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Abstract: Markov chain models are popular mathematical tools for
studying many different kinds of real world systems such as queueing
networks (continuous time) and categorical data sequences (discrete
time). In this talk, I shall first present some efficient numerical algo-
rithms for solving Markovian queueing networks. I shall then intro-
duce some other parsimonious high-order and multivariate Markov
chain models for categorical sequences with applications. Efficient
estimation methods for solving the model parameters will also be
discussed. Practical problems and numerical examples will then be
given to demonstrate the effectiveness of our proposed models.
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1. Motivations and Objectives.

e Markov chain models are popular tools for modeling many real
world systems including

e Continuous Time Markov Chain Process
-Queueing Systems.

- Telecommunication Networks.
-Manufacturing Systems.
-Re-manufacturing Systems.

e Discrete Time Markov Chain Process
-Categorical Time Series.

-Financial and Credit Risk Models.
-Genetic Networks and DNA Sequencing.
-Inventory Prediction and Control.



2. Queueing Systems

e [Queueing systems with Batch Arrival] R. Chan and W. Ching,
Toeplitz-circulant Preconditioners for Toeplitz Systems and T heir
Applications to Queueing Networks with Batch Arrivals, SIAM Jour-
nal of Scientific Computing, 1996.

e [Manufacturing Systems with Production Control] W. Ching
et al., Circulant Preconditioners for Markov Modulated Poisson Pro-
cesses and Their Applications to Manufacturing Systems, SIAM
Journal on Matrix Analysis and Its Applications, 1997.

e [Queueing systems with Negative Customers] W. Ching, Itera-
tive Methods for Queuing Systems with Batch Arrivals and Negative
Customers, BIT, 2003.

e [Hybrid Method (Genetic Algorithm & SOR Iterative Method)]
W. Ching, A Hybrid Algorithm for Queueing Systems, CALCOLO,
2004.



2.1.1 Single Markovian Queue (M/M/s/n-s-1)

A input rate (Arrival Rate),

1 output rate (Service Rate, Production Rate).

s number of servers.

n —s— 1 number of waiting space.

Set of possible states (number of customers): {0, 1,...
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2.1.2 The Steady-state Distribution

o Let p; be the steady-state probability that ¢« customers in the
queueing system and p = (po, ..., pn_1)! be the steady-state prob-
ability vector.

e Important for system performance analysis, e.g. average waiting
time of the customers in long run.

e B. Bunday, Introduction to Queueing Theory, Arnold, N.Y., 1996.
e p; governed by the Kolmogorov equations:
Out Going Rate Incoming Rate
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The Markov Chain of the M/M/s/n-s-1 Queue

e \We are solving:

Aopo =0,
sz — 17
p; = 0.

e Apy, the generator matrix, is given by the n xn tridiagonal matrix:
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e Set of possible states (number of customers in each queue):
S={(,j):47€N,0<i<n; —1,0<75<np—1}

o Let Pij be the probability that ¢ customers in queue 1 and j
customers in queue 2.

e T he Kolmogorov equations for the two-queue network:

Out Going Rate Incoming Rate
Pij+1 Pij+1
Ao (J+ 1po
A A '
Pi-1,j-—Pij "t pipqj Pielj -t Pij- Pit1,
i - (1D
JH2 Ao

Pij—1 Pi,j—1



e Again we have to solve

Aip =0,
pi; = 0.

e The generator matrix A is separable (no interaction between the
queues): A1 = AgR®I1I+1® Ap.

e Kronecker tensor product of two matrices C,,«, and B, «:

c11B -+ -+ ¢1,.B
| e1B -+ -+ B
CnX'r’@Bmxk_ : : : 7’
1B o - eneB )

e It is easy to check that the Markov chain of the queueing system
is irreducible and the unique solution is p = pg ® pPo-
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® L. Kaufman, Matrix Methods for Queuing Problems, SIAM J. Sci. Statist. Comput., 1983.
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e The generator matrix A, is given by

A2:Ao®I+I®AO—|—<O 1>®R0,
where
[ 1
-1 1 0 \
0] -1 1
\ -1 .0

describes the overflow discipline of the queueing system.

e In fact, we may write

0
A2=A1+< 1>®Ro,

e Unfortunately analytic solution for the steady-state distribution
p is not available.
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e T he generator matrices are sparse and have block structures.

e Direct method (LU decomposition will result in dense matrices L
and U) is not efficient in general.

e Fast algorithm should make use of the block structures and the
sparsity of the generator matrices.

e Block Gauss-Seidel (BGS) is an usual approach for mentioned
queueing problems. Its convergence rate is not fast and increase
linearly with respect to the size of the generator matrix in general.

e R. VVarga, Matrix Iterative Analysis, Prentice-Hall, N.J., 1963.
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2.2 The Telecommunication System

M1 S

- @ Queue 1 \
Main Queue @
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e W. Ching, Iterative Methods for Queuing and Manufacturing System, Springer
Monograph, 2001.

e W. Ching et al., Circulant Preconditioners for Markov Modulated Poisson Pro-
cesses and Their Applications to Manufacturing Systems, SIAM Journal on Matrix
Analysis and Its Applications, 1997.
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e [ he generator matrix is given by:

[ Q+T —ul 0
- Q4T +ul —2ul

Az = —I; Q-+ —|— sul —sul
| —I; Q—I—I_;I—s,ul —sul
\ 0 —I Q—I—s,uI)

((N 4+ 1)-block by (N + 1)-block), where

F=A —|- )\IQn,
Q=(Q1®1L® Q)+ (120Q20I>®---®I2)+ -+ (12®- - ®I>2QQn),

N=MRSLE --RI)+[20NR[LR - ®Ip)+ - +(12® - RI>2QNn),
_ [ o1 —oj2 (N O
QJ <—<’j1 752 ) nd A ( 0 O>°
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2.3 The Manufacturing System of Two Machines in Tandem

B B

M; 1 , 1 | Mo 42 2 )\,
\_/ \_/
size [ size N

e Search for optimal buffer sizes I and N (N >> 1), which minimizes
(1) the average running cost, (2) maximizes the throughput, or (3)
minimizes the blocking and the starving rate.

e \W. Ching, Iterative Methods for Manufacturing Systems of Two Stations in
Tandem, Applied Mathematics Letters, 1998.

e W. Ching, Markovian Approximation for Manufacturing Systems of Unreliable
Machines in Tandem, Naval Research Logistics, 2001.
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The generator matrix is of the form:

Ag =

[N+ gl

\ O

—2

-l AN+DA4+pil —-X

—p1d AN+D 4+l =%
—p1l AN+ D |

((I 4+ 1)-block by (I 4+ 1)-block), where

and

O O
ST — 12 - ,
0 uo> 0O

D = DIag(NQ? 7“270)'
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2.4 The Re-Manufacturing System

Inventory
of Returns

Y Re-manu-
o facturing

N

O Procurement
Inventory )\
of Product

e [ here are two types of inventory to manage: the serviceable prod-
uct and the returned product. The re-cycling process is modelled

by an M/M/1/N queue.

e [ he product inventory level and outside procurements are con-
trolled by an (Q,r) continuous review policy. Here r is the outside
procurement level and @ is the procurement quantity. We assume

that N >> Q.

e \W. Ching et al., An Inventory Model with Returns and Lateral Transshipments,
Journal of the Operational Research Society, 2003.

e W. Ching et al., A Direct Method for Solving Block-Toeplitz with Near-
Circulant-Block Systems with Applications to Hybrid Manufacturing Systems,

Journal of Numerical Linear Algebra with Applications, 2005.

18



e [ he generator matrix is given by

and

([ B =)l 0 )
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2.5 Numerical Algorithm (Preconditioned Conjugate Gradi-
ent (PCG) Method)

e Conjugate Gradient (CG) Method to solve Ax = b.
e Need preconditioning to accelerate convergence rate.

e O. Axelsson, I[terative Solution Methods, Cambridge University
Press, 1996.

e In the Preconditioned Conjugate Gradient (PCG) method with
preconditioner C', CG method is applied to solve

Clax=c"1p
instead of

Ax = b.
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e A Good preconditioner C' is a matrix satisfying:
(a) Easy and fast to construct;
(b) The preconditioner system Cx = f can be solved very fast;

(c) The preconditioned matrix C—1A has singular values clustered
around 11,

Note:

(1) One sufficient condition for a sequence of matrices B, (size
nxn) has singular values clustered around 1 : the number of singular
values of B,, different from 1 is bounded above and independent of

the matrix size of B,.

21



2.5.1 Circulant-based Preconditioners

e Circulant matrices are Toeplitz matrices (constant diagonal en-
tries) such that each column is a cyclic shift of its preceding column.
It is characterized by its first column.

e [ he class of circulant matrices is denoted by F.

— C € F implies C' can be diagonalized by Fourier matrix F':
C = F*N\F.
Hence
C1x=FrA"1rx.

— Eigenvalues of a circulant matrix has analytic form, therefore
enhance the spectrum analysis of the preconditioned matrix.

— C~1x can be done in O(nlogn).

e P. Davis, Circulant Matrices, John Wiley and Sons, N.J. 1985.
22



The idea of circulant approximation:

s(A)

We have rank(A —s(A)) =s+ 1.

2.5.2 Circulant-based Preconditioner
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2.5.3 The Telecommunication System

A3 =1IRQ+ARI+ RRN, where

(1
-1

\ O

1
—1

0 )

1
—10)

0s(A3) = s(I) ®Q + s(A) ® I + s(R) ® A\, where

s(I) =1
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e

1
—1

24



2.5.4 The Manufacturing System of Two Machines in Tandem

e Circulant-based approximation of A : s(Ag) =

s(N\) + pal —s(Xx) 0
—p1d s(\) +s(D) + il —s(X)

il SN 4s(D) 4l —s(E)

0 —pad s(N\) + s(D)
((I 4+ 1)-block by (I + 1)-block), where
A=A 0 0 145
s(A) = V] = ,
Y o o ,JQ' 0

and

S(D) — Diag(“27 Tt 7”27“2)'
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2.56.5 The Re-manufacturing System

e Circulant-based approximation of Asx:

[ s(B) -\ 0 )
—s(L) s(B) —\I
S(A5): ,
—s(L) s(B) =Ml
= —s(L) s(Bg) )
where
(O g O\ v+ w —
s(L) = , s(B) =AN41+ - 7-%“ .
. s ) 0 —y Y +u
and

s(Bg) = s(B) — ul.
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2.5.6 Stochastic Automata Networks

e In fact, all the generator matrices A take the following form:

m mn
A=) &K Ay

i=1j=1
where A;q is relatively huge in size.

e Our preconditioner is defined as

i=1 j=2
e \We note that
n * n 1 m n
F& 1| o F@f] Era@as= D [zvl@mj
j=2 j=2 k=1 |i=1 j=2

which is a block-diagonal matrix.
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e One of the advantages of our preconditioner is that it can be
inverted in parallel by using a parallel computer easily. This would
therefore save a lot of computational cost.

e [ heorem: If all the parameters stay fixed then the preconditioned
matrix has singular values clustered around one. Thus we expect
our PCG method converges very fast.

o A;1 =~ Toeplitz except for rank (s 4+ 1) perturbation
~ s(A;1) except for rank (s + 1) perturbation.

e R. Chan and W. Ching, Circulant Preconditioners for Stochastic
Automata Networks, Numerise Mathematik, (2000).
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2.6 Numerical Results

e Since generator A is non-symmetric, we used the generalized CG
method, the Conjugate Gradient Squared (CGS) method. This
method does not require the multiplication of Al'x.

e Our proposed method is applied to the following systems.

(1) The Telecomunications System.

(2) The Manufacturing Systems of Two Machines in Tandem.

(3) The Re-Manufacturing System.

e P. Sonneveld, A Fast Lanczos-type Solver for Non-symmetric Lin-
ear Systems, SIAM J. Sci. Comput., 1989.

e Stopping Criteria: H?SHE < 10719; ||rp|lo = nth step residual.

29



2.6.1 The Telecomunications System

e n, humber of external queues; N, size of the main queue.

e Cost per Iteration:

I C BGS
O(n2"N) | O(n2"Nlog N) | O((2™")?N)

e Number of Iterations:

s =2 n = n =
N I C BGS I C BGS
32 155 8 171 | 161 13 110
64 xx [ 242 xxk 13 199
128 xk 8 366 xx 14 317
256 xk 8 601 xx 14 530
512 *x 8 ¥k xx 14 958

e 'xx Mmeans greater than 1000 iterations.



2.6.2 The Manufacturing Systems of Two Machines in Tandem
e [, size of the first buffer; N, size of the second buffer.

e Cost per Iteration:

i C BGS
O(N) | O(UNIog N) | OUN)

e Number of Iterations:

[=1 [ =
N I C BGS I C BGS
32 34 5 72 64 10 72
64 129 7 142 | 139 11 142
128 xx 8 345 xx 12 401
256 xk 8 645 xk 12 ok
1024 | *x 8 * %k xx 12 * %k

e 'xx Mmeans greater than 1000 iterations.
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2.6.3 The Re-Manufacturing System

e (), size of the serviceable inventory; N, size of the return inventory.

e Cost per iteration:

I C BGS
O(QN) | O(QNlog N) | O(QN)

e Number of Iterations:

Q=2 Q= Q=

N I C BGS | I C BGS| I C BGS
100 | 246 8 870 | xx 14 1153 | %x 19 1997
200 | *xx 10 1359 | xx 14 * 5k **x 19 ok
400 | xx 10 >k xx 14 >k xx 19 5k
800 | *x 10 * 5k xx 14 * 5k xx 19 * %k

e 'xx' mMeans greater than 2000 iterations.
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2.7 Concluding Remarks

e \We proposed circulant-based preconditioners in conjunction with
CG type methods for solving Markovian queueing systems. The ap-
proach has the following advantages for hugh size problems:

— The preconditioner can be inverted efficiently via FFT and also
in parallel.

— The proposed method is a matrix-free method. Since the genera-
tor matrix is very sparse, and in each CG iteration, the major cost is
the matrix-vector multiplications. We don't need to store the whole
matrix but the values and the positions of those non-zero entries.
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3. High-order Markov Chain Models.

e Markov chains are popular models for solving many practical sys-
tems including categorical time series.

e It is also very easy to construct a Markov chain model. Given
the observed time series data sequence (Markov chain) {X;} of m
states, one can count the transition frequency F;, (one step) in
the observed sequence from State £ to State 5 in one step.

e Hence one can construct the one-step transition frequency ma-
trix for the observed sequence {X;} as follows:

F11 Fim
r— | f21 F2:m (1)
le me

34



e From F, one can get the estimates for Py (column normaliza-
tion) as follows:

P11 Pim
p_ p:21 PQ:m (2)
Pml Pmm
where
Fi..
Pk] — m J
> Fry
r=1

is the maximum likelihood estimator.

35



e Example 1: Consider a data sequence of 3 states/categories:

{1,1,2,2,1,3,2,1,2,3,1,2,3,1,2,3,1,2,1,2}. (3)

We adopt the following notation. The sequence {X;} can be written
in vector form (canonical representation by Robert J. Elliott):

Xo = (1,0,0)1, X; =(1,0,0)!, X, =(0,1,0)!, ..., X139 = (0,1,0)?.

e T he First-order Markov Chain Model:

By counting the transition frequency from State k£ to State j5 in
the sequence, one can construct the transition frequency matrix F
(then the transition probability matrix Q) for the sequence.

1 3 3 1/8 3/7 3/4
F=|6 11 and Q=|6/8 1/7 1/4 (4)
1 3 0 1/8 3/7 O
and the first-order Markov chain model is
X1 = QXq.
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Robert J. ty of Calgary).
Hidden Markov models and financial engineering.
Ph.D. and Sc.D. (Cambridge University)
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3.1 The Steady-state Probability Distribution

Proposition 3.1: Given an irreducible and aperiodic Markov chain
of m states, then for any initial probability distribution Xg

lim ||X; — 7|| = lim ||P'Xgy — || = 0.
t—00 t—00

where 7 is the steady-state probability distribution of the tran-
sition probability matrix P of the underlying Markov chain and
w = Prr.

e \We remark that a non-negative probability vector w satisfies w =
Pt is called a stationary probability vector. A stationary proba-
bility vector is not necessary the steady-state probability distri-
bution vector.

38



Proposition 3.2: [Perron (1907) - Frobenius (1912) Theorem] Let

A be a non-negative, irreducible and aperiodic square matrix of

size m. Then

(i) A has a positive real eigenvalue )\, equal to its spectral radius,
A= max [Ar(A)|

where A\ (A) denotes the kth eigenvalue of A.

(ii) There corresponds an eigenvector z, its entries being real and

positive, such that Az = \z.

(iii) The eigenvalue X is a simple eigenvalue of A.

T his theorem is important in Markov chains and dynamical systems.

39



e We remark that requirement aperiodic is important. The follow-
ing matrix is non-negative and irreducible but not aperiodic:

(00 - 0 1)
10 --.
@=]01 0 --. : (5)
S I O
\o -~ 0 1 0)

Now we see that all eigenvalues of ) are given by
N = 2™ j=0,1,...,n—1

and they all satisfy |>\j| — 1. They are all on the unit circle. We
see that # = (1,1,---, 1)1 is the stationary probability vector but
it is not the steady-state distribution vector. In fact, begin with
xo = (1,0,0,---,0)T, x; does not converge to w. But we have

ln
M, X =

40



Oskar Perron (7 May1880 - 22 February 1975).
(Taken from Wikipedia, the free encyclopedia)
Differential equations and partial differential equations.
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e

Ferdinand Georg Frobenius (October 26, 1849 - August 3, 1917).

(Taken from Wikipedia, the free encyclopedia)
Differential equations and group theory.

He gave the first full proof for the Cayley-Hamilton theorem.

42



3.2 Motivations for High-order Markov Chain Models.

e Categorical data sequences occur frequently in many real world
applications. The delay effects occur in many applications and data.

(i) Inventory Control and Demand Forecasting. W. Ching et al.,
A Higher-order Markov Model for the Newsboy’'s Problem, Journal
of Operational Research Society, 54 (2003) 291-298.

(ii) Genetic Networks and DNA Sequencing. W. Ching et al.,
Higher-order Markov Chain Models for Categorical Data Sequences,
Naval Research Logistics, 51 (2004) 557-574.

(iii) Financial and Credit Risk Models. T. Siu, W. Ching et
al., A Higher-Order Markov-Switching Model for Risk Measurement,
Computers & Mathematics with Applications, 58 (2009) 1-10.
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3.3 High-order Markov Chain Models.

e High-order Markov chain can better model categorical data se-
quence (to capture the delay effect).

e Problem: A conventional n-th order Markov chain of m states has
O(m'™) states and therefore parameters. The number of transition

probabilities (to be estimated) increases exponentially with respect
to the order n of the model.

(i) P. Jacobs and P. Lewis, Discrete Time Series Generated by
Mixtures I : Correlational and Runs Properties, J. R. Statist. Soc.
B, 40 (1978) 94—105.

(ii) G. Pegram, An Autoregressive Model for Multilag Markov Chains,
J. Appl. Prob., 17 (1980) 350—-362.

(iii) A.E. Raftery, A Model for High-order Markov Chains, J. R.
Statist. Soc. B, 47 (1985) 528—-539.
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XELE : w -]
Adrian E. Raftery, University of Washington.

Statistical methods for social, environmental and health sciences.
C. Clogg Award (1998) and P. Lazarsfeld Award (2003)
World’s most cited researcher in mathematics for the decade
1995-2005
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e Raftery proposed a high-order Markov chain model which in-
volves only one additional parameter for each extra lag.

e [ he model:

n
P(Xt =k | X1 =Fk1,..., Xpt—n = kn) — Z AZQka (6)
1=1

where k,k1,...,kn € M. Here M = {1,2,...,m} is the set of the
possible states and

n
Y Ai=1 and Q= gl
i=1

IS a transition probability matrix with column sums equal to one,
such that

n
0< > Napr, <1, kki,...,kn=1,2,...,m. (7)
1=1
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e Raftery proved that Model (6) is analogous to the standard
AR(n) model in time series.

e T he parameters g 1., A; Can be estimated numerically by maximiz-
ing the log-likelihood of Model (6) subjected to the constraints

(7).
e Problems:
(i) This approach involves solving a highly non-linear optimization

problem (which is not easy to solve).

(ii) The proposed numerical method neither guarantees convergence
nor a global maximum.
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3.4 Our High-order Markov Chain Model.

e Raftery’'s model can be generalized as follows:

n
Xidnt1 = > NQiXydnt1-4- (8)
i=1

e We define (); to be the i:th step transition probability matrix
of the sequence.

e We also assume that )\; are non-negative such that

n

=1

i=1
so that the right-hand-side of Eq. (8) is a probability distribution.
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3.5 A Property of the Model.

Proposition 3.1: If Q; is irreducible, \; >0 for:=1,2,...,n and

then the model in Eq. (8) has a stationary distribution X when
t — oo independent of the initial state vectors

XO7X17 R 7Xn—1°

The proof is based on Perron-Frobenius Theorem.

e The stationary distribution X is the unique solution of the linear
system of equations

(I — zn: AQ)X =0 and 1'X =1 (9)
1=1

where I is the m-by-m identity matrix (m is the number of possible
states taken by each data point).
49



3.6 Parameter Estimation.

e Estimation of Q;, the ith step transition probability matrix. One
can count the transition frequency fj(,? in the sequence from State

k to State 5 in the 7th step. We get

() o g0
P = fl:zz fqﬂfz . for i=1,2,....n (10)

e From F() we get by column normalization:

(5?1; q%% \ f(i)
O,=| U2 "~ 7 w2 where gg?: _-kj (11)
N (i)
~(2 ~(2 fr'

OOl 2 1,

50



e Linear Programming Formulation for the Estimation of )\,.
Note: Proposition 3.1 gives a sufficient condition for the sequence
Xt to converge to a stationary distribution X.

e We assume X; — X as t — oo.

e X can be estimated from the sequence {X:} by computing the
proportion of the occurrence of each state in the sequence and let
us denote it by X.

e From Eqg. (9) one would expect that

A

n
=1
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e [ his suggests one possible way to estimate the parameters

)\: (Al,...,)\n).

We consider the following optimization problem:

mn n
min || > XQ;X — X| = minmax {Z AZ-QZ-X—X]
A || & Ak —
=1 o =1 L
subject to

Z A =1, and \; > 0, V1.
i=1
Here [-], denotes the kth entry of the vector.

Remark: The optimization problem can be re-formulated as an
Linear Programming (LP) problem. Thus it can be solved by
using EXCEL for instance.

e W. Ching et al., Building Higher-order Markov Chain Models with
EXCEL, International Journal of Mathematical Education in Science
and Engineering, 35, 2004.
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Remark: Other norms such as ||.||]> and ||.||; can also be considered.
The former will result in a quadratic programming problem while
|.[|1 will still result in a linear programming problem.

e It is known that in approximating data by a linear function |[|.||1
gives the most robust answer.

e ||.||cc @avoids gross discrepancies with the data as much as pos-
sible.

e If the errors are known to be normally distributed then ||.||o is
the best choice.
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e [ he linear programming formulation:

min w
A
subject to
w >\1
5 A S A O 5 A

T =X - [01X | QX | | OnX] | 72 |
w An
w >\1
w 5 A S A S 5 A
DX [OX QX | QX | ],
w An

n
w>0, Y XN=1, and X >0, Vi

i=1
e V. Chvatal, Linear Programming, Freeman, New York, 1983.
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e For a numerical demonstration, we refer to Example 1. A 2nd-
order (n = 2) model for the 3-states (m = 3) categorical sequence.

We have the transition frequency matrices

1 3 3 1 4 1
rW=(6 11 and F@=1|2 2 3 (13)
1 30 310
From (13) we have the i-step transition probability matrices:
1/8 3/7 3/4 1/6 4/7 1/4
Q1= | 3/4 1/7 1/4 and Q> = | 1/3 2/7 3/4 (14)
1/8 3/7 O 1/2 1/7 0
and the stationary distribution
A 2 21
X:(_a_a_)T°
555
Hence we have
~ o 13 57 31 .~ o 29 167 9
X = : : , and X = : : :
@1 (35° 120 140 @2 (84" 22035
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e To estimate A\; we consider the optimization problem:

min w
A1,A2
subject to
( 2 13 29
W25 3501 82
2 13 29
w > —g+—5>\1+—>\2
2° 57°  1%%
51401 2202
< > 1487 P67
w> ==+ —=A1+ ——A>
5 }40 420
1 3 9
w>—— ——A] — —=A2

51 14%1 35

e The optimal solution is (A1, A5, w*) = (1,0,0.0286). Since Xy is
zero, the “optimal” model is a first-order model.
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Proposition 3.2 If @), is irreducible and aperiodic, A1, A, > 0 and

n

Y ai=1

i=1
then the model has a stationary distribution X satisfying

n
(I-Y 2Q)HX=0 and 1'X=1
1=1
and

lim Xt = X.

t—00

e We remark that if A, = 0 then it is not an nth model and if A\; =0
then the model is clearly reducible.
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3.7 The Newsboy’s Problem.

e A newsboy sells newspaper (perishable product) every morn-
ing. The cost of each newspaper remains at the end of the day is
Co, (overage cost) and the cost of each unsatisfied demand is Cs
(shortage cost).

e Suppose that the (stationary distribution) probability density func-
tion of the demand D is given by

Prob (D =d)=p; >0, d=1,2,...,m. (15)

e To determine the best amount »* (order size) of newspaper to be
ordered such that the expected cost is minimized.

Proposition 3.3: The optimal order size »* is the one which satisfies

F(r:—1) < * < F(r"). (16)

Cs+Co

X
Here F(z) = ) p;.
1=1
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Example 2: Suppose that the demand (1,2,...,2k) (m = 2k) fol-
lows an Markov process with the transition probability matrix ¢ of
size 2k x 2k given by

(00 -+ 0 1)
10 --. 0
=101 0 . : (17)
S N O
\o -~ 0 1 0)

e Assume that C, = Cs. Clearly the next “demand” can be deter-
mined by the state of the current demand, and hence the optimal
expected cost is equal to zero when the first-order Markov model
IS used.

e When the classical Newsboy model is used, we note that the
stationary distribution of () is given by

1 T
=~ (1,1,.... )T
Qk( )

T he optimal ordering size is equal to k by Proposition 2.2 and there-
fore the optimal expected cost is C,k.
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Example 3: A large soft-drink company in Hong Kong faces an
in-house problem of production planning and inventory control.

e Products are labeled as either very high sales volume (state 1),
high sales volume (state 2), standard sales volume (state 3),
low sales volume (state 4) or very low sales volume (state 5).
(m =5).

e For simplicity, we assume the following symmetric cost matrix:

[ 0 100 300 700 1500 )
100 0 100 300 700

C=| 300 100 0O 100 300 (18)
700 300 100 O 100
\ 1500 700 300 100 O

where [C];; is the assigned penalty cost when the production plan
is for sales volume of State ¢+ and the actual sales volume is State ;.
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e We employ high-order Markov model for modeling the sales de-
mand data sequence.

e Optimal production policy can then be derived based on Proposi-
tion 2.2.

e [ he following table shows the optimal costs based on three dif-
ferent models for three different products.

Products A B C

High-order Markov Model (n = 3) | 11200 9300 10800
First-order Markov Model (n = 1) | 27600 18900 11100
Stationary Model 31900 18900 16300

e W. Ching et al., A Higher-order Markov Model for the Newsboy’s
Problem, Journal of Operational Research Society, 54, 2003.
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4. Multivariate Markov Model for multiple Categorical Data
Sequences.

e In many situations, there is a need to consider a number of cate-
gorical data sequences (having same number of categories/states)
together at the same time because they are related to each other.

(i) Gene Expression Sequences. W. Ching et al., On Construc-
tion of Stochastic Genetic Networks Based on Gene Expression Se-
quences, International Journal of Neural Systems, 2005.

(ii) Credit Risk Measurements. T. Siu, W. Ching et al, On Multi-
variate Credibility Approach for Portfolio Credit Risk Measurement,
Quantitative Finance, 2005.

(iii) Sales Demand. W. Ching et al., A Multivariate Markov Chain
Model for Categorical Data Sequences and Its Applications in De-
mand Prediction, IMA Journal of Management Mathematics, 2002.

e Problem: The conventional first-order Markov chain model for s
categorical data sequences of m states has m?® states.

62



4.1 The Multivariate Markov Chain Model.

e We propose a multivariate Markov chain model which can cap-
ture both the intra- and inter-transition probabilities among the
sequences and the number of model parameters is O(s%m?).

e Given s sequences with fixed m, the minimum number of param-

eters required is < ; ) = O(s2).

e VWe assume that there are s categorical sequences and each has
m PoOssSible states in

M=1{1,2,...,m}

o Let X%k) be the state probability distribution vector of the kth
sequence at time n. If the kth sequence is in State 5 at time n then

X\ =ej=(0,...,0, L ,0...,00T.

7th entry
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e In our proposed multivariate Markov chain model, we assume the
following relationship:

S
XU = S A PURXE, for j=1,2, s (19)
k=1
where
S
Aip>0, 1<jk<s and > Xp=1, for j=1,2,---,s.
k=1

(20)

e [ he state probability distribution of the kth sequence at time
(n + 1) depends on the weighted average of pUR)X k).

e Here PUF) js 3 one-step transition probability matrix from the
states in the k£th sequence to the states in the jth sequence.
Here recall that Xq(f) IS the state probability distribution of the kth
sequences at time n.
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e In matrix form, we have the following block structure matrix equa-
tion (a compact representation):

( X%l )
Xn—l—l

Xn—l—l

| Xoth )
[ A1 PAD AP Ly pU9) ) (XD

>\21P(21) )\QQP(QQ) )\QSP(QS) X%Q)

\)\Slp(31) )\SQP(SQ) )\SSP(SS)/ \X%S))
QXn

or

Xp+1 = QXn.

Remark: We note that ng) IS a probability distribution vector.
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4.2 Some Properties of the Model.

Proposition 4.1: If ;. > 0 for 1 <j,k < s, then the matrix @ has
an eigenvalue equal to one and the eigenvalues of () have modulus
less than or equal to one.

Proposition 4.2: Suppose that PUK) (1 < j.k < s) are irre-
ducible and A;. > O for 1 < 3,k < s. Then there is a vector
X = [XD) ... XGNT such that

m .
X=QX and Y [XW];=1,1<j<s
1=1

Moreover,

Again the proof depends on Perron-Frobenius theorem.

Remark: Propositions 4.1 and 4.2 still hold if [A;;] is irreducible
and aperiodic .
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4.3 Parameter Estimation.
4.3.1 Estimations of PUk).

e \We can construct the transition frequency matrix from the ob-
served data sequences. More precisely, we count the transition
frequency f(]k) from the state ;. in the sequence {Xﬁbk)} to the

state i; in the sequence {Xflj)}.

e [ herefore we construct the transition frequency matrix for the
sequences as follows:

RN Al
k) — ff%k) ' fq%)
\ it
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e From F(jk), we get the estimates for PUK) as follows:

DR COR
pob _ | B e 5D
LAY
where
ﬁ%) — ﬂf i(;i]]:(). .
Z_;&;Q
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4.4 Estimation of A,

e \We have seen that the multivariate Markov chain has a stationary
vector (joint probability distribution vector) X.

e The vector X can be estimated from the sequences by comput-
ing the proportion of the occurrence of each state in each of the
sequences, and let us denote it by

X =@XW X@  XEHT

One would expect that

()\11?(11) )\12ﬁ(12) Alsp(ls)\
A1 P2 Ao P(22) o ), P(29) X ~X (21)
\ 21 PGD A ,P(2) L Pl
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o If ||.|| IS chosen to minimize the discrepancies then we have the
following optimization problem:

m ) _ Ry
m)\in{max {Z AjkP(ﬂ“)X(k)—X(J)] }
o k=1 )
{ subject to (22)
S
Y Xp=1, and X >0, Vk
k=1
Remark: Again other norms such as ||.||]> and ||.|[; can also be

considered. The former will result in a quadratic programming
problem while ||.||1 will still result in a linear programming prob-

lem.
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Problem (22) can be formulated as s linear programming prob-
lems. For each j:

min w;
A
subject to
( (wj\ >‘j1
Yil>xG) B AjQ
\ w4 ) >‘js
) (Wi A (23)
w; 2() Aj2
: > —x\J) 4+ B J :
K w4 ) ) >‘js
wj 2 O, Z >‘jk — 1, )‘jk Z O, \V/k,
\ k‘:].
where
B; = [PUDX(D) | pUDR®@) | ... | pUKE),
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4.5 A Numerical Demonstration

e Consider s = 2 sequences of m = 4 states:
S1=144,3,1,3,4,4,3,3,1,2,3,4}
and

S, =4{1,2,3,4,1,4,4,3,3,1,3,1}.

e By counting the transition frequencies

Si9:4 -3 1 3 >4 54 53 >3 51— 2 = 3 — 4

and

So:1 - 2 -3 4 51 >4 54 5 3 >3 —>1—> 3 =1

we have

Q1) — and F(??) =

OO
O OO
N = ON
=N OO
R~ R~ O
O+ OO
= = ON
R~ OR
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e Moreover by counting the inter-transition frequencies

Si1:4 3 1 3 4 4 3 3 1
N\ N\ N\ N\ N\ ¢ N\ N\ N\
Sy i1 2 3 4 1 4 4 3 3
and
Si1:4 3 1 3 4 4 3 3 1
/! /! /! /! /! /! /! a a
Sy i1 2 3 4 1 4 4 3 3
We have
1 0 2 O O 11
(21) _ O 0 O 1 (12) _ O 01
F O 1 3 0 |’ F 2 01
1 0 0 2 1 0 1

N OO
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e After normalization we have the transition probability matrices:

(00 £ 0) (0 1 7 0)

1 1
_ L' o000 _ 00 1o
p(11) _ ill% , p(12) — %oi% ,

2 3 41L
\0053) \$ 0 %)/

1 2 1 1
(505?\ /?053\

pe) — [ 0 0 0 3 pe |3 990
0132 0|’ s 1g3

1 2 1
500§) \$ 0% 3)

e Moreover, we also have

_ 11 5 1. _ 1 1 1 1.

X1 =(—-, —, —. — and Xo=(—,—,—, —

1 (6’12’12’3) n 2 (3,12,3,4)

Solving the corresponding linear programming problems, the mul-
tivariate Markov models of the two categorical data sequences 5S4
and S> are then given by

XY, = 0.00PIDX 4+ 1.00P0DX
X2, = 089PCUXY +0.11PCIX).
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Proposition 4.3 [Zhu and Ching (2011)] If A\;; > 0, P;; is irreducible
(for 1 <i <'s), the matrix [);;] is also irreducible and at least one
of P;; is aperiodic then the model has a stationary joint probability
distribution

X = (x(D) ... x(GN)HT

satisfying
X = QX.
Moreover, we have
tll>r20 K = X.

e D. Zhu and W. Ching, A Note on the Stationary Property of High-
dimensional Markov Chain Models, International Journal of Pure and
Applied Mathematics, 66, 2011.
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5. Concluding Remarks.
5.1 Extension to High-order Multivariate Markov Chain Models

e \We assume that there are s categorical sequences with order n
and each has m possible states in M. In the proposed model, we
assume that the jth sequence at time t = r 4+ 1 depends on all the
sequences at timest=r,r—1,...,r—n 4+ 1.

e Using the same notations, our proposed high-order (nth-order)
multivariate Markov chain model takes the following form:

xU) = Z ZA(h)P(Jk) x =12, (24)
k=1h=1
where

AN >0, 1<jk<s 1<h<n

and
S

2 (h
> YA =1, j=12..5

k=1 h=1
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In fact, if we let
X = ()T, DT, DT

for ,=1,2,...,s be the nm x 1 vectors.

Then the model can be written as the following matrix form:

( Xiiil [ BOD a2 a9\ [ xD )
2 21 22 s (2)

X,p1= | 1| = B(: | B(: | B(: ) e
\X(S) \B(Sl) B(SQ) B(ss)/ \ng)}



where

B(ii) —

O
O I

Lo

and if ¢« &= 5 then

B(iJ) —

e \W. Ching et al.,

[ AL pLD 3 pfid

O O
O O

L o

(2D P(u) A pgi)

0

(n—1) (i)
Aii Pn—l
0

O

I
A=) pid)

O

O

0

PR
0
O

O ) mnxmn

A Pézg) \

O

O ) mnxmn

Higher-order Multivariate Markov Chains and their

Applications, Linear Algebra and Its Applications, 428 (2-3), 2008.
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e We define an s x s matrix B.

We let B;; =1 forall i=1,2,...,s, and if i # j

A _J 1AM >0 forallk
K O otherwise.

Here y=1,2,...,s,k=1,2,...,n.

Proposition 4.4 If A,gz-l), Agf) > 0, Pl(m is irreducible and at least one
of them is aperiodic (i = 1,2,...,s), additionally, B is irreducible,
then the model has a stationary probability distribution X satisfying

X = JX.
Moreover,

lim Xt = X.

t—00
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5.2 Extension to Negative Correlations

e [ heoretical results of the multivariate Markov chains were ob-
tained when >\ > 0 (non-negative matrix). It is interesting to study
the properties of the models when A;; are allowed to be negative.

e An example of a two-chain model:

7(11421 _ <>\1,1P(11) 1,21 ) xG
,22_21 A1l ApoP(22) x(2) ’

\ .

Positive correlated part

4+ 1 Al,—lp(ll) A1, ol 1— X(l)
m — 1 )\2’_1] )\2,_2P(2’2) 1 — X%Q) .

g

Negative correlated part

Here \; >Oforz—12andg—i1j:2and§j]_2 ;=1

e \W. Ching, et al., An Improved Parsimonious Multivariate Markov

Chain Model for Credit Risk, Journal of Credit Risk, 5, 2009.
80



Xn+1

[ x))

(2)
n—l—l

k X(8)

5.3 A Simplified Model.

n—l—l

\

= @Xn

( A1 P

Aol

A1 T

Aol
)\22P<22)

Agol

Asl )
Aol
LG

(25)

(26)

(27)

e [ he models can still capture both the intra- and inter-transition
probabilities among the sequences but the number of parameters in
the proposed model is O(sm? + s2).
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Proposition 5.1. Suppose that PUJ) (1 < j < s) and A = [Aelt
are irreducible. Then there is a vector

x = (xD x@ N7

9 o .

such that x = @x and

S xW=1,1<j<s
1=1

e [ he estimation methods described previously for the model pa-
rameters A;; and P;; can still be applied.

e W. Ching et al., On Multi-dimensional Markov Chain Models,
Pacific Journal of Optimization, 3 (2007) 235-243.
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5.4 The Simplified Model with Short Sequences.

In this part, we consider the case when the length of the observed
data sequences are very short.

In this case, we have two problems:

(i) The estimation of the transition probability matrices P;; may
have large error.

(ii) The steady-state of the process may not be reached.
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e For Problem (i) we propose to replace the transition probability
matrix P in the model by the following rank-one matrix

&INT(1,1,...,1). (28)

In this case, the number of parameters will further reduce to O(sm + 52)

e For Problem (ii), the weights A;; should be chosen such that the
multivariate Markov process converges very fast to its stationary
distribution.

T he convergence rate of the process depends on the second largest
eigenvalue in modulus of the matrix ¢ . From numerical experience,
the second largest eigenvalue depends very much on the value of
Ai;- We then modified our simplified model for short sequences by
adding the extra constraints

0<\; < 8. (29)
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5.5 A Special Case Analysis.

e We give an analysis of the simplified model with the assumptions
(28) and (29) by further assuming that

p=prPU) = )T(1,1,...,1) foralli=1,2,....s.

In this case, for Aij > 0 the steady-state probability distributions x
IS an invariant.

e The problem here is how to assign A;; such that the second largest
eigenvalue of @) is small. For simplicity of discussion, we assume one
possible form for [A] as follows:

N L
Tl 0 i

where 0 < A\ < 1.
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e With these assumptions, we have the tensor product form for

Q=IAP+ (A=) I

The eigenvalues of () are then then given by

A—1 Am — 1
, and ————
m—1 m— 1
where 1 and 1 — X\ are the two simple eigenvalues. The second
largest eigenvalue of () can be minimized by solving the following

maxmin problem:
A—1 dm—1
min {max{l—)\, : i }}
O<A<1 m—1 m-—1
It is straight forward to check that the optimal value is

1, 1-—2\,

L ™m

 2m—1

and the optimal second largest eigenvalue in this case is
™m

om — 1

>\>I<
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5.6 Numerical Examples

e A soft-drink company in Hong Kong presently faces an in-house
problem of production planning and inventory control. A pressing
iIssue that stands out is the storage space of its central warehouse,
which often finds itself in the state of overflow or near capacity.

e Products (A,B,C,D,E) at different time t can be categorized into
five possible states according to sales volume. All products are
labelled as either

(1) very fast-moving (very high sales volume),

(2) fast-moving,

(3) standard,

(4) slow-moving, or

(5) very slow-moving (very low sales volume).
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e \We then build the multivariate Markov model, to predict the next
state X; at time ¢t which can be taken as the state with the maximum
probability, i.e.,

X =g, if [Xe]; < [RXe]5,V1 <i <m.

e [0 evaluate the performance and effectiveness of our multivariate
Markov chain model, a prediction result is measured by the predic-
tion accuracy r defined as

1

X

T
r =

575 X 100%,

t=1

where T is the length of the data sequence and

5y — 1, if )’it — Xt
=1 0, otherwise.
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e Another way to compare the performance of the models is to use
the BIC (Bayesian Information Criterion) which is defined as

BIC = —2L 4+ qglogn,

where

S m ) I
;{ > a o l0a(S S AR }

i0,k1, - ks=1 I=1k=1

IS the log-likelihood of the model,

n/) = qugjll(io)wi(h)wg(@) - (Ks),

Mig,k1,ko,
and q is the number of independent parameters, and n is the length
of the sequence.

- The smaller the value of BIC, the better the model is.
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Models A B C D E
Multivariate Markov Model 50% 45% 63% 52% 55%
Simplified Model 46% 46% 63% 52% 54%
Simplified Model For Short Sequences (S 43% 40% 63% 36% 36%
Simplified Model For Short Sequences (3 42% 41% 63% 33% 36%
B
B

T (O T
OOOOH
o@ﬂ@@O

Simplified Model For Short Sequences ( 42% 38% 63% 37% 38%
Simplified Model For Short Sequences ( 42% 37% 45% 39% 39%
Simplified Model For Short Sequences (8 = 39% 37% 35% 39% 39%

Simplified Model For Short Sequences (8 = 52— 42% 38% 56% 24% 24%

N N NN

Table 5.1 Prediction Accuracy for the Sales Demand Data Sequences of Full Length.
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Models BIC

Multivariate Markov Model 8.0215e+003
Simplified Model 3.9878e+4-003
Simplified Model For Short Sequences (8 = 1.0) 4.5422e+003
Simplified Model For Short Sequences (8 = 0.9) 4.5292e+4-003*
Simplified Model For Short Sequences (8 = 0.8) 4.5747e+003
Simplified Model For Short Sequences (8 = 0.7) 4.6673e+4003
Simplified Model For Short Sequences (8 = 0.6) 4.8074e+4003

Simplified Model For Short Sequences (8 = 2*2_1) 4.9585e+4003

Table 5.2 BIC for the Sales Demand Data Sequences in Full Length.
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Models A B C D E

Multivariate Markov Model 66% 59% 83% 55% 55%
Simplified Model 66% 55% 83% 55% 52%
Simplified Model For Short Sequences (3 48% 52% 83% 34% 31%
Simplified Model For Short Sequences (3 48% 52% 83% 41% 45%
Simplified Model For Short Sequences (3 52% 55% 83% 41% 45%
Simplified Model For Short Sequences (3 52% 55% 83% 41% 45%
Simplified Model For Short Sequences (8 = 52% 31% 72% 41% 45%

Simplified Model For Short Sequences (8 = 2*6_1) 55% 45% 83% 17% 10%

1T
OOOOI—l
Ch@\lOO@O
NN NS

Table 5.3 Prediction Accuracy for the Sales Demand Data Sequences of Shorter
Length of 30.
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Models BIC
Multivariate Markov Model 3.3714e+4003
Simplified Model 934.3750
Simplified Model For Short Sequences (8 = 1.0) 1.0138e+4-003
Simplified Model For Short Sequences (3 = 0.9) 1.0079e+003*
Simplified Model For Short Sequences (8 = 0.8) 1.0089e+003
Simplified Model For Short Sequences (3 = 0.7) 1.0151e+003
Simplified Model For Short Sequences (3 = 0.6) 1.0264e+003
Simplified Model For Short Sequences (8 = 5-2—) | 1.0749e4003

Table 5.4 BIC for the Sales Demand Data Sequences in

Shorter Length of 30.
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