Holomorphic double fibration and its applications
on the mapping problems of classical domains
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Abstract

We construct holomorphic double fibrations which link up certain pairs of classical
domains on Grassmannians. By analyzing the geometric properties of these double fi-
brations including the projections of the associated fibres and their intersections, we
obtain rigidity results for holomorphic mappings between certain pairs of Type-I irre-
ducible bounded symmetric domains that are well adapted to the double fibrations. As
one application of our results, we prove that, for s > 2 and s > 7’ > r, every proper
holomorphic map from €2, s to €,/ 5 is necessarily a totally geodesic isometric embedding
if ' <2r—1.

1 Introduction

Let H, s be the standard Hermitian form on C™** whose r eigenvalues are equal to
1 and s eigenvalues are equal to —1. Denote by G;,;s_; the Grassmannian of j-
dimensional linear subspaces in C"**. In this article, we will look at the domain
on Gj,4s—; naturally associated to H,,. More explicitly, let j < r and define the
domain D}, C Gj,4s—; to be the set of j-dimensional linear subspaces on which the
restrictions of H, s are positive definite. When j = r, one can recognize easily that
Dy, is the Type-I irreducible bounded symmetric domain €, ;. In particular, Dj , is
just the usual complex unit s-ball. On the other hand, for the domains D; ,, where
r > 2, they are sometimes called generalized balls. They are domains on complex

projective spaces and can be defined equivalently as
D)y =A{lz1,-zps € PPz 4 5P > lma P )

In [1] and [2], by using the theory of normal form and methods in Cauchy-Riemann
geometry, Baouendi-Huang and Baouendi-Ebenfelt-Huang obtained rigidity results
on local proper holomorphic maps among the generalized balls. It appears that the
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problem is in general more difficult when the difference in the parameter r between
the domain and target is larger. In fact, Baouendi-Huang in [1] showed that any local
proper holomorphic map f : U C D}, — D, , is linear if 7,5 > 2. In particular, there
is no restriction on the difference s’ — s. On the other hand, Tsai [3] showed that
a proper holomorphic map between two irreducible bounded symmetric domains of
the same rank is necessarily a totally geodesic isometric embedding when the rank
is at least 2. Thus, every proper holomorphic map Dy, — Dy, is totally geodesic if
r,s > 2. And again, the difference s’ — s is irrelevant.

From these results, one is naturally led to the question about the rigidity of proper
holomorphic mappings among DZﬁS for 2 < 7 <r—1. It might be natural to call these
domains generalized Type-1 domains. By studying a certain type of cycles on D%S, the
present author has proved in [4] that every proper holomorphic map f : D%S — Dis, is
linear for s > r > 2and 1 < j < r—1. (Here, by a linear map, we mean a map which is
induced by a linear embedding between complex Euclidean spaces.) Thus, this result
has included the theorem of Baouendi-Huang in the cases where s > r. While the
result of Baouendi-Huang is stronger, the method in [4] is more geometric in nature
and more adapted to the theory of holomorphic geometric structures pertaining to
Hermitian symmetric spaces. As mentioned, the key ingredient of the method in [4]
is the structure of certain cycles on DJ . For a fixed D], the moduli space of these
cycles turn out to be the Type-I irreducible bounded symmetric domain Dy ; and by
lifting these cycles tautologically to an appropriate Grassmann-bundle, one gets a
holomorphic double fibration on a submanifold of this Grassmann-bundle linking up
Dj, and Dj, ie. the target spaces of the two holomorphic submersions associated
to the double fibration are Dﬂﬁs and Dy, respectively. Roughly speaking, the rigidity
comes from the fact that a proper holomorphic map respects this double fibration and
therefore the structural results of Type-I bounded symmetric domains can be applied

to analyze the mappings on D/ .

In this article, we invert our point of view and explore the possible implications of
the rigidity theorems of D%S on the mapping problems of Type-I irreducible bounded
symmetric domains. To this end, we first use a more natural approach to establish
a general double fibration linking up D%S and fo,s for every j, k. More explicitly, we
will construct holomorphic submersions

P .
Jo gk Tk Dk
Dr,s Dr,s Dr,s

from a domain DJ¥ in a (generalized) flag manifold. We then analyze in detail this
double fibration including the projections of the fibres and their intersections. When
k=, ie when DF = Dr = Q,,, it turns out that the projections on €, of the
fibres in the double fibration are examples of the so called invariantly geodesic sub-
spaces in the theory of bounded symmetric domains. The definition of these subspaces
will be left until later. For the moment, it suffices for us to mention that for Type-I
domains, their invariantly geodesic subspaces are precisely the submanifolds that are
equivalent to those given by the embeddings €, , < €, defined by Z — [J 2] for

some p < r and g < s. We will call such a subspace a (p, q)-subspace of €2, 5. In the
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above double fibration, the projections of the fibres in Dﬁ:’; on §), ; are precisely the
(r — j, s)-subspaces. The general properties of invariantly geodesic subspaces have
been studied in [5] and [3] and among these is the following important statement
which is of extreme importance in the study of proper holomorphic mappings. For
simplicity, we only state it for Type-I domains.

Proposition 1.1 (Mok-Tsai, Tsai). Let f : Q.5 — Qu ¢ be a proper holomorphic
map, where rank(€,. ) > 2. Then f maps (r —1,s — 1)-subspaces into (1" — 1,5 —1)-
subspaces.

Indeed, this result has been incorporated by Mok [6], Tsai [3] and Tu [7] in their
methods to obtain rigidity for proper holomorphic mappings among bounded sym-
metric domains. Here, in order to make use of the above double fibrations, we go one
step further and study holomorphic mappings f : Q,., — Q.. ¢ that maps (r — 1, s)-
subspaces into (7' —1, s’)-subspaces. The importance of such mappings can be justified
as follows. Consider a proper holomorphic map g : €, — Q. o. Let X, 1 C £,
be an arbitrary (r,s — 1)-subspace. Then each (r — 1,s — 1)-subspace of X, _; is
also an (r — s, s — 1)-subspace of €2, ;. Thus, the restriction ¢ : X, ;_1 — Q,v ¢ maps
(r — 1,8 — 1)-subspaces into (' — 1, s’ — 1)-subspaces by the Proposition 1.1. But
every (r' —1,s" — 1)-subspace is contained in some (r' — 1, s")-subspace in 2, ¢ and
hence the restricted map g : X, ;-1 — Q,s ¢ satisfies the aforementioned property.

Our first main result in this article is the following

Theorem 1.2. Let r > 1" > 2. Let f : Q, ; = Q. ¢ be a holomorphic map such that
it maps (r — 1, s)-subspaces into (r' — 1, s")-subspaces. If f(§.5) is not contained in a
single (r'—1, §")-subspace of Q. o, thenr = 1’ and there exist k € N, 1 < k < min(s, s)
and ¢ € Auty(G,.5), ® € Auty(G, o) such that ¢~ (Q5) N Qs # 0 and

211 o oz 0 - 0
Pofop(Z)=1|: . 1 i o ,
21 o zee 0 - 0 v
<11 <1s
where Z = | : € o Q) N Qs
<rl Zrs

In the above statement, we regard €, ; as an open submanifold of G, ; and denote
the identity component of the group of biholomorphisms of G, s by Auty(G,.s).

The following result on proper holomorphic mappings follows easily from the pre-
vious one.

Theorem 1.3. Let r > 7' > 2 and f : Q., — Q¢ be a proper holomorphic map.
Suppose that f maps (r — 1, s)-subspaces into (r' — 1, s")-subspaces and f(£2, ) is not
contained in a single (r' — 1,s")-subspace. Thenr =1', s < s and f is a standard.

3



Here, we call a holomorphic map f : €2, ; — €, ¢ standard if it is up to automor-
phisms equivalent to the embedding ,. s < Q. ¢ defined by Z — [ 7]

Finally, the above results can be used to obtain a generalization of a theorem of
Tu [7] which says that a proper holomorphic map f : Q,_1, — ., is necessarily
standard if r > 3.

Theorem 1.4. Let s > 2 and s > 1" >r. Let f: Q. s — Q.5 be a proper holomorphic
map. If r' < 2r — 1, then f is standard.

The article is organized as follows. We first establish the definitions and some
general facts for a holomorphic double fibration. Then in Section 2.2 we construct
the double fibration that links up DJ _ and D} . The projections of the fibres in the
double fibrations (we call them fibral images) are the geometric objects concerning
us throughout the article. We analyze carefully the structures of these fibral images
especially on their intersection properties in Section 3. Then starting from Section 4
we study those holomorphic mappings which preserve the fibral images (i.e. fibral-
image-preserving maps). Our strategy is to appeal to a moduli map of a given fibral-
image-preserving map through the double fibration and try to obtain rigidity for the
moduli map. In the present context, the rigidity problem of the moduli maps is easier
since they are mappings between projective spaces. Roughly speaking, we show that
such a moduli map is linear under our hypotheses and then translate the rigidity back
to our original map through the double fibration.

Acknowledgement. The author would like to thank Professor Ngaiming Mok for
his interest in the article and raising a question which has led to a considerable
improvement of Theorem 1.4.

2 Double fibration

In this article, by a double fibration on a complex manifold X, we mean two holo-
morphic submersions 74 : X — A and 7 : X — B with smooth fibres, such that
for any a,a’ € A and b,b' € B, we have biholomorphisms 7'(a) ~ 7,'(a’) and
75 (b) ~ 75" (V). The double fibration is said to be transversal if for any a € A and
be B, g : n,'(a) = B and w4 : m5'(b) — A are holomorphic embeddings. We
sometimes will denote a double fibration simply by A <— X — B when there is no
danger of confusion on the corresponding projection maps.

Fix a double fibration A <— X — B and let S C A be a subset. We define the
double fibration transform of S to be S* := wp(n;*(S)) C B. For any a € A, we write
a* instead of {a}* and call it a fibral image in B. The double fibration transform of
subsets in B and the fibral images in A are defined analogously.

Let A< X — B and C «< Y — D be two double fibrations. Let A; C A be an
open subset. A holomorphic map f : Ay — C is said to be fibral-image-preserving if



for every b € B such that b* N Ay # ), there exists d € D such that f(b* N A4y) C d*.
Let By C B be an open set. A holomorphic map ¢g : By — D is called a local
modult map, or simply a moduli map of a fibral-image-preserving map f : Ay — C'if
f(b* N Ag) C g(b)* for every b € By. If By = B, we may then call g a global moduli
map of f. We also simply say that a holomorphic map g : By — D is a moduli map
if g is a moduli map of some fibral-image-preserving map.

2.1 Fibral image and moduli map

We here collect and prove some general facts for fibral images and moduli maps. In
the entire section, we let A < X — B and C' + Y — D be two double fibrations
and Ag C A and By C B are open subsets. We also let f: Ay — C' be a holomorphic
map.

Lemma 2.1. For everya € A, b € B, we have a € b* if and only if b € a.

Proof. The statement follows since a € b* if and only if 7" (a) N 75" (b) # 0 if and
only if b € a. O

Proposition 2.2. Let S C A. Then for every b € (),cq a*, we have S C bt

Proof. An immediate consequence of Lemma 2.1. O]

Proposition 2.3. Suppose f is fibral-image-preserving and g : By — D is a moduli
map of f. Then g is also fibral-image-preserving and f is a moduli map of g.

Proof. Fix a € Ay. For every b € a*N By, we have a € V¥, so f(a) € f(b¥N Ag) C g(b)*
and hence g(b) € f(a)*. Thus, g(a* N By) C f(a)*. Since a is arbitrary, f is a moduli
map of g. O]

Corollary 2.4. Every moduli map itself has at least one moduli map.

Corollary 2.5. Let h : By — D be a fibral-image-preserving map. Suppose that for
every a € A such that a* N By # (), the image h(a* N By) is contained in a unique fibral
image in D. If h is a moduli map for two fibral-image-preserving maps f1 : Ag — C
and fy: Ag — C, then fi = f.

Proof. By Proposition 2.3, both f; and f; are moduli maps of h. And our hypothesis
implies readily that f, = fs. O]



2.2 Grassmannian and its flag domains

The double fibrations concerning us will be described in this section. We fix once
for all n € N* and denote the Grassmannian of j-dimensional linear subspaces (or
j-planes) in C" by G, ,—;. Let J € Gj,,_; and S,;]’nfk be the set of k-planes containing
J, where k > j. This is a linear section of G,,_; when the latter is realized as a
projective manifold by the Pliicker embedding. We call S,i n_k & J-linear section in
Gn—r. On the other hand, for every K € G ,—, where k > j, there corresponds a
subgrassmannian G%,_. C Gj,_; which consists of the j-planes contained in K. We

Jik—j
call such a subgrassmannian a k-subgrassmannian in Gj,,_;.

Let
Ty Tk
Gj,n*j — Gj,nfj X ka,k — Gk,nfk

be the trivial transversal double fibration with 7; and 7, the canonical projections on
each factor. Consider the complex submanifold F/* C Gjn—j X G n— defined by

Fik ={(J,K):JC K}
We get an induced transversal double fibration
Gjmej = FI* 5 Grns (1)

by restricting the projections 7; and 7 on .7:,{’“ It is clear that 7 : .7:,{”‘“ — Grn—k
can be regarded as the the universal family of all k-subgrassmannians in G;,_; and
m;: Fi* — Gj,,_; is the evaluation map for this universal family. On the other hand,
m;+ Fi* — G;,,_; can be also regarded as the universal family of all j-linear sections
in Gy -t and 7y, : .7-",2;”g — Gk n—r, noW becomes the evaluation map for this universal
family.

Consider now the canonical action of SL(n;C) on G;,,—; X Gg . By our defini-
tion, it is obvious that FJ* is invariant under this action and 7z, 7; are equivariant
with respect to the actions on .7-",2;”“, Gjn—;j and Gy . We thus get an induced action
on the double fibration (1).

Now let j, k, 7, s be positive integers such that j < k < r. We equip C"* with the
standard non-degenerate Hermitian form H, s of signature (r, s) of which r eigenvalues
are 1 and the other s eigenvalues are —1. The subgroup of SL(r + s;C) keeping H,
invariant is the generalized special unitary group SU(r,s). In the language of Lie
theory, it is an example of the so-called real forms of SL(r + s;C) and it is known
that [8] its action on any rational homogeneous space of SL(r + s;C) (in particular,
any Grassmannian of C"*) only has a finite number of orbits and some orbits are
open. These open orbits are known as flag domains (of SU(r,s)). Now consider
the open subset Dfis C Grris—k corresponding to the k-planes in C"** on which the
restriction of H, is positive definite. By definition D is invariant under SU(r, s)
and one can also see easily that the induced action is transitive and therefore Dﬁs is
a flag domain of SU(r, s) on Gy qs_-



Proposition 2.6. With respect to the double fibration (1) (when n =r+s), we have
K* C Dj, for every K € Dy . Moreover, (D} ,)* = Di,.

Proof. Recall that for j <k, if K € Gy 45—k, then
K'={J€Gjsj:J CK}

By our definition of the domains Df’s and DJ _, it follows immediately that K e Di,

for every K € Dfis. On the other hand, every J € D{S is contained in some K*, where
K € D},. Hence, D}, = (Df )" O

Motivated by the previous proposition, we now look at the group action of SU(r, s)
on the double fibration (1). Consider the open subset in ]-"ﬂfs defined by

. ik
Di,’]sc = {<J7 K) € ‘Fg—&-s K € Df,s}'

Dﬁ:’; is clearly invariant under the canonical action of SU(r,s). Furthermore, as the
action of SU(r, s) on Dfis is transitive and the isotropy group at every K & fois also
acts transitively on the subspaces of K, the domain Dﬁ:’; is therefore an open orbit on
FZF.. Since the action preserves the fibres of the double fibration (1) and 7; (D) =
Di,, m(DiY) = Df,, we have on D2¥ the following induced double fibration

I .
J J gk Tk k
Dr,s — Dns — DT’S. (2)

We remark that it follows directly from our definition that Dﬁ:’; is precisely the preim-
age 7, ' (DF,) C FIE (veferring to the m, in (1)). Therefore, the fibral images in
Dj , with respect to (2) are also the fibral images in G, ,—; with respect to (1), i.e.
they are simply k-subgrassmannians. However, on the other side, the fibral images in
Gl.r+s—k With respect to (1) are in general not completely contained in Dfis.

We summarize the the previous three double fibrations in the following diagram:

T Tk
Gj,'r—l—s—j — Gj,r+s—j X Gk,r—l—s—k — Gk,r+s—k
I U I
Gjﬂ'+s—j A Frfs — Gk,r+s—k (1)
U U U
Dl DI — Dy (2)

in which r, s are two fixed positive integers and j, k are any two positive integers such
that j <k <.



2.3 Bounded symmetric domain

On every Gj,_;, we can assign homogeneous coordinates to its points as follows.
Denote the set of p X ¢ complex matrices by M(p, ¢; C). Let Z € Gj,,—;. We write

where the row vectors of [Z] constitute a basis for Z C C™ as a j-plane. Evidently,
for a given Z, its homogeneous coordinates are only uniquely determined up to left
multiplication by non-singular matrices in M (j, j; C).

Now fixed again two positive integers r,s. For every positive integer j < r, we
split the homogeneous coordinates for Z € Gj,1,_; as [Z] = [Z',Z"],, where Z' €
M(j,7;C) and Z" € M(j, s;C). Since D], C Gj,4s; is the set of elements on which
the restrictions of the standard Hermitian form H, , is positive definite, we can now,
with the help of homogeneous coordinates, write

Di,s = {[Z/, Z//]r € Gj’rJrSij . Z/Z/H _ Z//Z//H > O}7

where *7 denotes the Hermitian transpose of the relevant matrix and “> 0” signifies
the positive definiteness in Hermitian matrices.

We now restrict our attention to the cases where k = r for the double fibration (2).
Note that Dy ¢ can be recognized as the Type-I irreducible bounded symmetric domain
1, s embedded in G, ;. For,

D:,s = {[Z/,ZH]T S Gr,s AN AL AL 0}

implies that Z’ € M(r,r;C) is always non-singular and we can thus take Z’ = I for
every Z € DI . where [ is the identity matrix. Consequently, with such convention

7,87

on the choice of Z’, the part Z” is uniquely determined by Z and we may now write
DI, ={I,2), € G,y: 1 - 22" >0}
which is just the classical Borel embedding of Q, s in G, ;.
We may now write the double fibration (2) as (in the cases where k =)
Di, <= DIl =5 O, (3)
Proposition 2.7. We have the biholomorphism
DIt Gy X Qs

Furthermore, upon this biholomorphism, we have in terms of the homogeneous coor-
dinates [X]| € Gj,—; and [1,Z], € Q. 5,

Wj([XL [[7 Z]r) = [X>XZ]T € Di,s

and T, is just the canonical projection Gj,—; X . s — Q5.
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Proof. Recall that
DJ = {(J,R) € Gjyis—j X Grs: J C R and H, | > 0}
or equivalently,
DiT={(J,R) € Gjyisj x Gry:J CRand R€ D) = Q,,}.

If we let [X] € Gj,—; and [I,Z], € Q,,, then first of all, [X, XZ], is well defined
as a linear subspace in C"**. Secondly, also as linear subspaces, [X, X Z], is clearly
contained in [/, Z],. Thus, we can define a map Gj,_; x Q,, — D77 by

which is easily seen to be bijective. Moreover, one can also see that the map is
holomorphic by using local (inhomogeneous) coordinates. Finally, as 7;(J,R) = J
and 7,.(J, R) = R for every (J,R) € DJ7, the other half of the proposition now

r,s)

follows. O

Remark. In [4] (Section 3 therein), the present special case
Dl G X Qg = Qg (4)

is obtained via looking at the space of certain tangent planes on D/,. On the other
hand, here we obtain the double fibration (3) as an open part of a bigger double
fibration (1) in a coordinate-free manner. The previous proposition then says that
(3) and (4) are indeed the same double fibration.

Corollary 2.8. With respect to the double fibration (3), for every [I,Z], € .5,

[1,Z]t = {[A,Bl,€Dj,: AZ = B}
= {[A,AZ], e D], : [A] € Gj,_;}.

2.4 Invariantly geodesic subspace

Corollary 2.8 provides us with a simple way to write down a fibral image on D%S
with respect to (3). We now look at the fibral images on €, . As described at
the beginning of Section 2.2, the fibral images on the right hand side of the double
fibration (1) are certain linear sections of the Pliicker embedding of G, s (we have
n =r+s and k = r here). Consequently, the fibral images on (2, ; with respect to (3)
are the intersections of these linear sections with €, ;. Actually, if one consider the
embeddings €2, , € C™ C G5, where C™ is embedded by

211 T Zls

C*>Z7Z= — [-[7 Z]r € Gr,sy (5)



then the fibral images are also affine linear sections of €2, ; in C"*. This can be deduced

from Proposition 2.7 as follows. For every [A, B], € D!, we have

7,87

[A7 B]g = {[I7 Z]r S Q"r,s :
there exists [X] € G;,_; such that [X, XZ], = [A, B], }.

But [X, X 7], = [A, B], if and only if there exists a non singular P € M (j, j; C) such
that PX = A and PXZ = B. From these we obtain readily that

[A, B ={[I,Z), € Q. : AZ = B}
which is an affine linear section.

Of course, not every affine linear section in (2, is a fibral image. Denote the
identity component of the group of biholomorphisms of G, s by Auty(G, ). An affine
linear section L of €2, ; defined by an equation like AZ = B remains an affine lin-
ear section under every transformation g € Auto(G,s) = PSL(r + s;C) such that
g(L)N Q.o # 0. It is easy to see this since every element in SL(r + s;C) acts by
taking [I, Z], to [CZ + D, EZ + F, for some constant complex matrices C, D, E, F
of appropriate sizes. Such an affine linear section is actually a special kind of to-
tally geodesic submanifolds in €2, s, the so-called invariantly geodesic subspaces in the
theory of bounded symmetric domains and its definition (for Type-I domains) is as
follows.

Recall the embeddings €2, ; € C™® C G, 5, where C™* — G, 5 as in (5) and
Qe={Z € M(r,sC)=C*:1-22">0}.

Definition 2.9. Let S C Q,, be a complex submanifold. Consider the embedding
Q.5 C G5 and the canonical action of SL(r + s;C) on G,s. Then S is called an
invariantly geodesic subspace of Q.. s if for every g € SL(r+s;C) such that g(S)NQ,. s #
0, the submanifold g(S) N s C Q.5 is totally geodesic with respect to the Bergman
metric of (5.

Proposition 2.10. An affine linear section of the form L ={Z € Q,,: AZ = B} is
an 1nvariantly geodesic subspace of €1, ;.

Proof. One first of all note that for any g € SL(r+s;C), g(L£) is totally geodesic with
respect to every choice of canonical Kahler-Einstein metric dsg on G,s. We deduce
this as follows. As we have seen, £ is just an open subset of some linear section of

G, in the Pliicker embedding p : G, s — PV, where N = (T j: S). On the other

hand, the action of SL(r + s;C) on G,., extends to an action on PV and a canonical
metric on G, is just the pull-back by p of a choice of Fubini-Study metric on PV.
Thus, g(L£) is totally geodesic in G, s for every g € SL(r + s;C).

Now to check that g(£) N, s is also totally geodesic with respect to the Bergman
metric ds? of Q, , we pick a point z € g(£) N Q, . Denote the identity component of
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the automorphism group of €2, s by Auty(G, ). We may, by replacing g(£) by ¢(g(£))
for some ¢ € Auty(Q,5) = PSU(r,s), assume that = 0 € €, ;. Then the vanishing
of the second fundamental form of g(£) at 0 with respect to ds? will imply also the
vanishing of the second fundamental form of g(£) at 0 with respect to ds? since ds?
and ds? agree up to first order at 0. Since x is arbitrary, g(£) N, is totally geodesic
with respect to ds?. O

Remark. (a) The second half of the above proof is taken from [6]. (b) Definition 2.9
can be applied on every bounded symmetric domain. Moreover, there is also the notion
of invariantly geodesic subspace for compact Hermitian symmetric spaces and the
intersections of these submanifolds with bounded symmetric domains (as embedded
in their compact duals) give the invariant geodesic subspaces of bounded symmetric
domains. The classification of invariantly geodesic subspace has been given in [3].

For every affine linear section £ = {Z € Q, , : AZ = B}, by using singular value
decomposition, one can show that there exists an element g € SU(r,s) such that
g(L) ={Z € Q.5 : DZ = 0}, where D is a real rectangular diagonal matrix with
non-negative diagonal entries. Thus, up to the actions of SU(r,s), we can take L
to be a linear section of €, , containing the elements Z € M(r,s;C) such that the
Z =2 where Z' € M(p, s;C), p € {1,...,r}. By using similar arguments as above,
one can also check that an affine linear section of the form M ={Z € Q,,: ZC = D}
for any constant complex matrices C, D with appropriate sizes is again an invariantly
geodesic subspace of €, ;. And again, up to the actions of SU(r,s), we can take M
to be a linear section of €2, , containing the elements Z € M(r,s;C) such that the
Z =10Z"] where Z' € M(r,q;C), ¢ € {1,...,s}.

It follows immediately from Definition 2.9 that submanifolds that are intersections
of invariantly geodesic subspaces are also invariantly geodesic. Therefore we can now
deduce

Proposition 2.11. Let 1 < p < r and 1 < q < s. The submanifold given by the
embedding 2, , < Q.5 given by Z — |5 9], is an invariantly geodesic subspace of Q..

Remark. Actually, according to [3], every invariantly geodesic subspace of €2, is up
to the actions of SU(r, s) equivalent to such a submanifold.

We will call an invariantly geodesic subspace of Q, 5 a (p, ¢)-subspace if it is equiv-
alent under the actions of SU(r, s) to the one given in Proposition 2.11. Note that
according to our definition, for €2, ., a (p, ¢)-subspace is not a (g, p)-subspace if p # ¢
even though the automorphism Z — Z7T takes (p, q)-subspaces to (g, p)-subspaces.

We will be dealing with fibral-image preserving maps (with respect to (4) for j = 1)
among ()., and studying their rigidity. Our strategy is to analyze the associated
moduli maps whose existence is guaranteed by the following proposition. To simplify
the notations, we let D, := D} ,.
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Proposition 2.12. Let f : Q.5 — Q. ¢ be a fibral-image-preserving holomorphic
map with respect to the double fibrations

Dys+ P7t'xQ. — Q.
DTI75/ — ]P)Tl_l X Qr’,s’ — Qr’,s"

Then f has a local moduli map.

Proof. Consider the restrictions of f on the (r — 1, s)-subspaces of €2, ;. There exists
k € N such that the restriction of f on a general (r — 1, s)-subspace is of rank k.
Pick an arbitrary (r — 1, s)-subspace X, on which the restriction of f is of rank k.
Let z9p € D, such that a:(ﬁ) = X and denote the tangent bundle of €2,» o by T, o.
Then it is clear that we can construct a holomorphic family of k-dimensional affine
linear subspaces in €2, o over a neighborhood U > z( by simply mapping z € U to
the affine linear subspace spanned by f(2*). This may be rephrased by saying that
there exists an open set U > xy and a holomorphic map h : U — Q. ¢ X (TQr',s')k,
h = (ho, h1,...,hy), such that ho(z) € f(z*) and the affine linear subspace at hg(x)
spanned by the tangent vectors {hy(x), ..., hx(z)} is the smallest affine linear subspace
containing f(z*). Here we regard each h; as a M (r, s; C)-valued holomorphic function.

We write the homogeneous coordinates in D, ¢ as [A, B],., where A € M(1,7";C)
and B € M(1,s';C). Recall that every (" — 1, s)-subspace of €, is defined by a
linear equation AZ = B for some [A, B],» € D,s 4. Now consider the following system
of linear equations defined on D,/

Ahy(z) =+ = Ahg(z) =0

When varying x, this becomes a holomorphic family of systems of linear equations
and we know that there is a solution for every x since f(z*) is contained in some
(r' =1, s')-subspace of 2, s by hypotheses. Also, for each z, it suffices to only solve for
Ahy(z) = -+ = Ahg(x) = 0 since for every solution A hence obtained, we can simply
substitute it into the last equation and the resulting [A, B],» will be automatically in
D, ¢ because Ahy(z)(Aho(z))" < AA" as ho(z) € Qv y. Now for z = zy, we choose
¢ linearly independent column vectors {ri,...r,} from the matrices {h;(zo)}i1<j<k
such that they span the column space generated by all the columns of the matrices
{hj(z0) }1<j<k. We necessarily have ¢ < r’ — 1 since the above system is consistent.
By shrinking U if necessary, we may assume that this spanning property holds for
every x € U with the same choice of columns. Consequently, there exists a set of
M (7', 1; C)-valued holomorphic functions {r;(x)},<;<, on U such that, for every x € U,
the system Ar;(z) = --- = Ary(x) = 0 is equivalent to Ahy(x) = --- = Ahy(z) = 0.
With the help of the implicit function theorem, we can now get a holomorphic map
g : U — D, g such that g(x) is a solution to the above system for every z. And
g is, by our construction, a local moduli map for f, i.e. f(2*) C (g(z))* for every
reU. O
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3 Intersections of fibral images

In this section, we restrict our attention to the case j = 1 for the double fibration (3).
By Proposition 2.7, as a double fibration it is isomorphic to

Dr,s — IP)T_I X Qr,s — Qr,sa (6)
in which for [X] € P"! and Z € Q, 5, the map to the left is given by
([X],Z2) — [X,XZ], € D,.

Here in order to simplify notations, we write Z instead of [I, Z], for an arbitrary point
in Q, ¢ and thus make the identification Q,, = {Z € M(r,s;C) : [ — ZZ" > 0}.

Write [A, B], and Z for an arbitrary point in D, ; and €, 5 respectively. Consider
the equation AZ = B. For a fixed Z (resp. [A, B],), this equation defines the fibral
image Z¥ C D, (resp. [A, B} C Q,,) with respect to (6). Recall that Z# = P! and
[A, B]% is an (r — 1, s)-subspace of Q..

Proposition 3.1. Let X C D, be an arbitrary subset. Then () z* is non-empty if
TEX
and only if X C E C D, s for some projective linear subspace E. Furthermore, if e is

the minimum dimension for such E, then () 2* C Q. is an (r —e — 1, s)-subspace.
zeX

Proof. The intersection () z* is not empty if and only if there exists Z € (., such
zeX
that for every [A,, B.], € X, we have A,Z = B,. The latter condition is equivalent

to X C Z¥ = P! for some Z € Q, . Let PSpan(X) be the smallest projective linear
subspace containing X and dim(PSpan(X)) =e. As X C Z* C D,, it follows that
PSpan(X) C D, .

Let PSpan(X') = PSpan({[A.,, Bz,]» € X : 0 <i < e}. Define

Axo Bro
Ayr=| : |eMe+1,r;C)and By =| : | € M(e+1,s;C).
A, B,,
Since PSpan(X) C D,., for every w € M(1,e + 1;C), we have [wWAx,wByx|, € D,
which implies that AyAl — ByBY is positive definite. In particular, AyAZL is
positive definite and rank(Ay) = e + 1. This also shows that e +1 <.

Then
(2" ={Z € Q.: AxZ =By}
reX
which is an (r — e — 1, s)-subspace in €, ; since rank(Ay) = e + 1. O
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Proposition 3.2. Let Y C Q. be an arbitrary subset. Then () y* is non-empty
yey
if and only if Y C F C Q.5 for some (f,s)-subspace F. Furthermore, if f is the

smallest such integer, then () y* C D, is an (r — f —1)-dimensional projective linear
yey
subspace.

Proof. The intersection [y is non-empty if and only if there exists [A, B], € D,.,
yey
such that for every Z, € J, we have AZ, = B. This is equivalent to Y C [A, BJ¢ for

some [A, B], € D, .

Now let f be the smallest integer such that ) C F for some (f,s)-subspace
F C Q.5 (such a F' is unique). We can write F' = {Z € Q,, : PZ = Q}, for some
Pe Mir—frC), Qe M(r— f;sC) and dim(Ker(P)) = f. Fix one Z,, € ).
Then for every Z, € ), we have P(Z, — Z,,) = 0. Let

Col(Y) :={z € M(r,1;C) : z is a column vector of Z, — Z,, for any Z, € V}.

Due to the minimality of f, we deduce that Span(Col())) = Ker(P) and hence
dim(Span(Col(Y))) = f. Now choose C := {z; € Col(})}i1<i<s such that C spans
Col(Y). Define

Y :={[A,B], € D,,: AZ,, = B and Az; =0, 1 <i < f}.

Thus Y C D, is a projective linear subspace defined by s + f independent linear
equations and hence dim(Y)=(r+s—1)—(s+ f)=r— f — 1.

We finish the proof by showing that Y = () y*. Note that [A, B], € (4 if

yey yey
and only if AZ, = B for every y € Y. This is in turn equivalent to AZ,; = B and
A(Z, — Z,,) = 0 for every y € Y. Since C spans Col()), we get Y = () . O
yeY

After looking at the intersections of fibral images, we will now establish some
connectedness properties of €2, ; in terms of fibral images. Let H, ; be the standard
Hermitian form on C"** with r eigenvalues being 1 and s eigenvalues being —1. In
what follows, we call a j-plane positive if the restriction of H, ; on which is positive
definite.

Lemma 3.3. Let p € {1,...,r — 1} and V,W be two positive p-planes. Then there
exists a finite set {F;}1<;<x of positive (p + 1)-planes such that dim(E; N E;yq) = p
for1<i<k—1andV C E;, W C Ej.

Proof. Let W = {wy, ..., w,} be a basis for W. Let E{ be any positive (p + 1)-plane
containing V. Consider the orthogonal complement wi- (with respect to H,.,). Then
dim(E} Nwi) > p. We pick any positive p-plane D; contained in E] Nwi and define
E} .= Cwy @ Ds. It is clear that EY is a positive (p + 1)-plane and dim(E; N EY) > p.
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For the next step, since dim(D; Nws ) > p— 1, we can pick a positive (p— 1)- plane
D, contained in Dy Nwy and define E} := Cw; @ Cwy ® Dy. Since Dy C wi Nwy, it
follows that EY is a positive (p+ 1)-plane. It is also immediate that dim(E5 N ES) > p.
Suppose we have defined up to E/. Since dim(D;_; Nw;t) > p— z +1, we can similarly
pick any positive (p — i + 1)-plane D; contained in Dl 1 Nw;t and define El
Cu®---®Cw;®D;. Then E;_ | is a p081tlve (p+1) plane such that dim(E; ﬂEZ+1) > p.
We continue the process until we get to &) | = Cw; & --- ® Cw, ® D, D W.

It may happen during the process that we have E] = E; ; for some i and we
simply remove E;,, for such case. After removing the redundancy, we obtain a finite
sequence of positive (p + 1)-planes satisfying the desired properties. O

Proposition 3.4. Let p € {1,...,r — 1} and ®,¥ C Q,, be two (p, s)-subspaces.
Then there exists a finite set {Z;}o<i<k of (p, s)-subspaces such that & ==y, ¥ = =y
and for every 0 <1 <k—1,Z;,NZ41 is a (p — 1, s)-subspace.

Proof. Recall that Q, ; is the space of positive r-planes in C"** with respect to H, g
and for j < r, each positive j-plane J corresponds to an (r — j, s)-subspace

Yy ={x€Q:2DJ (as a positive r-plane)}.

Therefore it follows from Lemma 3.3 that there exists a finite set {A;}1<;<x of (p—1, s)-
subspaces such that ® D Ay, ¥ D A, and for every 1 <i < k —1, A; UA;4q is lying
inside some (p, s)-subspace =;. (Here wee make the convention that a point in €, ; is
called a (0, s)-subspace.) Now if we define =y = ® and Z; = ¥, then the set {Z; }o<i<k
satisfies the desired properties. O

The following local statement analogous to Proposition 3.4 will also be used later.

Proposition 3.5. Let U C P" be a connected open set. Let p € {0,...,n — 1} and
V W C P" be two p-dimensional projective linear subspaces such that V ﬂL{ £ 0 and
wnu # (). Then there exists a finite set {F}1<1<k ofp dimensional projective linear
subspaces such that FNE A NU#0 and dlm(F N E+1) =p—1for1<i<k-1
and V = Fl, W = Ej.

Proof. Choose W = {wo, . ,wp} C W NU such that it is not contained in any
subspace of W. Define F} = V. Take a (p — 1)-dimensional projective linear subspace
D1 - F1 such that D1 NnU 7£ () and wy & D1 Define Fg to be the smallest projective
linear subspace containing Dy and wy. Then F, NU # () and dlIIl(Fg) = p. Suppose
we have defined up to E, for some t < p+1. Takea (p — 1)-dimensional projective
linear subspace D C F such that D NU # 0, {wo, ..., w2} C ﬁi and w;_1 & lA)z
Define Fz—l—l to be the smallest projective linear subspace containing lA?l and w;_1.
Then Fj 1 NU # 0 and d1m(E+1) p- Continue the procedures until we have defined
Fp+2 which must be equal to W. It is then clear that F; N/ # () for every i and
dlm(FZ N FZ“) >p—1for 1 <i<p+ 1. Thus, after removing the redundances we
get a desired set of p-dimensional projective linear subspaces. O]
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4 Rigidity of fibral-image-preserving maps

We are now going to exploit the double fibration (3) together with Proposition 2.7 to
study the mappings among Type-I irreducible bounded symmetric domains. Starting
from the rigidity of the mappings among D%S, we will prove the corresponding rigidity

of certain fibral-image-preserving maps among Type-I domains.

4.1 Rigidity on mappings among D,

When j = 1, the domains D, ; := Di,s are called generalized balls. The name originates
from the fact that D, C P° is just the usual complex unit s-ball embedded in P*.
Nevertheless, the study of holomorphic mappings on D, , with r > 2 turns out to
be very different from that on the complex unit balls. In particular, contrasting
with the study on the unit balls where the dimension is the crucial parameter, the
number r is the key parameter for D, ; when r > 2. Using the methods in Cauchy-
Riemann Geometry, Baouendi-Huang [1] and Baouendi-Ebenfelt-Huang [2] obtained
rigidity theorems for local proper holomorphic maps among the generalized balls. In
particular, they proved that every local proper holomorphic map from D, s to D,
must be linear if » > 2. On the other hand, through studying the double fibration (3)
and certain holomorphic geometric structures on Grassmannians, the present author
has also obtained in [4] and [9] analogous rigidity theorems for mappings on DJ . In
what follows, we will modify and integrate some of these results for later uses. Here
and henceforth, by a linear embedding of G;,_; to G, ,—;, we mean the embedding
induced by a linear embedding of C" in C™.

Lemma 4.1. Let U C P" be a connected open set. Let h: U — P™ be a holomorphic
map such that for every line L in P with LNU # 0, we have h(U N L) C L' for
some line L' C P™. If h(U) is not contained in a single line, then h extends to a

rational map h : P" --+ P™ and (ieg(h) = 1. In particular, if h is an embedding, then
it extends to a linear embedding h : P* — P™.

Proof. We first show that the graph of A is contained in some irreducible n-dimensional
algebraic variety H C P" x P™. In particular, II(H) = P", where II is the canonical
projection onto the first factor. Then H will define the rational extension of h. By
shrinking U, we may assume that U C C* C P" and h(U) C C™ C P™.

Fix Zy € U and let dhy, be the differential of A at Z;. Consider the subset
Hyz, € C" x C™ defined by

Hz, ={(Z,W)eC"xC™: W — h(Z) is parallel to dhz,(Z — Zy)}.

Then Hy, can be defined by some algebraic equations in (Z, W) and is therefore an
algebraic variety in C" x C™. Furthermore, we have Graph(h) C Hy, because h

map lines to lines. Now define H := Nz,ev Hz, and let H C H be an irreducible
component containing Graph(h).

0
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Fix an arbitrary Z, € U and let (Z;, W) € H. Then for every Z € U, W — h(Z)
is parallel to dhz(Z, — Z). In other words, for every Z € U, W is contained in
the line which passes through h(Z) and parallel to dhz(Z; — Z). Since h(U) is not
contained in a single line, for general choices of Z; and Zs, the vectors dhyz, (Z, — Z4)
and dhy,(Zy, — Z,) are non-parallel and thus we can find at most one W for a given Z,
such that (Z;, W) € H. Of course, one has (Z;, h(Z;)) € H and therefore we see that
dim(H) = nand II(H) D U which also imply that II(H) = C". After homogenization,
H extends to an algebraic variety in P x P which contains Graph(h) and it defines
the rational extension & : P" —-» P

Since h(U) is not contained in a line, the rank of dh is at least two for a general
point in U. There thus exists k& > 2 and a small open piece U’ of some k-dimensional
projective linear subspace intersecting U such that the restriction h’ := hly is an
embedding. Since h’ preserves lines, h’(U’) is contained in a k-dimensional projective
linear subspace which is tangent to h”(U’) at some point. We may therefore regard h’
as a local biholomorphism of P¥ which preserves lil}es. By tl}e above argument, A’ and
(R*)~* both extend to rational maps, denoted by k> and (h”)~1 respectively. Hence h’
is birational. Let deg(h’) = d. Now choose a line L C P* which is disjoint from the
set of indeterminacy of h’. Since A’ is line preserving, by composing h* with a linear
transformation, we may regard it as a holomorphic self-map h* : L — L. Then this
holomorphic map can be represented by a rational function of degree d in one variable.
But at the same time it has a rational inverse and so d must be equal to 1. Thus, we
get deg(h’) = 1. As I’ is an embedding, it follows that h’ is a biholomorphism of P*.
We therefore also get deg(fAL) = 1. The proof is now complete. O]

Proposition 4.2. Let U C P" be a connected open set. Let h : U — P™ be a
holomorphic map such that for every j-dimensional projective subspace J in P™ with
JNU # 0, we have h(UNJ) C J' for some j-dimensional projective subspace J' C P™.
If h(U) is not contained in a single j-dimensional projective subspace, then h extends
to a rational map h:P" -5 P™ and deg(ﬁ) = 1. In particular, if h is an embedding,
then it extends to a linear embedding h:P" — P,

Proof. Suppose h(U) is not contained in a single j-dimensional projective subspace.
We are going to show that h also preserves lines. The proposition will then follow
from Lemma 4.1. In what follows, we will simply call a k-dimensional projective linear
subspace a k-plane.

We first show that h preserves (j — 1)-planes. Pick a j-plane J, C P" with
JoNU # 0, if h(Jo NU) is contained in at least two different j-planes in P, then
h(JoNU) is contained in a (j — 1)-plane. It follows that h will preserve (j — 1)-planes
unless for a general j-plane, its image is contained in a unique j-plane in P". Suppose
the latter. Now pick an arbitrary (j — 1)-plane £ C P™ such that E N U # () and
consider the set of all j-planes containing E, denoted by Jg. Since h maps each
element in Jg into some j-plane, by taking intersections, we see that unless h maps
all j-planes in Jg to the same j-plane, it will map F to some (j — 1)-plane. So if h
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does not preserve (7 — 1)-planes, then for every fixed (j — 1)-plane E intersecting U, h
will map all j-planes in Jg to the same j-plane. Suppose again the latter. Pick now
two arbitrary j-planes P, () C P" intersecting U. By Proposition 3.5, there exist a
finite set {J; }1<i<k of j-planes, J;NU #  for every i, such that J; N J;;1 is a (j — 1)-
plane intersecting U for 1 < ¢ <k —1and P = J;, Q = J,. With this and the fact
that the image of a general j-plane intersecting U is contained to a unique j-plane,
we deduce that if the choices of P, Q and {.J; }1<;< are sufficiently general, then every
h(J;iNU), 1 <4 < k will lie on the same j-plane J; C P™. In particular, h(PNU) and
h(Q N U) are contained in J;. This implies that h(U) C J, contradicting the initial
assumption. Thus, we have proved that h preserves (j — 1)-planes. By repeating the
argument, we conclude that h preserves lines. O

Theorem 4.3. Let U C D, be a connected open set and h : U — D, ¢ be a fibral-
image-preserving holomorphic map with respect to the double fibration (3). If r > 2
and h(U) is not contained in a single (r — 1)-dimensional projective linear subspace,

~

then h extends to a rational map h : P'F5=1 — Pr+s'=1 ith deg(h) = 1.

Proof. Recall that D, is a domain on P"™*~! and its fibral images are biholomorphic
to Gy,_1 = P"~!. Moreover, they are precisely those (r — 1)-dimensional projective
linear subspaces of P*"*~! contained in D, s. Pick an arbitrary point p € U. The set of
all (r — 1)-dimensional projective linear subspaces passing through p can be identified
with the Grassmannian of (r — 1)-dimensional tangent planes at p. Those subspaces
lying inside D, correspond to an open subset of this Grassmannian (because P™! is
compact and U is open). Thus we can deduce from the hypotheses that besides the
fibral images, h actually preserves all (r — 1)-dimensional projective linear subspaces
passing through p. Since p € U is arbitrary, the previous statement also holds for
all (r — 1)-dimensional projective linear subspaces intersecting U. As h(U) is not
contained in a single (r — 1)-dimensional projective linear subspace, the desired result
now follows from Proposition 4.2. O]

Corollary 4.4. Let U C D, s be a connected open set and h : U — D, ¢ be a fibral-

image-preserving holomorphic embedding with respect to the double fibration (3). If
r > 2, then h extends to a linear embedding of Pr5=1 jn Pr+s'—1,

Theorem 4.5 (Baouendi-Huang [1]). Let ' >r > 2 and s > 2. Suppose U C Pr+s-1
is a connected open set with U N 0D, s # 0 and f : U — P +5=1 is a non-constant
holomorphic map such that f(U N D, ) C Dy s and f(UNOD,s) C 0D, . Then f
extends to a linear embedding of ">~ in P *+=1 and f(D,.) C Dy .

4.2 Rigidity on mappings among (),

We are going to translate the rigidity results on the generalized balls D, s to rigidity
results on Type-I irreducible bounded symmetric domains (2, ; through the double
fibration

Dy Pt x Q. — Q.
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We have seen that the fibral images on €2, s in the above double fibration are
(r — 1, s)-subspaces. These subspaces are maximal among the invariantly geodesic
subspaces of €2, ;. In the followings, we will make use of the results in Section 2.4 to
study the holomorphic mappings among €2, ; which preserve these maximal invariantly
geodesic subspaces. Of course, if a holomorphic map f : Q, ; = €2,» » maps the whole
. s into a single (1’ — 1, s’)-subspace of €,s o+, then in general one cannot expect any
rigidity on f and therefore we need to exclude this trivial case. We begin with a
lemma concerning mappings preserving invariantly geodesic subspaces.

Lemma 4.6. Let 1 <p<r—1landl1l <p <v¢' —1. Leth: Q3 = Qg bea
holomorphic map such that h maps (p, s)-subspaces into (p', s')-subspaces. If h(§2, )
is not contained in a single (p', s')-subspace, then p < p' and h also maps (p — 1, s)-
subspaces into (p' — 1, s")-subspaces.

Proof. Pick an arbitrary (p, s)-subspace P C Q,,. If h(P) is contained in more than
one (p, s')-subspace, then it will be contained in a (p’ — 1, s’)-subspace. It follows that
our hypotheses will imply that h maps (p — 1, s)-subspaces into (p’ — 1, s’)-subspaces
unless

(%) for a general (p, s)-subspace, its image is contained in a unique (p', s)-subspace.

Therefore from now on, we assume (x). Fix a (p — 1, s)-subspace W, € Q, ; and
consider the set of (p, s)-subspaces containing Wy, denoted by Py,. Since h maps each
element P € Py, into (p', s’)-subspaces, by taking intersections, we see that h will
map W into some (p’ —1, s’)-subspace unless h maps all elements in Py, into the same
(p', s)-subspace. Thus, if h does not map (p—1, s)-subspaces into (p' —1, s’)-subspaces,
then

(**) for every (p — 1, s)-subspace W C €, s, h will map every element in Py into the
same (p', s')-subspace.

Assume (%) now. Now pick two arbitrary (p,s)-subspaces P, P C Q.5 By
Proposition 3.4, there exists a finite set {Z;}1<;<x of (p, s)-subspaces of €2, s such that
P=7=,, P=5, and for every 1 <i<k—1,Z;,N=Zisa (p—1,s)-subspace. With
this, also () and (%), it follows readily that for a general choice of P, P and {Z;}1<i<k,
the images h(P) and h(P) are both contained in some (p/, s')-subspace P C Q.
Consequently, h maps every (p, s)-subspace into P} and hence h(€2,.s) C Pj which

contradicts our initial hypotheses.

We have thus shown that A maps (p — 1, s)-subspaces into (p’ — 1, s’)-subspaces. If
p > p', then inductively we arrive at the conclusion that h maps (p — p’, s)-subspaces
into (0, s)-subspaces (i.e. points). Therefore h is constant on every (p—p’, s)-subspace
and now Proposition 3.4 implies that A is constant on €2, 5, contradicting our initial
hypotheses. O

In what follows, we denote the identity component of the group biholomorphisms
of G, s by Auty(G, ).
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Theorem 4.7. Let r > 1" > 2. Let f : Q,  — Q¢ be a holomorphic map such that
it maps (r — 1, s)-subspaces into (r' —1,s")-subspaces. If f(£1. ) is not contained in a
single (r'—1, s")-subspace of Q. o, thenr =1’ and there exist k € N, 1 < k < min(s, s)
and ¢ € Auly(G,.5), ® € Auty(G,r ) such that ¢~ (Q5) N Qg # 0 and

21 o oz 0 oo 0
Pofop(Z)=1|: . 1 o :
Zr1 Zre 0 0 el
211 Z1s
where Z = | €0 HQrs) N Qs
Zr1 Zrs

Proof. Let g : U C D,y — D, ¢ be a local moduli map for f with respect to the
double fibrations

Dys+ PtxQ. —Q (7)
Dr’,s’ — Prl_l X Qr’,s’ — Qr’,s’- (8)

The existence of such g has been proven in Proposition 2.12. Choose U such that it
is a connected open set. We are going to show that g maps lines to lines.

Let V := U* C Q,,. Then V is open and v* N U # ) for every v € V. Choose
V C V such that V is contained in an (r—2, s)-subspace of 2, ; but not in any (r—3, s)-
subspace. By Proposition 3.2, the intersection 1’ := MNoev v! is a line contained in
D,.,. Moreover, V> N U # () by our definition of V. Recall from Proposition 2.2 that
for every v € V°, we have V C uf. Now as ¢ is a moduli map for f, it follows that
f(V) C f(u?) C (g(u))* for every u € V' NU. Equivalently, we get g(u) € (), e, (f(v))*
for every u € V' N U and hence gV’ NU) C (), (f(v))%.

Thus, if f(V) is not contained any (r’ — 3, s')-subspace of Q, &, then g(V’ N U) is
contained in projective linear subspace of dimension at most (' — (' —2) — 1) =1
by Proposition 3.2. Recall that among all lines intersecting U, those lying inside D, g
constitutes an open subset. Moreover, by homogeneity, every line contained in D, g
and intersecting U is of the form 1’ for some V chosen in the above manner. Thus,
we deduce that g will map lines to lines unless for every choice of V as above, the
image f(V) is contained in some (1’ — 3, s")-subspace of Q2,7 ¢. The latter condition
amounts to saying that f maps (r — 2, s)-subspaces into (1" — 3, s')-subspaces. Now
Lemma 4.6 implies that r — 2 < 7’ — 3, contradicting to our initial assumption that
r>r.

We have shown that g map lines to lines. By Lemma 4.1, we have two possibilities:
(i) g(U) is contained in a single line Ly € P+~

(ii) ¢ extends to a degree one rational map § : Pr+s=t — Pr'+s'-1,
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We first look at case (i). Let v € V, then g(v* N U) is either a point or an open
subset of Lg. If for every v € V, g(v* N U) is a point, then g is constant on U (since
the fibral images constitute an open subset among all the r-dimensional projective
subspaces intersecting U) and this implies that f(€2,,) is contained in a single (', s')-
subspace, contradicting to our hypotheses at the beginning. On the other hand, if for
a general v € V, we have g(v* N U) open in Ly, then as g(v* N U) C (f(v))*, we get
Lo C (f(v))*. In particular, Ly is a line contained in D, . We can therefore write
Lo = Nyey y* for some (r' — 2, s)-subspace Y € Q. ¢ (Proposition 3.2). Then for a
general v € V, from Ly C (f(v))*, we get

v C (f()

yey
= (= () ¥
yey yeYU{f(v)}
= fv)e. (Proposition 3.2)

Hence, f(V) C Y which also implies that f(€2,,) C ), again contradicting our as-
sumption that f(£2, s) is not contained in a single (r'—1, s")-subspace. We can therefore
eliminate case (i).

Suppose now we are in case (ii). Then there exist automorphisms 1) € Aut(P"71),
T € Aut(P"+¥'~1), such that for §j := ¥ o g o), we have

G([w, ... wess]) = w1, ..., w;,0,...,0],

for some 7 € {1,...,r + s}. Here, [wy,..., w45 are homogeneous coordinates in
Pr+sfl‘

If j <7 (in particular, j < r), the formula of § implies that ¢g(U) is an open subset
of some (j — 1)-dimensional projective linear subspace Ey C P"*+*'~'. Furthermore,
for a general choice of v € V, the image g(v* N U) is open in Fy (since j < r). Then,
by using the same reasoning as in case (i) when we were arguing with Lg, we can
similarly reach a contradiction. Thus, j > r’.

If r > 7, the formula of § together with j > 7’ imply that for a general (r — 1)-
dimensional projective linear subspace F' such that F NU # (), the image g(FNU) is
not contained any (7’ — 1)-dimensional projective linear subspace. In particular, for a
general fibral image on D, ; intersecting U, its image under g is not contained in any
fibral image on D, ¢. This contradicts the fact that g is a local moduli map for f.
Thus, we have r = 1. We have shown that j > r = /. Therefore, we may now write

g([wi, .. wes]) = [wi, -y Wey W1y o Wy, 0,0, 0],

where r + k = j and 1 < k < min(s, s).

At this point we recall that in Section 2.2, on the double fibration (1) (when
n = r+ s), the action of SL(r + s;C) is compatible with the double fibration and
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the double fibration (2) is just an open orbit of the action of the subgroup SU(r,s) C
SL(r + s;C). Thus, the above § = W o go® is a local moduli map (with respect to
the double fibration (1)) of some fibral-preserving map f: Q) CGrs — Gy,
where f = ® o f o ¢ for some ® € Auto(G,,) and ¢ € Auto(G, o). Here the pair
(1, ¢) (also for (¥, d)) are two automorphisms associated to the same element g €
SL(r+s;C) when it acts on P"**~1 and G, ; in the standard way respectively. For the
embeddings 2, ; € C™ C G,.5 (Section 2.4), it is not difficult to see that the Euclidean
translations on C™ extend to automorphisms in Auty(G,.s). Therefore by composing
with a suitable translation, we may in addition assume that ¢—1(V) N Q. # 0.

Finally, we show that f = ® o f o ¢ is of the desired form. By Corollary 2.8, for
every Z € (), , with respect to the double fibration (7),

Z*={[A,B), € D,,: AZ = B}

in which AZ = B is a matrix equation. If Z € ¢~*(V) N Q,, then Z* intersects
¢~ Y(U), which is the domain of §. Since g is a moduli map of f, we have

J(ZF e H(U) © (F(2))%.
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Now forevery Z = | : .. | €¢ Y V)NQ,,, if we define
Zrl Tt Zrs
21 oo oz 0 -0 0
7 =
2 o oz 0 oo 0

rxs’

then by the formula of §, we see that § is an embedding on Z* N~ (U) and
g(ZFny~H(U)) C (Z').

Furthermore, §(Z*Ny~!(U)) is open in (Z’)* since both Z* and (Z')* are r-dimensional
projective linear subspaces. Lastly, we just saw that (f(Z))* contains g(Z*Ny~1(U)),

but (f(Z))* is also an 7-dimensional projective linear subspace, so f(Z) = Z'. The
proof is complete. []

5 Proper holomorphic mapping

In this section, we are going to apply our previous results to the problem of proper
holomorphic mappings among Type-I domains. The following is a very important
statement obtained in [5] and [3] regarding this problem and will be frequently used.
The statement is actually more general but for simplicity, we just state it for Type-I
domains.
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Proposition 5.1 (Mok-Tsai, Tsai). Let f : Q,, — Q¢ be a proper holomorphic
map, where rank () > 2. Then f maps (r —1,s — 1)-subspaces into (1" — 1,5 —1)-
subspaces.

Corollary 5.2. If there exists a proper holomorphic map from Qs to 2 o, then
rank(€2, ;) < rank(2, ¢).

From now on, we call a holomorphic map h : Q,, = Qu ¢ standard if it is up
to automorphisms equivalent to the standard embedding €2, ; — 2,7 o given by Z —
[ 0]-

Now suppose r > ' > 2 and let f: Q, ; = Q.. ¢ be a proper holomorphic map. If
r < s, then rank(€2, ;) = r and it is known [3] that » =17, s < &’ and f is standard. If
we do not impose the condition < s, then f in general is not standard. For instance,
one can consider the proper map f : {23; — €y 4 defined by

-1 71 7z 23 0
b=l % 58

zZ3 Z%
On the other hand, the following theorem follows easily from Theorem 4.7.

Theorem 5.3. Let r > 7' > 2 and f : Q.s — Q¢ be a proper holomorphic map.
Suppose that f maps (r — 1, s)-subspaces into (r' — 1,s")-subspaces and f(£2, ) is not
contained in a single (r' — 1,s")-subspace. Then r =1', s < s and f is standard.

Proof. Theorem 4.7 can be applied here and since f is proper (in particular, finite),
we deduce from Theorem 4.7 that » = ', s < s’ and there exist ¢ € Auty(G,s),
® € Auto(G,.y) such that ¢~ 1(Q.) N Qs # 0 and f(2) := ® o fo¢p(Z) = [Z (]
for Z € ¢71(Qs) N Q5. (Recall that we have embedded Q, in G, as an open
submanifold in the standard way.)

It is clear that the embedding Z +— [Z 0] (and hence f) extends to a linear
embedding f : Grs — G.¢ (ie. it is induced by the standard embedding of C"**
into C"**"). We therefore see that f(£2,,) is the intersection of an invariantly geodesic
subspace of G, ¢ with €, . Thus, f(€,,) is an invariantly geodesic subspace ((r, s)-
subspace) of €,  and therefore f is standard (See the remark after Proposition 2.11).

[

Remark. The assumption that f(€2, ;) is not contained in a single (r'—1, s')-subspace
is necessary. This is illustrated by the following example

Map-13 vt 3]

Let M be a complex manifold and h : M — €, ; be an arbitrary holomorphic map.
Since the map Z ~ ZT gives a biholomorphism Q,, & Q,,, the map h naturally
induces a holomorphic map from M to .. In what follows, we use the notation h”
to denote such an induced map.
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Proposition 5.4. Let r > s > s> 2 and f : Q.5 — Q. ¢ be a proper holomorphic
map. If s < r, then f maps (r,s — 1)-subspaces into (r,s" — 1)-subspaces. If s' =r,
then either f or fT maps (r,s — 1)-subspaces into (r,r — 1)-subspaces.

Proof. Let X, _1 C Q, s be an arbitrary (r, s — 1)-subspace. Then every (r —1,s—1)-
subspace of X, s_; is an (r — 1, s — 1)-subspace of €,_; ;1 and thus is mapped by f
into an (r — 1,8’ — 1)-subspace of €, ¢ by Proposition 5.1. But every (r — 1,5 — 1)-
subspace of €, ¢ is contained in some (r —1, s’)-subspace. Therefore if we consider the
restriction f : X, 1 — €2, y, then Theorem 5.3 says that either f(X, ;1) is contained
in some (r—1, s’)-subspace or f : X, 1 — 1, ¢ is standard and f(X, s_;) is contained
in some (r,s" — 1)-subspace. If f(X, 1) is not contained in any (r — 1, s’)-subspace,
then the same is true for any other general choice of X, ; and it follows that for
a general choice of X, ;_; and hence for every X, 1, the map f: X, ;1 = Q.4 is
standard and f(X, 1) is contained in some (r, s’ — 1)-subspace.

Suppose on the other hand that for every choice of X, 1, the image f(X,s_1)
is contained in some (r — 1,s')-subspace. If s = r, then f7 : Q.. ; — Q,, maps
(r,s — 1)-subspaces into (r,r — 1)-subspaces and the proof ends.

If s < r, then for every X, i, we get by restriction a proper holomorphic map
f: X, s-1 — Y14 for some Y,_; ¢. But by Proposition 5.1, f maps (r — 1,s — 1)-
subspaces into (r —1, s’ —1)-subspaces. Consider the biholomorphism Y, _; ¢ = Qg ,_4
and the induced map (f)7 : X, o1 — Qy 1. Then (f)T maps (r—1, s —1)-subspaces
into (s — 1,7 — 1)-subspaces. Since r > &', Theorem 5.3 says that (f)7(X,,_1) C
Zgy_1,-1 for some (s" — 1,r — 1)-subspace Zy_1,_1 C Qg,_1. It is equivalent to
saying that f(Xm_l) C Zﬁq,sul for some (r — 1,s" — 1)-subspace Zﬁq,s/q C Qo
Finally, since ZE_LS,_I is contained in some (r, s’ — 1)-subspace of 2, &, the proof is
now complete. O

Corollary 5.5. Let s > ' >1r > 2 and f : Q, s = Qu 5 be a proper holomorphic map.
If r’" # s, then f is fibral-image-preserving with respect to the double fibrations

Dr,s — Prlx Qr,s - Qr,sa
D,«/ys — Pl x QT/75 — QT/7S.

If ' = s, then either f or 1 is fibral-image-preserving.

In [7], Tu proved that a proper holomorphic map f : D,_1, — €, is necessarily
standard for » > 3. We now prove the following generalization.

Theorem 5.6. Let s > 2 and s > 1" >r. Let f: Q. s — Q.5 be a proper holomorphic
map. If v’ < 2r — 1, then f is standard.

Proof. 1t suffices to prove the proposition for ' = 2r — 1. We will prove by induction
on r. When r = 1, since s > 2, the statement follows from the classical Alexander’s
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Theorem [10]. Suppose now 7 > 2 and f : Q, s — §9,_1, is a proper holomorphic
map, where s > 2r — 1.

By Corollary 5.5, we can assume that f is fibral-image-preserving with respect
to the double fibrations in Corollary 5.5. That is, f maps (r — 1, s)-subspaces into
(2r — 2, s)-subspaces. (For s = 2r — 1, if it is 7 which preserves fibral images, we can
just replace f by fT in what follows.) We are first going to argue that there exists
a meromorphic map ¢ : D,y — Ds,_;, such that for every connected open subset
U C D, that is disjoint from the indeterminacy of g, the restriction g : U — Dy, _1 4
is a local moduli map of f. Since f maps (r—1, s)-subspaces into (2r —2, s)-subspaces,
the only obstacle for the existence of such a meromorphic map is the possibility that
the image of every (r — 1, s)-subspace in €,  is contained in more than one (2r —2, s)-
subspace in €y, . If this happens, then the image of every (r — 1, s)-subspace is
necessarily contained in a (2r — 3, s)-subspace. In other words, f maps (r — 1, s)-
subspaces properly into (2r — 3, s)-subspaces. But 2r —3 = 2(r — 1) — 1 and so the
restriction of f on every (r — 1, s)-subspace is standard by the induction hypothesis.
This implies that f itself is standard and our proof ends here. We may therefore
assume the existence of such a meromorphic map g from now on.

Using Hartogs’ extension theorem, one can check that every meromorphic map
from D, to Da,_1 ¢ actually extends to a rational map from P"*~1 to P?" =2 (For
the details, see [9], Proposition 3.2 therein.) We write the extension as g : P"~1 —
P?r+5=2 Now take a boundary point p € dD,.,. With respect to the double fibration
(Section 2.2, (1))

Pttt Bl = G,

pfis a (r—1, s)-subspace in G, s which is disjoint from €2, ; but intersecting 0€2, ;. Up
to the action of SU(r, s) we may assume that

1 0 --- 0
O z e 295

Fnon.,=2¢1. % | con,.,
0 Zr2 ottt Zrs

Now let € < 1 be a positive real number and consider the following one-parameter
family of (r — 1, s — 1)-subspaces A(t) C G, defined by

— 0 299 * Z9g —
At)NQ, s = L |l €Qrsp, wherel —e<t <1
0 Zr2 ottt Zrs

and the real curve A(t) C D, s defined by

t 0O --- 0
— 21 ®22 223 —
(A NQ,, = . .| €Qrsp, wherel —e<t <1
Zrl Rr2 o Zps
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Thus, in particular, A(t) C (A(t))* for every ¢t and A(1) = p and A\(1) N 9R,., =
PPN, = (A(1)*NIN,.,. As gis a moduli map of f, if p is not contained in the
indeterminacy of g, then for a sufficiently small e and 1 —e <t < 1,

FO®) N Qrs) € FIAD) N Qs) € (9(A[))) N Qoo

In [5], by using Fatou’s theorem and taking radial limit, it has been shown that for
almost every choice of p as in above, f can be extended to p* N9, ,. Thus, by taking
limit t — 1, we get

f(pﬁ NoQ.s) = f(M1)NIQ,.s) C (Q(A(l)))ﬁ NI Qgy1,5 = (g(p))ﬁ NOQy—1s  (9)

Suppose that §(p) € Day,—1 . Then, with respect to the double fibration
r1+S— 1,27‘—1
IP)Q te2 — f2r+s—1 — GQr—l,sa
(9(p))* N Qg,_1 4 is equivalent under the action of SU(2r — 1,s) to

0 e 0
221 T 225
€ Qo1

Zr—1,1 " R2r—1s

But every maximal holomorphic boundary component of the above subspace is of the

form -~ ~
4 3\

0 0 e 0
1 0 e 0
Z32 ot Z3s € 015 ¢ -
L _0 22r—1,2 "' R2r—1,s | )

Thus, we deduce from (9) that f maps the boundary (r — 1, s — 1)-subspace p* N9,
into a boundary component of 2,_; ; isomorphic to €29,_3 s ;. Using the standard
maximal principle argument, it follows that f maps the (r—1, s—1)-subspace A(t)N€2;
into some (21 — 3, s — 1)-subspace of €2y,_; ; for every t. Now the induction hypothesis
implies that f is standard on such (r — 1, s — 1)-subspaces. But every (r — 1,s — 1)-
subspace of Q,; is equivalent to one of those under the action of SU(r,s), so f is
actually standard on €2, ;.

Finally, we just need to settle the case where we have g(p) C 0Ds,_1 4 for every
p € 0D, , not contained in the indeterminacy of g. But in this case we get a local
holomorphic map satisfying the hypotheses of Theorem 4.5 and it says that g is under
the action of SU(2r — 1, s) equal to the linear embedding given by.

g([wlv--wwr—&-sb = [wly-"7w7’707'"a07w7"+1a"~7w7’+5]-
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Let Z = |+ .. | € Q,, then with respect to the double fibrations in

Zr1 v Zrs

Corollary 5.5,

7* ={[A,B], € D,,: AZ = B}.

On the other hand, as §(Z*) C (f(Z))*, by the formula of g, we see that f(Z) must
be of the form

211 Z1s

_ Zrl Zrs
TO= pai2) - s |
foria(Z) - farrs(2)]

where all f;; are holomorphic functions on €2, . Using the maximal principle, one
easily see that these functions vanish at the origin and hence are identically zero by
exploiting the homogeneity. Thus, f is standard. O]
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