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97.21 Some more on Estermann and Pythagoras

A geometricPythagorearinterpretationof Estermann'slick proof of
the irrationality of /2 [1] is offered by this author[2] with someadded
remarksby Shiu [3]. This note illustrates the same proof with figurate
numbers,again after the Pythagorearfashion.! first learnt of this ‘proof
without words’ from van Maanen[4], who in turn referredto a paperby
Waschkies [5].

The picture (see Figure 1) is that of a p x p squarearray of dots
containingtwo g x q squarearraysof dotssituateddiagonallyin the upper
right-handcornerand the lower left-handcorner,whereit is assumedhat
V2 = p/qinlowestterms Thismeang? = 2¢? thatis,thep x psquarg
ABCD) is equal(in thenumberof dots)to thetwo q x q squaregEYFD and
GBHZ), which overlapin ans x ssquarg(XYWZ). Hencethes x ssquare
is equalto thetwor x r squaresn the upperleft-handcornerandthe lower
right-hand corner (AGXE and WHCF), which means & = 2r2 or
V2 = s/r. Buts < pandr < g, contradicting the choices pf g
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FIGURE 1

Note that p= 2r + sand g =r + s, so that s =29 - p and
r = p - q, which is Estermann'sproof in the form of the identity
(p — V2 = 2q — p. An intriguing feature about this ‘proof without
words’ is this picture, which is actuallyimpossibleto draw (because/?2 is
irrational) but which leadsto a proof (by contradiction)in an arithmetic
setting!
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