MINIMAL RATIONAL CURVES ON
MODULI SPACES OF STABLE BUNDLES

XIAOTAO SUN

INTRODUCTION

Let C be a smooth projective curve of genus g > 2 and £ be a line bundle on C'
of degree d. Let M :=Uc(r, L) be the moduli space of stable vector bundles on C'
of rank r and with the fixed determinant £. Assume that (r,d) = 1, then M is a
smooth projective Fano variety with Picard number 1. For any projective curve on
M, we can define its degree with respect to the ample anti-canonical line bundle
—Kys. The first result of this paper determines all rational curves of minimal
degree passing through a generic point of M, which answers a question of Jun-Muk
Hwang (see Question 1 in [Hw]).

Theorem 1. Any rational curve in M passing through the generic point has degree
at least 2r. If g > 3, then it has degree 2r if and only if it is a Hecke curve.

On the other hand, a general problem (see Problem 1.13 of [Ko]) about low
degree rational curves on Fano varieties is: Does there exist a rational curve ¢, on
any smooth Fano variety X with Picard number 1, such that —Kx - ¢ equals to the
index of X 7 According to [Ko|, we call such curve a line on X. The existence
of lines is already implicit in Section 2 of [Ra] and part of Lemma 3.1 was made
there (thanks to J.-M. Hwang and S. Ramanan for pointing this out). By using
the proof of Theorem 1, we determine all lines on the moduli space M. There are
unique 0 < r; < r, dy such that rid —rdy = 1. Let 1o = r —rq, do = d — d
and Uc(r1,dy) (resp. Uc(re, ds)) be the moduli space of stable vector bundles with
rank 71 (resp. r3) and degree dy (resp. dz). Let R C Uc(ri,dr) X Uc(ra, da) be
the closed subvariety consisting of (Vi, Va) satisfying det(V1) ® det(Va) = L. We
construct a projective bundle g : P — R. The lines in its fibers ¢! (o) = Pr172(9—1)
are simply called lines on P.

Theorem 2. There exist a morphism ® : P — M such that for any line P* C P its
image ®(P) is a line on M and ®|p1 : P — ®(P1) is its normalization. Conversely,
for any line £ C M on M, there is a line P* C P on P such that ®(P') = /.

When g > 4, the variety of Hecke curves passing through a generic point [W] € M
is isomorphic to a (double) projective bundle P(Qy) over C. Thus Theorem 1 can
be used to give a simple proof of non-abelian Torelli theorem (Corollary 1.3) and
the description of automorphisms of Uex(r, £) (Corollary 1.4).
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The proofs of our theorems are elementary. If F is a vector bundle on X = C' x P!
that induces the morphism of P! to M. Then a simple computation shows that its
degree equals to the second Chern class of End(FE). If the restriction of E to the
generic fiber of ruled surface f : X — C' is semistable, then one sees easily that
c2(End(E)) is at least 2r, and it is 2r if and only if co(E) = 1 (after tensoring F
by suitable line bundle pulling back from P!). This will force E to be an extension

0— V45 EL Oy (—1) =0,

where V' is a bundle on C'. That is, after performing elementary transformation on
E once along one fiber, E becomes a pullback of a vector bundle on C'. For any
x € P!, restricting above sequence to C' x {x} and denote F |cx{z} by Er, we have

00—V 7’—I> Em & O{p}xpl(—l)w — 0.

Let ¢y : V), — By, = E(p ») be the homomorphism between the fibers at p induced
by the sheaf map i,. Then the right Hecke modifications {(W*er(=))V: 2 € P1} of
V along {ker(t;) C V,; = € P'} are exactly {E,; z € P'}. Thus the given curve
is a Hecke curve by definition. If the restriction of E to the generic fiber is not
semistable, then using relative Harder-Narasimhan filtration we are able to prove
that co(End(E)) > 2r when g > 3. In the case g = 2, we can only prove that
c2(End(E)) > 2r.

In Section 1, we recall the definitions of Hecke curves and show the two applica-
tions of Theorem 1. We prove Theorem 1 and Theorem 2 respectively in Section 2
and Section 3.

§1 HECKE CURVES

For a vector bundle V' on a smooth curve C' and a subspace K C V),, where V,,
is the fiber of V' at a point p € C, there two canonical constructions called Hecke
modifications defined as follows:

(I) We call VI := Ker(V — V,, — V,/K) the left Hecke modification of V along
K cV, at p € C, which is the vector bundle satisfying

0-VELV S (V,/K)®0, =0

with ¢,(V,}) = K.

(IT) Let (V¥)" be the left Hecke modification of V¥ along (V,/K)¥ C V,’. Note
that (V,,/K)¥ = K=, the subspace annihilated by K. We call its dual, denoted by
VE the right Hecke modification of V along K at p € C, which satisfies

0—-VZVyE_, (VE/(EH)Y)Y 20, —0

with ker(¢,) = K.

In what follows, we adopt notations of [Hw| and [HR]. For any [W] € M, let
P(WW) be the projective bundle consisting of lines through the origin on each fiber.
For p € C and ¢ € P(W)/), define a vector bundle W€, which is the left Hecke
modification of W along ¢+ C W, by

(1.1) 0— WS =W — (W,/(t)®0, =0
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where (1 denotes the hyperplane in W), annihilated by ¢. Let ¢ : Wzg — W, be the

homomorphism between the fibers at p induced by the sheaf injection W¢ — W.
The kernel ker(v) of ¢ is a 1-dimensional subspace of W and W is in fact the right
Hecke modification of W¢ along ker (1) C WS. Let H be a line in P(W}) containing
the point [ker(c)]. For each point [I] € H corresponding to a 1-dimensional subspace
[ C Wg, define a vector bundle W' by

(1.2) 0— W — (We)Y — ((WC);,//ZJ‘)) ® 0, —0

where I+ C (W¢))/ is the hyperplane annihilating I. The bundle (WHY is the right
Hecke modification of W¢ along | C Wg and, for | = ker(¢),

(1.3) Wher() o~ v,
Thus, if it happens that (W')Y is a stable bundle for each [I] € H, then
{77 1en)

will define a rational curve passing through [W] € M. Such a rational curve in M
is called a Hecke curve. By [NR], it can be shown that a Hecke curve is smooth and
has degree 2r with respect to —Kj;. We will see in the following that, for generic
(W] e M, (WYY is always a stable bundle for each [I] € H.

Given two nonnegative integers k, ¢, a vector bundle W of rank r and degree d
on C is (k,¥)-stable, if, for each proper subbundle W’ of W, we have

deg(W')+k  deg(W)+k—¢
rk(W’) r '
The usual stability is equivalent to (0, 0)-stability. The dual bundle of a (k, ¢)-stable
bundle is (¢, k)-stable. The proofs of following lemmas are easy and elementary.

Lemma 1.1 ([NR]). If g > 4, a generic point [W] € M corresponds to a (1,1)-
stable bundle W .

Lemma 1.2 ([NR]). Let 0 - V — W — O, — 0 be an ezact sequence, where
O, is the 1-dimensional skyscraper sheaf at p € C. If W is (k,{)-stable, then V is
(k, ¢ — 1)-stable.

If we choose a generic point [W] € M such that W is a (1, 1)-stable bundle, then
W¢ is a (1,0)-stable bundle by Lemma 1.2 and (W¢)V is a (0, 1)-stable bundle.
Thus {(Wl)v; [ € H} is a family of stable bundles, which defines a Hecke curve
passing through [W] € M. Let P(WY) — C be the projection and Qu be its
relative cotangent bundle. The projective bundle P(Qy) over P(WV) is a smooth
projective variety of dimension 2r — 2. Then the variety of all Hecke curves through
[W] € M is naturally isomorphic to P(Qy) 2 C. Thus Theorem 1 can be used to
prove the following known results (see [NRa|, [KP] and [HR]).

Corollary 1.3. Let C' and C’ be two smooth projective curves of genus g > 4. If
Uc(r, L) 2 Uci (r, L), then C = C".

Proof. Let [W'] € Uc:(r, L) be the image of [W]. Then Uc(r,L) = Ue (1, L)
induces an isomorphism between the varieties of rational curves of degree 2r pass-
ing through [W], [W’] respectively. By Theorem 1, it induces an isomorphism
P(Quw) =2 P(Quw-) between the varieties of Hecke curves passing through [W], [W’]
respectively. Thus it induces an isomorphism C' = C”.
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Corollary 1.4. Let C be a smooth projective curves of genus g > 4. If r > 2,
then the group of automorphisms of Uc(r, L) is generated by automorphisms of the
following two types:

(1) W — v*W where v is an automorphism of C.
(2) W — W & 7 where T is an r-torsion of the Jacobian J2.

When r = 2, additional generators of the type (3) are needed: (3) W — WY @ L
where L is a line bundle of degree d with L®? = L%2.

Proof. Let o be an automorphism of M = Ux(r, L) and [W] € M a generic point.
Then ¢ induces an isomorphism G : P(Qw) = P(Q(w)). Thus there is an auto-
morphism v : C' = C (being independent of generic [W] since Aut(C) is finite) such

that

P(Qw) —— P(Qpw))

.| |

_r C

and G induces either P(WV) = P(c(W)Y) or P(WV) = P(o(W)) (see Lemma 5.4
of [HR]). Thus either W = v*¢(W) ®@ 7 or W = ~*¢(W)Y @ L for lines bundles
7, L. Since W and o(W) have the fixed determinant £, 7, L must satisfy the
requirements in the corollary. The proof is finished.

§2 GENERIC MINIMAL RATIONAL CURVES ON THE MODULI SPACE

For any rational curve P! C M through a general point of M, let E be the
vector bundle on X := C x P!, which induces the embedding P! C M. Let 7 :
X = C x P! — P! be the projection and E C End(E) be the subbundle of trace
free. Then, since 7, (E) = 0, we have Ths|pr = R'm.E and, by using Leray spectral
sequence and Riemann-Roch theorem,

—X(E) = x(R'mE) = =K - P!+ (r? = 1)(g — 1).
By using x(E) = deg(ch(E) - td(Tx))2, noting ¢1(E) = ¢1(End(E)) = 0, we get
(2.1) — Ky Pl = 3(R) = 2rco(E) — (r — 1)ey (E)? := A(E).

Let f: X = C x P! — C be the projection. Then, for any torsion free sheaf F
on the ruled surface X, its restriction to a generic fiber f~1(£) = X has the form

n
E|Xs - @OXg(ai)EBmv ap > -0 > Q.
i=1

The a = (a?”, ry @) is called the generic splitting type of E. In our case,
tensoring E by 7*O(—a,,), we can (and we will) assume that a,, = 0. Any such E
admits a relative Hardar-Narasimhan filtration

O=FyCF,C---CFE,=F
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of which the quotient sheaves F; = F;/FE,;_; are torsion free with generic splitting
type (") respectively. Then it is easy to see that
QCQ(E) =2 Z CQ(FZ‘) + 2 Z C1 (Ei_l)cl (FZ)
i=1 i=1
=2 Z CQ(FZ‘) +c (E)Q — Z Cl(FZ‘)Z.
i=1 i=1
Thus

Let F/ = F; @ *Op1(—«;) (i = 1, ...,n), thus they have generic splitting type
(0%74) respectively. Let ¢1(F;) = f*Oc(d;)+7*Op1 (1), where O (d;), Op: (ri;)
are divisors of degree d;, r;a; on C, P! respectively. Here we remark that for any
torsion free sheaf F; on X we have c1(F;)|f-1(e) = c1(Fj|f-1(e)) for general points
on C (resp. ¢1(F;)|r-1(e) = c1(Fi|z-1(e)) for general points on P'). Therefore d;
are the degrees of F; on the general fiber of 7 respectively. Without confusion,
we denote the degree of F; (resp. FE;) on the generic fiber of m by deg(F;) (resp.
deg(FE;)). Consequently, u(FE;), u(E) denote the slope of restrictions of E;, E to
the generic fiber of 7 respectively. Note that

ca(F}) = co(Fy) = (ri = 1)er (F)m* Opi () = ca(Fy) — (i — 1)dioy,
c1(F;)? = 2r;d;a; and ¢ (E)? =2d Y. | ma, we have

A(E) =2r (Z CQ(Fi/) + ,LL(E) ZT‘Z'OQ‘ — Zdl&z> .
i=1 i=1 i=1
Let rk(FE;) denote the rank of FE;, note that r; = rk(FE;) — rk(F;—1) and d; =

deg(E;) — deg(F;_1), we have

n n—1
(2.2) A(E) =2r (Z c2(F)) + ) (u(E) — p(E;)) (o — Oéi+1)7“/f(Ez‘)> :

i=1 i=1
Lemma 2.1. Any torsion free sheaf £ of rank r on a ruled surface f : X — C,
with generic splitting type (0%97), must have c2(E) > 0 and c2(E) = 0 if and only if
E = f*V where V s a locally free sheaf on C'.

Proof. The argument is in fact contained in the proof of Lemma 1.4 of [GL]. If £
has rank r = 1, then ¢o(E) = £(EVY/E) > 0 and ¢2(€) = 0 if and only if £ =EVY is
a pullback of line bundle on C.

If £ has rank r > 1, one can choose a rank 1 subsheaf O(D) C & such that
E/O(D) is torsion free and ¢;(O(D)) = D consists of fibers. Since £/O(D) has
generic splitting type (O@(r_l)), by induction hypothesis on rank, we can assume
that c2(E£/O(D)) > 0 and it is zero if and only if £/O(D) is the pullback of a local
free sheaf V; on C. Hence

(&) = c2(O(D)) + 2(E/O(D)) + D - (e1(€) = D) = 2(£/O(D)) + c2(O(D)) = 0,

and c3(€) = 0 if and only if co(O(D)) = c2(E/O(D)) = 0. Then O(D) = Ox (D),
E/O(D) = f*Vi, which imply that £ has constant splitting type (09") on each
fiber. Thus & = f*V for some locally free sheaf V on C.
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Proposition 2.2. If the rational curve passes through the generic point, then
A(E) > 2r.

When g > 3, then the equality holds if and only if E has generic splitting type (097)
and c2(E) = 1.

Proof. If A(E) < 2r, then, by the equality (2.2), we have n > 2 and

n n—1
(2.3) Y eF) =0, D (uE) - w(E)) (i — ai)rk(E;) < 1.

i=1 i=1
By Lemma 2.1, there are vector bundles V; on C such that F; = f*V; @ 7*Op1 (e;),
where V; has degree d; and rank r;. Thus the rational curve P! parametrizes a
family of stable bundles that are obtained by iterating extensions of V; and V1.

Such bundles in M form a locally closed subset Réi)) of codimension at least

n—1 n—1

di+---+d; d
(g—l) ;(Tz’—i—l_"' : '+Tn)7“i—|—n—1+;(m—;)(7’1+' : '+T¢)(7‘¢+1 +7’i).
By (2.3), deg(E;) =dy + - -+ d;, rk(E;) =r1 + - - - + 7;, we have
n—1
dy+---+d; d
(24) Z(m = )t ) (i 78) > g4+ T

i=1
where r; 11 + r;, = max{r;;1 + r;|i = 1,...,n}. Thus, by using the fact that
xy > x +y — 1 for any positive integers x and y, we have

n—1 n—1
C’odim(REfj))) > (g—2) Z(Tﬂ—l + )T+ Z(riﬂ +-Frp)ri+n—22>0.
i=1 i#io

For all possible {r;};, {d;}; satisfying (2.4), we get a countable locally closed
subsets Rgf)) of positive codimensions. What we proved above is that if A(E) <
2r, then the rational curve falls in these given locally closed subsets of positive
codimension. Thus if the rational curve passes through the generic point, then
A(E) > 2r.

If E has generic splitting type (097) and co(E) = 1, then it is obvious that
A(E) = 2r. Conversely, if A(E) = 2r and the rational curve passes through the
generic point, then it is easy to see that n = 1 under the assumption g > 3.
Otherwise the rational curve will fall in a Rgi)) of positive codimension. The proof

is finished.

From now on, we assume that E has generic splitting type (09"). If E has a
jumping line X, = f~1(p) (p € 0), i.e.,

Elx, =P Ox,(3)%", B> - > B,
=1

with the type (877, -+, B%5™) different from (097). Then we can perform the
elementary transformation on E along X, by taking F' to be the kernel of the
(unique surjective) homomorphism ¢ : E — E|x, — Ox, (0,)%™. Clearly,

(2.5) 0—F — E-%0x, (8,)%" — 0.

An easy calculation yields
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Lemma 2.3. ¢i(F) =c1(E) —rp, X, and co(F) = co(E) + 1,0,
Proof. By the exact sequence (2.5), the computation is straightforward.

Lemma 2.4. If co(FE) = 1 and E has generic splitting type (0°7), then E has
exactly one jumping line X, and the elementary transformation F along X, 1is
1somorphic to f*V for a vector bundle V over C'.

Proof. The E has at least one jumping line. Otherwise, E will be a pullback of a

vector bundle over C, which is impossible. At any jumping line X, with splitting

type (B, ---, 9™, we must have (8, < 0. Hence, by Lemma 2.3 and Lemma

2.1, F has a unique jumping line X,, with 3, = —1 and r,, = 1. Then F has no
jumping line, thus F' = f*V for a vector bundle V over C.

Therefore by Proposition 2.2 and Lemma 2.4, if A(E) = 2r and g > 3, we have
(2.6) 0— fV —E-% 0y, (~1) =0

Proposition 2.5. If ¢ > 3 and A(E) = 2r, then the rational curve is a Hecke
curve.

Proof. For any x € P!, let E, denote E|cx{z}- Restrict the sequence (2.6) to
7 Yz) = C x {x}, we get

(2.7) 0—V — E, 25 0x (~1), — 0.

Let vy : Vp — E.|p = E(p 5y be the homomorphism between the fibers at p induced
by the sheaf injection V' — E, in sequence (2.7). Then the kernel ker(i;) is a
1-dimensional subspace of V,. When = moves on P!, these [ker(t;)] € P(V,) form
a line H C P(V,). Note that here V corresponds to W¢ in (1.1). It is easy to check
that, as the same as (1.3), for any z € P!

Wk:er(%) ~ E:\c/
Thus {(W’“ET(LI))V; [ker(t,)] € H} defines the given rational curve. That is, the

given rational curve is a Hecke curve.

Theorem 2.6. Any rational curve of M passing through the generic point of M
has at least degree 2r with respect to —Ky;. If g > 3, then it has degree 2r if and
only if it is a Hecke curve.

Proof. By (2.1), the degree —Kjs - P! equals to A(E). Then, by Proposition 2.2,
it has degree at least 2r. If it has degree 2r, then by Proposition 2.5 it must be a
Hecke curve. It was known that any Hecke curve has degree 2r. We are done

§3 LINES ON THE MODULI SPACES

Since (r,d) = 1, it is easy to see that there are unique d; and 0 < r; < r such
that rid —rd; = 1. Let ro =7 —1r1 and do =d — d;. Then

(31) Tld — 'T‘dl = 1, 7“1d2 — d17”‘2 =1.

Let Uc(r1,d1) (resp. U (T2, dz)) be the moduli space of stable vector bundles with
rank 7 (resp. 7r3) and degree dy (resp. dz). Then, by (3.1), they are smooth
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projective varieties and there are universal vector bundles Vi, Vs on C' X U (r1,dy)
and C x Uc(re, ds) respectively. Consider the morphism

det(e®)x det(e) (o)®(e)
5 —_—

Uc(r1,dr) x Uc(ra, da) J& x J& Jé

and let R be its fiber at [£] € J&. We still use Vi, V2 to denote the pullback
on C x R by the projection C x R — C x Uc(r;,d;) (i = 1,2) respectively. Let
p:C xR — Rand G = R'p,.(Vy ® V). Then, by (3.1), G is a vector bundle of
rank r172(g—1)+1. Let ¢ : P =P(GY) — R be the projective bundle parametrzing

1-dimensional quotients of GV. Let
f:CxP—-C, w:CxP—P
be the projections. Then there exists a universal extension
0— (idx )" V1 @71 Op(1) > & — (id X q)"Vy — 0

on C' x P such that for any x = ([V1], [V2], [e]) € P, where [V;] € Uc(r;,d;) with
det(V1) @ det(Vz) = L and [e] C HY(C,Vy ® V1) being a line through the origin,
the bundle £|cy ;) is the isomorphic class of vector bundles E given by extensions

(3.2) 0—-Vi—-FE—=V,—0

that defined by vectors on the line [¢] € HY(C,V, @ V7).

Lemma 3.1. Let V; be vector bundles of rank r; and degree d; (i = 1,2), where r;,
d; satisfy (3.1). Let 0 — Vi3 — V — Vo — 0 be a non-trivial extension. Then V is
stable if and only if V1 and V5 are stable bundles.

Proof. Assume that V;, V5 are stable bundles, we prove that V is a stable bundle.
Let V! C V be a proper subbundle of rank ' and Vj C V5 be its image with rank
rh. Then we have 0 — V/ — V' — VJ — 0, where V/ C V; has rank r}. If V{ =0,
then V' = VJ is a proper subsheaf of V5 since the extension is non-trivial. Thus
rorh(pu(Va) — u(Vy)) > 1 by the stability of V5 (note that the left side is an integer).
On the other hand, by (3.1), we have

(33 p(0A) = V) =~ (V) = V) +

Therefore, (V') = p(Vy) < u(V) 4+ 1/ror — 1/rorh, < p(V). If V§ =0, it is clear

that /L(V/) pu(V). Then we assume that V/ # 0 (¢ = 1,2). If VJ = V5, then
Vi # Vi and pu(V{) < w(Vy) — 1/rjr1. Thus, combining with (3.3), we have

/

p(V') = n(V) S ()2 < vy - T

V).
rirr’ v’ ! <pV)
If V/ = Vi, one can check that p(V’) < p(V) similarly. Thus we assume that
V! #V; (i=1,2). Then p(V/) < (Vi) — 1/rir; (i =1,2). By (3.3), we have

/

p(V) = w4 ()2 < )~ L < (),

rr!
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Assume that V' is stable, we show that Vi, V5 must be stable. For any proper
subbundle V{ C V; of rank 7], by using stability of V" and (3.3), we have

1 11
V) < u(V) = —— = p(V) + — — —— < u(V3).
Vi) = plV) = o = na) + o = oo < i)

Thus V; is stable. For any proper subbundle Vi C V; of rank 74, let V' C V be
defined such that 0 — V4 — V’ — VJ — 0 being exact. Then, by using (3.3) and
the stability of V: u(V') < u(V) — 1/r'r where r' = rk(V'), we have

/

H() = LoV') = V) + i < (V) < u(Va).

Thus V5 is stable. We are done.

By the Lemma 3.1, the vector bundle £ given by the universal extension on C'x P
defines a morphism

(3.4) ®:P—Uc(r,L)= M.
Definition 3.2. A smooth rational curve P* C P is called a line on P if
Op(1)|pr = Op1(1).

Thus it is contained in a fiber of ¢ : P — R.

Lemma 3.3. For any line P! C P, its image ®(P') is a line on M and
Olpr : P! — d(P)

is the normalization of ®(P1).

Proof. Let q(P!) = (V1,V2) € R and E = &|cypr. Then the morphism
Plpr : P — M

is defined by E, which fits in the exact sequence

(3.5) 0— V17" 0p:(l) - E — f*Vo — 0,

where f: C x P! — C and 7 : C x P! — P! are the projections. Thus

c1(E)? =2rd, cy(E)=rid—d;.
Then, by (2.1), the degree of ®*(—Kj)|p: equals to
A(E) = c3(End(E)) = 2rea(E) — (r — 1)ey (B)? = 2(rid — rdy) = 2,

which in particular implies that ®(P!) is a curve on M of degree 2 and ®|p: is its
normalization morphism. We finished the proof.
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Theorem 3.4. There exist lines on the moduli space M. For any line £ C M,
there is a line P! C P such that ®(P') = ¢.

Proof. The existence is just Lemma 3.3. For any line £ on M, let ¢ : P! — ¢ C M be
its normalization. Let F be the vector bundle on C' x P! that defines the morphism
¢. Then we have A(E) = ¢*(—Kp) = —Kr - £ = 2. Using the equality (2.2),

B6) e ealF) b Y (E) — p(E)) o — g )rk(E:) = 1.

Then we must have that n = 2, oy = 1 (E is choosed so that «,, = 0), and
ca(F]) = c2(F}) = 0. By Lemma 2.1, there are vector bundles Vi, V5 on C such
that F} @ 7*O0p1(—1) = F| = f*V4, Fy = F} = f*V5. Thus E satisfies

0— fNNTr"Op(1) = FE— f*Vo —0

where, by (3.6), V1, V5 must have rank ri, ro and degree dy, do satisfying (3.1).
Then, by Lemma 3.1, V; and V5 must be stable bundles satisfying

det(Vy) @ det(Va) = L

since E|ox(y} are stable (z € P') with determinant £. Thus ¢ : P — M factors
through & : P — M. We are done.
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