ON MODULAR SIGNS
E. KOWALSKI, Y.-K. LAU & J. WU

ABSTRACT. We consider some questions related to the signs of Hecke eigenvalues
or Fourier coefficients of classical modular forms. One problem is to determine to
what extent those signs, for suitable sets of primes, determine uniquely the modu-
lar form, and we give both individual and statistical results. The second problem,
which has been considered by a number of authors, is to determine the size, in
terms of the conductor and weight, of the first sign-change of Hecke eigenvalues.
Here we improve the recent estimate of Iwaniec, Kohnen and Sengupta.

1. INTRODUCTION

There are many results in the arithmetic of modular forms which are concerned
with various ways of characterizing a given primitive cusp form f from its siblings,
starting from the fact that Fourier coefficients, hence the L-function, determine
uniquely a cusp form f relative to a congruence subgroup I" of SL(2,7Z). Among such
results are stronger forms of the multiplicity one theorem for automorphic forms or
representations, various explicit forms of these statements, where only finitely many
coefficients are required (say at primes p < X, for some explicit X depending on the
parameters defining f), and a number of interesting “statistic” versions of the last
problem, where X can be reduced drastically, provided one accepts some possible
exceptions. Among other papers, we can cite [4], [16], [3] or [8].

Some of these statements were strongly suggested by the analogy with the problem
of the least quadratic non-residue, which is a problem of great historic importance
in analytic number theory, and there are many parallels between the results which
have been obtained. However, this parallel breaks down sometimes. For instance,
in [13], Lau and Wu note that one result of [12] for the least quadratic non-residue
is highly unlikely to have a good analogue for modular forms. This result (see [12,
Th. 3]) is a precise estimate for the number of primitive real Dirichlet characters of
modulus ¢ < D for which the least n with x(n) = —1 is > log D, and the difficulty
is that this estimate can be understood by assuming that the values x(p), for p of
moderate size compared with D, behave like independent random variables taking
values £1 equally often. However, Hecke eigenvalues may take many more than
two values, and thus assuming that they coincide should definitely be a much more
stringent condition.
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In this paper, we consider a way to potentially recover a closer analogy: namely
(narrowing our attention to forms with real eigenvalues) instead of looking at the
values of the Hecke eigenvalues, we consider only their signs (where we view 0
as being of both signs simultaneously, to increase the possibility of having same
sign). Then classical questions for Dirichlet characters and modular forms have the
following analogues for signs of Hecke eigenvalues A¢(p) of a classical modular form
f:

e What is the first sign-change, i.e., the smallest n > 1 (or prime p) for which
Ar(n) < 0 (or Af(p) < 0)? (Analogues of the least quadratic non-residue).
Note a small difference with quadratic characters: it is not true here that the
smallest integer with negative Hecke eigenvalue is necessarily prime; finding
one or the other are two different questions.!

e Given arbitrary signs €, € {£1} for all primes, what is the number of f (in a
suitable family) for which As(p) has sign ¢, for all p < X, for various values
of X7 (Analogue of the question in [12]).

e In particular, is there a finite limit X such that coincidences of signs of A(p)
and ¢, for all p < X implies that f is uniquely determined? (Analogue of
the multiplicity one theorem).

Of these three problems, only the first one seems to have be considered earlier,
with the best current result due to Iwaniec, Kohnen and Sengupta [5]. We will
improve it, and obtain some first results concerning the other two problems. We
will also suggest further questions that may be of interest.

Before stating our main theorems, here are the basic notation about modular
forms (see, e.g., [6, Ch. 14] for a survey of these facts). We denote by Hj(N) the
finite set of all primitive forms of weight k for ['o(/V), where k > 2 is an even integer
and N > 1 is an integer. The restriction to trivial Nebentypus ensures that all
Fourier coefficients are real, and for any f € Hj(IV), we denote

Z Ap(n)nF=D2e(nz), e(z) = ¥, (Smz > 0),

its Fourier expansion at infinity. Since f is primitive, the A;(n) are the normalized
eigenvalues of the Hecke operators T,,, and satisfy the well-known Hecke relations

(1) Aimn = 3 (%),

d|mn
(d,N)=

for all integers m > 1 and n > 1. In particular, Ay is a multiplicative function of n
(so A¢(1) = 1) and moreover the following important special case
(1.2) Ar(p)* = 14X (0%)

holds for all primes p { N.
Furthermore, it is also known that A\;(n) satisfies the deep inequality

(1.3) [Ar(n)] < 7(n)

I E.g., as a random example, for the cusp form of weight 2 associated to the elliptic curve
y? = a® + x, the first negative coefficient is A\(9) = —3, and the first negative prime coefficient is
A(13) = —6.
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for all n > 1, where 7(n) is the divisor function (this is the Ramanujan-Petersson
conjecture, proved by Deligne). In particular, we have A¢(p) € [—2,2] for p{ N, and
hence there exists a unique angle 6;(p) € [0, ] such that

(1.4) Ar(p) = 2cos 0 (p).

Our other notation is standard in analytic number theory: for instance, m(x)
denotes the number of primes < z and P (n) (resp. P~(n)) denotes the largest
(resp. smallest) prime factor of n, with the convention P™(1) =1 (resp. P~(1) =
00).

We now describe our results.

1.1. The first negative Hecke eigenvalue. For f € Hf(N), k >2and N > 1, it

is well-known that the coefficients Af(n) change sign infinitely often. We denote by
ny the smallest integer n > 1 such that (n, N) =1 and

(1.5) Ar(n) <O0.
The analogue (or one analogue) of the least-quadratic non-residue problem is to
estimate n; in terms of the analytic conductor @ := k*N. Iwaniec, Kohnen &

Sengupta [5] have shown recently that
ny < QP90 = (J2N)29/60

(here, standard methods lead to ny <. Q'/?*¢ . so0 the significance is that the expo-
nent is < 1/2).
Our first result is a sharpening of this estimate:

Theorem 1. Let k > 2 be an even integer and N > 1. Then for all f € H}(N), we
have

(16) ny < Q10/21 _ (kQN)lo/Ql,
where the implied constant is absolute.

Theorem 1 will be proved by refining the method of Iwaniec, Kohnen and Sen-
gupta, which is based on sieve methods and a clever use of the Hecke relation (1.2);
see the introduction to Section 2 for a further discussion of the basic ideas. Also,
notice that, as observed by Iwaniec, Kohnen and Sengupta, an immediate improve-
ment of their bound follows from any subconvexity bound for L-functions on the
critical line. Like them, we do not need any such result to prove Theorem 1, but we
will state below the precise relation.

Note that we do not know if the estimate of Theorem 1 holds for the first negative
Hecke eigenvalue at a prime argument.

1.2. Statistic study of the first sign-change. The upper bound (1.6) is probably
far from optimal. Indeed, one can show that under the Grand Riemann Hypothesis
we have

ny < (log(kN))?
where the implied constant is absolute. Our next result confirms this uncondition-
ally for almost all f. It closely parallels the case of Dirichlet characters (see [12]).
Precisely, we first recall that

[Hi(N)] = ko (N),
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where p(N) is the Euler function, as k, N — 400, and we prove:

Theorem 2. Let v > 1 be a fized integer and & be a set of prime numbers of
positive density in the following sense:

Zl> 0 (z > 2)

“log 2
z<p<2zp g
peES

for some constants § > 0 and zp > 0. Let {¢,}pc» be a sequence of real numbers
such that |e,| = 1 for all p. Let k > 2 be an even integer and N > 1 be squarefree.
Then there are two positive constants C' and ¢ such that the number of primitive
cusp forms f € Hi(N) satisfying

epAf(p”) >0 for pe P, ptN and Clog(kN) < p < 2Clog(kN)

15 bounded by

log kN )
loglogkN/
Here C, ¢ and the implied constant depend on v and &2 only.

<, » kN exp (—c

Taking &2 the set of all primes, ¢, = 1 and v = 1 in Theorem 2, we immediately
get:?

Corollary 1. Let k > 2 be an even integer and N > 1 be squarefree. There is an
absolute positive constant ¢ such that we have

ny < log(kN),
for all f € Hi(N), except for f in an exceptional set with
log kN
clog log kN)

elements, where the implied constants are absolute.

< kN exp <—

It is very natural to ask whether this result is optimal (as the analogue is known
to be for real Dirichlet characters). In this direction, we can prove the following:

Theorem 3. Let N be a squarefree number and k > 2 an even integer, and let (&,)
be a sequence of signs indexed by prime numbers. For any e > 0, ¢ < 1/2, there
exists ¢ > 0 such that

1 * . 1 w(z)
T € M) | Aslp) has sign 2, for p < 2 ptNYH > (5 —¢)

for z = cy/(log kN)(loglog kN), provided kN is large enough.

One may expect that the same result would be true for z < clog kN (note that
(1)W(clogk1\7) > exp(—q log kN >

2 log log kN
so this result would be quite close to the statistic upper-bound of Corollary 1, and

would essentially be best possible, confirming that the signs of A;(p) behave almost
like independent (and unbiased) random variables in that range of p).

2 The cases where v > 2 can be interpreted as similar statements for the v-th symmetric powers.
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Theorems 2 and 3 will be proved in Section 3, using the method in [13] and
quantitative equidistribution statements for Hecke eigenvalues, respectively.

1.3. Recognition of modular forms by signs of Hecke eigenvalues. Here we
consider whether it is true that a primitive form f is determined uniquely by the
sequence of signs of its Fourier coefficients A;(p), where we recall that we interpret
the sign of 0 in a relaxed way, so that 0 has the same sign as both positive and
negative numbers.

The answer to this question is, indeed, yes, and in fact (in the non-CM case)
an analogue of the strong multiplicity one theorem holds: not only can we exclude
finitely many primes, or a set of primes of density zero, but even a set of sufficiently
small positive density. Here, the density we use is the analytic density defined as
follows: a set E of primes has density x > 0 if and only if

(1.7) Z%NKZ}%N—/{log(U—I) (o0 — 14).

peE

We will prove:

Theorem 4. Let ki, ky > 2 be even integers, let N1, No > 1 be integers and f; €
H;, (V1), f2 € Hy,(N2).

(1) If the signs of A, (p) and Ay, (p) are the same for all p except those in a set of
analytic density 0, then f1 = f.

(2) Assume that neither of f1 and fy is of CM type, for instance assume that Ny
and Ny are squarefree. Then, if Ay, (p) and As,(p) have same sign for every prime
p, except those in a set E of analytic density k, with k < 0.00109, it follows that

fi=fa

Recall that a form f € Hj (V) is of CM type if there exists a non-trivial primitive
real Dirichlet character x such that A¢f(p) = x(p)As(p) for all but finitely many
primes p. In that case, Af(p) = 0 for all p such that y(p) = —1, and hence its signs
coincide (in our relaxed sense) with those of any other modular form for a set of
primes of density at least 1/2.

Of course, Theorem 4 is also valid for the natural density, since the existence
of the latter implies that of the analytic density, and that they are equal. As a
corollary, we get of course:

Corollary 2. For any sequence of signs (g,) indexed by primes, there is at most
one pair (k,N) and one f € Hi(N) such that A¢(p) has sign ¢, for all primes.

Theorem 4 is proved in Section 4; although the argument is quite short and
simple, it is of interest to note that it depends crucially on the deep results of Kim
and Shahidi proving the holomorphy of the 6-th symmetric power L-function of
(non-CM) holomorphic modular forms.

1.4. Further remarks and questions. The main remark is that, underlying most
of the problems we consider is the Sato-Tate conjecture, which we recall (see Mazur’s
survey [14]): provided f is not of CM type (for instance, if N is squarefree), one

should have 5

i ——{{p < | ) € [0} = [ dpar

«
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for any o < 3, where pgr is the Sato-Tate measure
2
UsT = — sin? 0 d#,
s

on [0,7]. Since psr([0,7/2]) = psr([7/2,x]), this indicates in particular that the
signs of As(p) should be equitably shared between +1 and —1. This suggests and
motivates many of our results and techniques of proof.

We also remark that there is much ongoing progress on the Sato-Tate conjecture;
for f € H;(N), non-CM, a proof of the conjecture has been announced by Barnet-
Lamb, Geraghty, Harris and Taylor [1, Th. B]. However, knowing its truth does not
immediately simplify our arguments much (except parts of Section 4).

Finally, here are a number of further questions concerning our results:

— What is the optimal density x one can obtain in Theorem 47 If one assumes that
f1 and f5 obey the pair-Sato-Tate conjecture, namely that for a; < by, as < by the
set of primes

{p | An(p) € lar, b] and Mg, (p) € [az,bs]}

has density equal to pgr([a1, b1])psr([ag, ba]) (in other words, the Fourier coefficients
at primes are independently Sato-Tate distributed), one may easily get the result for
any Kk < % (corresponding to the probability for psr ® usr of having the same sign).
But this can only hold if f; and f are not related by quadratic twists, of course (and
in that case, for elliptic curves, Mazur [14, Footnote 12| mentions progress made by
Harris). If, on the other hand, fo = f; ® x for a real character x, the coefficients
are of the same sign for a set of primes of density exactly %

— Another natural problem suggested by Theorem 4 is to estimate the size, as a
function of the weight and conductor, of the smallest integer ny, s, for which the
sign of Af, (n) and Ay, (n) are different. If we enlarge slightly our setting to allow f;
to be an Eisenstein series such as the Eisenstein series of weight 4:

Eyz) =1+ 2402 (Z d3>e(nz),

n>1 " djn

where all Hecke eigenvalues are positive, then the question becomes (once more) that
of finding the first negative Hecke eigenvalue for f;, i.e., the problem considered in
Theorem 1. Hence, we know that

nyp m < (KEND)02

where the implied constant is absolute, but it would be interesting to obtain a more
general version, in particular a uniform one with respect to both f; and fs.

At least our statistic result (Theorem 2) generalizes immediately if one of the
forms is fixed: taking &7 to be the set of all primes, v = 1 and ¢, = sign Ay, (p) if
Ap,(p) #0, and 1 otherwise, we get immediately the following corollary:

Corollary 3. Let ki,ky > 2 be even integers and N1, Ny > 1 squarefree. For any
fized fy € Hj (N3), there is an absolule positive constant ¢ such that

np.p < g, log(kiN1),
for all f € Hy (N1) except for those in an exceptional set with
log klNl >

kN <— _—
< iV exp Cloglogk1N1
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elements, where the implied constants depend only on fs.

2. PROOF OF THEOREM 1

The basic ideas are similar to those of Iwaniec, Kohnen and Sengupta. For x >
y =z > 1, we define (as usual)

O(x,y,2) = Z 1, O(z,y) == O(z,z,y).
n<e
2<P~(n), PT(n)<y

Denote by w(t) the Buchstab function, defined as the unique continuous solution
of the difference-differential equation

tw(t) =1 if 1<
(tw(t)) =w(t—1) ift>

It is very well-known that

logz\ = z x
2.1 d = —
(21) (@,2) w(logz)logz+0<logz+ (logz)2)

and w(t) — e™7 as t — oo, where v is the Euler constant (see, e.g., [23, Theorem
I11.6.3, p. 400]).
We need a lower bound for ©(x,y, z), which is an improvement of [5, Lemma 3.

Lemma 2.1. Let 6 € (0,3). Then we have

x log log 2
>
Ol.1n) > - {a00) + 05 ZE %)

y>10, z=1v", (y/logy)’ <z < (y2)°

uniformly for

where

J(8) = inf w(t) — (log 2+ 8) sup w(t) — g log (i - g) _ dlog(2+ Z‘T{‘;g(l +2)

t>4 t>2
The implied constant depends only on 6.

We defer the proof until the end of this section, and we now explain how to prove
Theorem 1. Thus, assume y > 1 is such that Af(n) > 0 for all integers n with
1 <n<yand (n,N)=1. Write z := yz with z := ¢’ and 0 < § < 1.

We consider the sum

(2:2) Sia) = X A tos (£) = 57 (a) + 57

n<x
(n,N)=1
where
z
St(x) = Z Ar(n)log (5),
n<z, (n,N)=1

)\f(n)>0
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and similarly for S () with Af(n) < 0. The goal is to obtain upper and lower
bounds for S¢(z), using the positivity assumption, which are incompatible if y is
too large.

For the upper bound, we simply use [5, (2.2)], which gives

(2.3) Sp(x) < Va(K*N)*log(*N) [ (1 +p7'/),

p|N

with an absolute implied constant. This does not use the assumed positivity of
Ar(n) for n < y, and in fact is easily obtained from the convexity bound for the
L-function of f on the critical line [5, (1.6)]. We note that, more generally, if we
have

L(f,1/2 +it) < (K*N(1 + [t|)H)",

for t € R, where nn > 0, then we get in the same way

(2.4) Sp(w) < VERN T (14 572)

p|N

(the recent work of Michel and Venkatesh [15] provides such a uniform result for
some 7 < 1/4).

To derive a lower bound for S¢(z), we get separately lower bounds for Sjjf(x) The
key to our improvement of [5] is in getting a better lower bound for S}r(x), though
there is a trade-off in the lower bound of 57 ().

We start by the lower bound for Sy (z). From the multiplicativity of A, our
assumption and the choice of x and y, it follows that each integer n > 1 which
occurs in the sum S5 (z), so that Af(n) < 0, has exactly one prime power factor p”
with y < p¥ < x and (p, N) = 1. Thus, using (1.1) and (1.3), we deduce

S;(z) = > As(dp”) log ( d;)

dp” <z, p” >y, Ay (p¥)<0
(d,N)Z(p,dN):l

> 3 N Y (V+1)log<%>.

(de\%Z 1 prseld

It is clear from the prime number theorem that
x 2(z/d) 1
2log (— ) = =2 14+ 0( ———
2 2l (dp) logu/d){ " <1og<x/d>>}

2x 1
< 1
dlogy{ +O<10gy)}
X

and
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for d < z. Inserting these into the preceding relation, we obtain

(2.5) S (x) > —QIOZy{l—kO(lO;y)}CK 3y AfT@

<z, (d,N)=1

On the other hand, we deduce that

M) \(@ MB) - A
D D D VD Dl

d<z d<z, Pt(
(d,N)=1 (d,N)=1 pIN (d,N)=1

by Deligne’s bound |Af(p)| < 2, the prime number theorem and positivity. Combin-
ing with (2.5), this yields

1 T
: i (@) = — ,

(2.6) St () {2+410g2+0<10gz)}1ogyAf(Z)
where

Ar(d
(2.7) Az)= Y #.

d<z, PH(d)<y/z
(d,N)=1

Next we derive a lower bound for Sy (x). By positivity and (1.2), we have

M) =1+Xx(p*) =21 (ptN,p< V)

and hence A¢(¢) > 1 for squarefree ¢ with P*(¢) < /y and (¢, N) = 1. Thus

SIOENED SUE VO RED SN UI

d<z, PH(d)<y/Z <a/d, (6,N)=1
(d,N)=1 pll=+/2<p<\/y, L squarefree
X
> Ar(d log [
DEEEVCIND SR )
d<z, PH(d)<v/Z t<a/d, (¢6,N)=1
(d,N)=1 pll=+/2<p<,/Y, Lsquarefree
X
(2.8) > > M@ > log (@>—R,
d<z, PT(d)<v/z (< /d

(d,N)=1 pll=v2<p<\/y
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where
D YYD D SR TEARD 3DY bg( )}
d<z, PH(d)<y/Z pIN_ 1</ (dp) p>V/z (<z/(dp?)
(d,N)=1 p>f
<allogr) 3 MO(T LY )
d<z, Pt (d)<V/z p|N p>xf
(d,N)=1 P>z
T Ap(d) T Ag(d) 13
<<(10g(2N))ﬁ > S <y > S = aa A (2)
d<z, P (d)</z d<z, PH(d)<vz
(d,N)=1 (d,N)=1

(see (2.7)), since we can obviously assume that z > (log(2N))® without loss of
generality.

Now we estimate the sum over ¢ on the right-hand side of (2.8), with the help of
Lemma 2.1. Note that

2 10g(5f>_/y::gy> el s +O((logy>)

(<L /d
pil=v2<p</y

Setting (x,y,2) = (s,/y, v/2) where y/(logy)* < s < x/d, it is easy to check this
lemma is applicable, and we get

2 log1
Z log ) J(6)+ O 808 = 1 L
dl dlog z log 2z
(<e/d
pl=v2<p<y

Inserting this into (2.8), it follows

(2.9) Si(x) > {J(5)+O(loglogz)}Af(z)

log 2z log z

Combining (2.6) and (2.9) with (2.2) and noting that Af(z) > 1 by positivity, we

conclude that
2¢ [ J(0) 1
> —Z2 —1—2log?2 — | ».
Si(@) 10gy{ 0 o8 +O(10g2)}

According to [25, Lemme 12], we have
inf w(u) > 0.5608 and supw(u) < 0.5672.

u>3 u>2

Then a simple numerical computation gives
20J(55) — 1 —2log2 > 0.

Since J(J) is a continuous function of J, we take § = 2—10 + 0y for a suitably small
positive constant dg, so that we obtain finally the desired lower bound

T

(2.10) Sye) >
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Now we can quickly conclude: comparing this estimate with (2.3), it follows that

r < (K*N)Y? (1og(k2N) H (1 +p_1/2)>2,

pIN
and since ¢ = yz = y'™, we have
2/(149)
y < (KN (log(k2n) [T +p70))
pIN

which implies the desired result (1.6). Note that if we used an estimate of the
type (2.4), we would get

ny <. (k2N)2n/ (14+6)+ (k2N)40?7/21+8.
This completes the proof of Theorem 1, except for the proof of Lemma 2.1.

Proof of Lemma 2.1. First, it is clear that

O(r,y,2) = Bla,2) — Y. ¢<§,z>.

1<q<z

P~ (a)>y
Since x/z >y and ®(x/q,z) =1 for /2 < q

<
O(x,y,2) = Bz, 2) — (g ) O(z,y) +<1>(Z )

l<q<:c/z
P

x, we can split further as follows,

By the asymptotic formula (2.1), it follows that

~ (logz\ = log(x/q) x
®<x’y7z)_w<logz)logz Z w( logz /) qlogz

1<q<z/2
(2.11) P>y

logx\ =z x
_w(logy) log +O<(10g2)2)'

Next we divide the sum on the right-hand side of (2.11) into two parts according
tol < q < x/2%or x/22 < q < x/z. In the first case, ¢ must be a prime since
r/z? < y? Thus

21 Y w(loi)(gip))p <supw(t) Y L supw(t) log2 + O(lo;y)

2 £>2
y<p<z/z? y<p<w/z> P -

by using again x/2? < 2.

In the second case, we have 1 < log(z/q)/logz < 2 and ¢ has at most two pr1me
factors (because of z/z < y*z < y5/ 2). In view of our assumption z > (y/logy)? >
yz% and the relation w(t) = 1/t if 1 <t < 2, we can write

1 1 1
Y o <M) =Y s
x/22<q<x/2 08 % q x/z2<p<z/zp 08\L/p
P (9)>y
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where the second term, namely

log 2z
S = )
Z Z plpz log(x/plpg)

y<p1<z/(yz) y<p2<z/(zp1)

does not appear if x < 3%2.
By integration by parts, the prime number theorem leads to

Z logz logz/x/z dn(t)
plog(z/p) logz J, .2 t(1 —logt/log )

x/z2<p<z/z

/x/z dt
22 t(logt)(1 —logt/log x)

}/log(x/z)/logx du
log(z/22)/logz U(l - U)

) 2—9 loglog 2z
< = . oo
\210g 1— )+O log 2 >’
since
log(x/z) _ log(y*/z(logy)®) _ 2-46  ,(loglogy
log(x/2?) ~ log(y?/z*(logy)?) ~ 2(1-19) log y
and
log z < log z :é 0 log log y
logz = log(y/logy)* 2 logy

for z > (y/logy)? and 2 =10,
Slmllarly when 3?2z < x < (yz)?, we have

s-li i of 1\ \lez /I/(yz) dty /W“) dt,
logz) J logz J, tilogty J, to(logts)(1 — log(tite)/ log x)

_ {1 ‘I'O( 1 )}logz /1—log(y2)/loga: du1 1—ui—log z/logx du2 |
logz /) J 1082 Jiogy/10g Ut Jiogy/logz (1 — uy — ug)

For logy/logz < u; <1 —log(yz)/logx, we have

/1—u1—10g z/logx du2 1 | <10g<x1—u1 /Z) log(xl—m /y))
= o)
logy/ log ug(l—up —ug) 11—y & log » log y
o U og (lorla/y) loa(e/y?)
1 —wu log z log y

1
< log(2 + 26
=— 0g(2 + 26)
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since 7 < (yz)? and z = y°. Inserting into the preceding formula, it follows that

1 1 1-log(yz)/log d
s<{1+0( )}nglog(2+26)/ “

logz logx logy/ log u(l - U)

— {1 + O( ! ) }logz log(2 + 20) log (bg(:"/yz) 10g<“’/y)>

logz/ | logx log(yz) logy

1 J
<
< {1 + O(logz) }2 5 log(2 + 26) log(1 + 20),

as y?z < o < (y2)? and 2z = 9. This inequality is trivial when z < 3%z for S = 0 in
this case. Thus we always have

3 M(M)l < Do (2 —5> , 910g(2 +2) log(1 + 20)

logz Jq = 2 1—9 2406
r/2?<q<n /2
(2.13) ey
+O<loglogz>'
log 2z
Inserting (2.12) and (2.13) into (2.11), we obtain the required inequality. This
completes the proof. O

3. STATISTICAL RESULTS

Our goal is now to prove Theorems 2 and 3. For the first, the main tool is the
following type of large sieve inequality.

Lemma 3.1 ([13], Theorem 1). Let v > 1 be a fized integer and let {b,}, be a
sequence of real numbers indexed by prime numbers such that |b,| < B for some
constant B and for all primes p. Then we have

Ar(p*) |7 96B%(v +1)%j\’ Loyi1 ((10BQY/1ON%
b » ko(N EN)OAL[ T2
Z Z P <o kp(N) Plog P + (kN) log P
fEHL(N) P<Z§Q

p

uniformly for
B >0, j=>1, 2| k, 2< P<@Q<2P, N > 1 (squarefree).
The implied constant depends on v only.

Proof of Theorem 2. The basic idea is that for all forms f with coefficients A;(p")
of the same sign ¢,, the sums
3 epAr (PY)

P<p<2P p
peEL

exhibit no cancellation due to variation of signs. The large sieve implies this is very
unlikely to happen, except if the A¢(p”) are very small in absolute value. The Hecke
relations are used to control this other possibility by relating it to A;(p*”) being
large which can not happen too often either.?

3 Variants of this well-known trick have been used in a number of other contexts, as in [3], but
note that the large sieve inequality proved there would not work for this problem, due to the lack
of multiplicative stability of the sign conditions (it would also be much less efficient).
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For the details, we first denote
Py={peZ | ptN},
and define
EX(N,P; P) = {f € Hy(N) | e, s(p”) >0 for p € Py N (P,2P]},
> Af(iw) ° } 1<V <o),

=
2vlog P
P<p<2P
PELN

& (N, P; ) = {f € H(V) |

To prove Theorem 2, clearly we only need to show that there are two positive

constants C' = C(v, &) and ¢ = ¢(v, &) such that
log kN
1 & (N, P: v kN (— —)
(3 ) | k( ‘@)|<<a] exXp ClOglngN
uniformly for
2|k, N (squarefree), kN > X, C'log(kN) < P < (log(kN))™

for some sufficiently large number Xy = Xy(v, &2).
The definition of &;(N, P; &) and Deligne’s inequality allow us to write

As(p)? ¥ M) |?
> | X > | 2 wrDs
fe& (N, P;2) | P<p<2P p fe&r(N,P;) | P<p<2P p
PEXN PELN
(¥ 2j
< Y g
fEH:(N) ' P<p<2P p
PEPN
Choosing
b (v+1), ifpe 2,
P 0 otherwise
in Lemma 3.1, we find that
2j 2j

3 A

P<p<2P p

2 < 2

Ar(P¥)
>

O* . G * P g P
(3'2) fe&; (N, P;7) e fEHE(N) ?j(NQ
96(v +1)"j 7 10/11 prj/2
< kN " Ploa P + (kN) P/,
0og

In view of the Hecke relation (1.1), the left-hand side of (3.2) is

>y (i-y|y M

0 . ov/ . P<pl2P 1<v’'< P<p<2P
JEE NP2\ 6 (N.Ps2)) -~ Pepse vl P2

g 2 ( 2 1_2101;13)2]'

P
* . v W ) P<pL2P
fe& (N P2\, _ 6 (N, P;2)) p<ep%

”
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Let w(n) be the number of distinct prime factors of n. Using the hypothesis on
& and the classical inequality

logn

woln) < {1+ o1)} o 2

we infer that

1 5 1 1 5
> p  2logP ° 2. o7 2 p 2logP

P<p<2P p P<p<2P p P<p2P
PEP N peEP p|N

4] w(N) < 5/2—-2/C < o
~ 2log P P 7 logP = 6logP’
provided C' > 6/6. Combining this with (3.2), we infer that
3456(v + 1) log P
02P
Now we bound the size of the sets (fk”/(N, P; 2) to finish the proof. Taking
1 ifpe P
0 otherwise

J
G PP (Ut (N, P 2)] < b RGeS

B=1, v=2/ Q=2P and bp:{

in Lemma 3.1, we get

P A0 [7
&Y (N, P; )| < A
(3i5p) I rzns ¥ | ¥
JEH;(N) ' P<p<2P
ptN
96(2v' + 1)%5\’ w11 [ 10@2P)Y 5N\
EN| —————— ENYO/M (L)
< ( Plog P + (k) log P
Hence,
345614 log P

J
(3.3)  |&(N,P; 2)| < kN( ) + (EN)OM P (1 <V <)

2P
provided P > 2(20v/8)'/Gv).
Combining this with (3.3), we finally obtain
3456(v + 1)*j log P
§2P

J
(3.4) &5 (N, P; 2)| < kN( ) + (kN)W/1L pri

uniformly for
2|k, N (squarefree), Clog(kN) < P < (log(kN))™, j =1
Now, take

log P
where §* = §?/(10(v + 1))*. We can ensure j > 1 once Xj is chosen to be suitably
large. A simple computation gives that

3456(v + 1)%j log P j<< ( log kN )
eX —C——————
02P P loglog kN

i [ - 1og(kzv)]
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for some positive constant ¢ = ¢(v, 2) and P < (kN)Y1%%° provided X, is large
enough. Inserting them into (3.4), we get (3.1) and complete the proof. O

We now come to the lower bound of Theorem 3. Our basic tool here is an equidis-
tribution theorem for Hecke eigenvalues which is of some independent interest: it
shows (quantitatively) that, after suitable average over Hf(N), the Hecke eigenval-
ues corresponding to the first primes are independently Sato-Tate distributed (thus,
it is related to the earlier work of Sarnak [20] for Maass forms and Serre [21] and
Royer [19] for holomorphic forms).

First, we recall the definition (1.4) of the angle 6;(p) € [0, 7] associated to any
f € Hi(N) and prime p { N. We also recall that the Chebychev functions X,,
n > 0, defined by

sin((n + 1)8)
sin 0
for § € [0, ], form an orthonormal basis of L*([0, ], usr). Hence, for any w > 1,

the functions of the type
(01, 0.) — J] X, 6))

1< <w

(3.5) X, (0) =

for n; > 0, form an orthonormal basis of L?([0, w]“, u55).

Proposition 1. Let N be a squarefree number, k > 2 an even integer, s > 1 an
integer and z = 2 a real number. For any prime p < z coprime with N, let

= Z ij(ﬁX 0
j=0

be a “polynomial” of degree < s expressed in the basis of Chebychev functions on
[0, 7]. Then we have

2 g [T %)= T 90 +O0C™ D™ (r(N)log 2N (NK) )
fEH:(N p<z Pz
(p,N)= (p.N)=1
where
'k -1 N
wp = ( ) (f, f) the Petersson norm of f,

(4m)* =1, f) e(N)

C = max |3)p(])’7
Dp,J

and D > 1 and the implied constant are absolute.

By linearity, clearly, we get an analogue result for
> Wf‘P O<s): 0= &5
fEHL(N j
where each ¢, is a function Wthh is a product of polynomials as in the statement.
Proof. Using the fact that for any n, > 0, we have

(3.6) IT a6 = ( IT »):

Pz Pz
(p.N)=1 (p,N)=1
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(which is another form of the Hecke multiplicativity), we expand the product and

get
I wem =3 (I wl@n)r@
P2 dIPn(2)*  p|Pn(2)
(va):l

where v,(d) is the p-adic valuation of an integer and Py(z) is the product of the
primes p < z, p1 N.

We now sum over f and appeal to the following Petersson formula for primitive
forms:

> wpAp(m) = 6(m, 1) + O(m**7(N)*(log 2mN)*(NE>) 1),
JFEHF(N)

for all m > 1 coprime with N (this is a simplified version of that in [7, Cor. 2.10];
note our Shghtly different definition of wy, which explains the absence of ¢(N)/N
on the right-hand side); the result then follows easily from simple estimates for the
sum over d of the remainder terms. O]

We now deduce Theorem 3 from this, assuming ¢, = 1 for all p (handling the
other choices of signs being merely a matter of complicating the notation).

To simplify notation, we write P = Py(z) the product of primes < z coprime
with N, and w the number of such primes.

First, if we wanted only to have Af(p) > 0 for a fixed (finite) set of primes
(i.e., for z fixed), we would be immediately done: Proposition 1 shows* that the
(04(p))pp become equidistributed as kN — 400 with respect to the product Sato-
Tate measure, if we weigh modular forms with wy, and hence

> e use(0.m/2) = (5)°

FEHL(N)
p|P=A;(p)20

which is of the desired type, except for the presence of the weight.® However, we
want to have

M(p) 2 0forp < 2, (p,N) =1,

where z grows with kN, and this involves quantitative lower bounds for approxi-
mation in large dimension, which requires more care. We use a result of Barton,
Montgomery and Vaaler [2] for this purpose; although it is optimized for uniform
distribution modulo 1 instead of the Sato-Tate context, but it is not difficult to
adapt it here and this gives a quick and clean argument.®

Precisely, we consider [0, 7], with the product Sato-Tate measure, and we will
write 6 = (6,) for the elements of this set; we also consider [0,1]* and we write
x = (z,) for elements there.

4 For Maass forms, this is essentially one of the early results of Sarnak [20].

® Using the trace formula instead of the Petersson formula (as in [19]), the unweighted analogue
of Proposition 1 holds with a product of local Plancherel measures, but each still gives measure
1/2 to the two signs.

6 This result was also used recently by Y. Lamzouri [11, §7], in a somewhat related context.
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For any positive odd integer L, we get from [2, Th. 7] two explicit trigonometric
polynomials” on [0, 1], denoted Ay (z), Br(x), such that

Ap@/m) = Bu(6/m) < ] x6)
P2
(p.N)=1
for all = (6,) € [0, 7]*, where x(6,) is the characteristic function of [0, 7/2] C [0, 7]
(precisely, we consider the functions denoted A(x), B(z) in [2], with parameters
N =w and u, =0, v, = 1/2 for all n < w; since (v, —u,)(L+1)=(L+1)/2is a
positive integer, we are in the situation ®,,, € By (L) of loc. cit.).
Thus we have the lower bound

(3.7) S w0 wr(Anr/m) - Bulog/m)).

fEH(N) fEH(N)
A (p)>0 for p|P

where 0 = (0¢(p)),-
Moreover, as we will explain below, Ap(6/m) is a product of polynomials over

each variable, and B (6/m) is a sum of w such products, and we can now apply
Proposition 1 (and the remark following it) to the terms on the right-hand side.
More precisely, we claim that the following lemma holds:

Lemma 3.2. With notation as above, we have:
(1) For any € € (0,1/2), there exists constants Ly > 1, and ¢ > 0, such that the
contribution A of the constant terms of the Chebychev expansions of Ar(0/7) and

Br(0/7) satisfies
w(z)
A > (1 — 6) ,

2

if L is the smallest odd integer > cm(z) and if L > Ly.

(2) All the coefficients in the expansion in terms of Chebychev functions of the
factors in Ap(0/m) or in the terms of Br(0/m) are bounded by 1.

(3) The degrees, in terms of Chebychev functions, of the factors of Ar(68/7) and
of the terms of Br(0/7), are < 2L.

Using this lemma, fixing ¢ € (0,1/2) and taking L as in Part (1) (we can obviously
assume L > Lg, since otherwise z is bounded) we derive from Proposition 1 that

> W (AL(Hf/W) - BL(Hf/ﬂ)) = A+ O(D*™)(r(N)log 2N )*(NE>) ™)
FEH(N)

for some absolute constants D, with A > (1/2 —¢)™), This is then > (1/2 — )",
provided

1 7(2)
D@ (7(N) log 2N (NK¥6) L « (5 —2)
This condition is satisfied for

z < ¢/ (logkN)(loglog kN)

7 Meaning, standard trigonometric polynomials of the type Yopage(l - x).
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where ¢ > 0 is an absolute constant, and this gives Theorem 3 when counting with
the weight w;. But, using well-known bounds for (f, f), we have

wy < kN(log kN)(loglog 6N) < kN (log kN)?,

with an absolute implied constant. Hence, for z = ¢/(log kN)(loglog kN), we get

1 1 1 m(2)
et € HEN) | Asp) > 0 for p < 2, pt N} 3> e (5 —¢)

[H; (V)] (log kN )2 \2
1 m(2)
> (5 - 25)

if EN is large enough, and so we obtain Theorem 3 as stated.

Proof of Lemma 3.2. We must now refer to the specific construction in [2]. We start
with Az (x): we have the product formula

Ap(z) = H ar(zy),

p|P

where ap, is a trigonometric polynomial in one variable of degree < L, i.e., of the
type

ap(zr) = Z arp(O)e(lx),

le|<L

with &7(0) = 1/2 (see [2, (2.2), Lemma 5, (2.17)]). In particular, the constant term
(in the Chebychev expansion) for Ap(0/m) is given by

(] awto/mause)”

and we will bound it below. For the moment, we observe further that, from [2,
Lemma 5], we know that 0 < ap(z) < 1 for all z € [0,1], and so we can simply
bound all the coefficients in the Chebychev expansion, using the Cauchy-Schwarz
inequality and orthonormality:

™ 2 ™ ™
[ ar@/mx,@ns| < [ laso/mP dusr x [ 1X,60)F dusr
0 0 0
</ dMSTX/ |1 X (0)* dpusr = 1.
0 0

It is also clear using the definition of X, () that the n-th coefficient is zero as
soon as n + 2 > 2L.

We now come to Bp(z), which is a sum of w product functions, as already indi-
cated: we have

Bi(z) =) Bulxy) [ [ anlay),
p|P qlP
q#p
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where (1 (x) is another trigonometric polynomial of degree L, given explicitly by

Bule) = 2L1+2(Z <1 N L|—i| 1>e<m -2 ( L|i| 1>6<£($ N 1/2))>

14]< LIS

2L1+2(2+2 > (- %)(1 +(-1)") cos(2nta)).

1<e<L

(see [2, p. 342, (2.3), p. 339)).

We now see immediately that Part (3) of the lemma is valid, and moreover, we
see that |GBr(z)| < 1, so the same Cauchy-Schwarz argument already used for oy,
implies that Part (2) holds.

To conclude, we look at the constant term in the Chebychev expansion for By,
which is given by

of / s (0/m) dusr)” / Bu(6/) dusr.
0
Using the expression

Bulb/m) = 57— 2(2+2 3 ( )(1+(—1)Z)cos(2£9)),

1<U<LL

where the second term doesn’t contribute after integrating against sin?f = (1 —
cos 20)/2 (the term with ¢ = 1 is zero), we get the formula

A= </07r ar (/) dus:r>w_l</07r ar(0/m)dusr — LL_H>

for the contribution of Ay (z) — By (z).
Now we come back to a lower bound for the constant term for ay. The point

is that, as L — +o00, az, converges in L*([0,1]) to the characteristic function y of
[0,1/2]: from [2, (2.6)], and the definition of oy, we get

x(2) —ar(@)] < fr(r),  0<z <1,

and from the Fourier expansion of 5; we have

181172 < x (4L +4) — 0.

(2L +2)?
Hence, we know that
2 s s
—/ ar(f/7)sin*0do — / x(0/m) dpsr = 1/2.
0

™

For given € € (0,1/2), the integral is > (1/2 —¢/2) if L > Ly, for some constant
Lo. Then, if L + 1 > 2e'w, we derive

55397095 69"

which gives Part (1) of the lemma. O
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4. PROOF OF THEOREM 4

The simple idea of the proof of Theorem 4 is that the assumption translates to
A (p)Ag,(p) = 0 for all primes p (with few exceptions), but it is well-known from
Rankin-Selberg theory that if f; # f5, we have

(4.1) 3 % o) (0> 14)

(see, e.g, [6, §5.12] for a survey and references; the underlying fact about auto-
morphic forms is due to Moeglin and Waldspurger). Thus we only need to find a
lower bound for the left-hand side (which is a sum of non-negative terms) which is
unbounded as ¢ tends to 1+. Since Rankin-Selberg theory also gives

(4.2) Z M ~ —log(c — 1) (0 — 14),
p pa

the only difficulty is that one might fear that the coefficients of f; and fy are such
that whenever Ay, (p) is not small, the value of Az, (p) is very small.® In other words,
we must show that the smaller order of magnitude of (4.1) compared with (4.2) is
not due to the small size of the summands, but to sign compensations.

In the non-CM case, this would be quite easy if we knew (or used) the Sato-Tate
conjecture, but we can avoid it by using small symmetric power L-functions. Here

is the precise lemma that we will use:

Lemma 4.1. Let N > 1 be an integer, k > 2 be an even integer and f € Hi(N) a
primitive cusp form of level N and weight k which is not of CM type. Then there
exists a constant a > 0 and 6 > % such that

3 i>52}%+0(1),
p

(o
Ar@)>al

1,1
for o > 1. In fact, one can take o = 0.231 and 6 = 5 + 5;.

Lemma 4.1 does not hold for CM forms, because we then have Af(p) = 0 for a
set of primes of density 3. But the distribution of Az(p) is even better known in the
CM case, so we will be able to treat the case (1) of Theorem 4 involving CM forms
without too much difficulty.

Proof. 1t is convenient here to work with the Chebychev polynomials U, instead
of the Chebychev functions X,, considered in the previous section: recall that for
n > 0, we have

X, (0) = Upn(2cosb)
where U,, € R[z] is a polynomial of degree n. Then (3.6) gives U, (As(p)) = As(p™)
for any f € Hi(N), pt N, and n > 0.
We then claim that there exists a polynomial
Y = By + 82Uz + BaUs + BsUs € Rlz]
with the following properties:
(i) Bo > 3;

8 See the remark after the proof for an example of which potential situations must be excluded.
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(i) for some a > 0 and x € [—2, 2], we have

(4.3) Y(z) < xalz),
where A := {z € [-2,2] | |z] > a}.
Assuming this, we conclude as follows: by (ii), we have

3 %221/ )\U(p))_ﬂoz +ZﬁQZZUzz )\j( p)

[Af(p)|>c b pIN p PN P’ 1<i<3 p
By the holomorphy and non-vanishing at s = 1 of the second, fourth and sixth
symmetric power L-functions (see [9, Th. 3.3.7, Prop. 4.3] for the last two, noting
that non-CM forms are not dihedral, and [22] for a survey concerning those L-
functions), since U, (Af(p)) is exactly the p-th coefficient of the n-th symmetric

power for p { N, standard analytic arguments show that
Ugi (A
Z 2( (J:(p)) _ 0(1)
P
for 0 > 1 and i = 1,2,3. Hence the result follows with 6 = [, > =

Now to check the Clalrn and verify the values of a and ¢, we Just exhibit a suitable
polynomial, namely

1 1 1 1 1 1 22 2
Y:§+ﬂ+ZU2_ZU4+ 36U6 17 6 93[E4+ 72 283

1000 1257 100 1257 7 3000°
since
U=1 U =2 Uy=2*2-1, Uy=2a*—-322+1,
(4.4) 5 3 6 4 2
Us =x° —4a° + 32, Ug=2x°>—bx*+ 62" — 1.

This polynomial is even, and its graph on [—2,2] is in Figure 1 (see Remark 1
below for an explanation of the origin of this polynomial).

-0.25

FIGURE 1

The value of « is an approximation (from below) to the real root
ap = 0.23107202470801418176315245050693402580 . . .

of Y in [0, 2]; the maximum value of ¥ on [0, 2] is very close to 1. O
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Proof of Theorem J. We first consider Part (2), i.e., the case where f; and f, are
not of CM type. Let E be the exceptional set of primes where the signs of Ay, (p)
and Ag,(p) do not coincide. As already noticed, the assumption implies that for all
primes p ¢ E, we have Ay, (p)Ap,(p) = 0. Moreover, we have |As, (p)Ay, (p)| < 4 for
all p, by the Deligne bound. Hence, with a > 0 and § > % as in Lemma 4.1, we have

Z )‘f1 (p))‘fz (p:) Z )\fl (p))‘f2(p> + Z )\fl (p)>‘f2 (p)

> p v2E p v p
1
> o? Z — —4k[log(o — 1)[ + O(1)
IAp (P) >, Ay (P)|>a

p¢E

(Z Y-y - Z )——4/{|10g(0—1)|+0()

PEE g (Pl Mgy (p)I<a

1
> QQ{(l — Kk —2(1-19)) Z —} —4k|log(c — 1)| + O(1)
pU
p
= (0*(20 — k — 1) — 4r)|log(o — 1)| + O(1),
for any o > 1. Since 20 > 1, we find that the left-hand side goes to +o00 as 0 — 1+
under the condition
o?(20 —1) 53361
4+a2 48640332

(with the values of Lemma 4.1). However, as already mentioned, the theory of
Rankin-Selberg L-functions shows that if f; # f5, we have

S 2A0) _ o) (),

pO’

= 0.001097052. ..

p

since there is no pole (or zero) of L(s, fi X fa) at s = 1 (recall that f; and f, have
real coefficients so f, = f5). So we must indeed have f; = fo.

There remains to consider Part (1) of Theorem 4 when one of the forms is of CM
type (and the exceptional set E now has density 0). We will be brief since there are
less difficulties here. The main point is the following well-known result concerning
the distribution of the angles 6¢(p) for a CM form f € Hj(N), with £ > 2: there
exists a real, non-trivial, primitive Dirichlet character x; such that As(p) = 0 when
x7(p) = —1 (a set of primes I of density 1/2), and for p ¢ I¢, the 0¢(p) € [0, 7] for
p < x become uniformly distributed as x — +oo, i.e., we have

2 )
e E €2zm9f(p) -0,
()
Pl
psE

for all non-zero integers m € Z (see, e.g., [17, p. 197], where this is explained for
elliptic curves, with slightly different notation). In particular, for any o > 0, the
density of the set of primes where |A\f(p)| > « exists and is equal to

1
— 2
- arccos(a/2)
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and this density goes to 1/2 as o — 0.

Now assume f; is a CM form and f5 is not; according to Lemma 4.1, we find
a > 0 and a set of primes P, of analytic density 6 > 1/2 where |\, (p)| > «, and
then the set P, N I, has analytic density > 0, thus for small enough o/, it contains
a set G with positive analytic density where |[As, (p)| > . Hence we have

S ALEA0) 5 A

P p” peG p

+o(log|o —1|71)

1
> O‘O‘/Z_a +o(loglo — 1|71, aso — 1+,
peEG

which is in fact a contradiction (since f; can not be equal to fs).

Finally, assume f; and f; are CM forms. Because of independence of primitive real
characters, the union Iy, Uy, has density at most 3/4 (the complement contains the
set of primes totally split in a Galois extension of QQ of degree at most 4). For small
enough a > 0, the complement must contain a set of primes of positive analytic
density where |Af, (p)] > «, |Ap(p)| > a, and we can conclude as before that the
Rankin-Selberg convolution has a pole at s = 1, so that f; = f5 in that case also. [

It is known that the 8-th symmetric power are holomorphic for non-CM forms
(still due to Kim and Shahidi); using this, one could improve the constant slightly.
However, it seems more interesting to show that using the sixth symmetric power
(and thus the deep results of Kim and Shahidi) is necessary. For this, note that the
sequences {Zp }pprimes ad {Yp}pprimes defined by zo = yo = 0 and for primes p > 3
by

o if p =3 (mod4),
Ty = (=1)®=D/4/2 if p =1 (mod 4),
( )

] (=1)PA2 i p =3 (mod 4),
=0 if p=1(mod4),

have the “right” moments of order 1 to 5 for being Sato-Tate distributed.? i.e., we
have ¥ ¥
S8 _on) a3 W) o)
p pg p po
for o > 1and 1 < k < 5, and yet x,y, > 0 for all p, in fact z,y, = 0, so that we

most certainly have
Z% —0(1) (0>1).
p
Remark 1. We now explain how the polynomial of Lemma 4.1 was found. First —
confirming the previous remark — there is no polynomial
Y = (o + B2 Xo + 4 Xy € Rlz], with Gy > £,

such that Y < x; for some interval I = [, 2] C (0,2]; indeed, such a polynomial
would have to satisfy

9 The sixth moment fails: it is 4 instead of 5 for the Sato-Tate distribution.
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(iv) Y(0) < 0;
(v)YSlon[O 2];
(Vl) ﬁ() > =

But then, expressmg Y € R[z] in the basis of powers of x, we check that

Y(0) + Y(V2) = (8o — Ba+ Ba) + (Bo — Ba + Ba + 262 — 684 + 484) = 25,

so condition (vi) leads to Y(0) + Y (v/2) > 1, and if Y (0) < 0, this means that

Y (v/2) > 1, showing that (iv) and (v) are then incompatible. (This formula is a

very special case of “Gaussian quadrature” using zeros of orthogonal polynomials.)
Looking at this argument, however, reveals that it barely fails: the polynomial

Yo=3+1Xo — 31Xy =27 — j2* =22(1 — L2)(1 + 32)

satisfies 0 < Yy < 1 on [0,2] and By = 3; in fact

Yo =0, fo=3  maxYo)=Yo(v2) =1
So we constructed our polynomial by “deforming” slightly this example, increasing

the constant coefficient to make it > 1 and compensating with a small multiple of

Xg. We did spend some time trying to adjust the parameters to maximize %,

but we do not know what is the best possible result with polynomials of degree 6.
Maybe the method of Rankin (cf. [18, 26]) could be helpful to solve this optimization
problem.

Remark 2. Lemma 4.1 is somewhat “dual” to well-known investigations of conse-
quences of holomorphy of the first symmetric power L-functions towards the Sato-
Tate conjecture, explained in particular in Serre’s letter to Shahidi included as an
Appendix to [22] (and refined most recently by Kim and Shahidi [9, §4]). In those
works, one is interested in finding ¢ € [—2, 2], as large as possible, such that A\¢(p) > ¢
for infinitely many p and Af(p) < —c for infinitely many p. In our lemma, the value
of ¢ (i.e., @) is not the most important, but the density of the set of primes has to
be quite large.

Remark 3. The limit of the argument we used (for non-CM forms) is fairly easy to
determine: if the Sato-Tate conjecture is valid, we have all even symmetric power
L-functions at our disposal and hence we can use polynomials Y approximating
arbitrarily closely (in L' or L?) to xa(x) for any a € (0,2]. The value § = 3 is then
the probability under pgr distribution of A = {z : |z| > a}, namely

2 o) 1. a
fo = — arccos <—> — —sin (2 arccos (—))
U 2 7r 2
and we are led to maximize over [0, 2] the quantity
(e (5) = Zoim(2arecen (5)) 1)
r — —sin(2ar —)) -
= 15 oz \ 5 areeos (5 s arccos | 5

we find numerically that the best value is around o ~ 0.522179, allowing to take
k < 0.021875... (i.e., knowing only the individual Sato-Tate conjecture, we can
allow a bit more than 2% of the primes to be in the exceptional set).
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Remark 4. As a final remark, one can think of other ways (than looking at signs) of
reducing Fourier coefficients of modular forms to a fixed finite set: the most obvious,
at least if f has integral coefficients A ;(n)n*=1/2 is to look at the coefficients modulo
some fixed prime number ¢. However, the situation there can be drastically different:
for instance, for all (infinitely many) elliptic curves with full rational 2-torsion, given
for instance by equations

y'=(@—a)x-b)x—c)

with a, b, ¢ distinct integers, the reduction modulo 2 of the odd prime coefficients
of the corresponding L-function (or modular form) is the same!
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