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1. Three stories
Let me start with three stories.

(1) The first story is about a personal experience. | like travelling at my own pace, not by
joining those tours which rush people through popular sightseeing spots and shopping
places. In the summer of 1985 my wife and I, together with our 5-year-old son, roamed
over France and Switzerland on a rail pass, my first-ever trip to Europe. We got by with
very broken French and German which | spoke (and still do) after a fashion. Besides
simple greetings like bonjour, Guten Tag, merci beaucoup, Danke schon, the most | could
get to is an expression like je voudrai une chambre pour deux personnes et un enfant, or
haben Sie ein Zimmer frei? But alas, when the other party replied, | immediately got lost
in the torrent of foreign speech. All | could do was to produce a pen and a pad and say
notez-le, s’il vous plait or bitte schreiben Sie es, hoping that | could at least recognize
some keywords from the writing! Surely that is not a comfortable experience —— how |
wished | could speak the language well. However, at the same time it is an interesting
experience, and to some extent even an enjoyable experience, because there is an element
of exploration involved and because | feel that | am learning something new.

(2) The second story is a famous one from Chan ( or Zen j#l). The monk Ju Zhi (or Koti
(='1%#1il) [in the Tang Dynasty] was renowned for his yizhi chan (Zen in one finger —
?‘F’,ﬁiﬁf). Whenever anybody asked him any question about Buddhism, he would simply
hold up one finger. It seemed to work all the time. A young disciple, having watched his
teacher doing that for so long, thought that he too had learnt the Way. To see whether this
young disciple was really enlightened or not, Ju Zhi asked one day, “What is the Way of
the Buddha?” The young disciple held up one finger. Without saying one word, Ju Zhi
brandished a knife and chopped off that finger, inflicting such severe physical pain that
the young disciple wailed and turned to run. Just as he was about to leave, Ju Zhi shouted
the same question, “What is the Way of the Buddha?” Upon hearing the question, the
young disciple involuntarily held up his finger, only to find nothing in its place! Then he
experienced a sudden enlightenment.



(3) The third story | learnt from Steven Zucker of Johns Hopkins University. A young
man went before an instructor in tae kwon do  (*&= jfi) and wanted to learn how to put
his bare hand through a stack of bricks. When the instructor told him that this would take
time and that he should begin from the basics by developing self-control and mental
discipline, the youth sneered at the instructor and said, “Don’t give me that discipline
crap! Just teach me how to put my hand through the bricks.” The instructor walked away
shaking his head, so did the youth. A bystander stepped up to the instructor and said,
“You know, the young man has a point. All you have to do is make the bricks out of
softer material, and crack them a little in advance.”

You all come into the university with a strong background in mathematics learnt in
school. But many, like me in my first trip to Europe, may soon find in the mathematics
classes that you are being thrown into a foreign place where a seemingly different
language is spoken. You may wish to acquire some kind of yizhi chan which will enable
you to cope with all the problems. 1 hope and I am sure you will do much better than that
young disciple of the monk Ju Zhi. You will be enlightened without having to go through
the finger-severing pain (otherwise known as a grade F in a course). It would help if you
read on. All your teachers and tutors are here to make your mathematics classes a
pleasurable and enlightened experience, but YOU yourself have an important part to play
in making this possible. We are glad to help with your study, but we will not adopt the
advice of the bystander in that tae kwon do studio!

2. Misconception?
First, let me warn you of a few instances of misconception.

(1) “My maths was not bad in school. I scored rather high marks in maths. I can afford to
brush aside the subject for the first few weeks now that | am too busy with the orientation
and hall activities. Next month I will start to work and will soon catch up.”

(2) “In school I learnt in class the techniques of solving different types of problems, then
practised the techniques by doing some more problems of the same type. The same type
of problems came up in the examination. | got pretty good grades. | will follow the same
practice here.”

(3) “In school I never read a maths textbook. I only needed to read the notes given by my
teacher and worked out lots of exercises. Then | got pretty good grades in maths. I will
follow the same practice here.”



(4) “1 am no good at language, English or Chinese. But so far | score high marks in maths.
I only need to do calculations or to use symbols in mathematics. My lack of proficiency
in languages would not affect my performance in maths in any way.”

(5) “I can manage calculation alright, but I dislike [or | am afraid of] proofs. | hope | can
get by without having to do too many proofs.”

(6) “Mathematics is too abstract. |1 cannot cope with abstraction. | like to do concrete
things.”

For isolated rare cases what is said above may work or is valid, but generally
speaking it is all wrong. Very few can catch up if they pay no attention in the first few
weeks of classes. Even if you pay attention, you may still have to be prepared for a
“culture shock” during this transition period. But if you pay attention right from the
beginning, you will find the going much more smooth later on. Proficiency in language
and in mathematics are not totally separate abilities, for both require a clear, critical and
logical mind. More importantly, you have to have something to say before you can say it
well. There should not be a dichotomy between calculations and proofs. As to abstraction
in mathematics, it is a more philosophical issue, but that is where the strength of the
subject lies. All intellectual pursuit is abstract to some extent. You don’t want to be doing
simple sums all your life.

3. Further elaboration on some points

Although we, as your teachers, will try our best to explain everything clearly in class,
we would be giving you false hope were we to say that you will understand everything IN
CLASS. Please be prepared that you will NOT! Learning does NOT end with the lecture.
The lecture only serves to point the way and, if we can succeed at all, to whet your
appetite. The major part of learning takes place outside of the classroom through YOUR
OWN effort, your reflection on the content, and through your interaction with your
classmates and with us. You must be willing to THINK. If you adopt a 9-to-5 attitude
towards your study, coming to class just like going to an office in a perfunctory manner,
then at best you can only scrape through if you are lucky. Besides, by doing so you miss
the pleasure of an undergraduate life, which you should enjoy and cherish with the frame
of mind of a university student.

If your teacher adopts a textbook for the course, get a copy and read it on your own.
At first you may find it hard, but as time goes on you will find it easier and easier, along
with the lectures. Learn to MAKE NOTES (not just COPY NOTES!) of your own out of
the textbook and lectures. With the textbook in hand, there is no reason to copy



frantically in class. Just jot down what you think you need. Avoid establishing a direct
link between your eyes and hand but bypassing your brain! It may help if you glance
through the relevant part of the textbook before coming to a lecture, and read it again
after the lecture. Aim at UNDERSTANDING, not rote learning. But remember,
understanding comes in bits and pieces, extending over a period of time, and most of the
time in spiral rather than in linear fashion. If you get stuck, don't despair. Remember, you
can easily ask a question which your teacher cannot answer right away. We are all still
groping our way. Discuss things with your classmates and with your teachers and tutors.
Get accustomed to TALKING mathematics in addition to DOING mathematics and
READING mathematics. Besides helping you to improve, this is so much more fun than
studying all by yourself alone. Don't be afraid of making mistakes. As the saying (by
Piet Hein) goes: “To err, and err, and err again, but less, and less, and less.” All in all,
try to acquire good learning habits, for this is worth much more than a hundred theorems
you learn for the sake of examination (and which you promptly forget after you graduate
if you do not go on to work in mathematics). If you have survived in the past by working
on “template” problems and memorizing definitions (or even theorems), now is the time
to make a CHANGE! Without walking in the streets, without visiting interesting spots
and without mixing with the local people, can you claim that you know the city just
because you are in possession of a street map of it and can recite the names of a few
streets? Distinguish between learning and information per se.

If I stress the importance of reading a textbook | certainly do not mean it is the book
you should read. The library of a university is a treasury with a wealth of material (on
paper in the old days and also on the net nowadays) from which you can learn at your
own pace. Learn to use the library well. It would be a great pity if you only make use of
the library as a quiet place (if nobody is talking on his or her mobile phone in your
neighbourhood!) for reviewing the class notes in the week before the final examination!
For beginners, it is advisable to first concentrate on a (good) textbook. After you feel at
ease with the basic content, you will benefit from reading other books which may give a
fresh viewpoint or an alternative approach.

You will have ASSIGNMENTS in a course. These assignments form an integral part
of the course. It does not matter so much whether you can complete them as whether you
have tried. You are encouraged to discuss assignments with your classmates or with your
teachers and tutors. (They will be glad to give a few hints to get you on the road.) But
don't just copy other students' work. It serves no purpose but wastes the tutor’s time in
grading “xeroxed” copies. [I have more sympathy for a piece of “group work” in which



several students co-operate to produce the homework.] In this connection, please write
legibly and organize your presentation. That is part of your training. Do not give your
answer in fragmentary bits and pieces. Always try to give a coherent account. The basic
tenet is: know what you say. Do not pretend that you know it but actually do not. This
goes for your assignments as well as with your test and examination scripts. Each
assignment will usually have an EXAMPLE CLASS as a follow-up. To derive maximum
benefit from these example classes, you should try to work on the assignments before
coming. Otherwise, it is like listening to one end of a telephone conversation!

Remember, EXAMPLES are extremely important. You should have lots of them in
store. Keep them in mind; play with them; get your hands on them; see what you can do
with them. Whenever you learn a new notion or a new theorem, see if you can interpret it
in the context of these examples. This will give you some feeling for the subject. Don't
just learn the formal theory because that alone doesn't constitute understanding. Enliven
theory with particular cases, extreme cases, examples, counter-examples, non-examples,
variations, extensions. This way of learning is not only more efficient, but also more
interesting. [I have many times been accused of not giving enough examples, but perhaps
it is “worked examples” that | have not given enough of. The latter consist mostly of
routine applications of certain learnt techniques and | trust you can seek them out by
yourselves (e.g. consult books in the Schaum's Outline Series —— when made use of in
a right way, these books can be helpful). Illustrative examples which support, enlighten,
focus, enrich and supplement are those that | always emphasize.] A mathematician (John
B. Conway) says that “mathematics is a collection of examples; a theorem is a statement
about a collection of examples and the purpose of proving theorems is to classify and
explain the examples”. There is an element of truth to this dramatized statement.

The importance of DEFINITIONS is another thing most beginning undergraduates
overlook, and many regard a definition just as something to be memorized and
regurgitated in an examination. A large part of the mathematical work lies in formulating
good and useful definitions, in delineating relationship between definitions, and in
retreating to more and more basic definitions. You should try to see through a definition
and grasp the idea behind it. In learning a definition (not just the statement of it) you are
learning a concept. Try to relate it to what you have learnt before. (If you are on the look
out, you may find that the connection between school mathematics and university
mathematics is closer than it first appeared to be.) Try to see why we need such a



definition. Once you have a feeling for the definition, you should pay careful attention to
the wording, for mathematics adopts a concise and precise language. An imaginative
mind need not go with a casual attitude. Mathematics is where wild imagination and
meticulous rigour can go hand in hand.

In university mathematics we place much more emphasis on and pay much more
attention to definitions and proofs than in school mathematics. In almost all courses you
will see proofs and you will do a lot of them yourselves. At first you may feel a bit
uncomfortable with the lingo, but don't worry, you will get used to it if you are willing to

speak it. (What is meant by saying “a necessary condition for P is ...”, “a sufficient
condition for P is ...”, “P implies Q”, “if P, then Q”, “P only if Q”, “there exists ... such
that ...”, “for every ... thereis a...”, “for some ... there is a ...”, “not every ... is ...”,

“some ... is not ...,” etc.?) | can recommend a few books :
* D.SOLOW, How to Read and Do Proofs, John Wiley, 2nd edition, 1990;

* D. SOLOW, The Keys to Advanced Mathematics: Recurrent Themes in  Abstract
Reasoning, Books Unlimited, 1995;

* G.R. EXNER, An Accompaniment to Higher Mathematics, Springer-Verlag, 1996.

Talking about proofs, most students wonder (or worry) how much has to be put in,
what can be considered as obvious, which step has to be stressed, etc. | can only say that
you have to make your own judgement, and good judgement is part of what is called
mathematical maturity! Try to look at it this way. If you do not like the word “proof”,
replace it by “explanation”. When you EXPLAIN something to your friend (or to
yourself, or even to your adversary), you want to convince. (An adversary will be
particularly helpful in this respect, for he will be critical and keep asking questions to
force you into a corner!) Try always to speak or write logically and clearly. Try to treat
your writing with respect, for writing is a way of growing. Never try to be vague
intentionally. If you do not know, say so. You can make a guess, better yet an informed
guess, but do not confuse (and never try to confuse intentionally) a guess with an
assertion. | can recommend two more books for those who wish to read more on proof
and problem solving:

* G. Pélya, How To Solve It, 2™ edition, Princeton University Press, 1957; reprinted
by Penguin, 1990; originally published in 1954.
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On a more “philosophical” level let me append an article (in Chinese) | wrote for the
orientation booklet of the student organization, the Mathematics Society, in July 2003.
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4. Try these problems!

To give you an idea of what is expected of your preparation in mathematics, let me
give you a sample set of problems. Try to work on them, particularly if you newly join
the department as a Year 1 student. Don’t worry if you cannot answer them all in your
first trial, and the answer alone is not the most important thing either. You should aim at
reaching a stage when you feel at home with them so that they no longer seem to be
phrased in a foreign language to you. These problems are not subject-specific —— they
would be comprehensible to a secondary school pupil. But each one of them contains
some feature which we wish you to have a good grip of.

(1) Discuss the solutions of the simultaneous equations



)

©)

(4)

()

a+y=1
X—y=a
for different values of a.

Prove that
1 1 - 1

R . + [
n+l n+2 2n
does not exceed 1 for any positive integer n.

Outline a plan to prove that
(L-x)@-x*)---@2-x")

divides
1-x")(1- Xm+1)~--(1— Xm+n—1)

for all positive integers m,n.

[Optional: Carry out your plan to finish.]

Pascal’s Mystic Hexagram Theorem asserts that if P, P, P, P, P, P, is a hexagon
inscribed in a non-degenerate conic (e.g. an ellipse), then the three pairs of
opposite sides PP, and P,P, , P,P, and P, P, P, P, and P, P, intersect
at three collinear points. (You are not asked to prove this theorem. But do draw a
picture. Even the particular case of six points on a circle will exhibit something
interesting and non-trivial.)

Interpret the theorem in each of the following cases:

() R=P,, B,=P,, B=F;

(i) P, P, parallel to P,P, , P, P, parallelto P, P;.

The negation of the statement “I love maths” is “I do not love maths”. Write down
the negation of each of the following statements:

() “I love maths all the time.”
(i) “All my friends do not love maths.”
(iii) “At one time all my friends loved maths.”

(iv) “I love maths and history.”



(6) Letus assume that all maths professors are stupid. If you are not a maths professor,
does it follow logically that you are not stupid? Explain your answer.

(7) Isthe recurring decimal 0.999... equal to 1? Explain your answer.

(8) Explain how to obtain the equation of a plane (in the 3-dimensional euclidean

space R*®) which passes through the origin (0, 0, 0) and is perpendicular to the
nonzero vector ¥ =(A,B,C)=0.

Explain how the following two statements about three given vectors

a=(@,a,,a), b=0O,b,, b)), c=(,c,,c,) arerelated:

(i) a, b, ¢ areonaplane (in the 3-dimensional euclidean space R*®) which
passes through the origin;

(i) Aa+Bb+Cc=0 forsome A, B, C (in R) which are not all zero.

(9) To find the volume of a cone of height H with circular base of radius R we
regard the cone as an object of revolution by a straight line (y=Rx/H) about

the x-axis and sum up the volume of a pile of circular cylinders each of height
Ax with circular base of radiusy, viz V = [ zy?dx = %nRZH . To find the surface
area of the same cone, if we sum up likewise the surface area of that same pile of
circular cylinders, we obtain S = I'; 2zydx = 7zRH , which is wrong! Explain the

discrepancy in the answer.

(10) Let SM)=—+2++0 . You all know that limS(n)=1/2, because
n n n

N¢—o0

S(n)is actually (1+2+---+n)/n*=(n+1)/2n. If someone works it out in the
following way, how would you explain to him the fault he makes?
!il‘ls(”):!ﬂ%*ll@%*"’*!mnlz:0+0+”'+0:0'

[This article is a much expanded version of a (growing) handout | usually distribute to
my class in various courses over the years. I am simply sharing with you my own
learning experience and what | learn from discussion with my colleagues. | would like to
acknowledge particularly Mr. FONG Wing Chung, a graduate of our department, not just
for his many inspiring conversations but also for prompting me to write up this article for
all mathematics students.]
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