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e First-order methods for composite convex optimization
@ Randomized coordinate descent method
@ Adaptive sampling

@ Expected separable overapproximation



Problem and Motivation




Problem Setup

min [F(x) = f(x) 4+ ¥(x)]

xERN

o f:R" = R is convex and smooth:
1
f(x+h) < f(x)+ (VF(x), h) + EHAth’ Vx,h € R"

@ ¢ :R" — RU {400} is proper, convex, closed and
separable:

h(x) = ZW(X’)



Motivation: Empirical Risk Minimization

ERM:

n
. def 1 T
P = — i(A; A
min, | P() = 236147 w) + 2w
@ supervised learning/image processing...;

@ train a linear predictor w € RY;

@ n training samples A, ..., A, € RY;
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Motivation: Empirical Risk Minimization

ERM:

min [P(w) £ 23" 6:(ATw) + Ag(w)
i=1

weRd

supervised learning/image processing...;

°
@ train a linear predictor w € RY;

@ n training samples A, ..., A, € RY;
°

convex loss function ¢; : R — R;
o ex.: Squared loss (¢i(a) = %(a — b;)?), Logistic loss
(¢i(a) = log(1 + €?)), ...

@ convex regularizer g : RY — R U {+o0};
e ex.: Ly regularization (g(w) = ||w||1), L2 regularization

(g(w) = 3[lwlf), .-
D



Primal Dual Formulation

o ERM:

weRd

min [P(w) 23 AT )+ Ag<w>]

@ Dual problem of ERM:

n

def 1 . 1
D) e [ 25 40| - 1S e (—a
max D(a) = =g <)\n ;Zl ,a,> ; .521 o7 (—ai)

1
.

smooth if convex
g strongly convex and separable



Primal Dual Formulation

o ERM:

weRd

min [P(W) def % Z ¢,(AI.TW) + )\g(W)]

@ Dual problem of ERM:

n

def 1 . 1
D) e [ 25 40| - 1S e (—a
max D(a) = =g <)\n ;Zl ,a,> ; .521 o7 (—ai)

1
.

smooth if convex
g strongly convex and separable

@ Optimality conditions:

An
OPT2: of = —V¢; (Al w*), Vi=1,...,n

OPT1: w*=Vg* <iAa*)



First-order methods for non-strongly

convex composite optimization




Problem Setup

min [F(x) = f(x) 4+ ¥(x)]

xERN

o f:R" = R is convex and smooth:
1
f(x+h) < f(x)+ (VF(x), h) + EHAth’ Vx,h € R"

@ ¢ :R" — RU {400} is proper, convex, closed and
separable:

P(x) = Z W (x)



Proximal Gradient

1. Parameters: vector v € R7 |

2: Initialization: choose xy € dom ¢

3: for k > 0 do

4:  for i€ [n] do

5 g = argmin,en {(Vif (). x)+ S x—xf 2+ (x)}
6: end for

7: end for
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Proximal Gradient

1. Parameters: vector v € R7 |

2: Initialization: choose xy € dom ¢

3: for k > 0 do

4:  for i€ [n] do

5 g = argmin,en {(Vif (). x)+ S x—xf 2+ (x)}
6: end for

7: end for

@ proximal operator of ¢’ is easily computable.

@ a.k.a. explicite-implicite/forward-backward method C
splitting algorithm [Lions & Mercier 79|, [Eckstein &
Bertsekas 89]



Accelerated Proximal Gradient

1. Parameters: vector v € RT |
2: Initialization: choose xy € dom(%)), set zg = xp and

t90 - ].
3: for k > 0 do
4 for i€ [n]do
5: zj .1 = argmin,cp {(ViF((1 — 0k)xk + Okzi), z) +
5z — 7|2 4 (2)}
6: end for
7 Xieyr = (1 — Ok)xk + Ozigr
4 2 p2
B G — VI
9: end for

[Nesterov 83, 04], [Beck & Teboulle 08](FISTA), [Tseng 08],



Accelerated Proximal Gradient

1. Parameters: vector v € RT |
2: Initialization: choose xy € dom(%)), set zg = xp and

t90 - ].
3: for k > 0 do
4 for i€ [n]do
5: zj .1 = argmin,cp {(ViF((1 — 0k)xk + Okzi), z) +
5z — 7|2 4 (2)}
6: end for
7 Xieyr = (1 — Ok)xk + Ozigr
4 2 p2
B G — VI
9: end for

[Nesterov 83, 04], [Beck & Teboulle 08](FISTA), [Tseng 08],

[Su, Boyd & Candés 14], [Chambolle & Pock 15], [Chambolle

& Dossal 15], [Attouch & Peypouquet 15]
D



Convergence Analysis

If vi = L for any i € [n] with L > A\pax (AT A), then the iterates
{xx} of the proximal gradient method satsify:

Llixo — x|

2k

Theorem (Tseng 08)

If vi= L for any i € [n] with L > A\nax(AT A), then the iterates
{xk }« of the accelerated proximal gradient algorithm satisfy:

F(xx) — F(x) < , Vk > 1.

2L|x0 — X2
F(x) — F(x.) < 2Llx0 = x|

< SRy vk > 1.




Randomized Coordinate Descent

Randomized coordinate descent
1. Parameters: vector v € R7 |

2: Initialization: choose xy € dom 1)

3: for k > 0 do

4:  Generate random i € [n] uniformly

5 Xk+1 < Xk

6 Xy = argminen { (Vif (x). x) + %x — xi 2 +2(x)}
7: end for
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Randomized Coordinate Descent

Randomized coordinate descent
1. Parameters: vector v € R7 |

2: Initialization: choose xy € dom 1)

3: for k > 0 do

4:  Generate random i € [n] uniformly

5 Xk+1 < Xk

6 Xy = argminen { (Vif (x). x) + %x — xi 2 +2(x)}
7: end for

o v = Diag(ATA) [Nesterov 10], [Shalev-Shwartz &
Tewari 11], [Richtarik & Takac 11]
@ Other variants [Wright 15]

o Cyclic (Gauss-Seidel) [Canutescu & Dunbrack 03]
o Greedy [Wu & Lange 08] [Nutini et. al 15]



Parallel Randomized Coordinate Descent

Parallel coordinate descent

1: Parameters: 7 € [n], vector v € R

2: Initialization: choose xy € dom 1)

3: for k > 0do

4:  Generate a random subset Sy C [n] of size 7 uniformly
Xk41 € Xk
for i € S, do

] i Vi i i
s = g min { (Vi) %) + 2 — <+ 000}
X€

New

8: end for
9: end for




Parallel Randomized Coordinate Descent

Parallel coordinate descent

1: Parameters: 7 € [n], vector v € R

2: Initialization: choose xy € dom 1)

3: for k > 0do

4:  Generate a random subset Sy C [n] of size 7 uniformly
Xk41 € Xk
for i € S, do

] i Vi i i
s = g min { (Vi) %) + 2 — <+ 000}
X€

New

8: end for
9: end for

max(n—1,1)
where w is the maximal number of nonzero elements in each row
of A.

v= (1 + M) Diag(ATA)  [Richtarik & Takac 13]



Convergence Analysis

Theorem (Richtarik & Takac 13)
Define the level-set distance

Ry (%0, %) E max{|lx = x.|[? : F(x) < F(x0)}-
Under the assumption

R (X0, X)) < +00,
we have:
E[F(x)] — F(x.)

2nmax{R,(xo, xx), F(x0) — F(x:)}
~ 2nmax{R,(x0, %)/ (F(xx — F(x.)),1} + 7k




Accelerated Parallel Proximal Coordinate Descent

1. Parameters: 7 € [n], vector v € R
2: Initialization: choose xy € dom(%)), set zp = xg and 0y = 7/n
3: for k >0 do

4.

Yk = (1 — Qk)Xk + eka

5. Generate a random subset Sy C [n] of size 7 uniformly
6: Zy41 < Zk
7. for ie S, do
i - Oxvin i i
5 zh = argmin {(Vif(). 2) + 20z 2+ ()}
ze
9: end for
10: X1 = Y + 0kn/7 - (Zk1 — 2i)
rys 2 2
11: Oy = —9k+;9k &
12: end for

[Nesterov 10], [Lee & Sidford 13], [Fercoq & Richtarik 13]...



Convergence Analysis

Theorem (Fercoq & Richtarik 13)
Choose

—1)(w;j—1
_Z (r ) A2 i=12....n
maxn—l 1) J

The iterates {xx} of APPROX for all k > 1 satisfies:

E[F (%) — F(x.)]

4 [(1 - %) (F(x0) — F(x.)) + %HXO - x*H"C}
= (k—1)7/n+2)? '
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Accelerated Proximal
Gradient




Parallel Coordinate Descent

(choose subset of size 7 uniformly)

Proximal Gradient l

J

Randomized
Coordinate Descent

Accelerated Parallel Proximal Coordinate Descent

(choose subset of size 7 uniformly)

Accelerated Proximal
Gradient




Randomized coordinate descent method

with arbitrary sampling

Q. and Richtarik. Coordinate descent with arbitrary sampling I
algorithms and complexity, Optimization methods and software, 2016.



Sampling

@ Sampling is a set-valued random variable:

Sc{1,...,n}
@ Probability vector:

pi=P>ies), ie{l,....n}
@ Proper sampling:
pi=P>ie8) >0, Vie{l,... n}

@ Serial sampling: A

P(|S|=1)=1
@ Uniform sampling:
_ElSH

n

pL="+"=pn



1: Parameters: proper sampling $ with probability vector p =
(p1,-..,pn) €[0,1]", v € R7 ., sequence {6 }i>0 C (0, 1]

2: Initialization: choose xp € dom and set zy = X

3: for k > 0 do

4: Yk = (1 — Qk)Xk + 04z R

5. Generate a random set of blocks 5, ~ S

6: Zk41 < Zk

7 for i€ S5, do

8 Orv;

2y = argmin {(Vif (). 2) + 2|12 = | + 0/(2)}
zeR Pi
9: end for

100 X1 = Yk + 0Pt - (Zkg1 — 24)
11: end for



Efficient Implementation

1: Parameters: proper sampling S with probability vector p =
(P1,---,pn), v € RT,, sequence {fk}i>0

Initialization: choose x° € dom 1, set 722 = x% % = 0 and
ag=1

3: for k>0do

4 Generate a random set of coordinates S, ~ S
5 ShHL Sk kL ok

6: for i€ S, do
7

8

9

N

AzF = arg mingeg {tV,-f(akuk +z2F) + 9“” |t|2 + i(zF + t)}

10: g1 = (]. - 0k+1)0&k
11: end for
12: end for

13: OUTPUT: xK1 = 2k 4 auk + G, p~ 1 (2K — 2K)



Convergence Analysis

Lemma

>
3

Let S be an arbitrary proper sampling and v € R, be such
that

E[f(x + hyg)] < F(x) + (VF(x), h), + ||h||vop, Vx, h € R".

Let {0y} k>0 be arbitrary sequence of positive numbers in
(0,1]. Then for the sequence of iterates produced by the
algorithm and all k > 0, the following recursion holds:

2 0?2
Bl |Bura + Z124 = 0y

2 62 2
< At Bl ~ x| — 0P F)




Convergence Analysis

|

Lemma

Let S be an arbitrary proper sampling and v € R, be such
that

E[f(x + hyg)] < F(x) + (VF(x), h), + ||h||vop, Vx, h € R".

Let {0y} k>0 be arbitrary sequence of positive numbers in
(0,1]. Then for the sequence of iterates produced by the
algorithm and all k > 0, the following recursion holds:

2 0?2
Bl |Bura + Z124 = 0y

2 62 2
< At Bl ~ x| — 0P F)

ﬁkZFi)(k; if v =0 or 6, < minp;




Convergence Results

= or

(f,8) ~ ESO(v) + { v =

Ok < min p;

o 9k = (90

k k=1 _t

E|F X +902tzlx —F*S C

1+ (k—1)6 (k—1)fp +1

o for = VT
4C
E[F(x*)] — F* <
[F )] = ((k —1)fo + 2)?
where

02
C=(1-0)(F(x°) = F)+ 5°||><0 —x"[I;

vop—2



Corollaries-Parallel Coordinate Descent

Corollary

The iterates {x} of Parallel Coordinate Descent satisfy:

E[F(x)] = F(x.)

< =t | (1= 5) (Flo) = Fex) + 5l = 2

Compare with
o [Richtarik & Takac 13]:

mj\x{Hx — X2 F(x) < F(x)} < +o0
o [Lu & Xiao 14] (7 = 1):

n
n—+ k

E[F(x)] = F(x.) < (F(x0) = F(x)) + %HXO —x}



Corollaries-Smooth Minimization

Corollary

If ) = 0, then the iterates {xy} of accelerated coordinate
descent satisfy:

< P k> 1.
(k+1)?




Corollaries-Smooth Minimization
Corollary

If ) = 0, then the iterates {xy} of accelerated coordinate
descent satisfy:

Define L; = ATA; fori=1,...,n.
Corollary

If each step we update coordinate i with probability

p,'N\/L_,',

k L2 VL IX° = x|?
then E [f(x¥)] — f* < (k+ 1) )

v

k> 1.




Corollaries-Smooth Minimization

Serial sampling § v = L:

. 2x =Xz,
E [f(x*)] — f* < (k+1)§p . k> 1.




Corollaries-Smooth Minimization

Serial sampling § v = L:

L 2X0 = xH(IT -
E[f(x")] — f* < (k+1)2p . k>1.

The probability minimizing the right-hand side is:

1
o _(Lill = xPIP)s

pi = — , I=1,...,n.

* 1
> (Lill = xP1)

Jj=1




Stochastic dual coordinate ascent with

adaptive sampling

Cisba, Q. and Richtarik. Stochastic dual coordinate ascent with adaptive
sampling, International Conference on Machine Learning, 2015.



Primal Dual Formulation

e ERM:

min [P(W) def % ZQS,-(ATW) + /\g(w)]

weRd

@ Dual problem of ERM:

n

def 1 1 «
max D(a) = —Ag (E;Aiai> - ;;Qﬁi(—ai)

]

N J/

smooth ~y—strongly convex
and separable



Primal Dual Formulation

e ERM:

weRd

min [P(W) def % Z@(AITW) + /\g(w)]

@ Dual problem of ERM:

n

d_ef * ]' . 1 *
max D(a) = —Ag (E;A:Oﬁ> - ;;@(—a;)

]

N J/

smooth ~y—strongly convex
and separable

e Optimality conditions:

An
OPT2: o = —V¢; (ATw"), Vi=1,...,n

OPT1: w*=Vg* (iAa*>



Stochastic Dual Coordinate Ascent

Primal solution
For t > 0:
1. wt = Vg*(ﬁAozt)

Dual solution

For t > O:
1. aftl = ot
2. Randomly pick i; € {1,...,n};
3. Update aft:
aif? = rgrmax {—1(-0) — (A7w)s — L0 5 op )




Stochastic Dual Coordinate Ascent

Primal solution
For t > 0:
1. wt = Vg*(%Aozt)

Dual solution
For t > O:

1 at'H — Oét'

2. Randomly pick i; € {1,...,n} according to a fixed
distribution p;

3. Update ™" ||A ”2
ehl —*(=B) — (ATw t2
ot = argmax{ ~01(-5) — (ATw)s - 15215 - ot}




Uniform and Importance Sampling

Uniform sampling ( sbca:

1
Pi = Prob(it = I) ~ E,

Iteration complexity:

é (n+ maxX; ||A,||2>
Ay




Uniform and Importance Sampling

Uniform sampling ( sbca:

1
Pi = Prob(it = I) ~ E,

Iteration complexity:

. . 12
5 (n+ max; ||A;]l )
Ay

Importance sampling (' Iprox-SDCA:

pi = Prob(i; = i) ~ ||Ai]|* + Ayn,

Iteration complexity:

. LS5~ A2
O(”“Z'TWH H)




Adaptive Sampling

@ Each dual variable has a natural measure of progress:

ki o + V¢i(AiTWt)v i=1...,n

i

called dual residue.
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Adaptive Sampling

@ Each dual variable has a natural measure of progress:

ki o + V¢i(AiTWt)v i=1...,n

i
called dual residue.
e Optimality conditions:

1
OPT1: w*=Vg* <EAQ*)

OPT2: af = —V¢; (A,-TW*) , Vi€ [n].

e A sampling distribution p is coherent with " if for all
i€ [n]:
h,t #0 = p; > 0.



Stochastic Dual Coordinate Ascent

Primal solution
For t > 0:
1. wt = Vg*(%Aozt)

Dual solution
For t > O:

1 at'H — Oét'

2. Randomly pick i; € {1,...,n} according to a fixed
distribution p;

3. Update ™" ||A ”2
ehl —*(=B) — (ATw t2
ot = argmax{ ~01(-5) — (ATw)s - 15215 - ot}




Adaptive Stochastic Dual Coordinate Ascent

Primal solution
For t > 0:
1. wt = Vg*(%Aozt)

Dual solution
For t > O:

1 at'H — Oét'

2. Randomly pick i; € {1,...,n} according to a distri-
bution p' coherent with dual residue x';

3. Update ™" ||A ”2
ehl —*(=B) — (ATw t2
ot = argmax{ ~01(-5) — (ATw)s - 15215 - ot}




Convergence Theorem

Theorem (AdaSDCA)
Consider AdaSDCA. If at each iteration t > 0,

def n\y > kP

(s, pt) % < min p,
5P S oD AR T )T~ i
then
1+ .
E[P(w') — D(at)] < = H(1 — 6, (D(a*) — D(a9))
t k=0

for all t > 0 where

G def E[0(xf, p*)(P(w') — D(af))]
' E[P(w?) — D(a?)]




Optimal Adaptive Sampling Probability

p*(k') = argmax 6(x',p)
s.t. pc Ri, Z,-p,- =1
p is coherent with x'

0 t < min i
(H 7P) - i:nl.tl;téop



Optimal Adaptive Sampling Probability

p*(k') = argmax 6(x',p)
s.t. p < Ri, Z,-p,- =1
p is coherent with x'
0 t < min i
(H 7P) - i:nl.tl;téop
Relaxation:
p (k') = argmax 6(x‘,p)
s.t. p < Ri, 27:1 pi=1
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Optimal Adaptive Sampling Probability

p*(k') = argmax 6(x',p)
st. peRY, Y, pi=1
p is coherent with x°

0(k', p) < min p;
(k. p) < min,

Relaxation:
n\y > ki
S nipo(P) EP(IAP + nA7)

st.  peR}, YT . p=1

p*(k') = argmax

(B°(K°)i ~ |Ki [V [IA? + ny, Vi € [n].



Exact Relaxation for Squared Loss

Theorem (AdaSDCA)
Consider AdaSDCA. If at each iteration t > 0,

def n\y > kP

0 /it, = S min it7
) S P T PIATE + )~ iido”
then
1+ .
E[P(w') — D(at)] < = H(1 — 6, (D(a*) — D(a9))
t k=0

for all t > 0 where

G def E[0(xf, p*)(P(w') — D(af))]
' E[P(w?) — D(a?)]




Exact Relaxation for Squared Loss

Theorem (AdaSDCA for squared loss)

Consider AdaSDCA. If all the loss functions {¢;} are squared
loss functions, then

t

BIP(w!) - D(a")] < 7 []( ) (D@) - D(a®))

t k=0
for all t > 0 where

G def E[0(x, p*)(P(w') — D(a"))]
' E[P(w?) — D(a?)]




Exact Relaxation for Squared Loss

Theorem (AdaSDCA for squared loss)

Consider AdaSDCA. If all the loss functions {¢;} are squared
loss functions, then

t

BIP(w!) - D(a")] < 7 []( ) (D@) - D(a®))

t k=0
for all t > 0 where

G def E[0(x, p*)(P(w') — D(a"))]
' E[P(w?) — D(a?)]

Optimal adaptive sampling probability is given by:

(B°(K°)i ~ |Ki [V [IAi? + ny, Vi € [n].



AdaSDCA

Dual solution

For t > 1:
1. Compute dual residue k': xf = af + Ve;(AT wt)

Set pi ~ [wj|\/[IAil]* + nhy

2. Randomly pick i; € {1,..., n} with probability proportional to

pt
3. Update o} HA H2
aizargrygg{ ¢ (B) — (A w™)B — |6 — !})
BER-., J




Heuristic and Efficient Variant of AdaSDCA

AdaSDCA+:
For t > 1:
1. If mod(t,n) =0, then
Option I: Adaptive Sampling Probability
Compute dual residue xf: kf = af + V(A wt)

Set p; ~ |r;[\/[|Aill? + nAy

Option Il: Importance Sampling Probability
Set pf ~ [|Ai]|* + nAy

2. Randomly pick i € {1,...,n} according to p*
3. Update o

4. Update Probability: p*** ~ (pi,... pt/m,...p})




Computational Cost per Epoch

ALGORITHM COST OF AN EPOCH

SDCA O(nnz)
IPROX-SDCA |  O(nnz+nlog(n))
ADASDCA O(n - nnz)

ADASDCA+ O(nnz +nlog(n))

Table 1: One epoch computational cost of different algorithms



Numerical Experiments

@ <Ada+ Opt.|
NN =Ada+ Opt.lI
Optimal
=Y ~SDCA
o
2.9 <AdaSDCA
2
o}
a .o )
S a2 Ny & -
I N N U
QO
T T T T T T T T T
30 35 40

15 20 25
Number of iteration/n
Figure 1: w8a dataset d = 300, n = 49749, Quadratic loss with
Ly regularizer, A\=1/n,v = 1.



Numerical Experiments

G\ <Ada+ Opt.|
~ X =Ada+ Opt.ll
Optimal
2 | ~SDCA
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=
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Q
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Time/s

Figure 2: w8a dataset d = 300, n = 49749, Quadratic loss with Lj
regularizer, A\ =1/n,v = 1.



Numerical Experiments

<Ada+ Opt.l
=Ada+ Opt.ll
N Optimal
< ~SDCA
O A+
N
3
.
; .
N
s
\Q T T T
25 30 35

0 5 10 15 20
Number of iteration/n

Figure 3: covl dataset: d = 54, n = 581,012. Smooth Hinge loss
with L, regularizer, A\ =1/n,v = 1.



Numerical Experiments

<Ada+ Opt.|
=Ada+ Opt.ll
N Optimal
o ~SDCA
T
O A
29
(4]
>
o .
N v
N
o~
'\Q T T T
0 20 40 0 80 100

6
Time/s
Figure 4: covl dataset: d = 54, n = 581,012. Smooth Hinge loss
with L, regularizer, A =1/n,v = 1.



Numerical Experiments

S =Ada+ Opt.| 2
N
<Ada+ Opt.l 10
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@ The function f admits an expected separable
overapproximation (ESO) w.r.t. 5 and v € R’}, denoted
as (f,5) ~ ESO(v), if

1
E[f(x + h[§])] < f(x)+ (Vf(x), h), + 5”/7”2 Vx,h e R".

vop?

@ Recall the smoothness assumption:

1
f(x+ h) < f(x) +(VFf(x), h) + 5HAhH?, Vx, h € R"

o (,5) ~ ESO(v) if
E[[| A |IP] = hTE[I{ AT Alglh < ||AlI2,,, VheR

vop?
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Deriving Stepsize

Find v € R’} scuh that
E[I{ AT Alg] < Diag(v o p)

o E[IJATAlg] = Po(ATA) where Py =P(i € 5,j € 5)
o Let A=(A],...Al)T, then

Po(ATA) =) Po(AlA)
j=1

@ Denote
JJ' = {I € [n] . Aj,' 7& 0},

then

m

Po(ATA)=) Po(AlA) ZP[J
j=1



Deriving Stepsize

Theorem (ESO with coupling between sampling and data)

Let S be an arbitrary sampling and v = (vi, ..., v,) be defined
by:

n

? I

vi=Y N(nSAL, =12, ..
j=1
where

N(INS) :=max{h"Pyh : h' Diag(Ppy)h < 1}.

heRn

Then (f,5) ~ ESO(v).
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Deriving Stepsize

Tight bounds for:
e serial sampling N(JN §) = 1;
@ uniform distribution over subsets of fixed size 7 (aka
7-nice sampling) ([Richtarik & Takac 13])

VRPN TER L)

@ distributed sampling with datas equally partitionned on ¢
processors, each of which draws independently a 7-nice
sampling ([ Fercoq, Q. , Richtarik & Takac 14])

NUINS) < (1 + 7—11) (1 + ETLZL(_n/lz(i I 3)




Conclusion

@ Unified convergence analysis for Randomized coordinate
descent method
o Accelerated Randomized coordinate descent method
o Arbitrary sampling
@ Convergence condition (ESO)+Formulae for computing
admissible stepsizes

@ Adaptive sampling using duality gap



	Problem and Motivation
	First-order methods for non-strongly convex composite optimization
	Randomized coordinate descent method with arbitrary sampling
	Stochastic dual coordinate ascent with adaptive sampling
	More on ESO

