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by the multivariate Markov chain model.
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1. Introduction

Option valuation has long been a very important topic in financial economics. Since
the seminal work of Black and Scholes [2] and Merton [25], there has been an ex-
plosive growth in the amount of literature on the theory and practice of option
pricing models. The key economic insight behind the Black-Scholes-Merton model
is the concept of perfect hedging and pricing by no-arbitrage principle. The Black-
Scholes-Merton option pricing formula is preference-free; that is, the formula does
not depend on the real-world expected return of the underlying asset, which is
replaced by the risk-free interest rate, for instance, the interest rates of U.S. Trea-
sury Bill. Pricing is done in a risk-neutral world in which the expected return on
each asset is the same as the risk-free interest rate. Cox, Ross and Rubinstein [10]
was the first one to establish the relationship between the risk-neutral valuation
and the no-arbitrage principle. Harrison and Kreps [18], Harrison and Pliska ([19],
[20]) established a solid mathematical foundation for the relationship between the
no-arbitrage principle and the notion of risk-neutral valuation using the language
of probability theory. They showed that the absence of arbitrage is equivalent to
the existence of an equivalent martingale measure. If the securities market is com-
plete, there is a unique martingale measure and, hence, the unique price of any
contingent claim is given by its expected discounted payoff at expiry under the
martingale measure. However, in an incomplete market, there are infinitely many
equivalent martingale measures and, hence, a range of no-arbitrage prices for a con-
tingent claim. This makes the pricing and hedging of derivative instruments more
complicated.

The Cox-Ross-Rubinstein (CRR) model introduced in the seminal paper by
Cox, Ross and Rubinstein [10] describes the price dynamics of an underlying asset
as a binomial lattice in which the price of the asset at a particular time period
can take one of the two possible values, namely, “up” and “down”. In fact, the
idea of using binomial lattice for pricing derivatives was first suggested by W.F.
Sharpe and developed by Cox, Ross and Rubinstein [10]. The CRR model can
provide some important insights into the concept of risk-neutral valuation and a
simple and accurate approximation to the continuous-time option pricing model.
However, the assumption that the price of the asset at a particular time period
can only take two possible values is not realistic. Boyle [3] developed a trinomial
model for option valuation. The trinomial model assumed that the price of the
underlying asset at a particular tine period can take three possible values, “up”,
“middle” and “down”. The market described by the Boyle model is complete. He
[21] further extended the lattice models and proposed a discrete-time multinomial
model for the valuation of the option written on several correlated risky assets.
The rationale of He’s approach is to adopt a sequence of discrete-time multinomial
processes to approximate a given continuous-time multivariate diffusion processes
for the correlated underlying assets. The He approach can preserve the market
completeness. The price of an option can be determined uniquely under the no-
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arbitrage principle. In the finance literature, there are other important discrete-time
models for approximating multivariate diffusion processes, for instances, Boyle [3],
Cheyette [8], Boyle, Evnine and Gibbs [4], Madan, Milne an Shefrin [23] and Ho,
Stapleton and Subrahmanyam [22]. See Boyle [5] for a comprehensive account on
various discrete-time models.

In this paper, we develop an option valuation model in the context of a discrete-
time multivariate Markov chain model using a well-known tool in actuarial science,
namely, the Esscher transform. The multivariate Markov chain model provides a
flexible way to incorporate the dependency of the underlying asset price processes
in a discrete framework. In our model, the price of an individual asset can take
finitely many values. The market described by our model is incomplete in general,
and, hence there are more than one equivalent martingale pricing measures. We
adopt the conditional Esscher transform in Buhlmann et al. ([6], [7]) to determine
an equivalent martingale measure for option valuation. The pioneering work on
the Esscher transform for option valuation was done by Gerber and Shiu [17]. The
Gerber-Shiu approach provided market practitioners with a convenient and flex-
ible way to consider various parametric models for option valuation. Their work
highlights the interplay between financial and insurance pricing problems in an in-
complete market. This is an important issue in actuarial science and finance as
pointed out by Bühlmann et al. [6] and Embrechts [16]. Some other works on the
use of Esscher transform and its variants for option valuation include Bühlmann
et al. [7], Pafumi [26], Yao [30], McLeish and Reesor [24] and Siu et al. [29], etc.
In particular, the paper by Bühlmann et al. [7] considered the use of the Esscher
transform for option valuation in a discrete-time economy. Our model can incor-
porate the dependency of the price dynamics for individual assets described by a
Markovian version of the multinomial model. It provides market practitioners with
a flexible way to price multi-state options written on several dependent underlying
assets. We also document consequences for option prices of the dependency of the
underlying asset prices described by the multivariate Markov chain model. In par-
ticular, we investigate whether misspecification of the level of the dependency of
the underlying asset prices can have significant impact on the option prices.

The rest of the paper is organized as follows. In Section 2, we introduce the mul-
tivariate Markov chain model for modelling the dependency of the price dynamics
of the underlying asset. Section 3 presents the Esscher transform for determining
an equivalent martingale pricing measure. Section 4 documents consequences for
option prices of the dependency of the underlying asset prices described by the
multivariate Markov chain model. Finally, concluding remarks are given in Section
5.

2. Asset Price Dynamics

We consider a discrete-time financial model with one primary risk-free asset and
n underlying risky assets. Suppose T represents the time index set {0, 1, 2, . . . ,∞}
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on which all economic activities take place. Let rt denote the risk-free interest rate
over the time interval [t− 1, t]. We assume that the price dynamics of the risk-free
asset B is governed by:

Bt = Bt−1e
rt , t ∈ T \{0} . (2.1)

Fix a complete probability space (Ω, F,P), where P is a real-world physical
probability measure. For each j = 1, 2, . . . , n, let {Sjt}t∈T denote the price dynamics
of the jth risky asset at time t. Let R

(j)
t denote the rate of return of the jth risky

asset from time t− 1 to time t; that is,

Sjt = Sj,t−1 exp(R(j)
t ) , t ∈ T \{0} . (2.2)

We assume that the return processes R := (R(1), R(2), . . . , R(n)) of the n risky
assets are governed by a multivariate Markov Chain model by Ching, Fung and Ng
[9]. The multivariate Markov chain model can incorporate the dependency of the
movements of the returns of the risky assets. For each j = 1, 2, . . . , n, we suppose
that R(j) := {R(j)

t }t∈T \{0} denotes a stochastic process on (Ω, F,P) with a common
state space L = (L0, L1, . . . , Lm−1). Note that Li (i = 0, 1, . . . , m − 1) represents
one possible state of the return of a risky asset. In general, we can consider the
case that the state spaces are different for different risky assets. This makes the
notations more complicated without adding much interest.

On (Ω, F,P), we define n categorical time series Y (1), Y (2), . . . , Y (n) with com-
mon time index set T . Let S denote a set of unit basis vectors {e0, e1, . . . , em−1}

in Rm, where ei = (0, . . . , 0,

ithentry︷︸︸︷
1 , 0, . . . , 0)T ∈ Rm. For each j = 1, 2, . . . , n,

Y (j) := {Y (j)
t }t∈T represents a discrete-time and finite-state stochastic process with

state space S. Note that {Y (j)
t }t∈T represents the underlying state process for the

return dynamics of the jth risky asset. The event {ω ∈ Ω|Y (j)
t (ω) = ei} means that

the return of the jth risky asset is in the ith state at time t. Define the space Ŝ as

{s ∈ Rm|s =
m−1∑

i=0

αiei, 0 ≤ αi ≤ 1,

m−1∑

i=0

αi = 1}.

For each t ∈ T , we assume that R
(j)
t is a function R(j)(t, Y (j)

t ) of both time t

and the state Y
(j)
t and that

R
(j)
t =< L, Y

(j)
t > , (2.3)

where < x, y > represents the inner product of two vectors x and y in Rm.
For each j = 1, 2, . . . , n, we denote the dynamics of the discrete probability

distributions for Y (j) as {X(j)
t }t∈T , where X

(j)
t ∈ Ŝ, for each t ∈ T . In particular,

for each t ∈ T , the ith entity of the probability vector X
(j)
t represents the probability

that the return of the jth asset is in the ith state at time t. Suppose that the return
of the jth risky asset is in the ith state at time t; that is, Y

(j)
t = ei. This means that
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the probability of the return of the jth risky asset being in the ith state at time t is
equal to one. Hence,

X
(j)
t = ei = (0, . . . , 0, 1︸︷︷︸

ith entry

, 0 . . . , 0)T .

Let P (jk) be a transition probability matrix from the states in the return dy-
namics of the kth risky asset to the states in the return dynamics of the jth risky
asset. For each j = 1, 2, . . . , n, P (jj) represents the transition probability matrix for
the return dynamics of the jth risky asset Y (j). Write X

(k)
t for the state probability

distribution of the return of the kth risky asset at time t. Then, we assume that the
dynamics of the probability distributions of the return dynamics for the jth risky
asset are governed by the following equation:

X
(j)
t+1 =

n∑

k=1

λjkP (jk)X
(k)
t , for j = 1, 2, · · · , n (2.4)

where

λjk ≥ 0, 1 ≤ j, k ≤ n and
n∑

k=1

λjk = 1, for j = 1, 2, · · · , n. (2.5)

The interpretation of Equation (2.4) is that the state probability distribution
of the return dynamics of the jth risky asset Y (j) at time t + 1 depends on the
weighted average of P (jk)X

(k)
t at time t. It can be shown that the conditional

probability distribution for the return dynamics of the jth risky asset at time t + 1
depends on the returns of all risky assets in the model at time t. We can write
Equation (2.4) in the following matrix form:

Xt+1 ≡




X
(1)
t+1

X
(2)
t+1
...

X
(n)
t+1




=




λ11P
(11) λ12P

(12) · · · λ1nP (1n)

λ21P
(21) λ22P

(22) · · · λ2nP (2n)

...
...

...
...

λn1P
(n1) λn2P

(n2) · · · λnnP (nn)







X
(1)
t

X
(2)
t
...

X
(n)
t



≡ QXt

or

Xt+1 = QXt.

3. Option Valuation by the conditional Esscher transform

We employ a multivariate version of the conditional Esscher transform proposed
by Bühlmann et al. ([6], [7]) to determine an equivalent martingale measure in the
context of the multivariate Markov chain model.

First, suppose F := {Ft}t∈T denote the P-augmentation of the natu-
ral filtration FY := {FY

t }t∈T generated by the n-dimensional process Y :=
(Y (1), Y (2), . . . , Y (n)), where FY

t := σ{Y1, Y2, . . . , Yt}, for each t ∈ T .
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For each t ∈ T \{0} and j = 1, 2, . . . , n, the joint conditional distribution P
(j)
t|t−1

of Y
(j)
t given Ft−1 under P is given by:

P
(j)
t|t−1 := (p(j0)

t|t−1, p
(j1)
t|t−1, . . . , p

(j,m−1)
t|t−1 ) , (3.1)

where

p
(ji)
t|t−1 := P({Y (j)

t = ei}|Ft−1) . (3.2)

Lemma 3.1. Let [V ]i denote the ith element of the column vector V . Then, for
each j = 1, 2, . . . , n and i = 0, 1, . . . ,m− 1,

p
(ji)
t|t−1 = [

n∑

k=1

λjkP (jk)X
(k)
t−1]

i|Xt−1=(ei1 ,ei2 ,...,ein ) . (3.3)

Proof. Since Y is a Markov processs with respect to F under P, by Elliott, Aggoun
and Moore [15], it can be shown that p

(ji)
t|t−1 is given by:

p
(ji)
t|t−1 := E(< Y

(j)
t , ei > |Ft−1)

= E(< Y
(j)
t , ei >)|Yt−1=(ei1 ,ei2 ,...,ein ) ,

where

(1) E(·) denotes the expectation operator with respect to the measure P.
(2) f(Yt−1)|Yt−1=(ei1 ,ei2 ,...,ein ) represents the value of the function f of the vector

Yt−1 evaluated at (ei1 , ei2 , . . . , ein), for some i1, i2, . . . , in ∈ {0, 1, . . . , m− 1}.
From Equation (2.4) in Section 2,

X
(j)
t =

n∑

k=1

λjkP (jk)X
(k)
t−1, for j = 1, 2, · · · , n .

For each j = 1, 2, . . . , n and i = 0, 1, . . . ,m− 1,

p
(ji)
t|t−1 = E(< Y

(j)
t , ei >)|Yt−1=(ei1 ,ei2 ,...,ein ) = P({Y (j)

t = ei})|Yt−1=(ei1 ,ei2 ,...,ein )

= [X(j)
t ]i|Yt−1=(ei1 ,ei2 ,...,ein ) = [X(j)

t ]i|Xt−1=(ei1 ,ei2 ,...,ein )

= [
n∑

k=1

λjkP (jk)X
(k)
t−1]

i|Xt−1=(ei1 ,ei2 ,...,ein ) .

Let MSt|Ft−1(Z) denote the moment generating function of the joint conditional
distribution of the random vector St := (S1t, S2t, . . . , Snt)∗ given Ft−1 under P,
where Z := (Z1, Z2, . . . , Zn)∗ ∈ Rn; that is,

MSt|Ft−1(Z) := E(eZ∗St |Ft−1) , (3.4)

where Z∗ represents the transpose of the vector Z.
Since St can take values in a finite state space, MSt|Ft−1(Z) < ∞, for some

Z ∈ Rn, for each t ∈ T . Let {Θt}t∈T \{0} denote an n-dimensional stochastic process
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which is predictable with respect to F ; that is, Θt is measurable with respect to
Ft−1, for each t ∈ T \{0}. Then, we define a sequence {Λt}t∈T with Λ0 = 1 and

Λt =
t∏

k=1

eΘ∗kSk

MSk|Fk−1(Θk)
, t ∈ T \{0}. (3.5)

Lemma 3.2. {Λt}t∈T is a (F ,P)-martingale.

Proof. For each t ∈ T \{0},

E

(
Λt+1

Λt

∣∣∣∣Ft

)

=
E(eΘ∗t+1St+1 |Ft)
MSt+1|Ft

(Θt+1)
= 1 , P − a.s.

Hence, the result follows.

Define a probability measure PΘ ∼ P on (Ω, F ) by the following multivariate
conditional Esscher transform:

dPΘ

dP

∣∣∣∣
Ft

= Λt . (3.6)

Note that Θt is the vector of conditional Esscher parameters given Ft−1, for
each t ∈ T \{0}. Let P

(i1,i2,...,in)
t|t−1 denote the joint conditional distribution of Yt :=

(Y (1)
t , Y

(2)
t , . . . , Y

(n)
t ) given Ft−1 under P; that is,

P
(i1,i2,...,in)
t|t−1 := P(Y (1)

t = ei1 , Y
(2)
t = ei2 , . . . , Y

(n)
t = ein |Ft−1)

= P(R(1)
t = Li1 , R

(2)
t = Li2 , . . . , R

(n)
t = Lin |Ft−1) . (3.7)

Note that (Y (1)
t , Y

(2)
t , . . . , Y

(n)
t ) are assumed to be conditionally independent given

Ft−1. Hence,

P
(i1,i2,...,in)
t|t−1 :=

n∏

j=1

p
(jij)

t|t−1 . (3.8)

Suppose P
(i1,i2,...,in)
t|t−1 (Θ) denotes the joint conditional distribution of Yt :=

(Y (1)
t , Y

(2)
t , . . . , Y

(n)
t ) given Ft−1 under PΘ; that is,

P
(i1,i2,...,in)
t|t−1 (Θ) := PΘ(Y (1)

t = ei1 , Y
(2)
t = ei2 , . . . , Y

(n)
t = ein |Ft−1)

= PΘ(R(1)
t = Li1 , R

(2)
t = Li2 , . . . , R

(n)
t = Lin |Ft−1) . (3.9)
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Then, it can be shown that

P
(i1,i2,...,in)
t|t−1 (Θ) =

P
(i1,i2,...,in)
t|t−1 exp(

∑n
j=1 Sj,t−1Θ

(j)
t eLij )

E(eΘ∗t St |Ft−1)

=

∏n
j=1 p

(jij)

t|t−1 exp(
∑n

j=1 Sj,t−1Θ
(j)
t eLij )

∑m−1
i1=0

∑m−1
i2=0 · · ·

∑m−1
in=0

∏n
j=1 p

(jij)

t|t−1 exp(
∑n

j=1 Sj,t−1Θ
(j)
t eLij )

,

(3.10)

where Θt := (Θ(1)
t , Θ(2)

t , . . . , Θ(n)
t ).

By employing the modern language of probability theory, Harrison and Kreps
[18] established the relationship between the absence of arbitrage opportunities and
the existence of an equivalent martingale measure under which all discounted asset
price processes are martingale. This result is known as the fundamental theorem
of asset pricing and further extended by Harrison and Pliska ([19], [20]), Dybvig
and Ross [13], Back and Pliska [1], Schachermayer [27] and Delbaen and Schacher-
mayer [11]. Back and Pliska [1] showed that the absence of arbitrage opportunities
is equivalent to the existence of an equivalent martingale measure in a discrete-time
and infinite-state-space setting. Delbaen and Schachermayer [11] pointed out that
the equivalence between the absence of arbitrage opportunities and the existence
of an equivalent martingale measure is not always true in the continuous-time set-
ting. They adopted “essentially equivalent” instead of ”equivalent” to describe the
relationship.

When there is no arbitrage and the market is complete, there exists a unique
equivalent martingale measure. In this case, the no-arbitrage price of a contingent
claim can be determined uniquely by the expectation of the discounted payoff of
the claim with respect to the equivalent martingale measure. However, when the
market is incomplete, there are infinitely many equivalent martingale measures,
and, hence a range of no-arbitrage prices for the claim. A crucial issue is how to
pick an equivalent martingale measure for pricing the claim in this case. Gerber and
Shiu [17] pioneered the use of the Esscher transform for determining an equivalent
martingale measure for option valuation. They provided a pertinent solution to
choose an appropriate equivalent martingale measure in an incomplete market. We
employ the conditional Esscher transform by Bühlmann et al. (1996) [6] to determine
an equivalent martingale measure in the sequel.

First, we present an expression for the moment generating function MS(t, U ; Θ)
of the joint conditional distribution of the random vector St given Ft−1 under PΘ

in the following lemma.

Lemma 3.3.

MS(t, U ; Θ) := EΘ(eU∗St |Ft−1) =
MSt|Ft−1(Θt + U)

MSt|Ft−1(Θt)
, (3.11)

where EΘ(·) represents the expectation operator with respect to the probability mea-
sure PΘ and U∗ is the transpose of the vector U := (U1, U2, . . . , Un) ∈ Rn.
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Proof. By the Bayes rule,

MS(t, U ; Θ) := EΘ(eU∗St |Ft−1)

=
E(Λte

U∗St |Ft−1)
E(Λt|Ft−1)

= E

(
Λt

Λt−1
eU∗St

∣∣∣∣Ft−1

)

=
E(e(Θt+U)∗St |Ft−1)

E(eΘ∗t St |Ft−1)

=
MSt|Ft−1(Θt + U)

MSt|Ft−1(Θt)
.

By employing the multivariate conditional Esscher transform, we determine an
equivalent martingale pricing measure under which the discounted price processes
of the n risky assets at the risk-free interest rate {Sjt

Bt
}, for i = 1, 2, . . . , n, are

martingale with respect to {Ft}t∈T . The following proposition presents a sufficient
condition on the sequence Θ for PΘ to be an equivalent martingale measure.

Proposition 3.1. Let Ij := (0, 0, . . . , 1, . . . , 0, 0) ∈ Rn, where the 1 in n-
dimensional vector Ij is in the jth position, for each j = 1, 2, . . . , n. Suppose Θt

satisfies the following system of n coupled non-linear equations:

E[eΘ∗t St(eI∗j St − ert)|Ft−1] = 0 , for each j = 1, 2, . . . , n and t ∈ T . (3.12)

Then, the discounted price processes {Sjt

Bt
} are martingales with respect to {Ft}t∈T

under PΘ, for each j = 1, 2, . . . , n.

Proof. We only need to show that for each t ∈ T and j = 1, 2, . . . , n,

EΘ(B−1
t+1Sj,t+1|Ft) = B−1

t Sjt ,P-a.s. (3.13)

The general case that for any t, k ∈ T and each j = 1, 2, . . . , n,

EΘ(B−1
t+kSj,t+k|Ft) = B−1

t Sjt ,P-a.s. , (3.14)

can be shown easily by induction.
By the Bayes rule and the condition (3.12), for each j = 1, 2, . . . , n,

EΘ(B−1
t+1Sj,t+1|Ft) = B−1

t SjtE

[(
Λt+1

Λt

)
eI∗j St+1−rt+1

∣∣∣∣Ft

]

= B−1
t Sjt

E(e(Θt+Ij)
∗St+1−rt+1 |Ft)

E(eΘ∗St+1 |Ft)

= B−1
t Sjt . (3.15)

Hence, the result follows.
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Proposition 3.2. Suppose for each t ∈ T , Θ∗t (Ste
−rt − St−1) either equals zero

with probability one or has both signs with positive probability. Then, there exist a
Θt satisfying the following system of n coupled non-linear equations:

E[eΘ∗t St(eI∗j St − ert)|Ft−1] = 0 , for each j = 1, 2, . . . , n and t ∈ T ,

Proof. The proof is adapted to the argument in Bülhmann et al. [7]. First, we
consider the target function Tt−1(Θ) defined as follows:

Tt−1(Θ) := ln E(eΘ∗(Ste
−rt−St−1)|Ft) , Θ ∈ Rn .

Suppose that Tt−1(Θ) exists and is finite in the neighborhood of some Θ. Then,
the condition on Θ∗t (Ste

−rt − St−1) in the proposition implies that the minimum
of Tt−1(Θ) is attained at an interior point Θ̂ := (Θ̂1, Θ̂2, . . . , Θ̂n). Since Tt−1(Θ̂) is
the minimum value of Tt−1(Θ),

dTt−1(Θ)
dΘj

∣∣∣∣
Θ=Θ̂

=
E[eΘ̂∗(Ste

−rt−St−1)(Sjte
−rt − Sj,t−1)|Ft−1]

E(eΘ̂∗(Ste−rt−St−1)|Ft−1)
= 0 ,

for each j = 1, 2, . . . , n.
This is equivalent to the martingale conditions:

EΘ̂(Sj,te
−rt |Ft−1) = Sj,t−1 , P − a.s. ,

for each j = 1, 2, . . . , n.

By Proposition 3.2, the above martingale conditions are equivalent to the the fol-
lowing system of n coupled non-linear equations:

E[eΘ̂∗t St(eI∗j St − ert)|Ft−1] = 0 , for each j = 1, 2, . . . , n and t ∈ T ,

It can also be shown that the martingale conditions can be written as follows:
m−1∑

i1=0

m−1∑

i2=0

· · ·
m−1∑

in=0

{ n∏

j=1

p
(jij)

t|t−1 exp
( n∑

j=1

Sj,t−1Θ
(j)
t eLij

)
[exp(Sk,t−1e

Lik )− exp(rt)]
}

= 0 ,

(3.16)

where k = 1, 2, . . . , n.
Now, we consider a European-style contingent claim V written on the n risky

assets with maturity at time T and payoff function V (S1T , S2T , . . . , SnT , T ) at time
T . Then, a price of the contingent claim Vt at time t is given by:

Vt = EΘ

[
exp

( T∑

k=t+1

rk

)
V (S1T , S2T , . . . , SnT , T )

∣∣∣∣Ft

]
, (3.17)

which is the conditional expectation of the discounted payoff of the claim V given
the Ft under PΘ.

Note that this pricing by the Esscher transform is not unique. There are other
possible ways to determine a price of the option, such as, the minimum variance
hedging in Duffie and Richardson [12] and Schweizer [28].
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4. Consequences for option prices of the dependency of asset
prices

In this section, we also document consequences for option prices of the dependency
of the underlying asset prices described by the multivariate Markov chain model. In
particular, we investigate whether misspecification of the level of the dependency
of the underlying asset prices can have significant impact on the option prices. We
shall consider a financial model with one risk-free asset B and two risky assets S1

and S2. The state space of the return process R(j) of the jth risky asset (j = 1, 2) is
given by {L0, L1, L2 . . . , Lm−1}. We shall consider the case that m = 3 and, hence,
the state space is {L0, L1, L2}. In practice, the returns of a risky asset take real
values instead of the categorical values {L0, L1, L2}. The discrete state space can
only serve as a proxy for the “actual” state space of the returns. Similar procedure
has been adopted in Elliott and Rishell [14] for approximating the state space of
a short rate process. We assume that R

(j)
t = Li = (i − 1)/20, for i = 0, 1, 2. In

practice, we can adjust the coefficient 1/20 and the number of points m in the
discrete state space to obtain a desirable and accurate approximation result. First,
we note that the dependency of the asset prices in the multivariate Markov chain
model is described by the parameters λij . In particular, λii (i = 1, 2) describes
the intra-dependency of the price dynamics of the ith underlying asset while λij

describes the inter-dependency of the price dynamics of the ith asset on the price
dynamics of the jth asset. If λii = 1, all of the weights are given to the intra-
transition probability matrix P (ii). If λij = 1, all of the weights are given to the
inter-transition probability matrix P (ij).

First, we investigate the situation that the “true” model is described by the
multivariate Markov chain model with a “Strong” level of the inter-dependency of
the price dynamics of the two underlying assets while the “assumed” model used for
the evaluation of option prices is described by the multivariate Markov chain model
with the level of inter-dependency of the price dynamics of the two underlying assets
ranged from “Strong” to “Weak”. We suppose that in the “true” model, the model
parameters are given as follows:

P (11) =




0.4069 0.3995 0.5642
0.3536 0.5588 0.0470
0.2395 0.0416 0.3887


 , P (12) =




0.2016 0.2737 0.2056
0.2970 0.1303 0.4917
0.5014 0.5959 0.3027


 ,

P (21) =




0.2554 0.2814 0.4571
0.7321 0.3558 0.2542
0.0126 0.3628 0.2887


 , P (22) =




0.5102 0.5239 0.1434
0.3736 0.3925 0.4204
0.1162 0.0835 0.4361


 ,

and

Λ =
[

0.0000 1.0000
0.5000 0.5000

]
.
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In this case, 100% is allocated to the inter-transition probability matrix P (12) under
the “true” model. This represents a “Strong” inter-dependency effect.

For the “assumed” model, we assume the same intra-transition probability ma-
trices and inter-transition probability matrices with those in the “true” model. Also,
the parameters λ21 and λ22 are the same as those in the “true” model. The only
difference is that λ11 increases from 0.0000 to 1.0000; in other words, λ12 decreases
from 1.0000 to 0.0000. This means that the inter-dependent effect decreases from
maximum to minimum and that the intra-dependent effect increases from minimum
to maximum.

We consider a European-style exchange option written on the two risky as-
sets, which provides a buyer with the right, but not the obligation, to exchange
the first risky asset for the second risky asset at the maturity of the option. The
payoff function of the exchange option at the maturity time T = 3 is given by
V (S1T , S2T , T ) := max(S2T − S1T , 0). We then adopt the option pricing formula in
Equation (22) to determine the price of the exchange option. We first assume that
the initial prices of the two risky assets at time zero are both equal to 100; that is,
the exchange option is at-the-money. We also suppose that the compound risk-free
interest rate is constant and equals 2.5%. Note that the price of the exchange option
obtained from the “true” model is 0.4776. Figure 1 displays the plot of the prices for
the exchange option obtained from the “assumed” models against different levels of
inter-dependence λ12.

Now, we consider the case that the exchange option is out-of-the-money; that
is, S10 = 120 and S20 = 100. We assume that the parameters in the “true” model
and the “assumed” models remain the same as before. In this case, the price of the
exchange option obtained from the “true” model is 5.6903e-005. Figure 2 presents
the plot of the prices for the exchange option obtained from the “assumed” models
against different levels of inter-dependence λ12.

Finally, we consider the case that the exchange option is in-the-money; that
is, S10 = 80 and S20 = 100. We assume that the parameters in the “true” model
and the assumed models remain the same as before. In this case, the price of the
exchange option obtained from the “true” model is 17.9539. Figure 3 displays the
plot of the prices for the exchange option obtained from the “assumed” models
against different levels of inter-dependence λ12.

From Figures 1-3, we can see that the option prices change significiantly as the
level of dependency λ12 varies for all cases, namely, at-the-money, in-the-money and
out-of-the-money. Given the configuration for the transition probability matrices,
the option prices implied by the “assumed” model increase as the “assumed” level
of the dependency does for all cases. In other words, if the “true” model has a
“Strong” level of the dependency, say λ12 = 1, the underpricing of the “assumed”
model becomes more pronounced when the “assumed” level of the dependency
decreases from λ12 = 1 to λ12 = 0.



January 13, 2006 7:53 WSPC/INSTRUCTION FILE submission

Option Valuation Under Multivariate Markov Chain Model via Esscher Transform 13

5. Conclusion

We have developed an option valuation model in the context of a discrete-time mul-
tivariate Markov chain model using the conditional Esscher transform introduced
by Bühlmann et al. [6]. This model can provide market practitioners with a flex-
ible way to incorporate the dependency of the underlying asset price processes in
a discrete framework. It also allows the price of an individual risky asset taking
finitely many values. We have documented consequences for option prices of the
dependency of the underlying asset prices described by the multivariate Markov
chain model.
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[6] H. Bühlmann, F. Delbaen, P. Embrechts and A.N. Shiryaev, No-Arbitrage, Change of
Measure and Conditional Esscher Transforms, CWI Quarterly 9 (4) (1996) 291-317.

[7] H. Bühlmann, F. Delbaen, P. Embrechts and A. N. Shiryaev, On Esscher Transforms
in Discrete Finance Models, ASTIN Bulletin 28 (2) (1998) 171-186.

[8] O. Cheyette, Pricing Options on Multiple Assets, Working Paper (1988) Physics
Department, University of Michigan, Ann Arbor, MI.

[9] W. Ching, E. Fung, M. Ng, A Multivariate Markov Chain Model for Categorical Data
Sequences and Its Applications in Demand Predictions, IMA Journal of Management
Mathematics 13 (2002) 187-199.

[10] J. Cox, S. A. Ross and M. Rubinstein, Option pricing: a simplified approach, Journal
of Financial Economics 7 (1976) 229–263.

[11] F. Delbaen and W. Schachermayer, A general version of fundamental theorem of asset
pricing, Mathematische Annalen 300 (1994) 463–520.

[12] D. Duffie and H.R. Richardson, Mean-variance Hedging in Continuous Time, The
Annals of Applied Probability 1 (1991) 1-15.

[13] P. H. Dybvig and S. A. Ross, Arbitrage, In Eatwell J., Milgate M., and Newman P.
eds., The New Palsgrave: A Dictionary of Economics 1 (1987) 100–106.

[14] R.J. Elliott and R.W. Rishel, Estimating the implicit interest rate of a risky asset,
Stochastic Processes and Applications 49 (1994) 199-206.

[15] R. J. Elliott, L. Aggoun, J. B. Moore, Hidden Markov models: estimation and control
(1997) Springer-Verlag, New York.



January 13, 2006 7:53 WSPC/INSTRUCTION FILE submission

14 T. Siu, W. Ching, E. Fung and M. Ng

[16] P. Embrechts, Actuarial versus Financial Pricing of Insurance, Risk Finance 1 (4)
(2000) 17-26.

[17] H. U. Gerber and E. S. W. Shiu, Option pricing by Esscher transforms (with discus-
sions), Transactions of the Society of Actuaries 46 (1994) 99–191.

[18] J. M. Harrison and D. M. Kreps, Martingales and arbitrage in multiperiod securities
markets, Journal of Economic Theory 20 (1979) 381–408.

[19] J. M. Harrison and S. R. Pliska, Martingales and stochastic integrals in the theory of
continuous trading, Stochastic Processes and Their Applications, 11 (1981) 215–280.

[20] J. M. Harrison and S. R. Pliska, A stochastic calculus model of continuous trading:
complete markets, Stochastic Processes and Their Applications 15 (1983) 313–316.

[21] H. He, Convergence from Discrete to Continuous-Time Contingent Claims Prices,
Review of Financial Studies 3 (4) (1990) 523-546.

[22] T. S. Ho, R. C. Stapleton and M. G. Subrahmanyam, “Multivariate Binomial Ap-
proximations for Asset Prices with Nonstationary Variance and Covariance Charac-
teristics, Review of Financial Studies 8 (4) (1995) 1125-1152.

[23] D.B. Madan, F. Milne and H. Shefrin, The Multinomial Option Pricing Model and
Its Brownian and Poisson Limits, The Review of Finanical Studies 2 (1989) 251-265.

[24] D. L. McLeish and R. M. Reesor, Risk, entropy, and the transformation of distribu-
tions, North American Actuarial Journal 7 (2) (2003) 128–144.

[25] R. C. Merton, The theory of rational option pricing, Bell Journal of Economics and
Management Science 4 (1973) 141–183.

[26] G. Pafumi, A study of a family of equivalent martingale measures to price an option
with an application to the Swiss market, Bulletin of the Swiss Association of Actuaries
(1997) 159–194.

[27] W. Schachermayer, A Hilbert space proof of the fundamental theorem of asset pricing
in finite discrete time, Insurance: Mathematics and Economics 11 (1992) 249–257.

[28] M. Schweizer, Mean-variance Hedging for General Claims. The Annals of Applied
Probability 2 (1992) 171-179.

[29] T. K. Siu, H. Tong and H. Yang, On pricing derivatives under GARCH models:
A dynamic Gerber-Shiu approach, North American Actuarial Journal 8 (3) (2004)
17–31.

[30] Y. Yao, State price density, Esscher transforms, and pricing options on stocks, bonds,
and foreign exchange rates, North American Actuarial Journal 5 (3) (2001), 104–117.



January 13, 2006 7:53 WSPC/INSTRUCTION FILE submission

Option Valuation Under Multivariate Markov Chain Model via Esscher Transform 15

0 0.2 0.4 0.6 0.8 1
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

O
pt

io
n 

pr
ic

e

λ12

Fig. 1. At-the-money with various value of λ12
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Fig. 2. Out-of-money with various value of λ12
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Fig. 3. In-the-money with various value of λ12


