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Abstract
The classical Bohr’s inequality states that
2+ wl® < plzl + glw)?

forall z, w e Cand all p, g > 1 with % + % = 1. In this paper, Bohr’s inequality is generalized to the context
of Hilbert space operators for all positive conjugate exponents p, g € R. In particular, the parallelogram law
is recovered and some other interesting operator inequalities and established.
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1. Introduction

The classical Bohr’s inequality [4,10] states that for any z, w € C and any p,q > 1 with
1,1
- + - = 19
pq

lz+w|* < plzl* + qlw]?,

with equality if and only if w = (p — 1)z. Over the years, various generalizations of Bohr’s
inequality have been obtained. These include, among others, the works of Archbold [2],
Makowski [7], Bergstrom [3], Mitrinovié¢ [8,9], Mitrinovi¢ et al. [10], Vasi¢ and Keckié [16],
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Rassias [14,15], Delbosco [5], and Pecari¢ and Jani¢ [12]. In 1989, Pecari¢ and Dragomir gen-
eralized Bohr’s inequality to the context of normed vector spaces. In [11] they showed that if
(X, ]| ) is a normed vector space and p, g > 1 are real numbers such that % + [ll =1, then

v+ wl* < pllvl? +gllwll*

for any v, w € X. Recently, Hirzallah further generalized the inequality to the context of operator
algebras. In [6], it was shown that if H is a complex separable Hilbert space and B(H) is the
algebra of all bounded linear operators on H, then for any A, B € B(H) and g > p > 1 with
1,1 _
; + a — 19
2
|A= B +|(1 - p)A—B["< plAP* +4|B,

where | X | := (X*X)/2.

It is worthwhile noting that in [6], only the situation where ¢ > p > 1 is considered. Equiv-
alently, the conjugate exponents p, g are only restricted to ¢ > 2 and 1 < p < 2, while other
combinations are left alone.

In this paper, we continue working in the setting as that in [6], but without restriction to the
conjugate exponents p, g. Meanwhile, we also investigate the situation of equality in detail and
make connection with the parallelogram law for the Banach algebra B(IH).

2. Bohr’s inequality and the parallelogram law in B (H)

Let H be a complex separable Hilbert space and B(H) the algebra of all bounded linear
operators on H. For any X € B(H), write |X| = (X*X)!/2.

Theorem 1. For any A, B € B(H) and any p, q € R with % + % =1,ifl < p<2, then

(i) |A—= B> +1(1—p)A— B> < plAI> +q|BI? and
(i) |A—BI>+1A— (1 —q)BI>> plAI* +q|BI*

Furthermore, in both (i) and (ii), the equality holds if and only if p=q =2 or (1 — p)A = B.
Proof. (i) We have as in [6]

|A— B>=|A>+|B|> — (A*B + B*A)
and

2

|(1 = p)A— B|" = (1= p)*|A]* + |B|* — (1 — p)(A*B + B*A).

Thus
2
|A—BI*+|(1— p)A—B|" - plA]* —q|B?
=(p*=3p+2)IAP + 2~ @)IBI* + (p — 2)(A*B + B*A)

=4p—a@—nmﬁ+<§{%)BP+@—zmﬁB+Bm>

1
=(p-— 2)[(19 —DIA>+ F|B|2 +(A*B + B*A):|
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2

1
=(p-2)|Vp—14+ B
Vp—1
<0, @2.1)
hence
|A— B> +|(1—p)A— B|> < plA* +q|B,

with equality if and only if p =2 (hence ¢ =2) or /p — 1A + «/_
or (1—-p)A=B.
(i1) Similar to (i), we have

|A— B> =|A>+ |B* — (A*B + B*A)

and
2
|A—(1—q)B|"=(1—g)%BI* +|A* — (1 — q)(A*B + B*A).
Thus
2
|A— B> +|A—(1-q)B|" — plA* —q|B|?
=(q> =3¢ +2)|BI* + 2~ p)|AI* + (¢ — 2)(A*B + B*A)

=(q—2)(g— DB +<q )|A| + (g —2)(A*B + B*A)

=(q — 2)[(q—1)|B| + — |A| + (A*B+ B*A)|. 2.2)
Since 1 < p <2, we have g > 2and SO
A= BP+[A— (- B[ = plAP —qlBP = (¢ -2 |va =18+ ——4| 0.
Jg—1
hence

2
|A— B> +|A—(1-q)B|” > plAI* +4q|BI,

with equality if and only if ¢ =2 (hence p =2) or /g — 1B + \/—A 0, thatis, p=qg =2
or (1 —q)B = Aj;orequivalently, p=g=2or (1-—p)A=B. O

Remark 1. Part (i) of Theorem 1 is equivalent to Theorem 1 in [6]. In fact, this follows immedi-
ately from the factthat 1 < p <2 &1 < p <gq.

Remark 2. By combining (i) and (ii) in Theorem 1, we have, for any 1 < p <2,
|A— B2 +|(1—p)A— B> < plAP +qIBP <|A— B> +|A—(1—q)B|".
In particular, if p =2, then ¢ =2 and we have
|A—BI>+|A+ B> <2/A +2|B]* <|A— B> +|A + B[
and so we arrive at the parallelogram law
|A— B’ +]A+ B> =2|A]” +2|B. 2.3)

Equivalently, this is also obtained by directly writing out the equality in (i) or (ii) for the case
p=2.
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Remark 3. In case H = C, we have B(H) = C and in this case (2.3) reduces to
la —bI* + la + b|* =2|al” + 2/b|?

for all a, b € C, which is the usual parallelogram law in C.
Corollary 1. For any A, B € B(H) and any p, q € R with % + é =1, if p> 72, then

(i) |A— B> +|(1—p)A—B|*> p|A]* +q|B|? and
(i) |A—BI>+|A—(1—q)BI> < plA]* +q|BI*

Furthermore, in both (1) and (i), the equality holds if and only if (1 — p)A = B.
Proof. This follows from Theorem 1 by interchanging p and g. O

Combining Theorem 1 and Corollary 1, we have the following result which takes the form of
the original Bohr’s inequality.

Corollary 2. For any A, B € B(H) and any p,q € R with p > 1 and % + é =1,

|A+ B> < plAI® +4|BI%,
with equality if and only if (p — 1)A = B.

Proof. This is immediate from (i) of Theorem 1 for the case 1 < p < 2, and (ii) of Corollary 1
forthecase p > 2. O

Corollary 3. Forany A, B € B(H) and any p > 1,
+(A*B+ B*A) < (p— DA + ﬁlBlz-
Furthermore,
A*B+B*A=(p—1)|AP? + ﬁwﬂ
ifand only if (1 — p)A = —B, and
—(A*B+B*A) = (p— DIA* + ﬁlBl2
ifand only if (1 — p)A=B.
Proof. Applying Corollary 2 to the pair A, B, we have
|AF+wF—ovB+Bﬂn<me+;%Tmﬁ
that is,

1
4A%+Bwn<@—nmﬁ+;;ﬂm%
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with equality if and only if (1 — p)A = B. Similarly, applying Corollary 2 to the pair A, —B, we
have

|AF+wF+cﬁB+Bwn<me+;%7wﬁ
that is,
(A"B+B4) < (p= DIAP + — 1BP.
with equality if and only if (1 — p)A=—B. O
Theorem 2. For any A, B € B(H) and any p,q € R with % + ql =1,if p <1, then

(i) |A— B> +1|(1—p)A—B|*> p|A]* +q|B|? and
(i) |A—BI*>+]1A—(1—q)BI> > plAI* +q|B|*.

Furthermore, in both (1) and (i1), the equality holds if and only if (1 — p)A = B.
Proof. (i) Since p < 1, by (2.1)
|A— B>+ |(1— p)A— B — p|A]> —q|B?
=@—p{a—mmF+T}?mﬁwﬁB+BMﬂ
2

1
B
v1=p

=e—p$ﬁ??A—
>0,
SO
|A— B2 +|(1 - p)A— B|* > plA> +q|BP?,

with equality if and only if (1 — p)A = B.
(i1) Since p < 1, we have ¢ < 1 and so by (2.2),

2
|A— B> +|A—(1-q)B|" - plA]* — q|B|?

ZQ—q{U—qﬂm2+T%EMF—cﬁB+Bﬂo}

2

1
A

=Q2-¢q)|y1—¢B—

2 01
with equality if and only if (1 —g)B — A =0, or equivalently, (1 — p)A=B. O
Remark 4. When H = C, again B(H) = C and Theorem 1, Corollary 1, and Theorem 2 reduce

to the following.
For any a, b € C and any p, g eRwith%—i—é: 1,
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1 ifl<p<2,
la — b +|(1 = pya—b|* < plal® +qlbl%,
la = b+ |a— (1 —q)b|* = plal® + qlbl%,
with equality if and only if p =g =2 or (1 — p)a = b;
(i) if p> 2,
la — bl +|(1 = pya—b|* = plal* +qlbl,
ja—bP +|a— (1—q)b|* < plal® +q|bP,
with equality if and only if (1 — p)a = b;
(iii) if p < 1,
la = b2+ |(1 = pya—b|* > plal® + qIb]%,
la— b +]a— (1 —g)b|> = plal® +qlb)%,
with equality if and only if (1 — p)a =b.

Furthermore, Corollary 2 gives

@v) if p>1,
la —b> < plal* +q1bP,
with equality if and only if (1 — p)a = b, which is exactly the classical Bohr’s inequality.

Theorem 3. Let A, B € B(H) and «, B € R be nonzero constants.

(a) If aB > O with, say, |a| = |B| > 0, then
a+p

1 o+
|A— B+ —[BA+aB|* < AR+ 252 2,
o o B
with equality if and only if « = 8 or BA+aB =0.
®) IfaB < 0 with, say, « > 0> B,
(1) ifa>0> B> —a, then
1 — _
A= BP+ 1A —aBP < Liap - 2L pp,
o o B

with equality if and only ifo + B =0 0r A —aB =0;
() ifa>0> —a > B, then

a—pB o, a—p
,8|A|+ >

with equality if and only ifa + 8 =00raA — BB =0.

1
IA—BV+Eﬂw%¢BF<— |BJ?,

Proof. (a) If « > 8 > 0, write
o+ o+

a a B
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Then
1 1
—+—=1 and 1<p<2<qg.
P q
Hence Theorem 1 applies and we have
|A—B|2+'—EA—B +'3|A|2 2P g2
o B
or
1 o+ o+
|A— B’ + —I|BA+aB|* < ’3|A|2 P pp,
o B
with equality if and only if
a+'8=2 or —éAzB,
o o
that is,
a=pB or BA+aB=0.
If0> B > «, then —a > —B > 0 and so from above,
1 —
|A— B’ + —|-BA—aB|* < ﬁ|A|2 =P pp,
(=)
or
1 a+ o+
|A— B+ —|BA+aB|* < ’3|A| + 2P e,
o B

with equality if and only if
a=pB or BA+4+aB=0.

(b) () fe > 0> B > —«, the assertion follows immediately by applying (a) to o > —8 > 0.

(i) If « > 0 > —a > B, the assertion follows immediately by applying (a) to —f >

a>0. O

3. Applications

Interesting inequalities on operators in B(H) can easily be derived from the Bohr-type in-
equalities obtained in Section 2 above. For this we first observe the following generalization of
Adamovié’s result [1] to B(H).
Lemma 1. Forany A; e BH), i =1,...,n,

_(ilAil) = 3 [4i+4;2= (Al +1451)°].

1<i<j<n

Proof. We use induction on n. Clearly the result holds for n = 2. Suppose now that the result
holds for n = k, then
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2 k+1 2
- (Z |A; |)
i=1

2 k 2
- <Z|Ai|+|Ak+1|>

i=1

2 k 2k k
Ai —(Zm) + D (A Ak + Af L AD =21 Acn | Y LA
i=1

i=1 i=1

k+1

2_A
i=1

k

= ZAI' + A1
i=1

k

=12

2
Z |Ai+Aj|2_(|Ai|+|Aj|)]
1<i<j<n
k k
+ ) (AF Argr + Af L AD — 20 Ara] Y 1A
i=I i=1
= Z [AfA; + ATA —2|AillA]
1<i<j<n
k k

+ D (A Akt + AL AD = 2| Ak] ) 1A
i=l1 i=1

= > [ArAj+ ATA; —2|Ai]]A)]]

1<i<j<n+l
2
= > [A+4,P-(4l+14;)7] ©
1<i<j<n+1
Theorem 4. For any A; € BH), i =1, ...,n, and any pj;, qij G]szth — + —=1,1<

. q’j
J<n,

) if pij > lforalll

n k—1
Z[ Z (pij — 1)+Z<q,k—1>]|Ak|2

Jj=k+1 j=1
(i1) lfp,,<1f0ra111<l Jj <n,

n n k—1
> [1+ (ij_1)+Z(CIjk—1):||Ak|2-
1

J=k+1 j=1

Furthermore, the equalities in (i) and (ii) hold if and only if (p;jj — 1)A; = Aj forall 1 <i <

j<n.

Proof. (i) By Lemma 1,

i=1 1<i<j<n
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Equivalently we have

n 2 n
YAl =X 1A= > [lAi+ AR = (AR +14,2)].

i=1 i=1 1<i<j<n

Applying Corollary 2 to |A; + A}, this gives

n 2 n
DA =D IAP < Y [y = DIAP + (@i — DIA P,

i=1 i=1 1<i<j<n

with equality if and only if (p;; — )A; = Aj forall 1 <i < j <n, thatis,

n 2 n
Sal <Y IAP+ Y [y = DIAPR + (@i — DIA; ]

i=1 i=1 1<i<j<n
n n k—1
=Y 114+ D (= D+ (g — 1 [1AP,
k=1 Jj=k+1 j=1

with equality if and only if (p;; — )A; = Aj forall 1 <i < j <n.
(i1) It follows from Corollary 4 by arguments similar to the proof of (i). O

Remark 5. In [10, Theorem 5, p. 504] and [13, Theorem 5], it was proved thatif x;,i =1, ..., n,
are elements in an unitary vector space X and a;; > 0, 1 <i < j <n, then

n 2 n n k—1 1

. . _ 2
Dol <1+ X ak,+Zajk 1%
i=1 k=1 j=k+1 j=1

Note that this is equivalent to (i) of Theorem 4.
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