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97.21 Some more on Estermann and Pythagoras
A geometric Pythagorean interpretation of Estermann's slick proof of

the irrationality of  [1] is offered by this author [2] with some added
remarks by Shiu [3]. This note illustrates the same proof with figurate
numbers, again after the Pythagorean fashion. I first learnt of this ‘proof
without words’ from van Maanen [4], who in turn referred to a paper by
Waschkies [5].
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The picture (see Figure 1) is that of a  square array of dots
containing two  square arrays of dots situated diagonally in the upper
right-hand corner and the lower left-hand corner, where it is assumed that

 in lowest terms. This means , that is, the  square (
) is equal (in the number of dots) to the two  squares (  and
), which overlap in an  square ( ). Hence, the  square

is equal to the two  squares in the upper left-hand corner and the lower
right-hand corner (  and ), which means , or

.  But  and , contradicting the choices of !
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FIGURE 1

Note that  and , so that  and
, which is Estermann's proof in the form of the identity

. An intriguing feature about this ‘proof without
words’ is this picture, which is actually impossible to draw (because  is
irrational) but which leads to a proof (by contradiction) in an arithmetic
setting!

p = 2r + s q = r + s s = 2q − p
r = p − q
(p − q) 2 = 2q − p
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