ON A CLASS OF DOUBLE COSETS IN REDUCTIVE ALGEBRAIC
GROUPS

JIANG-HUA LU AND MILEN YAKIMOV

ABSTRACT. We study a class of double coset spaces R4\G1 X G2/R¢, where G and
G2 are connected reductive algebraic groups, and R4 and R¢ are certain spherical sub-
groups of G1 X G2 obtained by “identifying” Levi factors of parabolic subgroups in G1 and
G2. Such double cosets naturally appear in the symplectic leaf decompositions of Pois-
son homogeneous spaces of complex reductive groups with the Belavin—Drinfeld Poisson
structures. They also appear in orbit decompositions of the De Concini-Procesi compact-
ifications of semi-simple groups of adjoint type. We find explicit parametrizations of the
double coset spaces and describe the double cosets as homogeneous spaces of R4 X Re¢.
We further show that all such double cosets give rise to set-theoretical solutions to the
quantum Yang—Baxter equation on unipotent algebraic groups.

1. THE SETUP

1.1. The setup. Let G; and G5 be two connected reductive algebraic groups over an alge-
braically closed base field k. For ¢ = 1,2, we will fix a maximal torus H; in GG; and a choice
A;r of positive roots in the set A; of all roots for G; with respect to H;. For each o € A;,
we will use U to denote the one-parameter unipotent subgroup of G; determined by «. Let
I"; be the set of simple roots in A;". For a subset A; of I';, let P4, be the standard parabolic
subgroup of G; containing the Borel subgroup B; = H;U;, where U; = [[,ca+ U Let My,
and Uy, be respectively the Levi factor of P4, containing H; and the unipotent radical of
Pa,. Then Py, = M4,Us, and My, and Ua,, intersect trivially. Denote by M}, the derived
subgroups of the Levi factors My4,. We will also use [A;] to denote the set of roots in A; that
are in the linear span of A;.

Definition 1.1. Identify I'y and I'; with the Dynkin diagrams of G; and G5 respectively.
By a partial isometry from I'y to I's we mean an isometry from a subdiagram of I'; to a
subdiagram of I'y. We will denote by P(T'1,T') the set of all partial isometries from T'; to
Iy, If a € P(T'1,T2), and if A; and Ay are the domain and the range of a respectively,
we define a generalized a-graph to be an abstract (not necessarily algebraic) subgroup K of
My, x My, such that K N (U® x US™) ¢ U~ x U™ is the graph of a group isomorphism
from U to Ug(a) for every « € [A4].

By an admissible pair for G1 x G2 we mean a pair (a, K), where a € P(I'1,T'3) and K is
a generalized a-graph. If A = (a, K) is an admissible pair, we define the subgroup R4 of
PA1 X PA2 by

(1.1) RAZK(UAl XUAQ).
1.2. An Example. Assume that G; and G2 are connected and simply-connected. Fix a
partial isometry a € P(I';,I'3) with domain A; and range As. Then the derived subgroups

M 1’41_ of the Levi factors My, are connected and simply-connected [22, Corollary 5.4, and a
can be lifted to a group isomorphism 6, : M 1'41 — M. Let

Graph(0,) = {(m1,0,(m1)) | m1 € Mjéll} - M,,41 X M1/42

2000 Mathematics Subject Classification. Primary 20G15; Secondary 14M17, 53D17.
1



2 JIANG-HUA LU AND MILEN YAKIMOV

be the graph of ,, and let Z4, be the center of M4, for i = 1,2. Then, any abstract subgroup
X of Zu, X Z 4, gives rise to the group K = X Graph(f,) which can be easily seen to be a
generalized a-graph for G; x G2, and for the corresponding admissible pair A = (a, K), we
have

R4 = XGraph(0,) (Ua, X Ua,).

As a direct consequence of Lemma 3.2 in §3, one sees that, in the case when G; and Gs
are connected and simply-connected, all admissible pairs A and groups R4 are of the above

type.

1.3. Main problem. Fix two admissible pairs A = (a,K) and C = (¢, L). In this paper,
we obtain the solutions to the following problems:
1.) Find an explicit parametrization of all (R4, R¢) double cosets in G1 x Ga.
2.) Describe explicitly each (R4, Rc) double coset as a homogeneous space of Ra X Re.
3.) Find a closed formula for the dimension of each (R4, Rc) double coset.

Remark 1.2. For an admissible pair A = (a, K), we will set
(1.2) Ry =K(Ua, xUy,),

where U, is the subgroup of Gy generated by the one-parameter subgroups Ug' for o €
—[Asz]. Tt is easy to see that solutions to the problems in §1.3 would lead easily to solutions
to the corresponding problems for the (R, R;) double cosets in G x Go.

1.4. Motivation. Let G be a complex semi-simple Lie group of adjoint type. The wonderful
compactifications of G, constructed by De Concini and Procesi in [4], are smooth (G x G)-
varieties with finitely many G x G orbits. It is shown in [21] that every G X G orbit in these
compactifications of G is isomorphic to (G x G)/R; for an admissible pair C = (c, L) for
G x G, where c is the restriction of an automorphism of the Dynkin diagram of G to some
subdiagram. Let g be the Lie algebra of G. It was observed in [12] that each wonderful
compactification of G' naturally lies in the variety £y of Lagrangian subalgebras of g @ g.
Here, a subalgebra [ of g & g is said to be Lagrangian if dim [ = dim g and if [ is isotropic
with respect to the bilinear form on g & g given by

(1 +y1, 22 +y2) =< 1,41 > — K X2,Y2 >, T1,Y1,T2,Y2 € @,

where <, > denotes the Killing form of g. The group G x G acts on L through the adjoint
action. It is shown in [12] that all G x G orbits in Ly are again of the type (G x G)/R;
for some admissible pairs C = (¢, L) for G x G, but this time the partial isometries ¢ can be
arbitrary. Thus, solutions to the double coset problems in §1.3 can be used to classify R
orbits in L4 for any admissible pair A.

Our motivation for studying R, orbits in L4 comes from the theory of Poisson Lie groups.
In [1], Belavin and Drinfeld classified all quasi-triangular Poisson structures on G. Denote
such a Poisson structure on G by mpp. The Poisson Lie groups (G,mpp) have received a
lot of attention since the appearance of [1]. They were explicitly quantized by Etingof—
Schedler—Schiffmann in [10] and their symplectic leaves were studied by the second author in
[23]. One important problem regarding the Poisson Lie groups (G, mgp) is the study of their
Poisson homogeneous spaces [7]. The variety £y of Lagrangian subalgebras of g & g serves
as a “master” variety of Poisson homogeneous spaces of (G, 7pp). Indeed, identify G with
the diagonal subgroup Ga of G x G. It is shown in [11] that £, carries a natural Poisson
structure Ilgp, such that every Ga orbit in Ly, when equipped with IIgp, is a Poisson
homogeneous space of (G,7pp). To identify these homogeneous spaces of G, one needs to
classify Ga orbits in Ly, and to study their symplectic leaf decompositions with respect to
IIgp, one needs to classify N(GJp) orbits in Ly, where G is the dual Poisson Lie group of
(G, mpp) inside G x G, and N(G§p) is the normalizer subgroup of G in G x G. Both G§p,
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and N(G%p) are of the type R, where the partial isometry a in A = (a, K) is the Belavin-
Drinfeld triple defined in [1]. In the forthcoming paper [18], we will show that intersections
of Ga and N(Gpp) orbits in Ly are all regular Poisson subvarieties of (Lg, IIgp). Solutions
to the problems in §1.3 will be used in [18] to classify such orbits and to compute the ranks of
the Poisson structures IIgp. Based on the results of this paper, in [18] we will also treat the
more general class of Poisson structures on Ly, obtained from arbitrary lagrangian splittings
of g ® g. The latter were classified by P. Delorme in [5].

For the so-called standard Poisson structure on G, we have N(Gjp) = B x B™, where
(B, B7) is a pair of opposite Borel subgroups of G. In [21], T. Springer classified the B x B~
orbits in a wonderful compactification G of G and studied the intersection cohomology of
the (B x B™)-orbit closures. The Poisson structures IIgp on G C L4 point to the finer
decomposition of G into the intersections of Ga and N(Gjp) orbits. We hope that these
finer decompositions of G will be useful in the study of G, and especially in understanding
the closures of conjugacy classes of G inside G. We also point out that intersections of G'a
and B x B~ orbits in the closed G' x G orbits in Ly are closely related to the double Bruhat
cells in G and intersections of dual Schubert cells on the flag variety of G (see [2, 12, 13]).
It would be very interesting to understand intersections of arbitrary Ga and N(G%p) orbits
in £y in the framework of the theory of cluster algebras of Fomin and Zelevinsky [14], and
to find toric charts on the symplectic leaves of (L£q,IIgp) using the methods of Kogan and
Zelevinsky [17].

Our approach to the double coset space R4\G1 x G2/ R relies on an inductive argument
that relates an (R4, Rc) double coset in G7 x G5 to cosets of similar type in the product
My x My of Levi subgroups M; C G; and My C G3. Such an argument first appeared in
the work of the second author [23] on the symplectic leaf decomposition of the Poisson Lie
group (G, mpp). It dealt with the case G; = Go = G and A = C. Recently the first author
and S. Evens [12] extended the methods of [23] to the case G; = G2 = G and R4 = Ga. The
advantage of the approach in this paper to the one in [23] is that in this paper we find an
explicit relation between the double cosets in (G1 x G5 and the double cosets in M7 x My, while
[23] deals with various complicated Zariski open subsets of the double cosets in G; X G2. In
particular, the iteration of the inductive procedure in [23] is only helpful for studying Zariski
open subsets of the symplectic leaves of mgp, while we expect that the results of this paper
will be useful in understanding globally all the symplectic leaves of (Lq,IIgp).

The roots of the methods used in this paper can be traced back to the inductive procedure
of Duflo [8] and Moeglin—Rentschler [20] for describing the primitive spectrum of the universal
enveloping algebra of a Lie algebra which is in general neither solvable nor semi-simple.
The reason for this relation is that the Poisson structures IIpp on L4 vanish at many
points and the corresponding linearizations give rise to Lie algebras that are rarely semi-
simple or solvable. Due to the Kirillov—Kostant orbit method, one expects a close relation
between the primitive spectrum of the quantized algebras of coordinate rings of various affine
subvarieties of Ly (which are in fact deformations of the universal enveloping algebras of the
linearizations) and the symplectic leaves of such affine Poisson subvarieties of £4. From this
point of view, our method can be considered as a nonlinear quasiclassical analog of [8, 20].

1.5. Organization of paper. The statements of the main results in this paper are given in
§2. The two sections, §3 and §4, serve as preparations for the proofs of the main results which
are given in §5 and §6. In §7, we describe some solutions to the set-theoretical Yang—Baxter
equation that arise in our solution to 2) of the main problems in §1.3. In §8, we classify
(R4, P) double cosets in G; x Gy for any admissible pair A and any standard parabolic
subgroup P of G1 x G2, and we show in particular that R4 is a spherical subgroup of
G1 X GQ.
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1.6. Notation. Throughout this paper, the letter e always denotes the identity element of
any group. We will denote by Ad the conjugation action of a group G on itself, given by
Ady(h) = ghg~?! for g,h € G. If M; and My are two sets and if K C M; x My, we can think
of K as a correspondence between M7 and Ms. If Mjs is another set and if L C My x M3,
then one defines the composition of L and K to be

(1.3) LoK = {(my,m3) € My x M3 | 3mg € My such that (my,ms) € K, (ma,m3) € L}.
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2. STATEMENTS OF THE MAIN RESULTS

The main parameters that come into our classification of (R 4, Rc) double cosets in G x G
are certain elements in the Weyl groups of G; and G5 and certain “twisted conjugacy classes”
in Levi subgroups of Gj.

2.1. Minimal length representatives. For i = 1,2, let W; be the Weyl group of I';. For
a subset D, of I';, we will use Wp, to denote the subgroup of W; generated by D;. Let
WiD i C W; and PW; C W; be respectively the set of minimal length representatives of the
cosets from W;/Wp, and Wp,\W;. It is well-known that

w; € WP ifand only if  w;(D;) C A}
and

w; € PW; if and only if  w; Y(D;) € Af.

3

2.2. Twisted conjugacy classes.

Definition 2.1. Let D; be a subset of I'y, and let d be a partial isometry from I'; to I'y
with D; as both its domain and its range. If J C Mp, x Mp, is a generalized d-graph, we
let J act on Mp, from the left by

J x Mp, — Mp,: ((l,n),m) — Imn~*,  (l,n) € J, m &€ Mp,.

By a d-twisted conjugacy class in Mp, we mean a J orbit in Mp, for any generalized d-
graph J. If J is the graph of a group automorphism j: Mp, — Mp,, the action of J on
Mp, becomes the usual j-twisted conjugation action of Mp, on itself:

Mp, x Mp, — Mp, : (I,m) — Imj(1)~*, 1,m € Mp,
whose orbits will be referred to as j-twisted conjugacy classes.

2.3. Classification of double cosets. Let A = (a,K) and C = (¢, L) be two admissible
pairs, and let A; and As be the domain and the range of a and C; and Cy the domain and
the range of ¢ respectively. We now state our classification of (R4, Rc) double cosets in
G1 x G3. In doing so, we will need to refer to several lemmas that will be proved in §3-§6.
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For v, € chl and vy € A2W2, consider the sets

(2.1) Ay (v1,v9) = {a € Ay |(vic vy ta) v is defined
and is in 4; forn =0,1,...}
(2.2) Co(v1,v2) = {B € Cy |(vy tavic™ )" B is defined

and is in Cs forn =0,1,...}
Then A (v1,v2) is the largest subset of A; that is invariant under v;c¢~ vy *a, and Cy(vy,v2)

is the largest subset of Cy that is invariant under v, Lavic™!. Note that
(2.3) v;la and cvflz A1 (v1,v2) — Co(v1,v2)

are both partial isometries from I'; to I's. Fix a representative v¥; in the normalizer of H; in
G;, and define

(24) K(U1,U2) = (MA1(U1,U2) X MCz(m,vz)) N Ad(1 K

e,v2)

(25) L('Ul, 'UZ) = (MAl(vl,vQ) X MC2(U1,U2)) n Ad(i}lye)L'

It is easy to see that K (v1,v9) is a generalized (v, “a)-graph, while L(vy,vs) is a generalized
(cv;1)-graph for the partial isometries in (2.3). Define
(26) J(U17U2) = {(mvm/) S MAl(vl,'uz) X MAl('ul,vz) ‘ dn e MCQ(’Ul,Ug)

such that (m,n) € K(v1,v2) and (m’,n) € L(vy,v2)}.

Loy 1a)-graph for the partial isometry

Then J(v1,v2) is a generalized (vic™
vlcflfu;la: Aq(v1,v2) — Aq(v1,09).
This follows from Lemma 3.5 in §3 and the facts that if ¢ is the map
01 Mg, (0y,0) X Mcy(oy,00) = Moy or,00) X Moy ,00) (M) = (n,m),
then o(L(vy,v2)) is a generalized (vic~!)-graph, and J(vy,vs) is the composition
(2.7) J(v1,v2) = o(L(v1,v2)) o K(v1,v2)
(of group correspondences, see §1.6). Let J(vi,vs) act on My, (4, 0, from the left by
(2.8) (li,ma) -ma o= bmang, (l,m) € J(vi,v2), M1 € M, (0,00)-
By Definition 2.1, J(v1,vs) orbits in My, (4, v,) are (vlc_lvgla)-twisted conjugacy classes

in MA1(U17112)' Let ZCg(vl,vg) be the center of MCZ(UI;'UQ)’ let 179 G1 x Go — G2 be the
projection, and let

Z(Ul?UQ) = ZCz(v1yv2)/ (ZC2(U1,1)2) N Ugl(nQ(K») (ZCz(m,UQ) N 772<L)> .

For each s € Z(v1,v2), fix a representative § of 5 in Zg, (v, v,)- For (g1,92) € G1 x G2, we
will use [(g1, g2)] to denote the double coset R4(g1,g2)Re in G1 X Go2. We can now state our
main theorem on the classification of (R4, Rc) double cosets in G1 x Ga.

Theorem 2.2. Let A = (a,K) and C = (¢, L) be any two admissible pairs for G1 x Ga.
Then every (Ra, Re) double coset of G1 x G is of the form

[(mq 01, 028)] for some vy € chl,vz e oWy, my € M4, (vy,05),8 € Z(v1,02).

Two such double cosets [(m101,028)] and [(m}o],058")] coincide if and only if v, = v; for
i=1,2,s=s', and my and m) are in the same J(vy,v2) orbit in Ma, (v, v,)-
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Example 2.3. If 15(K) = Ma, or no(L) = Mg,, then Z(vy,vy) = {e} for all choices of
(v1,v2). In particular, every (R4, R¢) double coset of G; x Gy is of the form

.. c
[(m101,09)] for some v; € W™ vg € A2, my € M4, vy 09)-

Two cosets of this type [(m191,02)] and [(m}0], ¥4)] coincide if and only if v} = v; for i =1, 2,
and m; and m) are in the same J(vy,v2) orbit in My, (y, v,)-

Example 2.4. If K and L are respectively the graphs of group isomorphisms
Ou: Ma, = My, and 0.: Mo, — Mc,,
the group J(v1,v2) is the graph of the group automorphism
3 (v1,v2) 1= Adg, 0, A Ot M,y oy 00) — My (or,00)-

c
Then every (R4, R¢) orbit in G; x Gy is of the form [(m101,v2)] for a unique pair (vy,v2) €
WE x AW, and some m; € M4, (vy,05)- Two such cosets [(m101,72)] and [(m)o1,02)]
coincide if and only if m; and m) are in the same j(vq,vs)-twisted conjugacy class (see
§2.2).

2.4. Structure of double cosets. Let A = (a, K) and C = (¢, L) be two admissible pairs
for G1 x Ga. For ¢ = (g1, 92) € G1 X Ga, set

Stab(g) = Ad.,, (Ra) N Ad(g, o) (Re).

€,92)
Then the double coset R4qR¢ in G1 X G, considered as an R4 X Re¢-space under the action
(ra,re) ¢ = rAq’rgl, is given by
RagRe = (Ra x Re)/{(Ad(eg,)(r), Ad (. (1)) | r € Stab(q)}.

For ¢ = (m101,0282) as in Theorem 2.2, where my € My, (y, v,), V1 € chl,vg € 421V, and
52 € Zcy(vy,0s), We Will now give an explicit description of Stab(q). Let ma,: Pa, — My,
and 7c,: Po, — Mc, be, respectively, the projections with respect to the decompositions
Pa, = M4, Ny, and Po, = M, N¢,. By 2) of Lemma 3.4 in §3 (by taking Dy = () therein),
the group K gives rise to a group isomorphism 6,: UyNMy4, — UsNM 4, such that 0, (Uy) =
Uy @) for every a € [A;1]. Similarly, we have the group isomorphism 6.: UyNM¢, — U2NMg,
induced from the group L. The group Stab(g) will lie in the product group

(Pay(o1,00) N01(Pey)) X (Pey(or,00) N3 H(Pay))

and we will use the maps 74,,7¢,, 04, and 6. to describe Stab(q).
Note that vy € 4110271 and vy € A2W21) because

(2.9) vyt (AL (v, v2)) = ¢ HCa(v1,v2)) C Cy and  va(Cq(v1,v2)) = a(A;(v1,v2)) C Ag.
By Lemma 4.2 in §4, we have
PA1(’U1,U2) m Ul(P01) = MAl(’Ul,’Uz) (UAl(’Ul,’Uz) m Ul(Ul)) b)
PCz(vl,W) N v2_1(PA2) = MC2(U1,U2) (UC2(U1,v2) N UQ_I(UQ)) :

Consider the group homomorphisms

(2.10) b1 = Ady, 5,0 e, s Us — Adyy, (U1),
(2.11) ¢2 = Ady )} Ooma, s Uy — Un.

In §6 we will show that

(2.12) o1 = ¢1¢2 € End(Ua, (v, ,05) Nv1(U1)),

(2.13) 02 = o1 € End(Uc, (v, ,00) N5 ' (U2))
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are well-defined and that o* ™' = e and 04! = e for some integer k > 1, where e stands for

the trivial endomorphism. Consider the subgroups

k+1
2

(2.14) Ui N 'Ul(Ucl) = UA1(U1»U2) n Ul(Ucl) C UAI('UI:'UZ) n Ul(Ul),
(2.15) Us N0y ' (Uay) = Ucy(or,00) N5 (Uny) C Uy, up) Ny (U2),
and define

Y11 (UrNoi(Ue,)) x (Ua Ny (Uay)) = Uiy (oy,00) N1 (U1),
Po: (Ul ﬂ’Ul(Ucl)) X (UQ n U;l(UAQ)) — UCQ(U],'UQ) ﬂ’U;l(UQ),

respectively by
(2.16) Y1(n1,n2) = ¢1(n2)o1(nig1(n2))oi(ni1¢1(n2))

t(n of
(2.17) P2(n1,n2) = ga(n1)o2(nage(n1))os (nage(ny)) - - - o5 (naga(ny)).
Theorem 2.5. Let the notation be as in Theorem 2.2. For q = (my01,0282), where my €

M4, vy ,00), 01 € chl,vz € AWy, and sy € ZCy(v1,00)s We have the semi-direct product
decomposition

Stab(q) = Stabys(q)Staby (¢),

where

Stabys(q) = K(vi,v2) N Ad (e L(v1,v2)
= (MAl(vth) X MCz(U1,U2)) N Ad(_e}vg)K N Ad(mli,he)L,
Staby(q) = {(n1¥1(n1, na), natha(ni, na)) | (n1,n2) € (U N1 (Uc,)) x (U2 Moy ' (Uay))}

C (UAl(vl,vg) N Ul(Ul)) X (UC2(’U1,’Z}2) N 1)2_1(U2)) .

Remark 2.6. For m; € My, (y, v,), 1€t Jim, (v1,02) be the stabilizer subgroup of J(vy,v2) at
my for the action of J(vi,ve) on My, (y, 1, given by (2.8), cf. Definition 2.1. We will show
in Lemma 6.2 in §6 that Stabys(g) is a central extension of J,,, (v1,v2) by

(kermi|z) N (Id x vy ') (ker | k) C {e} X Zey (o, 0m);
where, for i = 1,2, n;: G1 X G2 — G, is the projection.
2.5. A dimension formula.

Theorem 2.7. In the notation of Theorem 2.5, if K and L are algebraic subgroups of
G1 X Ga, or if the base field is C and K and L are Lie subgroups of G1 X Go, then the double
coset [(m101,028)] is smooth and has dimension equal to

[(v1) + l(v2) + dim Pa, — dim My, (4, v,) + dim P, — dim Ze, (4, 0,)
+ dim 7 (KL N (Uflel(vl,vz) X v2Z02(1,171)2))) + dim(J(v1, v2) - m1),

where I(+) denotes the length function on the Weyl groups Wy and Wa, and J(vy,v2) - my is
the J(v1,va) orbit through my for the J(vi,v2) action on My, (y, vy given in (2.8).

Let us note that in the two cases in Theorem 2.7, the double coset [(m171,028)] is a locally
closed algebraic subset of G7 X G5 (as an orbit of an algebraic group) or a submanifold of
G1 X Go. It will be shown in §6 that in these two cases J(v1,vs) is respectively an algebraic
group or a Lie group. Note that no (KL N (07" Z 4, (u1,00) X V2205 (01,05))) 18 also an algebraic
group or a Lie group because it is a quotient of KL N (Uflel(vl,vz) X V2 ZCy (vy,0))-
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3. PROPERTIES OF THE GROUPS R 4

Let a € P(I'1,T'2) be a partial isometry from I'y to I's, and let A; and A be respectively
the domain and the range of a. In this section, we first give a characterization of those
subgroups K of M4, x M 4, that are generalized a-graphs. We will then prove some properties
of the groups R4 associated to an admissible pairs A = (a, K). These properties are crucial
in the proofs of the main results in this paper.

Recall that for i = 1,2, n;: G1 X Gy — G; denote the projections to the i’th factor. For
a subset D; of I';, M 1’31, denotes the derived subgroup of Mp,. We will denote by Zp, the
center of Mp,.

Definition 3.1. By an a-quintuple we mean a quintuple (K7, X1, K2, X»,60), where, for
1 =1,2, K; is an abstract subgroup of M4, containing M 1’41, X is an abstract subgroup of
K;NZa,,and 0: K;/X; — Ky/X5 is a group isomorphism that maps U{ to Ug(a) for each
« € [A;], where U} is identified with its image in K;/X; and similarly for Ug(a).

Lemma 3.2. Let K C My, x Ma, be a generalized a-graph. Define
Ki=m(K)C Ma,, Xi=mnmker(n|x))={z1 € Ma, |(z1,¢) € K} C K,
Ky =ma(K) C Ma,, Xo=mna(ker(ml|k))={x2 € My, | (e,22) € K} C Ko,
and let
(3.1) 0: K1/X1 — Ko/ Xy where 0(k1X1) = kaXo  if (k1,ke) € K.

Then 0 is well-defined, and O(K) := (K1, X1, K2, X2,0) is an a-quintuple. Moreover, K can
be expressed in terms of O(K) as

(32) K = {(k‘l,kg) € K1 x Ko | 0(/{31X1) = ]CQXQ}.

The assignment K +— O(K) is a one to one correspondence between the set of generalized
a-graphs and the set of a-quintuples.

Proof. Let i = 1,2. Since K; contains all one-parameter unipotent subgroups U of M,
and the latter generate M Ai as an abstract group, we have that K; O M 1’41,. Moreover X; is
an abstract normal subgroup of K; which does not intersect any one-parameter unipotent
subgroup U¢ of My, because of the main condition for an a-graph, cf. Definition 1.1.

First we show that X; C Z4,. We will make use of the following fact which can be found
e.g. in [15, Corollary 29.5].

(%) Any simple algebraic group of adjoint type (over an algebraically closed field) is simple
as an abstract group.

Assume that X; is not a subgroup of Z4,. Because of K; D M1’4i, we have that M4, =
K;Z,,. Since X; is normal in K;, X;Z4,/Z4, is a nontrivial abstract normal subgroup of
Ma,/Z4,. The group M4, /Z 4, is semi-simple and has trivial center, so it is a direct product
of simple algebraic groups of adjoint types. We can now apply (*) to get that X;Z4,/Z4,
contains a simple factor of My, /Z4,. Therefore (X;Z4,)" contains M}, for some nontrivial
subset D; of A;. (Here (.) refers to the derived subgroup of an abstract group.) As a
consequence X; O X = (X;Za,)’ D M}, which contradicts with the fact that X; does not
intersect any one-parameter unipotent subgroup of My4,. This shows that X; C Z4,.

It is easy to see that 6 is a well-defined group isomorphism and that (3.2) holds. The
definition of K implies that 6 induces a group isomorphism from U{ to Ug @) for each
a € [Ay]. Thus ©(K) is an a-quintuple. It is straightforward to check that the map
K — O(K) is bijective. O

Notation 3.3. For i = 1,2 and for a subset D; C A;, let
Pji=Pp,N My, Uphi=Up,NMu,.
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For subsets S; C M4,, we will set
(3.3) K(S1) ={mg2 e Ma, | Imy €Sy such that (my,ma) € K}
(34) K(S2) = {m1 € ]\4141 | dmso € S9 such that (ml,mg) S K}
Lemma 3.4. For any subset Dy of Ay,
1) K(Mp,) C Mu(p,), K(Mqp,)) C Mp,, and the intersection (Mp, x Mqp,)) N K is
generalized a|p, -graph;
2) the intersection (UD1 X U;‘("b )) N K is the graph of a group isomorphism 6: Ugll —
A
Ua(by’
3) we have the decompositions

(35) (f)D1 X MAQ) NK = (MAl )) NK = (]DD1 X Pa(Dl)) NK
(3.6) - ((MDI x M, D1>) K) (Wp! x U5, )N K)
(37) (PD1 XPAz)ﬁRA = (PA1 ><]30J(D1))mff.,4—(]DD1 XP(DI))QRA
(3.8) = ((]\4[)1 X Ma(Dl)) n R_A) ((UD1 X Ua(Dl)) n RA)
(3.9) = ( PD1 X Pa(Dl)) ﬂK) (UA1 X UAQ) .

Proof. We first prove that K(H;) C Hs (corresponding to the special case when D; = 0)).
Assume that (hy,ms) € (Hy x Ma,)NK. For 8 € [Ay], let a« = a=(8), and let 6, : UX — UY
be the group isomorphism whose graph is (U8 x US)NK. For every (uy,us) € (U xUS)NK,
we have

(hlulhl_l, mqumgl) S K, and (hlulhfl,ﬁa(hlulhfl)) c K.

Thus mqumz_lﬂa(hlulhl_l)fl € Xo C Za,, so mqumgl S H2U2ﬁ. Thus my normalizes

both Borel subgroups of M, defined by [A2] N AT and by [A2] N (—=AF). Thus my € Ho.
This shows that K (H;) C Hy. Similarly, one shows that K (Hz) C Hj.

Let now D; be any subset of A;. Assume that (mi,mq) € (Mp, x Ma,) N K. Write
my = hym}, where hy € Hy; and m} € M,’jl. Since M,’D1 is generated by the U{’s for
a € [Dy], there exists mj € M, ) such that (mj,mjy) € K. Thus (h1,ma(mb)~ 1) € K.
It follows from K (H;) C Ho that ma(mb)~t € Hy. Thus mg € HZM(;(DI) = My(p,)- This
shows that K(Mp,) C Myp,). One proves similarly that K(Myp,)) C Mp,. It is clear
from the definition that (Mp, x M,p,)) N K is a generalized a|p,-graph. This proves 1).

Let 0: K1/X, — K2/X5 be given as in (3.1). Since XlﬁUD1 = {e} and XgﬂUA = {e},
we can embed UD1 into K7/X; and U4z (D)

from Up?! ! to U o(Dy) Whose graph is the intersection (UDl1 X U:ED )) N K. This proves 2).

To prove (3.5) and (3.6), assume that (p;,ma) € (Pp, X Ma,) N K. Write p1 = myuq,
where m; € Mp, and u; € Up,. Note that u; € Uf)‘l1 because p1,m; € Ma,. By 2), there
exists ug € U(ﬁ%l) such that (u1,u2) € K. Thus (ml,mgugl) € K. By1l), mgugl € My(p,)-
Thus mqy € Ma(Dl)Ua(D ) € Py(p,), and

into K5/ Xs. Then 6 induces a group 1som0rphlsm

(p1,m2) = (my,mouy ) (ur,u2) € (Mp, x Myp,)) N K) ((UAI1 X UQQDI n K) .
This shows that
(Pp, x May) N K = (Pp, X Pupy) N K = (Mp, x Myp,)) N K) (US! x Uit ) NEK) .
Similarly, one proves that (Ma, X Py(p,)) N K is also equal to any one of the above three
groups. This proves (3.5) and (3.6).

The identities in (3.7) follow directly from those in (3.5). To prove (3.8) and (3.9),
assume now that (p1,p2) € (Pp, X Py(p,)) N Ra. Write p1 = myu; and py = mouy, where
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my € MDl,ul S UDl,mz S Ma(Dl) and ug € Ua(Dl)- Further write
U = Ugll’LLAl, Uy = u:j(QDl)UA27
where
u‘gll € Ugll, ua, €Uy, uf(ZDl) € uf(le), ua, € Ug,.
Since (u4,,u4,) € Ra, we have
(ml,ugi, mguaA(2D1)) c (Pg‘ll X P;tle)) NRA= (Pg‘; X P;;gl)) NK.
By (3.6), we see that (m1,ma) € R4. This shows (3.8). Note that (Mp, X My(p,)) N Ra =
(Mp, x My(p,)) N K. It is also easy to show that
(Up, x Ua(Dl)) NRp= ((Uéll X U;%Dl)) QK) (Ua, xUa,) -

Now (3.9) follows from (3.6). O

Finally we use Lemma 3.2 to treat compositions of generalized graphs.

Lemma 3.5. Let G1, Go and G3 be connected reductive algebraic groups (with fized choices
of maximal tori and Borel subgroups). Assume that (a,K) and (¢,L) are two admissible
pairs for G1 X Go and Go X Gs, respectively, such that the domain of ¢ coincides with the
range of a. Then the composition (ca, L o K) is an admissible pair for G1 x Gs.

Proof. Lemma 3.2 implies that for any root « of (G; in the span of the domain of a, there
exist group isomorphisms 0: Uy* — Ug(a) and ¢: Ug(a) — U?fa(a) such that

KN (U xGe) = ({e} x X2) (Id x 0)(Uy*) and
L0 (Ga x Us™™) = (Ya x {e}) (Id x ) (U5'™)

for some subgroups X, and Y5 of the fixed maximal torus of G5. Then
(Lo K)N (U x US™) = (Id x 8)(U).

Therefore Lo K is a generalized ca-graph and (ca, Lo K) is an admissible pair for G X G3. Let
us note that it is not hard to determine the ca-quintuple corresponding to the composition
Lo K, cf. Lemma 3.2, but it will not be needed and will omit it. O

4. SOME FACTS ON WEYL GROUPS AND INTERSECTIONS OF PARABOLIC SUBGROUPS

4.1. The Bruhat Lemma. Fix a connected reductive algebraic group G over k with a
maximal torus H and a set AT of positive roots for (G, H). Let I' be the set of simple roots
in AT. We will denote by W the Weyl group of (G, H) and by I(-) the standard length
function on W. For w € W, w will denote a representative of w in the normalizer of H in G.

Given A C I', we will denote by Wy the subgroup of the Weyl group W generated by
elements in A. For A C T, let P4 be the corresponding parabolic subgroup of G containing
the Borel subgroup of G determined by A™, and let M4 and U4 be respectively its Levi factor
containing H and its unipotent radical. For A,C C I', the standard Bruhat decomposition
for (P4, Pc) double cosets of G states that

(4.1) G = 1T Py Pe.

[’w]EWA\W/WC
We note that if ]SA is a subgroup of P4 such that P4 = ]SAH, then we also have
(4.2) G = 11 P Pe,

[’w]EWA\W/Wc

which is a fact that will be used later in the paper.
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4.2. Minimal length representatives of double cosets. Let A,C C I'. Each (W4, W¢)
double coset of W contains a unique element of minimal length, see e.g. [3, Proposition 2.7.3].
The set of minimal length representatives for (W4, W) double cosets will be denoted by
AW . The latter set consists of exactly those elements w € W with the properties

(4.3) w(A) C AT and w(C) C AT,

see e.g. [3, §2.7]. When A is empty, we set AW = W, If D and E are two subsets of A C T,
the set of minimal length representatives in W, for the double cosets from Wp\Wa/Wg
will be denoted by PW¥. Elements in PW¥ will be thought of as elements of W via the
inclusion of W4 in W.

Proposition 4.1. Fix three subsets A, D, and C of I' with D C A. Then every element
v € PWC is represented in a unique way as a product

(4.4) v=uw for some we W, ue Dmew(C),
and all such products belong to PWC. Moreover, I(v) = l(u) + l(w) for u,v, and w in (4.4).

Note that the defining set for u in (4.4) depends on the first element w. A proof of this
result can be found in [3, Proposition 2.7.5], see also [23, Lemma 4.3].

By taking inverses in (4.4), one sees that for three subsets A, F, and C of I" with E C C,
every element v € AW is represented in a unique way as a product

(4.5) v = wu for some w € W, u € wfl(A)ﬂCWéE,

and all such products belong to 4WP”. We also note that if w € AW, the minimality
conditions on w imply that

(4.6) A Nw(C]Y) = [ANw(@©)]* and  Anw(C]) = Anw(C),
where for D C T, we have [D|T = AT NZ[D].

4.3. Intersections of parabolic subgroups. For A C T and w € W, we set
(4.7) w(Pa) = Ady(Pa), w(My) = Adw(Ma), w(Ua) = Adyw(Ua)

all of which are independent of the choice of the representative w. We will use 74 to denote
the projection P4 — M4 with respect to the decomposition P4 = MaU,4. For a subset D
of A, we will set P‘g =PpN My and US =UpNMy.

Lemma 4.2. Assume that A,C C T and w € “WC. Then
1) we have the direct product decompositions

(4.8) Panw(Pe) = (Manw(Me))(Manw(Ues))(UanNw(Me)) (Uanw(Ue))
(4.9) = Manw(o) Uﬁﬁw(C) (w<U5*1(A)ﬂC)) (Uanw(Uc))

(4.10) = Manwe) (Uanwey Nw(U))

(4.11) = Manwe) (Uanwe) NwUyp-1a)0c))

where Mg Nw(Mc) = Many(c) normalizes all terms. In particular, PANw(Pc) C Panw(c)
and WA(PA N w(Pc)) = P‘fﬁw(c);
2) the following dimension formulas hold for the groups in 1):
dim U,y + dim(Ua N w(Ug)) = dimUe — I(w),
dimw(US 1 gyne) + dim(Ua Nw(Ue)) = dim Ua — I(w).

w
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Proof. The first part of Lemma 4.2 is Theorem 2.8.7 from [3]. It only uses (4.3) and (4.6).

For Part 2), we only prove the second formula since the proof of the first one is similar.
To this end, note that w(US,l(A)mC)(UA Nw(Uc)) C Uy and that it is the product of the
one parameter unipotent subgroups of GG, corresponding to roots

a € AT — [A]T such that w™!(a) € AT.

Since w € AW, one has w™!(a) € AT for any a € [A]*. Thus the codimension of
w(Ug—l(A)mc)(UA Nw(U¢)) in Uy is equal to the cardinality of the set AT N w(—AT)
which is equal to the length of w, and hence the second formula in 2). O

4.4. A lemma on orbits of subgroups. The following lemma, which will be used later in
the paper in conjunction with the Bruhat lemma, describes the orbit space of a group on a
set in terms of that of a bigger group. We omit the proof since it is straightforward.

Lemma 4.3. Let P be a group acting (on the left) on a set M and let R be a subgroup of
P. Suppose that O is a subset of M parametrizing the P orbits on M. For each m € O, let
Stab,,, be the stabilizer subgroup of P at m. Then every R orbit in M contains a point of the
form p-m for a unique m € O and some p € P. Two points p1 - m and ps - m, where m € O
and p1,p2 € P, are in the same R orbit if and only if p1 and py are in the same (R, Stab,,)
double coset in P.

5. PROOF OF THEOREM 2.2

5.1. A special case. For two arbitrary admissible quadruples A and C, we will obtain a
description of (R4, Rc) double coset in Gy x Go by an induction procedure to be presented
in §5.2. In this section, we look at the last step in the induction as a special case.

Assume that both a and ¢ have domains I'y and ranges I'y. Then R4 = K and Re = L.
Modular problems with the centers, we can think of both K and L as graphs of isomorphisms
from G; to Gs.

Denote the centers and the derived subgroups of G1 and G respectively by Z1, Zs, G
and G}. Recall that 79: G; x G2 — G4 is the projection to the second factor and that
Ky = n9(K), Ly = n2(L). Let Z(K2) and Z(L2) be the centers of K5 and Ly respectively.
It follows from Ko, Ly D GY that Z(Ks3) = Zo N Ko and Z(Ls) = Z5 N La. Set

Zo9 = Z(KQ)Z(LQ) C Zs.
For each s € Zy/ 2, fix a representative § of s in Z5. We will also introduce the group
(5.1) J = {(kl,ll) € G x Gy ‘ 3 gs € G5 such that (]{71,92) eK, (lhgg) S L}

In terms of compositions of group correspondences in §1.6, J = o(L)o K, where 0: G1 x Gy —
Ga x G1: (91,92) — (g92,91). By Lemma 3.5, J is a generalized ¢~ la-graph. Let J act on
G1 from the left by

(k1,0h) - g1 = kagaly s (ka,l) € J, g1 € G
Lemma 5.1. When both a and ¢ have domains T'y and ranges T, every (R4, Rc) double
coset of G1 x G is of the form
[(g1, 8)] for some g1 € Gy, s € Za/Z,.
Two such cosets [(g1,3)] and [(h1,1)] are the same if and only if s =t and g; and hy are in

the same J orbit on Gy for the J action on Gy given in (5.1).

Proof. Using the fact that Go = Z5 Ly, we see that every (R4, R¢) double coset of G7 x Gs
is of the form [(g1,2)] for some g1 € G and z € Zs. By writing z = $zxz;, for some
s € Zo/Zs, zx € Z(K3), and z;, € Z(Ls), and by changing g1 to another element in Gy
if necessary, we see that every (R, Rc) double coset of G7 x Gz is of the form [(g1, $)] for
some g1 € G and s € Zy/Z5. It is clear that if g1,h1 € G are in the same J orbit in Gy,
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then [(g1,$)] = [(h1,$)] for any s € Zy/Z5. Assume now that [(g1,3)] = [(h1,1)] for some
g1,h1 € Gy and s,t € Zy/Z,. Then there exist (k1,k2) € K, (I1,12) € L such that

(h1,B) = (K1, k2) (g1, 8) (I, 1) ™" = (kagaly ', $kaly ')
We claim that kglgl € Z5. Indeed, write ko = kbzx, where k}, € G4 and zx € Z5. Since
Gy C K, 2 € Ko N Zy = Z(K>). Similarly, we can write I;' = I52y, where I} € G
and z;, € Z(Ly). Thus kaoly' = (Kl5)2x 2. On the other hand, kol ' = 571 € Zy, so
kyly € GYN Zy C Z(K3). Thus koly ' = (Khlhzr)2r, € Z2. Tt now follows that £ € $25, so

s=t,and § =f. Thus ky = Iy, and (ky,l;) € J. Hence g; and h; are in the same J orbit in
G1. O

5.2. The main induction step in the proof of Theorem 2.2. In this section, we will
reduce the classification of (R4, R¢) double cosets in G1 x Gz to that of similar double cosets
in M4, x Mc,. More precisely, for each pair (wy,ws) € AW x A2WE2 | we will define two
new admissible pairs

AV (wy,we) and  C™V(wq,ws)

for M4, x Mec,. Denoting by R%™ (wq,w2) and Rz (wy,wz) the subgroups of My, x Mc,
defined according to (1.1), corresponding respectively to the admissible pairs A™Y (wq, ws)
and C™*V (w1, ws), we will show that the double coset space R4\G1 x G2/ R¢ can be identified
with the union over Alch X A"‘WQC 2 of the double coset spaces

R (w1, w2)\Ma, X Mc,/Rg™ (wy,ws).
Let (w1, wy) € AWET x A2WE2, Set
(52)  AP(wi,wa) =a N(A2Nwa(C)),  AF(wi,wp) = Cr Nwy ' (Ap)
(5.3) C¥ (wy,we) = Ay Nwi(Cy),  C¥(wy,ws) = ¢(Cy Nw; *(A)).
We will regard
wy ta: AT (wy,we) — A (wy,we) and cwyt: CPV (wy, we) — CH¥ (wy, wo)

as partial symmetries from A; to Cy. For i = 1,2, let w; be a representative of w; in the
normalizer of H; in G;. Define

(5.4) K" (wy,wa) = (MATew(wl,wz) X MA’z'ew(whum)) n Ad(;wz)K
(5.5) LY (wy,wa) = (Memew (wy wy) X Mezew (wy wy)) N Ad (i e) L.
Then it follows from Lemma 3.4 that

A (w1, wg) = (wy ta, K™V (wy,wp)) and C™™(wy,ws) := (cwyt, L™ (w1, ws))

are admissible pairs for M4, x Mc,. Let

new __ gonew Ay (&5
R (w1, w2) = KV (wy, we) (UA?ew(wl,wz) x UAEeW(whwz))
RE™ (w1, wy) = L™ (wy, wy) (UAL x US2

C 1, %2 1, %2 CPev (wy,wz) Crev(wy,we) ) °

Proposition 5.2. (Induction Step): Fuvery (Ra, Rc) double coset in Gy x Gs is of the
form

[(ma, by, 0amey,)] for some w; € AW ma, € Ma,, me, € Mc,.

Two such cosets [(ma, 1, wame,)] and [(m/y W], wyme, )] coincide if and only if wy =
wy, wy = wa, and (ma,,me,) and (m'y ,mg,) are in the same (REY (w1, wz2), REY (wy, w2))
double coset of Ma, x Mc,.
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Proof. Recall that for i = 1,2,
Ki:m(K) C]\[A1 and LZZ’I]Z(L) CMC”
where 1;: G1 X G2 — G; is the projection to the i’th factor. Let

ﬁA2=K2UA2CPA2, PAﬁlz(MAIX{e})RAZPAI XﬁA2
ﬁcl = LIUC1 C Pcl, PC,2 = ({e} X MCg) RC = ]3(71 X PC2.
Consider the (left) action of P41 x Pe 2 on Gi X Ga, defined by

(56) (pA17ﬁAzaﬁC17pC2) ! (91792) = (pAlglﬁallaﬁAthpE’zl)

for (pa,,DPa,,Pcy,Pcy) € Pa1 x Peoand (g1,92) € G1 X Ga. The set of orbits for this action
coincides with the set of (P 1, Pe,2) double cosets of G x G, which, by (4.2), consists
of the double cosets of the form P 1 (w1, ws)Fe o for (w1, ws) € Alchl X A2W202. We will
apply Lemma 4.3 for P = P41 X Pcy and R = R4 x Re to classify (R4, Rc) double cosets
in G; x Gy. For w; € AiWiCi with 7 = 1,2, let Stab,, w,) C Pa,1 X Fc2 be the stabilizer
subgroup of P41 X Peo at (uw1,w2). In view of Lemma 4.3, to classify (R4, R¢) double
cosets in G1 X (G, it suffices to understand the space of double cosets

(5.7) (RA X Rc)\PAJ X Pc,g/stab(whw?)
for each pair (wy,ws) € Ale tx A2WQC 2. To this end, consider the projection
Ti=Ta, X T, X T, X T, Pa1 X Pog— Ma, X Ko X L1 x Mc,.

(See §4 for notation). Since M, x Ko x L1 X M¢, normalizes Ug, X Ua, X Ue, X Ugy,, 7
induces an identification

(Ra X Re)\Pay X Pea/Stab(, uiy) = (K x L)\Mya, x Ko x L1 X Mc, /m(Stab(, is))-
Note now that we can identify
(5.8) (K X L)\(Ma, x Ko X L1 X M¢,) 2 (X; X Yo)\(Ma, x Mc,),
where X7 = ny(ker(nz2|x)) C Za, and Yz = na(ker(m|z)) C Zc,. Indeed, for
(ma,, ka, 11, me,) € Ma, x Ky x Ly x Mc,,

let k; € K3 and Iy € Ly be such that (k1,ks) € K and (I1,l3) € L. Then

(K x L)(ma,, ko, l1,me,) = (K x L) (k7 'ma,, e, e, 15 'me,).
It is easy to see that the map

(K x L)(ma,, ko, l1,me,) — (X1 x Ya) (k7 'ma,, I3 me,)

gives a well-defined identification of the two spaces in (5.8), and that the right translation
of (ma,,keo,l1,me,) on (K x L)\(Ma, x Ko x L1 X M¢,) becomes the following map on
(Xl X YQ)\(MAI X MCZ):

(may,k2,li,mcy,)
—

(59) (Xl X Yg)(ml,mg) (X1 X YQ)(kl_lmlmAl, l;lQOCQ).

Thus, every (R4, R¢) double coset in G1 x G4 is of the form [(m 4, w1, u')gmazl)] for a unique
pair (w1, ws) € MW x A2WE2 and for some (ma,,me,) € Ma, x Mg,. Two such double
cosets [(mAlwl,u')gmaj)] and [(lAlwl,w2z521)] coincide if and only if (X; x Y3)(ma,,me,)
and (X1 x Y2)(la,,nlc,) are in the same 7(Stab,, .,)) orbit for the action of 7(Stab(,, u.))
on (X1 X Yo)\(Ma, x M¢,) given in (5.9). Consider the map

v: My, x Mg, — (X1 x Y2)\(Ma, x Mc,): v(ma,,mec,) = (X1 ¥ Yg)(mAl,mézl).
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The proof of Proposition 5.2 will be complete once we prove the following fact about v: for
every (mAl X mCQ) € MA1 X MCz,
(5.10)

v! (X7 x Yz)(mAl,ma) - (Stab i, ig))) = R (w1, we)(ma,, me, ) RET (w1, wa),

where again the action of 7(Stab(,, .,)) on (X1 x Y2)\(Ma, x Mg,) is given in (5.9). To
prove this property of v, we set

D; = A4 ﬁwl(Cl), Dy = Ay ﬂ’wg(og), FEi=C4 ﬁwfl(Al), Ey =Cy ﬂw;l(Ag).

Then we know from 1) of Lemma 4.2 that 7(Stab, .,)) consists precisely of all the elements
of the form

(Ada, (l)up!, keup?, LuSl, Adgl(k2)ui?),

whereuDl GUS,UE GUCZ fori=1,2,1; € LiNMg,, and ko € Ko N Mp,. It is then easy
to see from the definition of the action in (5.9) and from the properties of the groups K and
L as stated in 2) and 3) of Lemma 3.4 that (5.10) holds. O

5.3. Proof of Theorem 2.2. Fix two elements v; € chl and vy € A2Ws. According to
Proposition 4.1 and (4.5), they can be uniquely decomposed as

(511) V1 = wwy, wy € AlV[/(h7 = WA1ﬁw1(Cl)’

(512) Vo = Wolly, Wa € A2W202, us € Wy (Ag)ﬁCQVVC2
Recall the definition of A}*™(wy,ws) in (5.2). Set

(5.13)
ARV (wr, we) (ur, ug) = {a € AYY (wy, wa) |(ur (cwy ) tuy t (wy ta)) o is well defined

and is in A7V (wy,wy) forn=0,1,...}.
Recall that Aj(vy,vs) is defined in (2.1).

Lemma 5.3. Let v € chl and vy € 42Wy be decomposed as v1 = uiwy and ve = Waolly aS
n (5.11)-(5.12). Then AY™ (w1, ws)(u1,uz) = Ay (v1,v2).

Proof. Note that the composition of maps in (5.13) is nothing but

1 1

(uywy e (uy fwy a = vic oy a.

Thus if a € A (wy,ws)(u1,us) then (vif vy d)"a is well-defined and is a root of
APV (wq,wy) C Ay. Therefore o € Aq(v1,v2). Next we prove the opposite inclusion. First
we show that if # € A; and ¢ vy 'a(B) is well-defined, then § € A" (wy,wy). The as-
sumptions imply that a(3) € Ay and uy 'wy 'a(B) € Co. Since us € We,, we get that
wy'a(B) € [Cy). Because wy € AW 2, we further deduce that w;'a(8) € [Co]. Now
a(B) € Az Nwy([Ce)T) and due to (4.6), a(B8) € Az Nwy(Cy), so B € A} (wy,ws). If
a € Aj(v1,v2) then (¢ vy ta)(vie vy ta)™(a) needs to be well defined for all n = 0,1, ...
so a € A (wy,wy) and (vic 'wyta)*(a) is well defined and is in A} (wy,wy) for all
n=1,2,... Therefore o € A}*V (w1, w2)(u1, uz). O

Recall the groups K (vy,v2) and L(vy,ve) given in (2.4) and (2.5). It is easy to see from
Lemma 5.1 that Theorem 2.2 is equivalent to the following proposition.

Proposition 5.4. Any (Ra,Rc) double coset of G1 x Gg is of the form [(m101,02ms2)]
for some v, € chl, vy € AWy, my € MA, (v1,09) and ma € Mey (4, 0s)- Two such cosets
[(m191, D2m2)] and [(1197,0512)] coincide if and only v, = v; for i = 1,2, and (m1,ms3) and
(I1,12) are in the same (K (v1,v2), L(v1,v2)) double coset in Ma, (v, vs) X Mcy (v, ,0s)-
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Proof of Proposition 5.4. 1t is not hard to see that by repeatedly using Proposition 5.2 and

by using Lemma 5.3, we can reduce the description of (R4, R¢) double cosets in G; x G3 to

that of the special cases treated in Lemma 5.1. Proposition 5.4 holds trivially for such cases.

Thus it suffices to prove Proposition 5.4 for G; x G2 by assuming that it holds M4, x Mc¢,.
For (wy,wy) € AW x AW E2 ) set

D(w1,w2) = RY™ (w1, w2)\Ma, x Mc,/Re™ (w1, w2),

and we use [(ma,,mc,)]’ to denote the point in D(wy, w2) defined by (ma,, me,) € Ma, X
Mgc,. Then by Proposition 5.2, we have the disjoint union

GixG= |J U [(ma, 1, Wame,],
(w1,w2)  [(ma,,mc,)] €D (w1, w2)

where (wy,ws) € A1W1C1 X A"’WZCQ. For such a pair (wy,ws), and for u; € Wflmwl(cl) and

Uy € sz“’271(‘42)12[/02, set v1 = wyw; and v9 = woue. Then we know from Proposition 4.1
and (4.5) that v, € chl and vy € 42W,, and that every v, € chl and vy € AW, are of
this form. Choose representatives %1 and o of u; and us in the normalizers of Hy and Hs
in M4, and Mg, respectively such that 01 = G1w; and 92 = wals. Set

D(v1,v2) = K(v1,v2)\M 4, (v, 05) X My (01 02)/ L(v1,02),
and let [(m1,m2)]an denote the point in D(vy,vs) defined by (mi,ma) € Ma,(y v,) X
Me¢, (v,,0,))- Then by applying Proposition 5.4 to D(w;,w2) and by using Lemma 5.3, we
know that

D(wl, wg) = U U [(mlal, ﬂgmg)y

(u1,u2)  [(m1,m2)]n€D(v1,v2)

. - . Aynws (C -1
is a disjoint union, where (u1,uz) € Wy wi(C1) o Carwy ' (Az)

G x Gy = U U [(ml'bla’b2m2)]

0 €Wt vpedew,  [(m1,m2)]iin€D(v1,v2)

We,. Thus we have

as a disjoint union. O

6. PROOFS OF THEOREM 2.5 AND THEOREM 2.7
We will keep the notation as in §2.3 and §2.4.
6.1. Proof of Theorem 2.5.

Lemma 6.1. For ¢ = (m101,0282), where (vy,v3) € chl x AWy, my € M4, (v, ,00) and
So € ZCg(vl,vz); let

(6.1)  Stabp(q) = K(vi,v2) N Adgn,,e)L(vi,v2)
(6.2) = (Ma, (or.00) X My (uy00) VA0 K 0 Ad (0,0 L
(63) StabU(q) = Stab(q) n ((UAI('UI»'UZ) N Ul(Ul)) X (UC2(U1}v2) N U;l(Ug))) .

Then Stab(q) = Stabys(q) Staby (q).

Proof. By Proposition 4.1 and (4.5), we can write v;1 = ujw; and vy = waug, where wy €
A1W1017 up € W:lmwl(cl), wy € A2W102 and us € Czﬂ“’;l(AZ‘)WCT We will first give a
description of Stab(q) in terms of the groups K™% (wq,ws) and L™V (wy,ws) in (5.4) and
(5.5). Set iy = 011yt € Ma, and 1y = by "oy € Mg, .

Let (p1,p2) € Stab(q). Then Adq'jz,s2 (pg) S PA2 N 'lUQ(PCQ) because 982 € PC'2~ By 1) of
Lemma 4.2, Ady,s, (p2) € Paynws(cy)- It follows from (p1, Adyg,s,(p2)) € Ra and (3.7) that
p1 € Pa—l(Agﬂwz(Cz))~ Hence

(pl,AdiJZS2 (pz)) ERAN (Pafl(Azﬂwz(Cz)) X (PA2 N wQ(PCZ)) .
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By 1) of Lemma 4.2 and 3) of Lemma 3.4, we see that (p1, Adg,s, (p2)) belongs to the group

(Mo (tara(a) X Maruaen) N K) (Varsasnus(can X 02Ugynupian))
Thus
(P1; Adiys, (p2)) € K™ (w1, w2) (Uagew (wy ws) X Uagew (wy ) »
where ATV (wy,ws) and A5°™(wq,wq) are given in (5.2). Similarly, with CT*V(wq, w2) and
C3% (wy,ws) given in (5.3), one shows that
(Ad'rinllul (p1)7p2> e Lnew(w17w2) (UC{‘CW(wl,wg) X UC;"W(wl,wg)) N

It is now clear by Lemma 5.3 that one can show inductively that

(p1, Ads, (p2)) € K (v1,v2) (Ua,(01,00) X Ul (o1,00))
(Ad;, (1), p2) € L(v1,02) (Uay (01,09) X Ul (v1,0m)) -
Thus

(6.4) (p1,p2) € (K (v1,v2) N Ad(m, ) L(v1,v2)) (U, (01,00) X Uy (vr,02)) -
It is easy to see that

Stabas(q) := K (vi,v2) N Ad(p, e)L(v1,v2) C Stab(q)
and that (6.2) holds. Thus, if we set

StabU(Q) = Stab(Q) N (UAl(vl,vQ) X UCz(m,vz)) ’
it remains to show that Staby(q) is also given as in (6.3). We note that if (pi,p2) €
Staby(gq), then Ad;Lllpl € v1(Pc,). On the other hand, Ad;@l1 (P1) € Pa,(v,,0) by (6.4).
Thus Ad;,bl1 (pl) € PAl(vl,vz) Ny (Pcl), S0 p1 € PAl(v1,v2) Nwy (PCl)- Now vy € A1(1)1,1)2)ch1
because vy ' (A (v1,v2)) C C1 C AT, Thus by (4.10) in Lemma 4.2, p; € U, (4, ,0,) N1 (U1).
Similarly, ps € U, (uy,05) N5 ' (Uz). Thus Staby(g) is given by (6.3). O

Recall that Jp,, (vi,v2) denotes the stabilizer subgroup of J(vi,v2) at m1 € Ma, (v, v,)
for the action given in (2.8). The group Stabys(q) consists of all pairs (k1,ke) € K(v1,v2)
such that (Ad;ﬁ1 k1,k2) € L(v1,vq). Firstly this implies that the group (kermi|z) N (Id x
vy 1) (ker | ) lies in the center of Stabys(q) = K (v, v2) N Ad(m, ey L(v1,v2). Secondly, for
(k1,k2) € Stabys(q) we have that (kq, Ad,;l1 k1) € Jm, (v1,v2) because of (2.7). Therefore

(12 Stabas(q) — Jm, (vi,v2),  p(kr, k2) = (k1, Ad,, k1)

is a well defined homomorphism. The following Lemma describes explicitly Stabas(q). Its
proof is straightforward and we will omit it.

Lemma 6.2. The following is a group exact sequence
{e} — (kermi|p) N (Id x vy ') (ker 1|k ) = Stabar(q) — Jm, (v1,v2) — {e}.

The next Lemma will be used to describe the structure of Staby(q), stated in Theorem
2.5.

Lemma 6.3. The maps o1 and oo given by (2.12)-(2.13) are well defined endomorphisms
of Ua, (vy,05) N01(U1) and Ucy (v, v,) N vy (Us), respectively. Moreover for some sufficiently
large integer k, Uf"'l =e fori=1,2.

Proof. We will only prove the statements for o; as the ones for o, are analogous. First we
show that

&1 = Ady, 0. o, Ady L O,

c V282
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is a well defined endomorphism of U4, (4, v,) Nv1(U1) and &1 = e for some sufficiently large
integer k. For a given subset & C Af with the property

(6.5) a,B€® and a+B€A =a+3cd
define
vy =[] ur
aed

Recall that (6.5) implies that this product does not depend on the order in which it is taken
and moreover U is an algebraic subgroup of Uj.

Extend by linearity a: A; — Az and c¢: C; — Cy to bijections a: [A;]T — [As]T and
c: [Cy]T — [C]T. For a partial map f: A; — Aj and a subset Y C A; denote f(Y) :=
f(Y N Dom(f)), where Dom(f) is the domain of f. Denote d = v1c 'vy 'a which will be
treated as a partial bijection from A; to Aj. Set

o0 = (Af = [A1(v1,v2)]T) Nv1(AT) and inductively o0+ = (@), i > 0.
Since the partial map d preserves addition, all sets () satisfy the property (6.5) and thus
Ul(z) — fp(i)

are algebraic subgroups of U;. Moreover ®(+1) ¢ &) for i > 0 because v, € VV1C1 and for
some positive integer k, @+ = ( because all powers d’ are well defined on a root o € A}
only if a € [A1(v1,v2)]. Thus we have the decreasing sequence of unipotent groups

(6.6) Uiy o) No1(U1) = U oUW 5 5 0® 5 ut+D = (e},

By direct computation one checks that for a € ®©), &, (U{) = Uf(a) if d(«) is defined and
51(Uf) = {e} otherwise. As a consequence, 7% (Ua, (vy,0,) N01(U1)) = Ul(i) for all i > 1. Now
(6.6) immediately implies that &, is a well defined endomorphism of Uy, (, v,) Nv1(U1) and
&f“ =e.

Since 01 = Ad,,, 51 the same will be true for oy once we show that M4, (y, v,) normalizes
all groups Ul(i). To show this recall that for a subset ® C A satisfying (6.5), the unipotent
group U C Uy is normalized by Mp, (for D; C I'y) if and only

a€® Be[D] and a+B€Af =a+3€d.
By induction on ¢ > 0 one easily checks that this property is satisfied by Dy = Aj(vy,v2)
and ® = &) because A1 (v1,v2) is d-stable and ) = d(é(i_l)). O

To complete the proof of Theorem 2.5, it remains to deduce the formula for Staby (g). Since
v € ML and vy € AZWQCQ(U“W), it follows from (4.9) and (4.10) that we have
decompositions

(67) UAl(m,vz) N Ul(Ul) = (Ul N Ul(UCI)) U1 (chll(Cz(v1,v2)))
(6.8) Ucsonm 05 02) = (02003 Ua,) w3 (U224 01 )

Both groups on the right hand side of (6.7) are invariant under Ad,, for any m € M4

1(v1,v2)

because AdgllMAl(vl,vz) = M.-1(Cy(01 02)) € Mc, . Note also that
(69) (bl (UCz(vl,v2) N U2_1(U2)) Cwu (Uccill(cé(vhvz))) C UAl(vl,'u2) N 'Ul(Ul)

(610) ¢2(UA1(U1,1)2) N UI(UI)) C Ugl (Ulﬁf‘h(vhw))) - UCZ(’Ul,’U2) N Ugl(UQ)'

Let now
(n1ur, nauz) € (Ua, (o1,00) N01(U1)) X (Ucy(og,09) N 051(U2))
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be decomposed according to (6.7) and (6.8). Then (njuq,nous) € Stab(q) if and only if

(6.11) Adlz?}zeaﬂ“‘l(n“_‘i) = U2 or p2(niur) = us
Ad, 4, (w1) = 0. e, (nous) uy = ¢1(nauz)

It follows that
(612) Uy = ¢1 (ng)Ul (nlul) and U2 = ¢2(ﬂ1)0’2(ﬂz’d2).

Let k be such that af“ = e for ¢ = 1,2. Using the fact that o; and oy are group homomor-
phisms and by iterating (6.12), we get

(6.13) up =P1(n1,n2)  and  ug = Pa(na, n2),

where 11 and 15 are respectively given in (2.16) and (2.17). Conversely, it is easy to see
that any (nju1,noug) of the form in (6.13) for (n1,n2) € (Uy N1 (Ue,) x (U2 N vz_l(UAz))
satisfies (6.11). This completes the proof of Theorem 2.5. O

Remark 6.4. The Decompositions in (6.7) and (6.8) are semi-direct products because
vy <ch11(02(111,vg))) normalizes U;Nvy (U, ) and vy ! (Uf(ih(vl,vz))) normalizes UpNvy * (Ua, ).
On the other hand, because of (6.9) and (6.10), the subgroup
Stabu (4) C (Ua, (uy.00) N 01(U1)) X (U, (y.,0) N3 (U2))
can be regarded as the “graph”
Staby () = {np(n) | n € (U1 Nv1(Uc,)) x (U2 Ny (Ua,))}

of the map
¥ =1 x¢2: (U1 No1(Ug,)) X (U2 N U2_1(UA2)) —n (chll(Cz(vl,vz))) ><’U2_1 (U‘ﬁQAl(’Uhvz))) '

We will show in §7 that the map 1 defines a solution to the set-theoretical quantum Yang—
Baxter equation on

Stabu (q) 2 (U1 N1 (Uc,)) x (Uz Ny ' (Ua,)),
(as algebraic varieties).
6.2. Proof of Theorem 2.7. By Lemmas 3.2 and 3.4, we know that
dim R4 = dim Uy, +dim Uy, + dim K
= dim Py, — dim My, (4, v,) + dim Ua, + dim K (vi,v2) and
dim Re = dimUg, + dimUg, + dim L
= dim Ug, + dim Pe, — dim Mg, (4, v,) + dim L(vy, vz).

The second equalities above follow from the fact that in the setting of Theorem 2.7 for any
subset D7 of A;

dim K —dim K N (]\41)1 X Ma(Dl)) e dimMAl —dimMDl.

This is easily deduced from the description of a-graphs given in Lemma 3.2. The second
part of Lemma 4.2 and the part of Theorem 2.5 on Staby (¢) imply

dim Staby(¢) = dim Uy Ny (Ug, ) + dim Uy Nvy H(Ua,)
=dimUg, +dim Uy, — I(v1) — l(v2).
Applying Theorem 2.5 for the structure of Stab(q), we get
dim[(m101,025)] = dim R4 + dim R¢ — dim Stab(q)
= l(v1) +(ve) +dim Py, — dim My, (4, v,) + dim Pg, — dim M¢, (v, v,)
+ dim K (v1,v2) + dim L(vy, v2) — dim J,,, (v1,v9) — dim(kerny[z) N (Id x vy 1) (ker ny | 5 ).
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Since dim J(v1,v2).m1 = dim J(vy, vg) — dim J,,,, (v1,v2), to complete the proof of Theorem
2.7 it only remains to show that

6.14
( dir)n J(v1,v2) = dim K (v1,v2) + dim L(vy, v2) — dim Mg, ()
— dim g (KL N (Uflel(vl,vz) X UQZCZ(UN,Q))) — dim(kerm;|) N (Id x vy ') (ker 1| & ).
Define
Q = {(k1,ka,l1,l2) € K(v1,v2) X L(v1,v2) | ke =la} C K(v1,v2) X L(vy,v3).

In the two cases of Theorem 2.7 @ is respectively an algebraic/Lie subgroup of K (vi,vs) X
L(v1,v2). By definition J(v1, v2) is the image of Q under (ky, k2,11, 12) — (k1,11), in particular
J(v1,v9) is also an algebraic/Lie group. It is easy to see that the kernel of this homomorphism
is (kern|r) N (Id x 051)(ker M|k ). Therefore

(6.15) dim J (v, v2) = dim Q — dim(kern;|) N (Id x vy ') (ker 11| k).
The homogeneous space (K (v1, va)x L(v1,v2))/Q is isomorphic to 7z (K (v1,v2))n2 (L(vi,v2)) C
Mey (v ,00) DY (K1, k2, 11,12)Q — koly'. Moreover from Lemma 3.2 one obtains
12 (K (v1,v2))12(L(v1,v2)) = MG, () o2 (K (01, 02) L(01,02) 0 (Za, (0,,09) X ZC(01,0)))
and
(6.16) dim @ = dim K (vy,v2) + dim L(v1, v2) — dim Mém}m)z)
— dimn, (K(’UDUQ)L(UDUQ) N (ZAl(vl,w) X ZC2('U17'U2))) :

Finally substituting (6.15) in (6.16) and using that the projections of K (v, vs)L(v1,v2) N
(Z A, (v1,02) X ZCy(v1,02)) and KL N (V1" Z Ay (01,09) X V2ZCy (01 0y)) under 7 have the same
dimensions lead to (6.14). O

7. SOLUTIONS TO THE SET-THEORETICAL QUANTUM YANG—BAXTER EQUATION

Recall that for a set V', the set-theoretical quantum Yang—Baxter equation for an invertible
mapT:V xV -V xVis

(7.1) 121323 _ p23p13i12
where for i,j € {1,2,3}, T¥ denotes the map from V x V x V to itself that has T" act on

the (i,7)’th components.
For vy € ch Uand vy € AW5, we will set, for notational simplicity,

thvz = (Ul N vl(UCI)) X (U2 N v2_1(UA2))

— C -1 A
Quy v, = V1 (Ucfll(cz(vl,vz))) X Uy (Ull(i‘l(vl,vz))) ’

Then @, », normalizes IV, ,,, and

Nvl,WQQvl,w = (UA1(U1,1)2) N vl(Ul)) X (Uoz(vl,vz) N ’l);l(Ug))
Recall from Remark 6.4 that for a point ¢ = (91m, 02s2) € G X G, where, ¥; is a representative
of v; in the normalizer of H; in G; for i = 1,2, m € My, (v, 1,), and s2 € Zg, (v, ,0,), We have
StabU(‘]) = {TM/J(TL) | ne Nv1,v2} - (UA1(111,1)2) N Ul(Ul)) X (UCz(m,vz) N Ugl(UZ))v

where ¢ = 1)1 X P21 Ny, v, — Qu, v, and ¢1 and ¢ are respectively given in (2.16) and
(2.17). In this section, we show that the map v defines a solution to the set-theoretical
quantum Yang-Baxter equation on NN, ,,.

As is true for any group [6], the map

(7.2) To: Nuyop X Noy s = Nojy X Nogwyt (0, 1) = (1, (n/)_lnn/)
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satisfies the set-theoretical quantum Yang-Baxter equation (7.1). We now show that a twist
of Ty using the map % is also a solution to (7.1).
Let o and F' be the maps from Ny, 4, X IV, 4, to itself given respectively by

(7.3) a(n,n’) = (n',n),

(7.4) F(n,n') = (n, Y(n)n'y(n)~").

Define

(7.5) T =(0Fo) " Ty F: Ny, vy, X Nuyoy — Ny vy X Noy -

Proposition 7.1. The map T s a solution to the set-theoretical quantum Yang—Bazter
equation (7.1) on Ny, 4,.

Proposition 7.1 is a special case of the following general fact.

Lemma 7.2. Assume that U is a group and that Q and N are subgroups of U such that
NN Q = {e} and that Q normalizes N. Suppose that p: N — Q is a map such that

S:={ny¥(n) |ne N}

is a subgroup of U. Let Ty, o, F, and T be the maps from N x N to itself given by replacing
Ny vy by N in (7.2), (7.3), (7.4), and (7.5) respectively. Then T is a solution to the set-
theoretical quantum Yang—Baxter Equation (7.1) on N.

Proof. Since S is a subgroup of U, the map
VS = Q: nip(n) = 9(n)

is a group homomorphism. Thus the map

S x N — N: (np(n),n') — (np(n)) -n' := (n)n'y(n) !

defines a left action of S on N by group automorphisms. Moreover, it is clear from the
definition that the map 7: S — N: ny(n) — n is a bijective 1-cocycle on S with coefficients
in N, i.e., 7w is bijective and that

m(s182) = w(s1)(s1 - 7(s2)), 1,82 € S.

By [19, Theorem 6], the map T is a solution to (7.1). O

Remark 7.3. Although for any integer m > 2, the action of the Braid group B,, on N*™
induced by T is isomorphic to the one induced by Tj [19, Theorem 6], the fact that T, as the
twisting of Ty by F, still satisfies the quantum Yang-Baxter Equation (7.1) is non-trivial.
When N is abelian, the fact that T satisfies (7.1) is also proved in [9].

8. THE GROUPS R4 ARE SPHERICAL SUBGROUPS OF G X Go

Recall that a subgroup R of a reductive group G is called spherical if R has finitely many
orbits on the flag variety G/B where B is a Borel subgroup of G. In this section, we fix an
admissible pair A = (a, K) for G; x G3. Let A; and Ay be the domain and the range of a
respectively. For ¢ = 1,2, we fix a representative ¥; in the normalizer of H; in G; for each
v; € W;. The main result in this section is:

Proposition 8.1. Let C; C I'y and Cy C T's be arbitrary. Then every (Ra, Po, X Pc,)

double coset in G1 x Gy contains exactly one point of the form (i1, 02), where vy € A1W101,
Vo c a(Alﬁ’Ul(C1))W2C'2'

As an immediate corollary of Proposition 8.1 we obtain:

Corollary 8.2. The group R4 is a spherical subgroup of G1 x Gs.
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We will first prove an auxiliary Lemma which can be also viewed as a special case of
Proposition 8.1. Recall that for D; C A; C Ty, PS; = Pp, N M4, denotes the standard
parabolic subgroup of M4, determined by D;.

Lemma 8.3. For any subsets D1 C Ay and Dy C Aa, every (K, Pgll X PS;) double coset
in Ma, X My, contains exactly one point of the form (e,w), where w € “(Dl)WI%’.

Proof. Let Hy, = H; N Ma, for i = 1,2. Since ni(K) D M) and Pgll D Hyu,, every
(K, Pgll X PS;) double coset in M4, x My, is of the form [(e,m)] for some m € M4,. Let

]Sﬁ‘;’jl) = Py(p,) Nn2(K). Since H 4, }3;2731) = Pﬁ‘jjl) the Bruhat decomposition of Mag,, see

(4.2), implies
DAy - pA
Ma, =  [I  P3, wPh2
wea<D1>Wf§
: _ : a(Dy) 117 D2 DA Ao
For m € Ma,, write m = gaups for w € Wi, a2 € Pa(Dl)’ and ps € Pp2. Then by
Part 3) of Lemma 3.4, we know that there exists ¢; € P‘Sll such that (q1,¢2) € K. Thus

[(e,m)] = [(e, quip2)] = (g7 ", wp2)] = [(e,)]-

It is easy to see that if w,w’ € “(Dl)Wf; are such that [(e,w)] = [(e,w')], then w = w’
which completes the proof of the lemma. O

Proof of Proposition 8.1. For the left action of P4, X P4, on (G1 X G2)/(Pc, x Pe,), we
know from the Bruhat decomposition that every P4, x P4, orbit passes through a point
(1, 12)(Po, X Pc,) for a unique w; € AW and a unique we € 42W. Denote by
Stab(,, i) the stabilizer subgroup of Pa, x Pa, at the point (wy,s)(Po, x Pc,). Then
by Lemma 4.3, every R4-orbit in (G; X G2)/(Pc, x Pc,) contains a point of the form
(p1ai1, potina)(Pe, % Pc,) for a unique w; € AW a unique wy € 42W 2, and for some
(p1,p2) € Pa, X Pa,, and two such points (p1t1, pai2)(Pe, x Po,) and (qiin, g2e)(Po, ¥
Pc,) are in the same R4-orbit if and only if (p1,p2) and (g1,q2) are in the same R4-
orbit on (Pa, X Pa,)/Stabe, w,). Thus we need to understand the double coset spaces
R.A\(PA1 X PAQ)/Stab(U.)l,ﬂ)Q)‘
Fix now w; € AW and wy € AW 2. Then it is easy to see that

Stab(whwz) = (PAI n wl(PC1)) X (PAz N wQ(Pcz))'

On the other hand, recall that for ¢ = 1,2, m4,: Pa, — M4, is the projection with respect
to the decomposition P4, = M4, N4,. The projection ma, X ma,: Pa, X Pa, — Ma, X Ma,
induces an isomorphism between the quotient spaces Ra\(Pa, X Pa,) and K\(M4, X Ma,).
We know from 1) of Lemma 4.2 that

A A
(ma, WAZ)(Stab(wl.,m)) = PAllﬁwl(Cl) X PA22mw2(02)~

Since M4, x M4, normalizes N4, x Nga,, we see that the projection m4, X w4, induces an
isomorphism of double coset spaces

~ A A
RA\PAl X PAz/Stab(u';l,u';z) = [(\]\4141 X MAZ/(PAllﬂwl(Cl) X PA;ﬂwg(Cg))'
By Lemma 8.3, every (K, Pﬁllmwl(cl) X Pf;mwz(cz))—double coset in M4, x My, contains

exactly one point of the form (e,w) for some w € “(Almwl(cl))Wf;ﬂwZ(CZ). Thus every

R 4-orbit in (Gy x G2)/(Pc, x Pc,) contains a unique element of the form (i, wis), where
wi; € MW wy € AW and w € a(Almwl(Cl))W:;mW(@). Let v; = wsy and vy = wws.
Proposition 8.1 now follows from Proposition 4.1. U
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