution

We can fully describe the fluctuations of Ayax:
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Extreme eigenvalues of Wishart matrices

Convergence of extremal eigenvalues

Recall that [(1 — /)2, (1 4+ /c)?] is the support of MP distribution, then:

1 Almost s
Ao (;XNX?\;) almost surely (1 + \/6)2’

N,n— o0

almost surely

1
Amin (;XNX7V> (1—+0)?,

N,n—o00

under the 4th moment condition: E|X;;|* < co (Bai and Yin, 1988).
Fluctuations of A\pax: Tracy-Widom distribution
We can fully describe the fluctuations of Ayax:

N2/3
On

1
{/\max (gXNX}(\]) - (1 + Cn) } —> HTW

n—oo

where

N o 1 1/3
= — and =(1 D[ —— +1
c — an N (+ﬁ)< CnJr)

(Johnstone 2001).
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Outline

Large Covariance Matrices

Proof of Mar&enko-Pastur's theorem
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Sketched proof of Maréenko-Pastur's theorem

Recall definition of the Stieltjes transform s,,:

@ - Ly bor (Axwxs -ty )
sn(z) = — = —tr( - —z .
" Ni:l)\i_z N n NN N
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Sketched proof of Maréenko-Pastur's theorem
Recall definition of the Stieltjes transform s,,:

@ 1% 1 Loy s o)
sn(z) = — = —tr( = — 2 .
" Ni:l)\i_z N n VN N

1. As for the semi-circle law, similar steps lead to
1

(1—-cn)—2z— zcnsn(z)

sn(z) ~

2. Therefore, s,, does have a limit s, solution to the fixed point equation:

1 1
s(z) = . semi-circle :  s(z) =

(1—¢)—z—zcs(z) —z —s(z)

3. An explicit solution is given by

—E+(-1)+V(-b)(z—-qa)

2cz

s(z) =

which is s, !
4. By the inversion formula, the density is found to be:

(b—z)(x—a)

2mxc

1 +
pvp (de) = (1 - 7’) do(dz) + L{a,p)(z) dz
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Outline

Spiked models
Introduction and objective
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Introduction

The largest eigenvalue in MP model

Given a N x n matrix Xy with i.i.d. entries EX;; = 0 and E\Xij|2 =1,
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Introduction

The largest eigenvalue in MP model
Given a N x n matrix Xy with i.i.d. entries EX;; = 0 and E\Xij|2 =1,
1 *
Ly ( —XNXy | ——— pmp
n N,n— o0
where p\p has support

Syp = {0} U [(1=V0)?, (1+V0)?]

bulk

(remove the set {0} if ¢ < 1)
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Introduction

The largest eigenvalue in MP model
Given a N x n matrix Xy with i.i.d. entries EX;; = 0 and E\Xij|2 =1,
1 *
Ly ( —XNXy | ——— pmp
n N,n—oco
where p\p has support

Syp = {0} U [(1=V0)?, (1+V0)?]

bulk

(remove the set {0} if ¢ < 1)

Theorem
> Let E|X;;|* < oo, then:

1 ,
Amax <7XNXR,) N“—5> (1++¢)?.
n

,M—00
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Introduction

The largest eigenvalue in MP model
Given a N x n matrix X with i.i.d. entries EX;; = 0 and E|X,;|? = 1,
1 *
Ly | =XNXN ) — pmp
n N,n— o0

where p\p has support

Syp = {0} U [(1=+v0)*, (1+0)?]

bulk

(remove the set {0} if ¢ < 1)

Theorem
> Let E|X;;|* < oo, then:

1 , ‘
Amax <7XNX}*\,> —2 L (1402
n N,n—o0

‘ Message: The largest eigenvalue converges to the right edge of the bulk.
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Spiked Models |

Definition

Let IT be a small perturbation of the identity:
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Spiked Models |
Definition
Let IT be a small perturbation of the identity:
IIy =In +Pxy where Py = 91ﬁ1ﬁf + -+ Qkﬁkﬁz

where £ is independent of the dimensions NV, n.

Consider

Xy =Ty Xy

This model will be refered to as a (multiplicative) spiked model.
Think of ITy as

1+64

Iy = 1+ 0

Very important: The rank k of perturbations is finite
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Remarks
> The spiked model is a particular case of large covariance matrix model with

k
Ry =Ty + Y 6pii,t;
=1
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Spiked Models Il

Remarks
> The spiked model is a particular case of large covariance matrix model with

.
Ry =Ty + Y 6pii,t;
=1

> There are also additive spiked models: X = X + Ax where Ay is a matrix
with finite rank.

> Spiked models have been introduced by lain M. Johnstone in his 2001 paper in
Annals of Statistics to take into account the fact that in many datasets, a small
number of eigenvalues is "far away” the bulk of the other eigenvalues

Objective
» What is the influence of I1 over L (%X\X*\,) ?

» What is the influence of TI over Apax (%XNXT\/) ?
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Simulations I: Single spikes

N= 800, n=2000, sqrt(c)=0.63, theta=[ 0.1 ]
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Figure : Spiked model - strength of the perturbation 6 = 0.1
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Simulations I: Single spikes

N= 800, n=2000, sqrt(c)=0.63, theta=[ 0.5 ]
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Figure : Spiked model - strength of the perturbation 6 = 0.5
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Simulations I: Single spikes
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Simulations I: Single spikes
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Observation #1

If the strength 0 of the perturbation P is large enough, then the limit of

Amax (%X\)N(‘V) is strictly larger than the right edge of the bulk.
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Simulations Il: Multiple Spikes
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Simulations IlI: Multiple Spikes
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Observation # 2

Whathever the perturbations, the spectral measure converges toward Maréenko-Pastur
distribution
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Outline

Spiked models

The limiting spectral measure
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The limiting spectral measure

Theorem

The following convergence holds true: | L (;XNX}“\,) L LN UMP -
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The limiting spectral measure

Theorem

The following convergence holds true: | L (lf(l\f(*\,) — % v -
n : N,n—o0

The theorem is a simple consequence of the Cauchy (Weyl) interlacing theorem which
states that the eigenvalues of a finite-rank perturbated Hermitian matrix (or a finite
rank reduced submatrix) are interlaced with those of the original Hermitian matrix.

Remark

The limiting spectral measure is not sensitive to the presence of spikes
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Outline

Spiked models

The largest eigenvalue
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Behaviour of the largest eigenvalue

We consider the following spiked model:

Xy = Iy +0d6*) /2 Xy with |Jd]|=1.
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Behaviour of the largest eigenvalue
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which corresponds to a rank-one perturbation.

54



Behaviour of the largest eigenvalue

We consider the following spiked model:
Xy = (Iy +0da*)/? Xy with ||Jd]=1.
which corresponds to a rank-one perturbation.

Theorem

Recall that ¢ = limy ;00 %

54



Behaviour of the largest eigenvalue

We consider the following spiked model:
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Behaviour of the largest eigenvalue

We consider the following spiked model:
Xy = (Iy +0da*)/? Xy with ||Jd]=1.
which corresponds to a rank-one perturbation.

Theorem

Recall that ¢ = limy ;00 %

> if |6 < \/c |then

1o su s
Amax = Amax (7XNXN> s (1 + ﬁ)Z
n N,n— oo

Amax —22— (1460) (1+5)

;M — 00 %
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Behaviour of the largest eigenvalue

We consider the following spiked model:
Xy = Iy +0d6*) /2 Xy with |Jd]|=1.
which corresponds to a rank-one perturbation.

Theorem

Recall that ¢ = limy o0 %
1o <. a.s. 2
>\max = >\max 7XNXN EE— (1 + \/E)
n N,n— o0

Amax —225 (140) (14 5) > (1+ v0)?

;M — 00 6

[ Baik-Ben Arous-Péché (2005); Baik and Silverstein (2006) ]
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Phase transition Phenomenon

limit of lambda_max as a function of theta
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> If 6 < \/c then

1, & .
AIn'(,\x (7X]\'X*'t\j) E— (1 + \/E)Z .
n
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Phase transition Phenomenon

limit of lambda_max as a function of theta

lambda_max

o*(1++¢)?

0 Jc
theta
Figure : Limit of largest eigenvalue \,,.x as a function of the perturbation 0

> If 6 < \/c then

1o & .
Amax (7X]\'X*'t\j) E— (1 + \/E)Z .
n

N,n— o0

Below the threshold /¢, Amax (%XNX*,) asymptotically sticks to the bulk.
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Phase transition Phenomenon

limit of lambda_max as a function of theta
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Phase transition Phenomenon

limit of lambda_max as a function of theta

lambda_max

o*(1++¢)?

0 Jc
theta
Figure : Limit of largest eigenvalue \,,.x as a function of the perturbation 0

> if 0 > \/c then

i 1 ¥ C
lim Amax <ZXNXN> = (1 + 9) (1 + 5)

N,n
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Phase transition Phenomenon

limit of lambda_max as a function of theta

lambda_max

o*(1++¢)?

0 Jc
theta
Figure : Limit of largest eigenvalue \,,.x as a function of the perturbation 0

> if 6 > \/c then

i lg x* c .
}%}Ehmax <EXNXN> — (1 +9) (1 + 5) > (1 n \/E)Z

Above the threshold /¢, Amax (%)N(;\X*\J asymptotically separates from the bulk.
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Spiked models

Spiked models: Summary
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» IIy a small perturbation of the identity [Example: IIy = Iy + 0uu*]
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Summary |
Spiked model
Let

» IIy a small perturbation of the identity [Example: IIn = Iy + 0uu*]
» X a N X n matrix with i.i.d. entries

then )N(N = H}V/Q

XN

is a (multiplicative) spiked model

Global regime

The spectral measure L (%XN)NC}‘\,) converges to Mar&enko-Pastur distribution

1~ ~
almost surely, Ly <NXNX}§,> £

— 7 UMP
N,n—oo

Largest eigenvalue

> if |0 < \/c| then A\max (%XN&E) converges to the right edge of the bulk
> if| 0> (%)N(Nf(j‘v) separates from the bulk

\ﬁ: ) then )\max
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Summary |
Spiked model

Let

» IIy a small perturbation of the identity [Example: IIn = Iy + 0uu*]
» X a N X n matrix with i.i.d. entries

then | Xy = H}V/QXN is a (multiplicative) spiked model

Global regime

The spectral measure L (%XN)NC}‘\,) converges to Mar&enko-Pastur distribution:

1~ -
almost surely, Ly <—XNX?V> % HUMP
N N,n—o00

Largest eigenvalue

> if , then Amax (%XN&E) converges to the right edge of the bulk
> if , then Amax (%XN)N(TV) separates from the bulk

Amax (%XNX}‘O —(1+6)(1+ g)
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Summary |
Spiked model

Let

» IIy a small perturbation of the identity [Example: IIn = Iy + 0uu*]
» X a N X n matrix with i.i.d. entries

then | Xy = H}V/QXN is a (multiplicative) spiked model

Global regime

The spectral measure L (%XN)NC}‘\,) converges to Mar&enko-Pastur distribution:

1~ -
almost surely, Ly <—XNX?V> % HUMP
N N,n—o00

Largest eigenvalue

> if , then Amax (%XN&E) converges to the right edge of the bulk
> if , then Amax (%XN)N(TV) separates from the bulk

Amasx (%xzviw = (1+6) (1+2) > 1+ vey?
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The hypothesis testing problem
Statistical Setup

let

y(k) = { oW (k) under Ho fork=1:n

hs(k) +ow(k) under H;

The y(k)'s are n observations all either drawn under Hy or H;. Here,
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» w(k)is a N x 1 complex gaussian white noise process:

W(k) ~ CN(0,Iy)

» hisa N x 1 deterministic and unknown vector representing the characteristics of
the propagation channel

> s(k) represent the signal; it is a scalar complex Gaussian i.i.d. process
Objective

Given n observations (y(k),1 < k < n), and the associated sample covariance matrix

. 1
R, =-Y,Y] where Y, =[y(1), - ,y(n)] isNxn,
n

the aim is to decide Hy (no signal) or H (single-source detection) in the case where

N
— —c€e(0,1) e ’ Dimension N of observations o< size n of sample
n
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Neyman-Pearson procedure
Likelihood functions

Notice that Y, is a N x n matrix whose columns are i.i.d. vectors with covariance
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In under Hy ,
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Neyman-Pearson procedure
Likelihood functions

Notice that Y, is a N x n matrix whose columns are i.i.d. vectors with covariance
matrix defined by

S — In under Hy ,
N hh* + 021y under H
hence the likelihood functions write
1 n A
pO(YN§0'2) = mexp (_ﬁtrRN>
- 1 . N -1
p1(Yn;hio?) = —exp <—%trRN (hh* +021N) )
o

[7’I'N det (ﬁﬁ* + 0'21N>]
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~ 1 [ A o . -1
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Neyman-Pearson procedure

Likelihood functions

Notice that Y, is a N x n matrix whose columns are i.i.d. vectors with covariance

matrix defined by

By = { BR* + 2Ly

hence the likelihood functions write

po (YNi, 0'2) W

R 1

1 n .
N €XP (—;tr RN>

p1(Yn;hio?) =

Neyman-Pearson

In case where o2 and h are known, the
Likelihood Ratio Statistics

p1(Yn;h;o?)
po(Yn;o2)

provides a uniformly most powerful test:

[ﬂ'N det (ﬁﬁ* + UQIN)]

under Hy ,
under Hy

n . . — 5 -1
7 eXp 7§trRN (hh + o IN)

Fix a given level o € (0,1)

The condition over the Probability of
False Alarm P(H; | Hyp) < « sets the
threshold

the maximum achievable power
1—P(Ho | H1)

is guaranteed by Neyman-Pearson.



The GLRT

The Generalized Likelihood Ratio Test

In the case where h and o2 are unknown, we use instead:

Sub,2 i P1 (Yn,02, h)

n =

sup,2 po(Yn,o?)

which is no longer uniformily most powerful.
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The GLRT

The Generalized Likelihood Ratio Test

In the case where h and o2 are unknown, we use instead:

Sub,2 i P1 (Yn,02, h)

n =

sup,2 po(Yn,o?)

which is no longer uniformily most powerful.

Expression of the GLRT
The GLRT statistics writes

1-N)n
(-4

Ly =

A n ~
Amax (Rn) 1— 1 Amax (Rn)
LR N LuRr
N n N n

Amax (Rn)

and is a deterministic function of | 7}, = -
LirR
~virRn

)(N—l)n
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Outline

Statistical Test for Single-Source Detection

Asymptotics of the GLRT
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Limit of the test statistics T,

Under Hy

Recall T, = Au{ax(?’n) .
~rr R,
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Limit of the test statistics T}, -

Under HQ

Recall T}, = /\“{"“‘7@{”) . We have:

Wtr n

Amax (Rn)

a.s.

N,n—oco

o?(14/e)?
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Under HQ

Recall T}, = /\“{"‘;‘7@{”) . We have:
~

n

Amax (Rn)

1. 1 )
Ntl’Rn = m%hfw‘

a.s.
N,n—oco
a.s.

N,n—oco

o?(14/e)?

72



Limit of the test statistics T}, - |

Under HQ

Recall T}, = /\“{"“‘7@{”) . We have:
~irRn

1

hence

A!Ilax(Rn) a5 0'2(1—‘,-\/6)2
N,n—oco
A 1 a.s. 2
—trRy, = — Y |Vi)?
N i Nn;' ”‘ N,n—oc0 7
Amax (R s.
T, = trlxa (A n) a.s (1+\/E)2
~irRn N,n—o0

72



Limit of the test statistics T,

Under H;

Let

the Signal-to-Noise (SNR) ratio.
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_ |mf?
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the Signal-to-Noise (SNR) ratio.
> if snr > /c then

T, —%% (14 snr) (
N,n—o00

L4

snr

)

73



Limit of the test statistics T,

Under H;

Let

R

the Signal-to-Noise (SNR) ratio.
> if snr > /c then

Ty, —=% 5 (14 snr) (1+ L) > (1++0)?
N,n—o00 snr

73



Limit of the test statistics T,

Under H;

Let

R

the Signal-to-Noise (SNR) ratio.
> if snr > /c then

T, —%% (14 snr) (1 + 7) > (1+ \/5)2
N,n—o00 snr

> if snr < \/c then
Tp —=2 5 (14 /c)?

,M—00

( Phase transition )
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Limit of the test statistics T;, - Ill

Remarks
» Condition is automatically fulfilled in the classical regime where

N fixed and n—>o00 as c¢= lim — =0.
n—oo n

74



Limit of the test statistics T;, - |l

Remarks
» Condition is automatically fulfilled in the classical regime where
N fixed and n—>o00 as c¢= lim — =0.
n—oo n

> In the case N,n — oo, recall that the support of Mar&enko-Pastur distribution is
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Limit of the test statistics T;, - Ill

Remarks
» Condition is automatically fulfilled in the classical regime where
N fixed and n— oo as c= lim — =0.
n—oo n

> In the case N,n — oo, recall that the support of Mar&enko-Pastur distribution is

(1= Vo), (1+ )7,

The higher \/c, the larger the support‘

One can interpret \/c as a level of the asymptotic noise induced by the data
dimension (=asymptotic data noise).

Hence the rule of thumb

‘ Detection occurs if snr higher than asymptotic data noise. ‘
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Figure : Influence of asymptotic data noise as \/c increases
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Simulations
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Simulations
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Simulations
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Simulations
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Sketched proof - |
> We are interested in the largest eigenvalue of the matrix model
iy, Y}
%tr(Rn)
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Sketched proof - |

> We are interested in the largest eigenvalue of the matrix model

1 *
“YnY5
RPN
wFir(Rn)
asymptotically equivalent to

1Y,Y; -

— as —tr(R

n o2 N (Bn)

> Notice that

Y, = %1, ,¥n] with ¥; ~CN(0,hh* +o%Iy)

Hence

YN:<HH*+021N)1/2XN - Yn

76



Sketched proof - |

> We are interested in the largest eigenvalue of the matrix model

iy, Y}
%tr(Rn)
asymptotically equivalent to
1Y,Y;, o a.s 2
— —tr(R
n o2 @ N r(Rn) N,n—00 7
> Notice that
Y. =¥, ,¥n] with ¥ ~CN(0,hh* + c%Iy)
Hence
172 Y A
Yy = <HH*+UQIN) Xy = Noo= <1N+ 3 > XN
g g

- 1/2
[
Iy + 7uu XN

with X a NV X n matrix having i.i.d. entries CN(0,1) and 4 = %
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Sketched proof - |

> We are interested in the largest eigenvalue of the matrix model

iy, Y}
%tr(Rn)
asymptotically equivalent to
1Y,Y;, o a.s 2
— —tr(R
n o2 @ N r(Rn) N,n—00 7
> Notice that
Y. =¥, ,¥n] with ¥ ~CN(0,hh* + c%Iy)
Hence
172 Y A
Yy = <HH*+UQIN) Xy = Noo= <1N+ 3 > XN
g g

- 1/2
[
Iy + 7uu XN

with X a NV X n matrix having i.i.d. entries CN(0,1) and 4 = %

Conclusion

Spectrum of %YnY;‘L follows a spiked model with rank-one perturbation ‘
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Elements of proof - Il

We can now conclude:
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Elements of proof - |l

We can now conclude:

>\I!)'1X (ﬁ"’) -
‘ ! (Hy) _c 2
%tr(f{n) N,n—o0 (1+ snr) (1 + snr) > (1+Ve)

and the test statistics discriminates between the hypotheses Hy and H;.
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Elements of proof - Il

We can now conclude:

>\ mnax <ﬁu’) )
i ' (Hy) o )
%tr(f{n) N,n—o0 (1 + snr) (1+ Snr) > (1++/¢)

and the test statistics discriminates between the hypotheses Hy and H;.

s (Ra) )

%tr(f{n) N,n— o0

(1++0e)?

Same limit as under Hp. The test statistics does not discriminate between the

two hypotheses.
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Outline

Statistical Test for Single-Source Detection

Fluctuations of the GLRT statistic
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Fluctuations of the GLRT under Hy - |

» The exact distribution of the statistics

o Amax (Rn)

Ly =
~NEr R,

is needed to set the threshold of the test fo a given confidence level o € (0,1):

Py (LN > ta) =a,
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Fluctuations of the GLRT under Hy - |

» The exact distribution of the statistics

o Amax (Rn)

Ly =
~NEr R,

is needed to set the threshold of the test fo a given confidence level o € (0,1):
Pry (LN > ta) = o,
but hard to obtain.
> We rather study the asymptotic fluctuations of L, under the regime
N

N,n—o00, — —ce(0,1).
n

» L is the ratio of two random variables. We need to understand
o the fluctuations of )\max(Rn) under Ho,

o the fluctuations of %tr lf{n under Hy.
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Fluctuations of the GLRT under Hy - 1l

Fluctuations of Amax(Ry): Tracy-Widom distribution at rate N2/3
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Fluctuations of Amax(Ry): Tracy-Widom distribution at rate N2/3

N2/3
On

[ () =1} o P
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Fluctuations of the GLRT under Hy - 1l

Fluctuations of Amax(Ry): Tracy-Widom distribution at rate N2/3

N2/3

{,\max (Rn) —02(1+/an) } —> Prw
where

=" and Oy =020 +\/a)(7+1>1/3

Cn
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Fluctuations of the GLRT under Hy - |l

Fluctuations of Amax(Ry): Tracy-Widom distribution at rate N2/3

N2/3

{)\max (Rn) — 0 (1 + Cn } —> IFDTW
where

N 1/3
n — d © - n - 1
¢n = - an N=0"(1+e )(\ﬁ + )

Cn

Otherwise stated,

N ON _
Amax (Rn> = 0'2(1 + VvV Cn)2 N2/3 XTW + OP( 2/3)

where X 7y is a random variable with Tracy-Widom distribution.



Details on Tracy-Widom distribution

Tracy-Widom distribution is defined by

> its cumulative distribution function

Priv(@) =ep{ = [ (u- 2P du]

> where

q"(z) = zq(z) +2¢3(x) and q(z) ~ Ai(z) as © — oo .

x +— Ai(z) being the Airy function.
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Details on Tracy-Widom distribution

Tracy-Widom distribution is defined by

> its cumulative distribution function

Priv(@) =ep{ = [ (u- 2P du]

> where
¢"(x) = zq(z) +2¢3(x) and q(z) ~ Ai(z) as © — oo .

x +— Ai(z) being the Airy function.

Don't bother .. just download it

> For simulations, cf. R Package ’RMTstat’, by Johnstone et al.

> Also, Folkmar Bornemann (TU Miinchen) has developed fast matlab code
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Tracy-Widom curve

020 025 0.30
1 1 1

dtw(x)

Figure :

Tracy-Widom density
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Tracy-Widom curve

Marchenko-Pastur and Tracy-Widom Distributions

2.0

0.0
1

® Marchenko-Pastur
= Tracy-Widom

Figure

. Fluctuations of the largest eigenvalue Amnx(ﬁn) under H
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Fluctuations of the GLRT under Hy - Il

Fluctuations of %tr(f{n): Gaussian distributions at rate N

N,n—o00

N
N{;];,\i(ﬁn)a?} — £ L N(O,T),
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Fluctuations of the GLRT under Hy - Il

Fluctuations of %tr(f{n): Gaussian distributions at rate N

N
1 T ) r
N{N;/\Z(Rn) o }m/\/(o,r),

Otherwise stated:

N

. T
S MR =+ Yz op(v )
=1 N

1 .
—tr(Rp) =
e (B

z|=

where Z is a random variable with distribution A (0, 1).
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Fluctuations of the GLRT under Hy - IV

Conclusion

» Fluctuations of L, = A"‘%(;") are driven by /\max(Rn):

N n

N2/3 . ) r _ 1 1/3
— —(1++/en i = (14en) [ —
eN { N ( —+ \/c ) } m} PTW with @N (1+ Cl) (\/a + 1)
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Fluctuations of the GLRT under Hy - IV

Conclusion

» Fluctuations of L, = >"“1“‘7(R”) are driven by /\max(ﬁn):
~

n

N2/3 5 r . 1 1/3
= Ly — (1 o Prw ith =(1 Cn, — +1
e {Ln (+\/<)}m> Tw with Oy (+v()<ﬁ+)

n

> In order to set the threshold a, we choose t7 as
n 2 (:)N Tracy-Widom
ta:(lJr\/Cn) +N2/3ta

where t,, Tracy-Widom is the corresponding quantile for a Tracy-Widom random
variable: )
P{XTW > taTracy-Wldom} < a.
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Outline

Statistical Test for Single-Source Detection

The GLRT: Summary
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Summary

» Consider the following hypothesis

) o (k)
y(k) = { B s(k) + ow(k)

U.Ildel‘ H(]
under H4

fork=1:n
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Summary

» Consider the following hypothesis

(k) = ow (k) under Ho
~ | hs(k)+ow(k) under H

then the GLRT amounts to study

%tr Rn

n

fork=1:n
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Summary

» Consider the following hypothesis

. _ ow (k) under Hg L
(k) = { hs(k) + ow(k) under H; fork=1:n
then the GLRT amounts to study
o Amdx(f{n)
n — liA
~irRn
[h|?

> The test statistics 7}, discriminates between Hg and H; if | snr = —
ag

> e
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Summary

> Consider the following hypothesis

. ow (k) under Hg
k) = = for k=1:1
(k) { hs(k) + ow(k) wunder Hy o "
then the GLRT amounts to study
o Anl'dx(li'r7,)
n — 17/\
ﬁtr R,
- . . 12
» The test statistics 7}, discriminates between Hy and H; if | snr = — > Ve
o

> The threshold can be asymptotically determined by Tracy-Widom quantiles.
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Summary

> Consider the following hypothesis

. ow (k) under Hg
k) = = for k=1:1
y (k) { hs(k) + ow(k) wunder Hy o "
then the GLRT amounts to study
o Amax(lin)
n — ]7/\
~irRn
- . . N
» The test statistics 7}, discriminates between Hy and H; if | snr = — > Ve
o

> The threshold can be asymptotically determined by Tracy-Widom quantiles.

> The type Il error (equivalentlty power of the test) can be analyzed via the error
exponent of the test

1
€= lim ——logPy, (Ly <ta) .

N,n—oo n
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Outline

Applications to the MIMO channel
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MIMO channel

MIMO = Multiple Input Multiple Output

It is a channel with multiple antennas at the emission and reception

)

K antennes
1

0

> The received signal writes: where

> X is the signal that is sen

t,

e

)_

Récepteur

N antennes

> ¥ is an additive gaussian white noise with variance o2,

> H is the random gain matrix. Its distribution is associated to the features of the

channel.
> ¥ is the received signal.
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Features of the Gain matrix H

> The entry [H];; represents the gain between emitting antenna j and receiving

antenna .

> The gain matrix H is random.
> The distribuon of H depends on the nature of the channel:
> Absence of correlation between antennas

1 .
H = —X [X]i; & entrées i.i.d., variance 67

VK

> Correlation between emitting antennas (D*/2) and receiving antennas (D'/?)

1 1/2~=1/2 .
H = —D'/°XD Rayleigh channel
e (Rayleig )

> Existence of a line-of-sight component (matrix A deterministic) + correlations

1 1/2~=1/2 .
H = —D XD + A Rice channel
VK ( )
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Performances

v

v

Shannon’'s mutual information (per antenna)

7 o

v
. 1 A (HH*
I:%logdet(IJrHIg ) =5 10g<1+1(72)>
=1

= depends on the spectrum of matrix HH*.

Ergodic Mutual Information:

Ergodic capacity:

HQH*)
02

SUPQ >0, L tr Q<1 Elog det (1 +

Regime of interest:

{ # emitting antennas} oc { # receiving antennas}
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Questions
> Behaviour of the empirical measure of the eigenvalues:
1N
=N D O, (amr)
i=1
> Explicit expression for the logdet:

1 HH* A HH*
N log det <[+ o2 > Zlog ( >

> Fluctuations?

> Ergodic capacity = Optimisation?

> Asymptotic regime: . Formally

N
N, K — oo, E—MﬁE(O,OO)

It's the asymptotic regime of large random matrices.
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Empirical measure: the white case
Channel H with i.i.d. entries
_ dN)
)=/ HM;L(Z

> Martenko-Pastur Stieltjes transform g(z satisfies:

20262 (2) + (2 + (c = 1)6H)g(2) +1=0 .

» Convergence of the mutual information:

1 HH* 1 X X, (HH*)
T =  —logdet (T = — 1 14 7
oot (145 ) = 5 3o (10 24
A x
- Zapprox = /103 (1 + 07) pnp (dz)
oo /1
= / (— — g(fw)) dw
Jo2 \w
» Explicit formula for the limit:
_ 9 2, 1 1+c0g(—0?) 0%g(—0?)
Zapprox = —logo”g(—0") + —log ) T 13 c0%9(—0)

> Important results:

1. |Elogdet (1 T H‘g*) o min(N, K)

o

2. Speed of convergence [for Gaussian entries]: | 7¢ — Zopprox = O (ﬁ)
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Rice channel

The gain matrix writes in this case:

H= ﬁDl/QXf)l/Q +A

> We have again | 7° — 73, . — 0 | where

1 < 1 -
I pror = N log det {1 +6D + EA(I + 6D)‘1A*}

1 ~ a'2n ~
+ - log det (I + 5D) ]
and (5n,5n) unique solutions of the system:

5= Ly [D (—z(I +5D)+ AT+ 515)—1A*) _1}

5 Lo {f) (—z(1+513) +A*(I+5D)*1A)71}

3

n

> moreover, T — Tapprox = O (ﬁ) for Gaussian entries
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Ergodic capacity and precoding

MIMO channel with precoding

> The channel becomes HQl/Q, mutual information becomes

HQH*
=)

7°(Q) = —E log det <IN +

> We can still compute a "large random matrix” approximation
I3 = Toprox(Q)

approx approx

= N log det |:I +4D + Q1/2 I+ 5DQ) 1Q1/2A*}

+N log det (1 + 5DQ) -
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Ergodic capacity

The ergodic capacity is obtained by optimizing the mutual information with respect to
linear precoders Q'/2 with finite energy:

C = supQ>“ LreqQ<t KElogdet (IN + HQH )

Approximating problem

Consider the following approximating problem:

— .
Cappron = SUPQ 50, 1 1 @1 Liprox(Q)

Results
1. We have C — Capprox — 0
2. Q* = argmax Z°(Q) close to Q" 0x = argmax Zg, . (Q)

3. Exists an iterative algorithm (i.e. quick) to compute Capprox and Q™5 ox



Simulations

> The iterative algorithm outperforms Paulraj & Vu algorithm with respect to the complexity
(average time per iterations - in s):

| N=n=2| N=n=4| N=n=38
Paulraj-Vu 0.75 8.2 138
iterative algo. 1072 2 7.1072

20 T T
—5—K=0.1,p=0.98, p=0.99

—&—K=0.1,p=0.8, p=0.5

—%—K=1,p=08, p=0.5

Capacity (bps/Hz)

5 10 15
SNR (dB)

Figure : Comparing with Vu & Paulraj algorithm
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