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Abstract

Let f be a holomorphic Hecke eigenform for I'g(/N') of weight k, or a Maass eigenform
for To(N) with Laplace eigenvalue 1/4 + k?. Let g be a fixed holomorphic or Maass
cusp form for To(N). A subconvexity bound for central values of the Rankin-Selberg
L-function L(s, f ® g) is proved in the k-aspect: L(1/241it, f ® g) < nr gt k2/3+¢ while
a convexity bound is only < k'*¢. This new bound improves earlier subconvexity bounds
for these Rankin-Selberg L-functions by Sarnak, the authors, and Blomer. Techniques
used include a result of Good, spectral large sieve, meromorphic continuation of a shifted
convolution sum to Re s > —1/2 passing through all Laplace eigenvalues, and a weighted
stationary phase argument.
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1. Introduction

A central problem in the theory of L-functions is to investigate their sizes on the critical

line. Following from the Phragmén-Lindelof principle with the functional equation, one can
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obtain an estimate referred as a convexity bound. For example, the convexity bound of the

Riemann zeta-function is
C(1/2 4 it) < [¢]H/4+e.

Any improvement of the exponent 1/4, referred as a subconvexity estimate, is interesting
and significant. The method of Weyl on exponential sums improves 1/4 to 1/6, which is
apparently a great progress. Weyl’s method has been sharpened many times to-date, with
important ideas and machineries introduced. Numerically, though, the improvement seems
rather small. The Riemann zeta-function is only a classic example of GL; functions. The
subconvexity estimate of general L-functions in various aspects is of great interest and im-
portance, with many applications, for instance, to equidistribution problems. For a Dirichlet
L-function L(s,x), Burgess established the subconvexity estimate L(1/2 + it, x) <; ¢*/16+¢
on the conductor aspect, where ¢ denotes the modulus of the character x. (The exponent of
the convexity bound is 1/4.) A bound analogous to Weyl’s (i.e. replacing 3/16 by 1/6) for
real characters x was only achieved recently by Conrey and Iwaniec [5].

In the same paper [5], Conrey and Iwaniec actually derived subconvexity estimates for
the central values of some G Ly L-functions attached to Maass or holomorphic Hecke eigen-
forms on the level aspect. They proved L;(1/2,x) < ¢'/3%¢ for real characters y and for
self-dual forms f, which is of the same quality as Weyl’s in view of the convexity bound
O(q"/?*).3 An analogous bound k'/3+¢ was done in Ivié¢ [16] for a Maass Hecke eigenform f
with eigenvalue 1/4 + k2, and in Peng’s dissertation [27] for holomorphic forms of weight &
respectively. Recently, Jutila and Motohashi [18] obtained a beautiful uniform bound in both
the weight (or eigenvalue) and t aspects with the same exponent 1/3 for the full modular
group. The subconvexity problem for higher rank cases is plausibly difficult; still some results
are currently known for Rankin-Selberg L-functions L(s, f ® g) which are in the GL4 case.
A challenge is to establish the desirable subconvexity estimate whose quality is comparable
to the generic results in GLq, and GL4 cases.

Let f be a holomorphic Hecke eigenform for T'g(AN) of weight k, and g a fixed holomorphic
or Maass cusp form for I'g(N'). Or, we may let g be a cusp form for T'o(N”) with (M, N') = 1.
The Rankin-Selberg L-function L(s, f ® g) is an Euler product of degree 4 and satisfies a
functional equation. The convexity bound is L(1/2 +it, f ® g) < k'™ and the subconvexity

estimate

L(1/2+it, [ ® g) < gpe K700, (1.1)

3For general f and ¥, the best known exponent is 3/8 + 6/4 with § = 7/64 by Blomer, Harcos, and Michel
[4].




on weight aspect was firstly obtained in Sarnak [29]. The proof of this subconvexity bound
made use of a bound toward the Ramanujan conjecture with # = 7/64 (Kim and Sarnak
[19]):

|04£rj )(p) <p? for p at which 7 is unramified,

() | (1.2)
|Re pz’ (00)| < 0 if 7 is unramified at oo,

where 7 is an automorphic cuspidal representation of GL2(Qa) with unitary central character
and local Hecke eigenvalues a(j)(p) for p < oo and ugrj)(oo) for p = 00, j = 1,2. In terms of
(1.2), the exponent in Sarnak’s bound (1.1) is 18/(19 — 26) +¢.

If f is a Maass Hecke eigenform for I'g(N) with Laplace eigenvalue 1/4 + k2, Liu and Ye

[23] proved a similar subconvexity bound (cf. Liu and Ye [24])
L(1/2+it, f @ g) K gy K104 (1.3)

When 0 = 7/64, this is < k*87/512+¢

Here both results in (1.1) and (1.3) depend crucially on the value of 6. In fact, if we take
the trivial estimate # = 1/2, no subconvexity bound will be concluded in either case. This
phenomenon is somewhat unexpected, as was explained in Sarnak [30]. Recently we showed
in [22] that such a heavy dependence on nontrivial 6 can be avoided, and our result gives the
exponent 1 —1/(8+46)+¢ for both holomorphic or Maass f, which still yields a subconvexity
bound k%10t even for § = 1/2. Using 6 = 7/64, it is sharper than (1.1) and (1.3). On the
other hand, a recent work of Blomer [3] gave a new bound k(6-20)/(7=40)+¢ " Thig superseded
our result in [22], although it does require a nontrivial § to produce a subconvexity bound.
The goal of this paper is to produce a better bound which corresponds to the important

exponent 1/6 in GL; case.

Theorem 1 Let f be a holomorphic Hecke eigenform for To(N) of weight k, or a Maass
Hecke eigenform for To(N) with Laplace eigenvalue 1/4+k?, and let g be a fized holomorphic
or Maass cusp form for To(N), or for To(N”) with (N,N') = 1. Then for any small € > 0,

we have

S L2+t f @ g))* <wge (KLY (1.4)

K—L<k<K+L
whenever K1/3t¢ < [ < K¢ The implied constant in <\ g,te can be made explicity into
NAC)(|t| + 1)3/2C(g,e) where A(e) > 0 depends only on e and C(g,e) > 0 is a constant

depending on g and €



Corollary 2 Let f and g be defined as in Theorem 1. Then
L(1/2+it, f © g) < gpe K27, (1.5)
where the implied constant takes an explicit form as in Theorem 1.

Remark 0. The polynomial growth of the level N of f and [t| for fixed g is useful in
applications. We are unable to keep track on the dependence of the implied constants on g
due to the lack of such information in Good’s estimate.

The proof starts with the approximate functional equations, an averaging process with
Kuznetsov formula (or Petersson trace formula), and an application of a Voronoi summation
formula. This will be sketched in Section 4, and full details can be found in [29] and [23].
The core part is the estimation of a shifted convolution sum. We follow Sarnak [29] to apply
the spectral theory to transform the shifted sum into a series, whose summands are products
of gamma functions and the Fourier coefficients of the form g.

A key feature in the present paper is to provide the analytic continuation of the shifted
convolution sum to a bigger region. In [29] and [23], the shifted convolution sum was holo-
morphically continued to the half plane fes > 1/24 6. In [22], this same sum was meromor-
phically extended to the half plane Re s > 1/2, with possible poles in the interval [1/2,1/2+6]
associated with possible exceptional Laplace eigenvalues. We found that their contribution
is controllable and indeed negligible in this problem. In the present paper, we will further
extend this shifted sum meromorphically to the left of Res = 1/2.

The poles due to the non-exceptional eigenvalues come into play. To handle them we
apply a substantial estimate of Good, which is also applied in our work [22]. However,
we control the Fourier coefficients of g(z) and some exponential integrals with the trivial
pointwise bound there, and hence, waste their oscillatory properties and cause great losses.
The spectral large sieve inequality due to Deshouillers and Iwaniec [6] is an effective tool to
exploit the cancellation of the Fourier coefficients. Blomer [2] made use of this large sieve
to derive cancellation among the shifted convolution sums, which were, unlike our approach,
treated by the §-method there.

In order to fit the spectral large sieve into our context, we need to bypass a technicality
of separating the two intertwined parameters h and t; appropriately. To this end, we provide
an asymptotic formula with an admissible error term for the exponential integrals, which will
be done in Section 5. This process also enables us to utilize the cancellation in the sum over
h, so that we exploit the cancellations in various parts to yield our result. In short, here we

extend our method in [22] and utilize, inspired by [3], the spectral large sieve but the way of



using it is different from Blomer. Among other things, we need some results on exponential
integrals in Huxley [14] (or see [13]) to complete the delicate analysis.

Remark 1. In [18], Jutila and Motohashi pointed out that their method might be gener-
alized to get a subconvexity bound for our Rankin-Selberg L-functions for the full modular
group in the k aspect with the merit of being uniform in small |¢|.

Remark 2. We have not discussed the vital and novel development of the subconvexity
estimate for Rankin-Selberg L-functions on level aspects. Interested readers are referred to
the important works of Kowalski, Michel and VanderKam [20], Michel [26], and Harcos and
Michel [11].

Arguments in Ye [32] are applicable to the present paper, and yield the following improved

result on the fourth power moment of a GLy L-function over a short interval.

Theorem 3 Let g be a fixed self-contragredient holomorphic or Maass Hecke eigenform for
To(N), and x a real, primitive character mod Q with N'|Q. Then

K+L 4
/ ‘L(5 +it,g ® x)‘ dt <ng0e (KL)'TE
K

for L = K1/3+e.
By a standard argument (cf. Ivic [15, p.197]), our Theorem 3 further implies

Corollary 4 Let g and x be defined as in Theorem 3. Then for any real t,
1
L<§ +it, g® x) KN g0 (T4 [E)3.

This is of the same strength as the classical results of Good for holomorphic cusp form ¢ in
[8], [9], and [10], and of Meurman for Maass g in [25].

Notation. The Vinogradov symbol < is, as usual, defined as |A| < C'B for some constant
C when we write A < B. Sometimes, we write <, to emphasize that the implied constant C
depends on *. The symbol A < B represents both A < B and B < A. Finally a ~ A means
the set of integers a for which A < a < 2A. In the sequel, € > 0 is arbitrarily small but fixed.
We write e = Ce where C is an unspecified absolute positive constant. The implicit constant

C may differ at each occurrence of e.

2. Spectral theory on L?(I'\ H) and large sieve inequalities

Let T' be a congruence subgroup of SL9(Z) and H the upper half-plane. Then I' \ H

is a hyperbolic Riemannian manifold of curvature —1, equipped with a measure dzdy/y?.



Automorphic functions (defined on H) of weight 0 for I" are regarded as functions on I"\ H.
Introducing the Petersson inner product

o= [ JHERE =

the space L?(I'\ H) of all square integrable functions forms a Hilbert space. We denote the
non-Euclidean Laplacian (the Laplacian on this manifold) by

0? 0?

52 o)

By Maass-Selberg theory (see Deshouillers and Iwaniec [6, p.227]), L?(T'\ H) admits a spectral

decomposition with respect to A. The spectrum of A consists of two components: the discrete

A= —y2<

spectrum 0 = A < A1 < Ay < .- and the continuous spectrum covering the segment
[1/4,00). Each eigenvalue in the discrete spectrum has finite order, and A\; — oo as j — oo.
The value of the first non-zero eigenvalue remains an unsettled problem to-date. Selberg
conjectured that A\; > 1/4 for congruence groups, however, the currently best known result
is \y > 1/4 — 62, where 6 is the value in (1.2), due to Kim and Sarnak [19]. Hence the
eigenvalues are divided into two types. Writing A; = s;(1 — s;) and s; = 1/2 + it;, we may

assume
0<it; <0if i -0 <)\ < i, or tj € [0,00) otherwise.

We call the corresponding eigenvalues exceptional and non-exceptional respectively. Con-

cerning the number of eigenvalues, we have Weyl’s law
#{j: t; <T}=cT*+O0(TlogT)

for some constant ¢ > 0.

Let {¢0, ¢1,- -} be an orthonormal basis of the eigenfunctions for the discrete spectrum,
and simultaneously the eigenfunctions of the reflection operators, i.e. W = €;¢j(z) where
€j = £1. Besides, for a cusp a we denote by {Fq(z,1/2 +i1) : 7 € R} the corresponding
Fisenstein series which composes the eigenpacket for the continuous part. Then for any

f € L} \ H), we can expand it into an infinite series
1 o ) .
£6) = 10083 + 1= 3 [ (S Bl 12 4 i) e 12 4 i) dr
>0 a /oo
convergent in L? sense. Here the summation Y runs over all cusps of T, and there are Or(1)

cusps. Both ¢;(2) and Eq(z, s) have Fourier series expansions: for z = z + iy,

6j(2) = V¥ Y pj(m) K, (2x|m|y)e(mz),

m##0



and
Ea(zas) = daxcl¥ +f (8_ /2) (Sao)yl_s

)
1+ 2D S 12 (5, m) K oy (2l e(ma),
m##0

where dgoo = 1 if a = 00 and 0 otherwise. As Fq4(z,5) = Eq4(z, s), it follows that

pa(S,m) = pa(s,—m) (2.1)

and also,

pj(m) = ¢jp;(—m) (2.2)

by the property of being an eigenfunction of the reflection operator.
To give a pointwise bound to the Fourier coefficients, we can proceed, as in Sarnak [29,

(A.16)], by taking {¢;} to be the Hecke eigenforms which are assumed from now on. Then

we have
Nt;)F t;
pi(m) < Wcosh(?)me (2.3)
and by Blomer [2, Lemma 3.4],
S |pa(1/2 +it,m)|* < ([ + 1)mN)°. (2.4)

However, in order to make use of the cancellation among the Fourier coefficients, we need the

large sieve inequality.

Lemma 2.1 Let T, M > 1. Then for any sequence {b,,} of complex numbers, we have

M
1 2
> ) E:bmpj(m)‘ <. M (T* + M) Y [bul, (2.5)
cosh 7t
[t;|<T m<M m=1

M
1
Z/ ’ Z by’ pa(2+zr m)‘ dr <. M*(T? + M) Z b (2.6)

See [2, Lemma 3.3] or [6, Theorem 2].

3. Spectral decomposition of a shifted sum

Let g € S;(To(N)) or in S;(To(N")) be a holomorphic cusp form of weight [ with Fourier

expansion
z) = Z n(l_l)/2)\g(n)e(nz);

n>1



or let g be a Maass cusp form with Laplace eigenvalue 1/4 + [? and Fourier expansion

9(2) = V¥ ) Ag(n) Ka(2m|nly)e(na).
n#0
Assume that vy, 5, and h are positive integers, and let s = o + it with o > 1 and |t| < T for
any T > 1. We consider the shifted convolution sums

Dy(s,v1,v2,h) = Z Ag(n)Ag(m) <7‘V1V2mn>l_1(ylm +von)~* (3.1)

mso vim + von
vim—vgn=h

when g is a holomorphic cusp form, and

Dy(s,v1,v2,h) = Z )\g(n)Xg(m) ( \/W

21l
- vilm| + va|n|)~*
e yaur) @b+ vl

m,n#0
vim—vgn=h

when g is a Maass form.

We follow the argument in Sarnak [29, Appendix] to give a spectral decomposition of
Dy(s,v1,v2,h) for holomorphic g. We will only consider the case of T'o(N). Write I' =
To(Nvive) and

V(2) = y'g(112)g(122).

Then V is a [-invariant function rapidly decreasing at the cusps of I', and V € L*(T \ H).
Define the Poincaré series Uy(z, s) for I by

Ui(z5)= 3 Sm(yz)e(~hie (72)),
YEL s \I'

where h is a positive integer, and e(z) = €2™®. The standard unfolding method expresses

Dy(s,v1,v2,h) in terms of the inner product (see [29, p.444])

(27T)S+l_1(V1V2)(l_1)/2
I'(s+1-1)

Dgy(s,v1,v2,h) = (Un(-,8),V). (3.2)

Using the square-integrability of V' and the fact that the volume of I' \ H is finite, we
apply Parseval’s identity to deduce that

<Uh(‘7 3)7 V> = Z(Uh(ﬂ S)? ¢]><V7 ¢]>

j=1

+417r2/_00 (Un(+8), Ea(+, 1/2 +17)(V, Ea(:, 1/2 +47)) d7. (3.3)

The first sum begins with j > 1 since (U, ¢g) = 0.



Now we evaluate the inner products. Let us write

s H=B3pl=1/2 6 1/2 4 it; s—1/2—it;
(o) — (1-1)/2 J J
B](S) (1/1V2) F(S 11— 1) < 2 )F( 2 )’ (34)
9s+l—2 l—it s — 1/2 +iT S — 1/2 — T
_ (I-1)/2
ST e Say T 2 N B

To evaluate the first factor in each summand on the right side of (3.3), we follow [29, (A12)]

and use the formula
> p—1 _ 9pu—2 n—=v A v
/0 K, ()L dt = 2 F( 5 )F( 5 )

for Re 1 > |Rev|, by Watson [31, p.388(8)]. We have

(27T)S+l_1(V1V2)(l_l)/

pi(h)
(U 9),03) = (5 Bi (o),

I(s+1-1)
and
(27r)5+l*1(1/11/2)(l*1)/2 v pall/24i1,—h) Ca(s,T)
Tori-1  Unlhs) Bal1/24i7)) = B2 T(1)2 —ir)’
Then from (3.2) and (3.3) we have
Dg(s Vl,l/g,h)
Z|]’L|S 1/2 <V¢J>
pa(1/2 +it,—h) Cq(s, 1) .
+ - Z/ BB T(12 i) (V,Eo(-,1/2 +i7)) dr. (3.6)

To control the inner products against V', we invoke Good [7], Theorem 1, for the case of
[ > 4, and use Krotz and Stanton [21] for other cases. More precisely, we need a modified
version of their results, for our function V is different from the form of f there. However,
this does not cause big change and we just apply his proof to fi(z) = y*F(2)P(z) where F
and P; are a cusp form and a Poincaré series for I, respectively; see [7, (3.2)] and [7, §4].
The main point one should note is that g(v1z) and g(v22) are cusp forms for I', and therefore

g(122) is a linear combination of the Poincaré series. Hence,

1 T
D Vi) Pe™ + o Zﬂ: /T (V, Eq(-,1/2 + i7)) 2™ dr < T2 (3.7)

t;<T

(From the fact that I'(s) has no zero but poles at nonpositive integers and the formula

T (0 +it)| =4, [t|]7"/2e~™H/2



for |o] < Ap and |t| > 1, we have

IT(0 4 it) | <a, (1+[t)/277em/2 (jo| < Ap, t € R),
ID(0 +it)| =age (1+ [t))7 22 (|| < Ag, |0+ it +n|>e (3.8)
for every n =0,1,2,---).

It follows that for s = o+ it with |o| < Ap and [s+2n—1/2+i7| > e foralln € {0,1,2,--- },

F(S — 1/22+i7')r(s — 1/22 —iT)

<<A0,e ((1 + |t _ 7_|)(1 + |L‘ + TD)0/2_3/46_7r(|t_7‘+|t+7—|)/4- (3.9)

Therefore from (3.4), (3.8), and (3.9) for t; > 2T and |t| < T, we get

—1/2 +it; —1/2 —at;
Bi(s) <ivim F(s+l—1)_11“(8 /2+”)F(S /2 u)

751773/2

J —mtj/4
<<l,1/1,l/2 (1 T ’t’)0+l—3/26 IEE, (310)

Similarly from (3.5), (3.8), and (3.9) for |7| > 2T and |t| < T, we get

i s—1/24drT s—1/2—1ir
Ca(s,7) <ipnw TI(s+1-1) F( 5 )F( 5 )

‘7’073/2

ot —wirl/4
AT . (3.11)

<<l7l/17'/2

To estimate the contribution of large ¢;s, we divide the interval [T, 00) dyadically, and

use (2.3) and the Cauchy-Schwarz inequality:

2 ‘|h\8 T2 BV, 6)]

t;>2T

< |RPEmeEy T Y BBV, gy)lem

r>1 j:2rT<t; <27 1T

<o (0 wmeR) (X eve?)” Ga2)

r>1 2rT<t;<2r+1T 2rT<t;<2r+1T

For o > 1, we have, by (3.10) and Wey!’s law,

Y. BB
2rT<t;<2r+1T

< (2T‘+1T) 20’—3+€e—7r2rT/2#{tj . 27"T < t] S 2T‘+1T}
< (2r+1T)20—1+86—7r2rT/2 < 2T

10



With (3.7), the last line of (3.12) is plainly
Z “h|s 1/2 s){V, ¢J>‘

t;>2T
< |h|1/27(7+0+€ Z Tlef2’“T/2 < |h’1/270+9+667T/4' (313)
r>1

Similarly by (3.11)

/ rficas P < rfpo=stee Il ar
2rT<|r|<2r 1T 2rT<|r|<2rH1IT
< (2T)PTHE T2 2T (3.14)

By a dyadic subdivision and using (2.4) and the Cauchy-Schwarz inequality, we get
/ ‘C . pa(1/2 4+ i1, —h) (V, Eq(-,1/2 +iT)) ’d
|T|>2T

|h|s—1/2+i'r F(l/Q—ZT
< hp Y | Cals. P 2[{V. Eo(-,1/2 + i) | dr
r>1 2rT<|r|<2r+1T
1/2— 2 1/2
< ey | (/ 7|Cals, )2 dr )
2rT<|r|<2r 1T \JorT<|r|<2r 1T

r>1

1/2
<( NV, Bal 12+ i) Pr)
< |r|<2rHIT

By (3.7) and (3.14), we have
:Oa 1/2+ZT h) <VaE( 1/2+ZT ‘d < |h|1/2 o+e —T/4 (3'15)

Cal
Z/|>2T’ |hjs= /24T P(1/2 —ir

Using (3.6), (3.13), and (3.15), we conclude that for ¢ > 1 and |¢t| < T,

Dysnmh) = R+ Y AL B(Ta)

§:0<t;<2T

1 /2T pa(1/24i1,—h) Cqy(s, 1) VB2 i) dr
2T

L B[+ T(1/2 —ir)

+ O(’h’1/270+9+567T/4) (3.16)

where Ry,(s) is the sum over all exceptional eigenvalues and the possible eigenvalue A\ = 1/4,*

(1vg) =1/ 295 H=31-1/2 2R
Ru(s) = > s—1/2
I(s+i-1) 1/2<s;<1/2+0 [~/
s —8j s — (1 =8\~
xF( > )F( 5 )<V,¢>]>. (3.17)

“We include the possible non-exceptional eigenvalue 1/4 just for technical simplicity.

11



For later use we record a few notes and estimates. As Ry(s) is a finite sum and
(V. ¢5) < VI <vrwag 1

Ry, (s) is analytic in the complex plane except for poles lying on the real axis, due to the two
gamma functions. In particular, on the half-plane ¢ > 0, there are only finitely many poles
at s; and 1 — s; lying in the interval [1/2 — 6,1/2 + 0] C [0,1]. Using (3.8), we have, for
lo| < Ag and [¢| > 1,

(N A) e

as s; € R. We get with (2.3), for |o| < Ag and |t| > 1,

| e s—(1-s))
o ! o
n(o +it) <a, B 1/2]Fa+l—1+zt] ( ) ( 5 ) (V. 5)]
< ’h|1/2 O'+9+6‘t‘ l<< |h|1/2 a+6+€. (3.18)

Here we have used (3.8) and assumed [ > 0 to cater for the Maass form case.
On the other hand, the functions B;(s) (when t; > 0) and Cy(s,7) are holomorphic in

o > 1/2, and meromorphic on the whole C. Let v € [-2T,2T] where T' > 1. One derives
easily with (3.8) and (3.9) that for —3/2 + ¢ < o < 3/2 with |s — (1/2 £ iv)| > ¢,

I(s 41— 1)_1I‘(S — 1/22 + zv>F<s = 1/22 - zv)

< (1 + ’t’)7(0+l73/2)((1 + ’t _ 1)|)(1 + ‘t + ,U’))0/2*3/4677r(|t7v\+|t+v|72|t\)/4

< (1+ ’t’)—(a+l—3/2)((1 1t = D@+ [t + |U|’))0/2—3/46—7r(|t—v\+|t+v|—2|t\)/4

< (L [t~ [[t] — ol [)7/2720%,

since [t — v| + [t +v| — 2|t] > 0, and (1 + [t| + |[v|)7/273/% < (1 + |t])?/?>73/* for 0 < 3/2.

Moreover, we have for c =1/2+¢c or 0 = —1/2,

(s L2+ iy s —1/2— vy [
AM T(s+1—1) 1r( )r( )

2 2
<</ (L4 [¢)) =32 (1 4 ||t] — [o] )7~/ at
[t =T

< T—(o+2l—3/2)/ (1 + |t|)a—3/2 dt
[t|<T

T'-20 for o =1/2 +¢,
< 2-21
T for o = —1/2.

The implied constant in the first case depends on €.
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Hence, in case 0 < t; < 2T and respectively |7| < 2T, we get with (3.4) and (3.5) the

crude bounds,
Bj(s) and Ca(s,7) <ipee T (3.19)

for —1/2 <o <3/2and |s— (1/2%1it;)| > e or |s—(1/2+iT)| > €. Besides, we deduce that
1 N\ |2 1 , 2 1-21
’Bj (f +e+ zt) ‘ dt and ‘C’a<f + & +it, 7') ‘ dt <ppime T, (3.20)
[t|=<T 2 [t|=<T 2

and

L[ L 2 221
|tVT‘Bj(—2+zt>’ dt and t|VT)Ca(—2+Zt,T>‘ dt gy T (3.21)

4. Outline of the approach

To fix ideas, we consider the case of Maass Hecke eigenform f for T'g(N) with Laplace
eigenvalue 1/4 + k? (but the argument works for holomorphic case as well). Given a holo-
morphic or Maass cusp form g for T'o(N), or for To(N’) with (M, N’) = 1, we can express,
via the approximate functional equation, L(1/2 + it, f ® g) as a rapidly convergent series.
We repeat below the argument in [23, Sections 2 and 5] and explain the polynomial growth
of the conductor and |t|.

The Rankin-Selberg L-function satisfies the functional equation

L(s, f ® 9) = epagQyns ¥()L(L — 5, f ® g)

where € g, of modulus one is the root number, Q g, < (MA”)? is the conductor and

[T, Tr(1 — s + )
[T, Tr(s + )

v(s) =

comes from the archimedean factors, with I'g(s) := 7~%/%I'(s/2) and p; € C. Since g is fixed
and the eigenvalue 1/4 + k2 (or the weight k) of f is large, each parameter |u;| is < k, and

hence the convexity bound is
L(1/2+it, f @ g) <ge N2 (k+ [t]) . (4.1)

(In fact, one can show the explicit dependence on g in the convexity.)

13



In view of (4.1), we may assume |t| < k23t for otherwise, L(1/2 + it,f @ g) <
N1/24¢|¢]3/2 and Theorem 1 follows. As in [23, p.1300], we get for |s| < k!¢,

Ir(s+ p)

I Ly el S Rl et L A W 1 L
Vor exp ( 5 + 5 08— +0 5T
= or(l=s—n)/2 exp (_5 +p T s+p—1 log ,u>

2 2 2
=5 (a0 e ((5) (o)
xexp| ———Z—-=(2) +0 (= 14+0
p( 2 (u 2\ u s+l
2 3
L atemrgy (B S A 2 s
V2r exp( 2—1— 5 log2—|— m 1+0 PE .

Applying to I'g(1 — s + ) and T'r(s + p), i

Tr(l—s+p) _ 12 exp
Ir(s +p)

I
_ orel/(2m) —1/2 <1+O<|8’3)>‘
I |uf?

X = H (27‘(61/(2Nz )1/2 ’

Then X is a positive real number about the size of k? and for |s| < k1%,

y(s) = X172 (1 + 0(’2’5)) (4.2)

Next, we write sg = 1/2 4 it (with [t| < k*/3¢) and apply the argument in [23, p.1301],

follows that

l\:JM—lﬂ
/\
[~
o
0]
o=
|
to‘h
~_
N~
7N\
—
+
@)
T
X
ol w
~_
N~

Let

L(So,f ®g)

1 d
= — X°L(so+ s, f ® g)G(s) &«
2mi Re s=2 S

€ S0+S v-s ds
+f®%’/% QY2 X5 (s0 = $)L(1 = 50+ 5, f © )G(s)
es=2

21

= JI(X) + JQ(X)vsaY7

where G(s) is holomorphic in some vertical strip and decays rapidly as [Sm s| — +o0.
Due to (4.2) and the decay rate of G(s), we infer, like [23, (2,2)], that

1/2-50 125
€fog@ X0 s sr
Bx) = Lt | QXL+ sl 0060

27

1 PN ds
+ 0 <k52/ ‘Q;@,gX L(so—i—s,f®g)G(s)’|s—so|3 |]s‘> .
Re s=1/2+¢

14



The integrand in the O-term is < Q1/2+2Ek1+35(1 + [t)3|s2G(s)| < NFE(1 4+ [t])3/2k%T, by
|t| < k%/3+2. Therefore,

Jo(X) = wrey(X,1) Z Z)\f (ab )+O(N1+6(1+ t)?2k),  (4.3)

X
b>1 a>1

where |wrgg(X,t)| = ]ef®gQ}gg %0 x1=2%0| = 1 and

1 ds

V(y) = i - Qf®gG(5)y 5

From the estimate of V(y) in [23, p.1302], we have

Yl )B
V(y) <p <1 + Qrog .

When ab?/X > X*/2) we choose B(e) = 2 + 4/ so that

ab? Be) [ X 2 x\PE2
V(x) < Qjay <b2> (bz)
B(e)

2
Be) [ X —(B(e)—2)e/2 Qf@
< Qray <a> X~ BE)=2:/2 « (ab2)92.

Hence, the tail part is

1 Ag( ab?
SY v ( T < . (4
ab2>X1+s/2
Using a partition of unity
o
x
Z p(m) =1, forxz>0,

with a smooth function p compactly supported in [1, 2], the initial section of the double sum
over ab < X'¢/2 in (4.3) can be written as
Y) 1. [ ab?
1/2 A / -V <>
Z Z r(a \/CW Z b\ X

y=29/2 a>—1 b2<X1+e/2)Y
Y§X1+5/2

Shifting the line of integration to Res = ¢ and differentiating r times, we see that for

15



ye(1,2),

S - [Res-erc@,gG(s)s(s—}—1)---(5—}—1"—l)y_s_’"(;;>s¢g

21 S
X\° d
< (Q{/%gz > y_Q_r/ |G(s)s(s+1)---(s+r—1) Ids|
e s=¢

Q X\°
Le,r ( /29 > < Q?@Qk%bi%'

Y'b?

Note that the exponent is independent of r. Therefore, we can write

p(y) Z 1 < Yb2> 5 2¢e
— “V{y— ) = Qe k" H(y)
\//!7 b2§x1+s/2/y b X

where H(-) is smooth function of compact support in [1,2] and its rth derivative is O, .(1).
Consequently, with (4.3) and (4.4), we deduce that

RX) < > (WEEY TSy ()] + NEE L (L 4 1) 2k

Y=22/2 a>_1

y<xl+e/2
< NPPOQ4 1P Pre >0 YISy (S (4.5)
y=22/2 a>-1
Y§X1+€/2

The function Sy (f) is defined as
Sy(f) = Y A H (5.

where H is a smooth function of compact support in [1,2]. The same argument applies to
J1(X) and leads to sums Sy (f) as in (4.5), in which the function H, though different from
the one in J2(X), remains smooth and compactly supported in [1,2]. (See [23, §2] or [29, §1]
as well.)

Let { fj} be an orthonormal basis, consisting of Hecke eigenforms with eigenvalues 1/ 4—|—I€JZ,

of the space of Maass cusp forms. The estimation in Theorem 1 is then reduced to

Z |Sy(fj)’2 <e LKY't
K—L<k;<K+L

with
KY3+% < [ < K'Y™% and Y < K2, (4.6)
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for any arbitrarily small but fixed ¢ > 0. Or, we may use a smoothly weighted sum and

S () (-2 lsr )

where h(t) is an even analytic function in |Im t| < 1/2 satisfying h(™(t) < (1 + [t|)~V for

estimate
2

: (4.7)

any N > 0 in this region. Thus h is a Schwarz function on R. We also assume that h(t) > 0
for real ¢t. For example, we may simply take h(t) = 1/ cosh(t).

We remark that the normalization of f; in (4.7) is different from the normalization A¢(1) =
1 as required in the definition of L(s, f ® g), but the discrepancy is within k¢ as proved in
Hoffstein and Lockhart [12].

Squaring out |Sy (f;)|? and applying the Kuznetsov formula for both cusps being oo, or
Petersson formula for holomorphic f and f;, the left-hand side of (4.7) leads to the estimates
of two types of sums, composing of respectively the diagonal terms and non-diagonal terms.
For the Maass case, there is an additional sum over cusps from the Eisenstein part of the
Kuznetsov formula, but this sum can be ignored by positivity, see [23, (3.6)].

The main task is to handle the non-diagonal terms

i) = () A Y Smy  (4m/m

Nle

see [23, §3] (and [29, §4] for holomorphic case). We seek a bound
Tk, (Y) <. YLK't®

for K132 < [, < K726 and Y < K2*¢. Then the function Vi 1(+) is replaced by a sum
of exponential factors with an negligible error term, see (4.1) and Lemma 4.1 (ii) in [23] or
(55) and Proposition 3.1 (ii) in [29]. However, in both treatments, the expansion of Vi r,
is carried out under the assumption L > K'/2, forbidding the application here. We shall
develop another auxiliary but similar finite series expansion.

At first, we write as in [23, (4.1)] or [29, (55)],
1 ! —ix
VK7L(:B) = in(WK,Lﬁr)em + WK7L(—x)€ )
where

27

(The holomorphic case is similar, except that the hyperbolic cosine function will be replaced

Wi () = /Re<tf 2 (cosh(T) - 1)> (h(w)(uL + K))"\(t) dt.

by the cosine function. See (53) and (54) in [29].) The auxiliary tool we need is the lemma

below and its proof is provided in Section 10.
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Lemma 4.1 (i) Fore >0 and |z| < 8rLK'~¢, Wk () LM e KM for any M > 0.
(ii) For a 5-tuple A = (u, v, k, o, 3), we set A\ =k — pu+ 38 — a and define

Wa(x)
LQk—QV—cxK4B—a L K2
= (1+isgn(z)) e(——)

> N
(oo ) (225 ¢ ey (26 ).

Assume K312 < [, < K% qnd LK'° < |z| < K*™. Then for any fized M > 1, we

have

Wie(@)= Y. caWi@)+0E M)
A=(p,v,k,0,3)

where the summation ZA denotes a multiple sum running over 0 < 3u < v < Np, 0 < k < Ny,
0 <a<2kand o <408 < N3. The coefficients cy depend only on the parameters in A, and

N; (i =1,2,3) denotes some large number depending on € and M.

For our purpose, x takes the values t4m\/mn/c and hence |z| < 87Y. Therefore, an
immediate consequence of Lemma 4.1 (i) is that for Y < LK!'~¢, all the non-diagonal terms

are negligible and (4.7) is done. In what follows we consider the ranges
LK™ ¢ <Y < K**¢ and KY3%* <[ <K%, (4.8)

where Lemma 4.1 (ii) applies.
Applying Lemma 4.1 in place, we repeat the argument in Sections 4.5-4.8 of [23]. That
is, we reduce Tk 1,(Y) to ch(Y),

T (V) =Y ex(T{ (V) + Ty (V) + O(K M)
A

where M is any suitably large number at our disposal, and

TH(Y) = HZAgmMg(m)H(ﬁ)H(@) 5 St C)e( + 2\/:1*’”‘)%( + W)

Next, we open the Kloosterman sums and perform a transformation with Voronoi sum-

mation formula. Then we insert the series expansion of Bessel functions, see [23, §4.5]. We

18



arrive at
Tk 1, (Y)

) DY IINED NP IVEICLIOD DRI Comty
n o Jj A

c<Y/(LK1—¢) n,r>1 zmod ¢
Nle (z,¢)=1

©__ ¢t 21/tn 2/tr\ — Am\/tn cIt1/2
X/ H()€<771 . + 2 c )WA(UZS )
0

Y (t,r)j/2+1/4

dt + O(K )

where the summation over n = (11, 72,73) with n; = %1 runs over all of the eight combina-
tions, j ranges from 1 to Ny with a suitably large Ny = Ny(e, M), and the range of \ is the
same as in Lemma 4.1. The coefficient c;% ;. depends only on 7, j and A.

Now we change variables from ¢ to w by ¢t = w?Y. Then

Tie ()
SN X Y aenma() X ()
R el st ‘

c wi—1/2pi/2+1/4

X /OOO F(wQ)e(m 2w\/37(m\£ﬁ+ 772\/?)>’WVA(773 4ﬂwm) VO du
-M),

Substituting the formula for WA , we then get
Tr.(Y ZZZCW ,\T/\] )+ O(K M) (4.9)

where ¢, ; » denotes a coefficient, like ¢
TA("])(Y) is defined as

N depending only on the indices and the summand

y1/2-(A+))/2 r4B—a

7(n) _ i+A—1
Ty ¥) = L2v+a—2k-1 Z ¢
e<Y/(LK1—¢€)
Nlc
Ag(n)Ag(r) Ty n(A) z(n—r)
x Z n,\/2+1/4rj/2+1/4H(?)Bn,Y,c(n’T) Zd € c :
n,rzl zmod c
(z,c)=1

Here for each A\ = (u,v, k, a, ), we denote by A the specific expression k — u + 35 — o and

write

2
BX ) (n,r) = 2K/ (QM\F (vt mevr) K >
> 472wV Y n

nsLK H(w?
Xh21/2k a( 15 ¢ ) (w)

or2wy/Yn ) with

19
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where hyy 95— (t) is the smooth and rapidly decaying function,

v A
hoy2k—a (t) = i(u%‘“ dcfﬂy (uh(u))) (t) + (u?*h®) ()" ().

Using the argument in [23, §4.7] (or Lemma 5.1(1) below), we obtain Bf]%’fz(n, r) < KM
whenever |r —n| > Y/2.

With the change of variables h = r — n and the well-known formula for the Ramanujan

sum (see e.g. [17, (2.26)]) on c
> e()= X u(3)e

mod
eds 8] (e,m)

it follows that

~ Yl/Z*()\+j)/2K4,87a . u(c 6)
() = e >ooodny . //5 > P(e,h,Y). (4.11)
e<Y/(LK1—¢) dle [h|<Y/2
Nle 5|k
where the last term P(c, h,Y) is a shifted sum,
H(n/Y) (Ag)
PlehY)= 3 Amrn+h) 2 (.1 + ).

A/2+1/4 j/2+1/4 7 nY,c
n>max(1,1—h) n (’I’L - h)j

By the inverse Mellin transform, P(c, h,Y’) can be expressed as a line integral of

Dy(s,1,1,h) against a function as follows:

1 o+1i00 .
P(c,h,Y) = / Dy(s,1,1,h)Ghc(s) ds (4.12)

270 Jo—ioo

for any o > 1, where

- . o B\
Ghe(s) = (2Y)sy ~(AHi+D/2 /0 Go(z) <z+2y> dz. (4.13)

Let us take holomorphic cusp form g for illustration. We see from (3.1) that

-1 _i/9_
Golz) = [-—ZEMY ) —ovzem (Hh) i
2(z + h)Y) Y

x H(2) BN (2, 2Y + h), (4.14)
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where

B )(zY z2Y +h)

nYc
_ 2K/ wa 1/z7+n2m)_ nsK?c )
c 4AwY /2
nsLKc \ H(w?)
XhQV’%_O‘<27r2wY\/§> i dw
_ ogUtA-1)/2 /Ooe<2wY(n1+772 L+h/(Yz) 173K20>
0 c Am2wY
nsLKc\—/w?\ dw
xhaw 21— (27r2wY>H<7) witA

after changing variables from w to w//z.

Then we obtain the following expression for

éh,c(s)
-1 .
2, + h/Y h —j/4-1/4 h o—1
= 2Y )y ~(A it /2/ / <z+> z24+ —
) Vz+h/Y Y 2Y
n3LKc w dw dz
Xh2u,2kfa <2 2wY> H <Z> H(Z)e(q)(szvt)) wi+HA Z(2l_j+1)/4’ (4'15)

where

20Y (m +m2/1+0/(Yz) n3K?c
c Ar2wY

®(z,w, 1) = % log (2Y = + h) + (4.16)

To achieve our goal it remains to evaluate (4.11). A nontrivial estimate of (4.12) will
definitely fulfill the purpose to provide a subconvexity bound. This is the main approach of
Sarnak [29] and our [23].

5. Estimation of éh,c(s)

The function éh’c(s) in the integral of P(c,h,Y) is given by an exponential integral.
Clearly, the function éhﬂ(s) is holomorphic on the whole complex plane by (4.13), as |h| <
Y/2 and z € [1,2]. Let Ay be any fixed positive constant. By (4.15), we have the trivial
bound, for any |o| < Ap and ¢ € R,

Gh.els) <a, KY7-OHH0/2 (5.1)

but this estimate is very crude. We show a couple of estimates at different phases. For the

values of Y and L we recall the imposed condition (4.8).
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Lemma 5.1 Suppose s = o + it with —Ag <o <2 andt €R. Let 1 <c <Y/(LK'~¢) and
|h| <Y/2.
(1) If ;m = na, then for any M' > 1,

éh7c(8) K Ao, M, M' ¢ KﬁM/. (52)

2) Assume m1 # 1o and ¢ < Y/K?7¢. If |h| > cK¢, then (5.2) holds.

) Assume m1 # 12, 13 = sgn(h)ne, and ¢ > Y/K?~¢. Then (5.2) holds. Here the symbol
) = h/|h| denotes the sign of h.
(4) Assume ¢ > Y/K?7¢. There exists an absolute constant o > 0 such that (5.2) holds

|h| < oK%Y or  |h| > 05 K2 P)Y.

Proof. All estimates are shown by applying integration by parts to the w-integral in (4.15).

We integrate e(®(z, w, t))g% with respect to w many times and differentiate the rest of the

integrand divided by g—f}. The differentiation of a function like

1 - w?
wj+>‘H(7>

yields a constant bound. Each differentiation of hg, 21— in (4.15) produces a factor

nsLKc < LKc
2m2w?Y Yy

They overall contribute at most
O(1+ LKc/Y).

It remains to investigate the size of g—i and its higher derivatives. By (4.16), the derivative

of ® with respect to w is

8<I>_2Y< N 1+h>+n3K20
dw ¢ \LTR Yz A2y’
and its higher derivatives satisfy

e K?%c

ow" Y o

Because H is supported in [1,2], we may confine, by (4.15), the values of z and w lying

between 1 and 2.
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(1) When 17 = 2 and ¢ < Y/(LK'™9),

0P 2Y h nsK2c
= (1441 7> R C
‘810 n c ( +Y 4m2w?Y
N Y K22
c Y?
Y Ke\?
z e (<L>>
> Y>>K2
c Y

for ¢ < Y/(LK'¢). Therefore, for every r > 0,

o 87(1) B <<£
ow" ow Y’

Hence each integration by parts produces a saving

0<C 4 Lhe C) O(K~9).

Y Y Y
Doing this repeatedly produces a negligible O (K~ /) for arbitrary M’ > 0, and (5.2) follows
by replacing M’ by M’ + M{ where the number M{j = M/(e, M) (depending on € and M) is
chosen to satisfy KY?2-(\ti+1)/2 « Mg,
(2) From ny # n2, we get

0P 2Y h nsK?c
oo = (14— - 1) B C
ow Ea ( + Yz + Am2w2Y

2|h| h -1  mKZc
= h —(1 1 —) —. 5.3
sen(h)rn o UV YD) T ey (5:3)
Under the assumption in (2), we get
Ih| K K? Y
T 2R ad s Srrme s K

With |h| <Y/2 and 1 < z,w < 2, we know that the first term in (5.3) has an absolute value
> (V6 — 2) K¢, while the second term there has an absolute value < K¢/(47?). Thus, we
have for » > 2 that

< — <K« 9

ord K2 87<I>
owr Y

Every integration by parts produces a factor

—€ LKc —€) _ —€ L -\ _ —€
O(K + K >—O<K + K )-O(K ),
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by ¢ < Y/K?7¢. This case is done.
(3) If n3 = sgn(h)ng, the absolute value of (5.3) is > K2¢/Y . It follows that
‘8(1) ’ K?c _ 00

> 5 (5.4)

for r > 2, and the saving is

O<<1 + LYKC);_;C> = O(K—6 + IL(> =O(K™9).

(4) Tt suffices to consider 1, # 12 and n3 # sgn(h)ny. The proof is similar to the above.

By (5.3), we have
L|h| K?c
- 1 V1 7> m__fe
’ TV Y ¢ Ar2w?Y

Since |h] <Y/2 and z,w € [1,2], there are two absolute constants B’ > A’ > 0 so that

A/ 2 h - / AI 1 /

Therefore, we choose a sufficiently small but absolute constant §y > 0 for which

0% Ke BH K c<
ow Y A ¢ Y

whenever |h|/c < 6oK?c/Y, or

1—75 ) > K% /Y

) || B'K?¢ K%/, B
— —_ - J, ) K%c|Y
Gl > e " Ty Ty (0 ) > K
whenever |h|/c > 65 K%c/Y.
Thus (5.4) holds in this case. We proceed with the argument in the proof of (3) to

conclude (5.2). O

Lemma 5.2 Suppose s = o + it with —Ag <o <2 andt € R. Assume 1 < ¢ <Y/(LK'™¢)
and 1 < |h| <Y/2. There exists an absolute positive constant d1 such that
(1) for all [t| > 67 |R|/c,

éh,C(S) < Ao, M KY"_(AHH)/?M—M”
(2) for all |t] < &1|h|/c,
€ h
Gh,c( ) <<A0 M’ KY°™ (A7+1) /2(|C|>

for any M’ > 1. The implied constants depend on Ag and M’ only.
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Proof. We take derivative in (4.16) with respective to z,

o _ t 1 _ w h (5.5)
0z 2mz+h/(2Y) n222,/1+h/(Yz)c' '
Note that
1 1 w

—————— and
2n z+ h/(2Y) 22\/1+ h/(Y z)
are both bounded above and below by some absolute positive constants B’ and A’, respec-

tively. Hence, there exists some absolute §; > 0 such that for [t| > 67 |h|/c,

o B’ |h| B
— t|—="—>t/(1-=6 t
oy | > [t == > (1 = —501) > |,
and for r > 2,
8T(I><<|t\+m<< |t]
oz" c U

This time the derivative of the remaining part in the z-integral of (4.15) is O(1). Hence,
suiccessive integration by parts yields the upper bound O([t|=) for the z-integral.
Similarly, we get for |t| < d1|h|/c,

a—@‘ S E/|t| > @(1 - E/61) N
0z c A c Al c’
and
"o < m
0z" c
The above argument yields the desired result. O

In view of Lemma 5.1, the crucial case is ¢ > Y/K?~¢ and the non-trivial cases arise when
(m,n2,n3) is respectively of the form (—n,n,—n) for h > 0, or (n1,m2,7m3) = (n, —n, —n) for
h < 0 where n = £1. Also, together with Lemma 5.2, we need to consider only |h| < K?c?/Y
and |t| < |h|/c. To this end, we need a precise form for éhﬁ(s). We shall make use of the
tools below, which are Lemma 5.1.3 and Lemma 5.5.6 from Huxley [14]. (Note that Lemma
5.5.6 is Theorem 2 in [13] where the proof is provided.)

Lemma 5.3 (Second derivative test) Let f(z) be real and twice differentiable on the open
interval (o, B) with f"(x) > A > 0 on (o, 3). Let g(z) be a real function of bounded total
variation, and let V' be the sum of its total variation on the closed interval [a, 3] and the

mazximum modulus of g(x) on [a, B]. Then

4V

| / " g@)e(f(a) de] < Ny
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Lemma 5.4 (Weighted stationary phase integral) Let f € C®([a, ]) and g € C®)([a, A])
be real-valued functions with continuous fourth and third derivatives, respectively. Suppose

that there are positive parameters P, N, QQ, U such that
P>f-a,  NzP//Q,
and positive constants C,. such that, for a < x < (3,
D@ <GP, g (@) < CU/N?,
for1 <r <4 and0 < s <3 with
f"(x) > Q/Cy P

Suppose f'(x) changes sign at a point x = v with a < v < (3. Then,

8
/ g(2)e(f(2)) da
90l ) +1/9) | g(Belf () _ gle)ef(@)
) omif'(5) | 2mif'(a)

o 1 B+ ) o))

@ VTN \G=p T oy g\ TN) )
Remark 3. For a complex-valued g, we split it into g = g1 + ig2 where both g; and go are
real. Since |g£s) (z)| < |¢*¥(z)|, Lemma 5.4 is also applicable.

Before proving our required formula we introduce some conditions and notation. Assume
1<C<Y/(LK'™@), K*<K?*C/Y =T, c~C, |h|~CT. (5.6)

We use the condition K2C/Y > K¢ to replace ¢ > Y/K?7¢. Let us write J = (sgn h)CT and
define for z € [1/2, 2],

1 Ke 1/ ] J A\
= — — 27
w(z) 5 2|J\YZ< 1+z2 v +1) , (5.7)
201 JNT K [20) J o\
en(z,8) = /1/2 <u2 + 2Y> e<777r\/|y|u<\/l + UQ? + 1) ) du,  (5.8)
-1 ;
2 J 1 J —(2l+]—1)/4 |h’
Thel?) = ( * Y> (=+7) 1(151)

(1 2 nLKe '\ z*779/72
(] hoy 2k ‘
. (\hﬁ‘*’(z) w2h=a \ 9725(2)Y ) w(z)itA =372

where n = £1 and A € R. In view of (5.6) and supp(H) C [1,2], we have the following.

(5.9)

Remark 4. With the notation above, we have
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(i) Kc/\/|J]Y < KC'Y?)\/YT < KC'/?/VK2C < 1,
(ii) |J|/Y < K2C?/Y? < K*/L? = o(1),
(iii) K+/[J]/Y =T,
() 1< [h/J] <2,
(v) the support of H(|h|v/|J|) (as a function of v) is contained in [1/2,2].

Therefore, all three functions are well-defined, and Fj, .(z) is supported inside [2*1/ 2 o1/ 2,
for any |h| ~ CT.
We want to separate the h and s parts intertwined inside éh7c(s) in (4.15) into a product

of two factors. Let us introduce

Go(s:h,c) = AL 2YN oo [T
o(s; ,c)—4w(1+z)ﬁ W Y Fhelz)en(z,s)dz,
0

Gi(s;h,¢) = |h|**Ghe(s) — Go(s; b, c),

(5.10)

where F} (2) = LF, .(2) is also compactly supported in [271/2,21/2].
The next lemma shows that Go(s; h,c) is a good approximate to ]h\lfséh,c(s).

Lemma 5.5 Let s = o+it with |o] <2 andt € R. Assume that (5.6) holds and (n1,m2,m3) =
(—sgn(h)n,sgn(h)n, —n) where n = £1. Then both G,(s;h,c), r = 0,1, are holomorphic on
C. Moreover, let 0 < ag < by be any fized absolute constants, then for all |t| € (aoT,boT),

G1(s;h,c) < KYo~OH)/2(om)t/2=op=1/2, (5.11)
The implied constant depends on € only and 0 < € K g; see Notation in Section 1.

Remark 5. Indeed this lemma holds for —Ag < o < 2 for any Ay > 0, but the range |o| < 2

will be enough for our applications.
Proof. Recall J = (sgnh)CT. By changing variables from z to |h|z/|J], éh,c(s) in (4.15) is

expressed as

_ s ) 00 1—1 —j3/4—1/4
e R e e B L O I
0

] Vz+JJY Y
J \o-1 [ nsLKc
v h v —a( )
% (z + QY) /0 w2h=a\ 52y
dz

— /| J|w? |h| dw
% H( BE )H<uyz)e(¢(z’w’t)) with @j+/4
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where

t J 2uY J nsK?c
Jw,t) = ——1 ( —) 2t 142 | - 12
oz wt) =g los(z 4 o5 ) + = <m Ty Yz) An?wY (5:12)

and (n1,n2,7m3) = (—sgn(h)n, sgn(h)n, —n).
We consider the case h > 0, and thus J > 0 and (1, 72,73) = (—n,71, —n). In other words,

t J 2wy (] J K?c
¢(z,w,t)—27rlog(z+21/>+n(c< 1—|‘Y,z—1)+4ﬂ_2w}/> (513)

For the purpose of this proof, let us denote by Aw + B/w the last bracket in (5.13), i.e.,

2y (| T K2
c < Ty > ’ A7y

We will express the w-integral into

/000 F(w, z)e(p(z,w,t)) dw (5.14)

for z fixed, i.e.,

1 — (|J|w? nsLKc

and thus

- $ . o0 -1
B2 Ge(s) = 2K|J|<2Y> YOt/ / (2Z+J/Y)
0

|| Vz+JY

JN-iA-1a, T Ne-1|h]
(= +7) (+ay) (mz>
> dz
X /0 f(w,z)e(¢(z,w,t))dw m (516)

Due to the factor H(|h|z/|J|), we may restrict the value of |h|z/|J| to the interval [1, 2],
for otherwise, the integrand in (4.15) vanishes. Hence the support of F(w,z) as a function

of w satisfies supp(F) C [1,2] from the factor H(|J|w?/(|h|z)) and |h|z/J € [1,2]. We can

write the integral as
5/2
F(w, z)e(p(z,w,t)) dw.
1/2

In order to apply Lemma 5.4, we set a« = 1/2, 3 =5/2, P=F—-a =2, N =1> B~ 1/2,
Q=B,and U = K*.
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It is easy to evaluate the derivatives of ¢. We observe that the differentiation of H and
hay 2k—a With respect to w produces factors < (|J|/(]h]2)) < 1 and < LKc/Y < K°,

respectively. Therefore, we have for » > 2 and s > 0,

29 B ,0"¢ _ nB OP°F e
Len(a-—) . ((UpE = and S <K (5.17)
The conditions in Lemma 5.4 are thus verified. Moreover, we have 6‘z’( ) =0 when
B 1 Kc J 2z K
T Z‘ﬁ%y( rys - ) AWV T (5.18)
Suppose v € [3/4,9/4]. Then we apply Lemma 5.4 to get
/ F(w (z,w,t)) dw
_ )((2%)+1/8)
Sz, 1)
F(5/2, Z) (¢(2,5/2,))  F(/2, Z) ((2,1/2,1))
27rz (z 5/2,t) 2m (z 1/2,t)
P4U P2 1 1
+O( Q2 (1 + 7) ((5/2 —~)3 * (y — 1/2)3))
PU P2
+O(Q3/2 (1+ ) ) (5.19)

The second and third terms in (5.19) vanish because F vanishes outside [1,2]. The first
O-term in (5.19) is absorbed in the second one, because 5/2 — v > 1 and v — 1/2 > 1, and

because P = 2 and
< T L

—1 ~1
=B
Q < K20

Therefore, it follows from (5.19) that
/ F(w, 2)e(¢(z,w,t)) dw
0

F(v, 2)e gfiz(,%t)Jrl/S) +O(§372 (1+£>2>

2,7,t)

= Wi\/%z)e(‘ﬂ(% t) + %) +O(K*T73/2), (5.20)

where

U(z,t) = —log <z + J) +2nVAB

2y
¢ V2K J 1/2
- 27T1g<2—|—2y>+ - <\/1+YZ—1> . (5.21)
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Next we want to show that (5.20) remains valid even when v ¢ [3/4,9/4]. To this end,
we observe that in this case, the main term in (5.20) is void for supp(F) C [1,2]. Therefore,
it suffices to show the w-integral is absorbed in the O-term of (5.20). This can be seen easily

as follows. For all w € supp(F), we have |y —w| > 1/4 and so
tole) B

J
>A> = >T.

ow w? C

With (5.17), we show that (5.14) yields to

[ 2 ((22)" 2 (o (22) ) oty v

with twice integration by parts. Our claim is then justified.

—ali- 2y

Now we replace the w-integral in (5.16) by (5.20). The contribution of the main term of
(5.20) to (5.16) is

-1 .
~ 2V \°*owiansee(1/8) [ 22+ )Y J\ /A
: _ oxigl( 2L oo 2el/8) / 224 J/Y J
Glsihnc) |J|<\J\) V2B b \Veray) UTy
J dz

o—1
<(st57)  H(GEPOFOE D) o 62

with v(z) and ¥(z,t) defined as in (5.18) and (5.21), respectively. Note that from Remark
4(v), the integral with respect to z in (5.16) is
1]
A(137°)
/]

< /2 (2Z+J/Y )l*1< n J)*j/4*1/4< n J)Ufl
ol s 2 s
122+ J/Y Y 2y

as each factor is O(1) by J/Y = o(1) according to Remark 4(ii). The error term in (5.20)

contributes

dz

S(20—j+1)/4 <1

Y
||
< K1+€YU_(>\+j+1)/2T_3/2(CT)l_U

< Keya—()\+j)/2(CT)l/Q—O'T—l/Q

< K‘J‘ < >ay()\+j+1)/2K3€T3/2

by K2C/Y < T. In other words, we have
\W|" G e(s) — G(s; by e) < KEYo~OFD/2(0)l/2=op=1/2,

This accounts for (5.11), once we have verified G(s; h, ¢) = Go(s; h, ¢) as defined in (5.10).

To this end, we change variables from z to 2~2 in (5.22). ;From (5.18) we get

1 1 Ke 1 J 1/2
- ) = — —_ 22 =
N3) =5 Tw(‘/l” Y+1) w(z)
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by (5.7), and the z-integral in (5.22) becomes

-1 .
< (92 1 g\ DA
= (%*Y) (%) (1)

o—1
X zl_j/2_5/2w(z)3/2.7-"(w(z), 2_2) <2 + ) e(‘I’(Z_Qat)) dz

_ _2/000 Fie(2) (; + i;)a_le(\ll(z_z,t))dz

by (5.15) and (5.9).
Let 1(z,t) = ¥(272,t). Then by (5.21),

t 1 J K [27 J —1/2
) = —log =+ — e e YA Rz ey .
P(z,t) 5 og<22+2y)+nw Yz( —i—zY—i- >

As 2K|J|[Y1/2¢(1/8)/v/2B = 2 (1 + i)|J|/v/¢, we see that G(s; h,¢) in (5.22) equals

s %) o—1
—47r(1+¢)|\‘/]cl(|2§) y ~(A+9)/2 /0 Fe(2) (212+2';) e(V(z,t)) dz. (5.23)

Applying integration by parts, the integral in (5.23) equals

%) . z 1 J o—1
_/0 fh,c(z) /1/2 (u2 + 2}/) e(v(u,t)) dudz.

The inner integral is e, (2, s) by (5.8), so G(s; h,¢) = Go(s; h,¢) and our assertion follows.
When h < 0, we carry out the same analysis but this time, we choose n = n; and 72 = —n.

The involved case occurs when
t J 2wY J K?c
t)=—1 — — (1 —4/1+ — i
oz w,1) = 57 log <Z+2Y>+”< c ( +Yz>+47r2wY>
Note that J < 0 now. The proof will be the same as above. O

Lemma 5.6 Under the same assumptions and notation as in Lemma 5.5, we have, uni-
formly in z € [1/2,2], the following estimates: (1) Fj, .(2) < K® and (i) ey(z,s) < =12,

Furthermore, we have
Go(s; h,¢) <. KEY?~O+D/2(c)l/2=o, (5.24)
and hence,

(W' G els) <= KYo-OH2(CT) e, (5:25)
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Proof. From (5.9), (i) follows by direct computation. In fact, by (i) and (ii) in Remark 4,
ie., Kc/\/|J]Y < 1 and J/Y = o(1), we see from (5.7) that for z € (1/2,2), |w(2)] < 1
is non-vanishing while its derivative |w’(z)| is O(1). The differentiation of H and hgy ox—_q
produce O(|h|/|J|) and O(LK¢/Y'), which are respectively O(1) and O(K¥®).

To prove (ii), we apply Lemma 5.3 (i.e., the second derivative test). Let us write (5.8) as

o= [ (G ) e

where ¥ (u,t) is given by

Y(u,t) = ;Wlog<1 ) K\/2]J| <\/1+ 2= +1>_1/2.

The function (u=2+ J/ (2Y))U*1 is positive, monotone and bounded away from zero on

[1/2,2] (with J/Y = o(1) again), and its total variation and maximum are O(1). It re-
mains to evaluate the second derivative %w(u, t) foru € (1/2,2). As (V1+z+1) Y245 a

holomorphic function on |z| < 1/2, we can expand it into power series ) - c,2" and hence

522 (z(m—i— 1)71/2) = 2(27“ + 1)(2r)e, 221

r>1

which converges absolutely on |z| < 1/2 and is < |z|. Let us take z = /J/Yu where
VJIJY =iy/|J|]Y for J < 0. As J/Y = o(1), we get with the chain rule,

2 YA N2 (I

for 1/2 < w < 2. Thus, by |t| < T and Remark 4(ii) and (iii),

50 2¢( f=" (iiiﬁj{g/};) +O<K<’YJ|>3/Q> > T(l - i?) > T.

It then follows from Lemma 5.3 that

en(z,8) < T2

To get (5.24), we use (5.10), (i), and (ii) with |J| = CT. Then
G()(S;h, C) < 0—1/2’J‘l—aya—()\+j)/2K€T—l/2 < KEYU_(/\+j)/2(CT)1/2_U,

Finally (5.25) follows from (5.11) and the fact that 7" > K¢ by (5.6). O
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Remark 6. The estimates (i) and (ii) motivate the current form (rather than (5.23)) of the
z-integral in Gy(s;h,c). In later applications of the spectral large sieve, we shall use the
pointwise bounds for the h and s parts of the integrand, which are now O(K¢) and O(T~/2),
respectively. These are only O(1) in (5.23). This will result in a saving of T/

6. A reduction process

Now we go back to P(c, h,Y) as given by (4.12). The tail part of the integral in P(c, h,Y)
is negligible, because Dgy(s,1,1,h) <. 1 for 0 = 1+ € and by Lemma 5.2(1),

1 ~
- Dy(o +it, 1,1, h)Ch.o(o + it) dt
21 Jitysy
< Kya—(A+j+1)/2/ 1M gt < Ky T—Oi—D/2-M"
[t[>Y

Note that this last expression is negligible because Y > LK'~¢ by (4.8). Hence we only need
to evaluate the integral over |t| < Y.

Next we separate the situation into seven cases.

(1) m = n2.
(i) 91 # n2, c < Y/K?7¢, and |h| > cK°®.
(iii) 71 # 172, ¢ < Y/K?7¢, and |h| < cK®.
(iv) m # 12, ¢ > Y/K?7¢, and n3 = sgn(h)ns.
(v) m # e, ¢ 2 Y/EK?7%, 03 # sgn(h)nz (hence (n1,n2,n3) = (—sgn(h)n,sgn(h)n, —n)),
and |h| < 6oK2c?/Y, where dy is the absolute constant given in Lemma 5.1(4).

(Vi) m # m2, ¢ > Y/K?*7¢, i3 # sgn(h)na (hence (11,m2,713) = (—sgn(h)n, sgn(h)n, —n)),
and |h| > 6,1 K22)Y.

(vil) m # m2, ¢ > Y/K?7%, 3 # sgn(h)na (hence (n1,m2,73) = (—sgn(h)n,sgn(h)n, —n)),
and §oK2c?/Y < |h| < 55 K2c?)Y.

First we point out that Cases (i), (ii), and (iv) are negligible according to Lemma 5.1(1),
(2), and (3), respectively. Cases (v) and (vi) are negligible by Lemma 5.1(4). Therefore, the
only nontrivial cases are (iii) and (vii). We can then reduce (4.11) to

_ Yy 1/2=(A+35)/2 4B« B
T>(\nj) (Y)= [2vta—2k—1 (X +X") +o(x™)
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where Y and >_" are sums corresponding to Cases (iii) and (vii), respectively:

Y= > cj“Z“(cC/;) S Pleny),

1<ce<Y/K2-¢ dlc |h|<cK€
Nle S|h
"_ i+ p(c/d)
Y= > IRy X Plehy).
Y/K27<e<yY/(LK1-¢) dle Ih|=<K2c2)Y
Nle 5|h

The sum . can be treated in a trivial way. When |h|/c < K¢, we have by Lemma 5.2(1)
with M’/e in place of M’,

1 ~
o Dy(o +it,1,1,h)Ghc(o + it) dt
K3e<t|<Y
<L M e KYU(AHH)/?/ |t‘fM’/s dt < g K273M’Yaf()\+j+l)/27
’ lt]> K3 ’

which is negligible according to (4.8). On the other hand, by (5.1),

1

— Dy(o +it,1,1,h) G (0 +it) dt < K13y (1-A=0)/2+¢
27 |t|<K3e

for o = 1+ ¢. Hence, P(c,h,Y) < K113y (I-A=0)/24e for |h| < cK®.

Consequently, as Y/K?27¢ < K%, the sum over c in this range is

o« Z Cj“zcjg Z I3y (1-A—j) /2 +e

1<c<Y/K?—¢ dle W;;KE
< Kl+4€y(l—)\—j)/2 E Cj-i-)\-‘ra.
1<e<Y/K2-¢

Note that j + A may be positive, zero, or negative. Thus,

T o« 5(Y2K2_6)K1+43Y(1—A—j)/2max{l’(L)HA} Yo

K- 1<c<Y/K2—¢
< K ma () (05) ) (6.1

where 5(Y2K2*5) =1ifY > K?7¢, and 0 otherwise. Here we used the fact that Y/KQ_6 < K%
by (4.8).

In case of 3", we have |h|/c > K?c/Y > K¢. Clearly from Lemma 5.2, only the integral
of P(c,h,Y) over an interval about |h|/c is the critical part.

We divide dyadically the summation ranges of ¢ and |h|. It suffices to evaluate the sum

SY(C,T) = Zcﬂﬂz“c/‘s 3 P(e,hY)

e~C [h|~CT
Nle sh
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where

1<C<Y/(LK'™@) and T x=K3C/Y >K°. (6.2)

To be specific, the range of T' we need is from §oK2C/Y to 26, K*C/Y. We impose the
condition K2C/Y > K¢ because ¢ > Y/K?~¢. Together with (6.1), we have
_ —(\)/2 48—
(n) Y
TAJ (Y) < [2vt+a—2k

vy —(3+A)/2 rAB—o
+6(YZK276) [2v+a—2k LYK1+E

e (5) 7 (7)) ©3
\/? T\ K2« ’ ’
where the maximum takes C' and T over the ranges specified above.
Let co = 61/2 and ¢}, = 26, ", where §; is given in Lemma 5.2. Since T/2 < |h|/c < 2T,
we see that |t| > )T and |t| < ¢oT imply respectively [t| > 67 |h|/c and [t| < 61|h|/c. As
|h|/e > T > K¢, we can apply Lemma 5.2(1) and (2), with (2M’ + M) /e in place of M, to

get the following estimation uniformly in — Ay < ¢ < 2,

1/2 "
LY rg%g( >NC,T)

éhc(0+it) <<KYJ—()\+j+1)/2|t|—(2M’+M6)/5

< K-2M it |t > ¢, 6
Cuelo +it) < KY 7 O (|h e M 20)/e .
< K*QM/ . ’t’ . COT’

for any M’ > 1, where the implied constants depend on Ag, M, M’ , . Here Ag > 0 is any
fixed number and M} = M} (e, M) is selected so that K~Mo suppresses K'Y~ 7+1D/2 We
obtain for o = 1+ ¢ and for any M’ > 1,

1 -~ !/ !/
— Dy(o +it, 1,1, h)Gp (0 +it) dt < KM dt <pre K72
27 Jit|<eoT lt|<coT

as T < K¢ /L < K, and

1 - , /
27 eh T<|t|<Y o T<lil<Y

by Y < K?™¢ and T > K*°. (The integral over |t| > Y was treated at the beginning of this
section.)

Thus these integrals are negligible according to (4.8). Then we may write

1 ~ /
Ple.hY) = - /gpg(s, 1,1, 1)Gho(s) ds + O(K M) (6.5)
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for any M’ > 2, where the implied constant in the O-term depends on M’. Here £ = ¢_ U/, is
the (disconnected) path consisting of two disjoint vertical line segments ¢_ from 1+ ¢ — ic(T
to 1+e—icyT and ¢4 from 1+ e+ icyT to 1 + ¢ + icyT.

Inserting the spectral decomposition (3.16) into (6.5), we deduce that

P(c,h,Y) = Pr(c,h,Y) 4 Py(c,h,Y) + Pg(c,h,Y) + O(K M), (6.6)
where
1 ~
Pr(e,h,Y) = — [ Rp(s)Ghc(s)ds, (6.7)
27T’L Y ’
_ T L L pi(=h) ~
Rileny) = Y Wiy /K By () EH =5 G5 . (6
J:0<t;<2T
B (-, 1/2 +i1))
Pg(c,h,Y) = Z/ 1/2_ZT) dr
pa (1/2+i1,—h)
27”/0 1/ Ghc(s)ds. (6.9)

Note that the contribution of the last term in (3.16) is absorbed in O(KX~™"). In fact,
|| L/2- o0 +e =T/ gy o= (i 1)/2 /ds & |n|2otttepe T/ gy o-(AHi+)/2, (6.10)
L

AsT > K*, T < K, and |h| < Y/2, the right side of (6.10) is < bounded by the product of

—K°/4

powers of K and Y times e , and hence negligible.

Correspondingly, we now can decompose
S(C,T) = S (C.T) + S0(C, T) + S p(C,T) + O(K M) (6.11)

where for x = R, d or . Explicitly, we have

SUCT) = sz“ ) S By

e~ C |h|~CT
Nle 5|h

= Y35y G by vy (6.12)
|h|~CT é|h Nc\:,%c ¢

by interchanging the order of summation.
In the next three sections we will evaluate each > (C,T) for * = R,d, F in (6.11). We
recall again the values of the parameters due to (4.8) and (6.2),
LEK'=¢ <Y < K2t | K342 < [ < g1-2
1<C<Y/(LK'™®), T<K?C/Y >K*°,
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from whence, we have C' < K°T and both C,T < K'*¢/L. (The symbol e is explained in
Notation at the end of Section 1.)

7. The discrete spectrum \; < 1/4

Using the holomorphicity of Rp(s) (in the complex plane omitting R) and éh,c(S), we
apply Cauchy’s theorem to shift horizontally the vertical segments ¢+ to fes = —Ap. The
integral over horizontal line segments are < K~ by (6.4). Up to an error O(K*M/), we
have by (3.18), (5.1) and (6.7),

PR(C, h, Y) <Ay |h|1/2+A0+9+5TKY7A07()\+j+1)/2

<<A0 TK1+ey—A0_(>\+j+1)/2 ‘h|1+A0,

Here we have used the trivial bound § = 1/2 and |h|® ~ (CT)? < K€ Consequently, we
deduce from (6.12) that

/}/2(0’ T) <<A0 TK1+EY Aog— )\+]+1 /2 Z CJ+)\ Z Z |h|1+A0

e sle \h|~‘CT
<4 TK1+6Y7A07()\+]+1)/20J+/\(CT)QJer Z 1
e~C

by evaluating the two inner sums, using Sle 1 <« ¢®. Then

OT\ A0t /o \ A
" € rrl+ey,1/2 2 ¥+ =
i <u cxerer(3)(5)

s gl O\ Ao+l kel JHA
0 L Y VY

by C,T < K't¢/L and absorbing C¢ and the e-power of K from CT? in K'*¢. Using
CT/]Y < K2C?)Y? < K?¢/L?, we conclude that

K2€+3/(2A0+5)>2A0+5< C )j+>\

7 —

;/%(07 T) <4 K1+€Yl/2 ( \/}7

(7.1)

For our purpose, it suffices to take Ag =2 in (7.1).

For the other two >.”(C, T), the path of integration ¢ will be shifted horizontally to left
beyond Res = 1/2. There are contributions due to the poles of Bj(s) and Cq(s, 7). Let us
focus firstly on Y 5(C, T).
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8. The discrete spectrum \; > 1/4

In this case t; € (0,00). We move ¢ = ¢_ U {4 horizontally to ¢ = ¢ U ¢ whose
real part equals 1/2 + ¢. Note that no pole is encountered during this shifting and the
integral over the horizontal line segments is negligible and indeed < K'+4-2M" 45 explained

below. Let us write T” for +¢oT or £¢,T. The integration over a horizontal line segment
[1/2+¢e+4iT",1+¢e+iT"] is, by (6.8),

1 e (—h) =

> Woge [ B G o (s.1)
. 2mi Ji,, |n|s'=1/2 7"
j:0<t;<2T P

where s’ = o 4+ iT". By (2.3), pj(—=h) < |h|*2(|h|t;)%e™/? where, again, we have used

only § = 1/2, and by (3.19), the function B;(s') is < T. With (3.7) and Cauchy-Schwarz’s

inequality, it follows that

> Bi(s)pi(=h)(V. &)

0<tj <2T

< ey (X 1) (X were)

0<t;<2T 0<t;<2T

1/2

< |h|1/2+€Tl+2+5.

This is crudely < K!** for |h| ~ CT and C,T < K. Hence the integration over horizontal
line segments gives a term O(KH4—2M") 1y (6.4).
The shifting of path from ¢ to ¢ yields
1

YTy pi(=h) = o
Pa(e.hY) = ) (Vig)5— / Bj(s)“j’(s_1 /)QGh,C(s) ds + O(K'H172M")
§:0<t;<2T 4

= Pd70(C, h, Y) + Pd,l(C, h’ Y) + O(Kl+4_2M/)

where for r =0, 1,

PurenY) = Y Wia)— / Bi()% "M 6 (s b o) ds (8.2)

§:0<t;<2T 4

and Go(s; h,c)+Gi(s;h,c) = |h|1_séh7c(s), as defined in (5.10). We insert the formula before
(8.2) for Py(e,h,Y) into (6.12), and write correspondingly,

d(C,T) = Y0(C.T)o + X4(C. D + O(K M) (8.3)
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where for r =0, 1,

wer.= Y Y6y 07““0/5 Py(c,h,Y) (8.4)
[RI~CT 8l O

by (8.2) and (6.12). Here M’ is any sufficiently large number up to our disposal.

We introduce, for simplicity, the sums

Spls) = 36 % cﬂ“’””/’/‘S G (s:hyc) (8.5)
o oS

for r = 0, 1, and remark the following estimates for later uses. By Lemmas 5.5 and Lemma 5.6,
we have the upper estimates G,(s;h,c) < KYo~OA+)/2(CT)/2=o7-"/2 and thus for r =
0,1,

Sh,r(5> < K€YU_(>\+j)/2(CT)1/2_UT_T/2 25 Z Cj—}—)\—l

Slh e~C
Sle

< KeT—T/Qyo(CT)l/Q—U L It 25 CjJr)\
\/? d|h 0

< 7(|h))KT"*Y°(CT)V/?~° (%)]H, (8.6)

where 7(n) = >, 4, 1 denotes the divisor function. The case for r =1 is easier, as Sy 1(s)
has an extra saving T"/2 over S, o(s).

Inserting (8.2) into (8.4), we obtain, after moving the summations over |h|, § and ¢ into
the integral, that for r =0, 1,

" _ o Pj(_h)
d(Cﬂ T)’f’ - 27TZ /e/ ue Z <‘/7 ¢]>BJ <8> ’h‘l/Q Shﬂ“(s) ds
Y ji0<t;<2T |h|~CT
1
- Z v, ¢j>2./ pj Shr (s)ds. (8.7)
- T Je e,
J:0<t; <2T - |h\ ~CT

We apply the Cauchy-Schwarz inequality to the integral to remove Bj;(s) from the sum over
tj. Note that Res =1/2+ ¢ for s € £/ and by (3.20),

[ BR s < T2
&

The integral in (8.7) is

< Tl/”( /
W_uz;

pj(—h)
s

2 1/2
]ds\) .

|h|~CT
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As the integral in the bracket will appear several times later, we introduce the notation

h
L) = | o s (88)
L_(o)Uly (o) |h|~CT ‘ ‘
where ¢4 (o) denote two vertical line segments o + it with ¢ < T.
We infer that for r =1,
" 1/2-1 1 1/2
"C, T < T S Vie)T (5 +2.05) (8.9)
j:0<t;<2T
1/2 1 1/2
< (5 weipes) (X emmn(3een))
0<t;<2T 0<t;<2T

by Cauchy-Schwarz’s inequality. Now we are in a position to apply Good’s estimate (3.7)
and the spectral large sieve inequality (2.5) in Lemma 2.1. The first bracket over ¢; in (8.9)
is < T% by (3.7).

We now evaluate the second bracket in (8.9) for » = 0,1 by Lemma 2.1, for |o| < 2,

—y 1 p
ml Z, . / L h,r
Z e " (07 p]) < Z cosh TI't] e (o)0L4 (o) Z ‘1/2 ) )

0<tj§2T 0<t]'§2T |h| ~CT
1 S_po(s)?
< [ — | S p T jas,
0_(o)Uty (o) 0<§2T COSh’/th h;'T ‘h‘1/2
By (2.5), we have
S 2
Y e ™I (0,p) < (CT)(T*+CT) / ISnr()
0<t;<2T E-(@)U+(9) |p1~oT A
By (8.6), we then get
C 2(3+X) hh2
Z e—ﬂ'tj_’zr(a.’ pj) < T2 .7T. KET—ry2U(CT>1—20 <> T(‘h‘) ’
0<t;<2T VY |h|~CT A

where one factor of O(T') comes from the line integral over ¢_ (o) U ¢4 (o). By the estimate
Di<hex T(h)?/h < X°,

t; 3— 2 1-2 C 2(j+)\)
S ies) < KTvEEr (L)

0<t;<2T

(8.10)

where we have absorbed the € powers of T" and C'T" into K¢.
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When r =1 and 0 = 1/2 + ¢, we get

Z . 1 ) C 2(3+A)
e T, (f + s,p,-) < KT Y<> .
0<tj§2T 2 \/?

It follows that

J+A

20T < T1/2—Z.T1.K6TY1/2<C>
VY

1/2m3/2 C J+A

< KY+T ~ '

(%)
As T < K'*¢/L, we conclude
K\Y2/ ¢ \/*+*
g(C7T)1<<K1+€Y1/2<L3> <\/17> ' (8.11)

The above treatment can be applied to >_/7(C, T)o but due to the extra T2 in Sy, o(s),

we obtain only the upper estimate

K/ C\"™
1+ey 1/2
© (K v L2 (\FY> )

which only admits the choice L > K'/2, not sufficient for us. We will carry out a more delicate
analysis to avoid the loss from the removal of Bj(s) with Cauchy-Schwarz’s inequality. In
order to do so, we shift the path ¢ further to the left.

JFrom (3.4) (with 11 = vp = 1), each Bj(s) (0 < t; < 2T) has two simple poles at
s =1/24it; in the strip —3/2+¢ < o < 2. Clearly, we may assume no ¢; equal to ¢oT or ¢{T
by a small perturbation (of magnitude ¢). By the fact that the residue of I'((s—1/2—vit;)/2)
at s =1/2 + vit; is 2 for v = &, we obtain

Pd,O(Cv ha Y) = 21_3/27Tl_1/2 Z
v==+

> 2" T (vt )(V, ¢5) pi(=h)

8 T(—1/2 + vit;) |h[1/2

1
G() (5 + Vitj; h, C)
7:0<t; <2T

I 0. (—h)
v Y Waigs [ B0 G s

j:0<t;<2T

+ O(KH6-2M" (8.12)

where ¢ = (" U (" is the union of the two vertical line segments joining —1/2 — icyT to
—1/2 —icoT, and —1/2 + icyT to —1/2 +icyT. The O-term accounts for the contribution of
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the integration over horizontal line segments, following from the same treatment as in (8.1).
This time the integral is taken from —1/2 to 1+¢, and the factor 1/|h|¥ =12 is <« OT <« K?
crudely.

We insert (8.12) into (8.4) for Pyo(c, h,Y) and move inwards the summations over |hl, §

and c¢. We obtain the decomposition
7(C.T)o = S3(C, T)f +34(C, Ty + (. T)h + O(K M) (8.13)

where for v = +,

B _ VT (vit;)(V, ¢5)
" v o 9l-3/2_1-1/2 NS Y]
alCT)g 2 2. T(I—1/2+ vit))

j:0<t;<2T
pi(=h) I
|jh’1/2 Sh70(§+V”§j)a (8.14)
|h|~CT
pi(=h)
2(CT)y = 2m/ >, (VigyB J|1/2 no(s)ds.  (8.15)
e 7:0<t; <2T |h| ~CT

See (8.5) for the definition of Sp, o(-).

We handle Y 7(C, T)§ by adopting the treatment for >/7(C,T);. We apply the Cauchy-
Schwarz inequality to the integral in (8.15) to get rid of Bj(s). In this case Res = —1/2, we
have by (3.21),

[ B0 as] < T
e//

We infer with the notation in (8.8) that

_ 1 1/2
HeDf < TN (Ve To(—50)

j:0<t;<2T 2
1/2 1 1/2
«r (X wepres) (X emn(-50))
0<t;<2T 0<t;<2T

by Cauchy-Schwarz’s inequality on the sum. Then, we apply Good’s estimate (3.7) to the
first factor, and apply the estimate in (8.10), which incorporates the spectral large sieve, to
the second factor with o = —1/2 and r = 0. It follows that
C \j+X
)
_ Key1/2QT5/2(£)j“
Y VY

312 0 \itA
1+ev1/2
< Klteyl/ <L3> <ﬁ> , (8.16)

"CT) < TKEY_1/20T5/2<
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by CT)Y < K¢/L? and T < K'*¢/L. Comparing with (8.11), (8.16) yields an acceptable
bound for L > K/3.

Next we evaluate >y (C,T)¥ for v = +, as given in (8.14) with Sj 0 given in (8.5) and
Go(s; h,c) given in (5.10). To this end, we apply the explicit formula in Lemma 5.5 to unwind
the h and t; parts in Go(1/2 + vit;; h, ¢), in order to utilize the large sieve inequality. (In the
cases of Y 4(C,T)y and > /7(C, T)§, this step is not necessary due to the extra averaging over
t.) Invoking the integral representation of Gy(s;h,c) in (5.10) and noting that the integrand
is supported in [271/2,21/2] c [1/2,2], we can write

G()(%—l-m'tj;h,c) = An(14i)\/2Y ||y~ +)/2

2 vit
1, 2y 1
X /1/2 mfh,c(Z) <‘J‘) 677 (Z, 5 + VZt) dZ,

where Fj, .(2) and e;(z, s) are given as in (5.9) and (5.8), respectively. Then we can express
(8.5) as

1 . . —(A+7)/2 2 2Y vit 1 .
Sh()(— + mt) = Am(1 +i)\/2Y[J| Y~ Su(z)| 5] en (z, s+ mt) dz (8.17)
A2 1/2 ] 2
for s = 1/2 + vit, where
o p(e/é
Su(z)=> 0 > ™ EB/Q )f;w(z). (8.18)

c~C
6‘h Nle, 8le

Let us also introduce the function

2T (vir) 2V 1
B(z,vt) = T —1/2 + vir) <J|> ey <z, 3 + 1/@7'). (8.19)

The symbol 7 is not shown up in B(z, vt) because its value has no effective in the estimation
below.

The key feature of Sy(z) and B(z,v7) is their respective independence from the spectral
parameter ¢; and the parameter h, which enables the application of Good’s inequality and

the large sieve inequality. But at first we need some estimates. From Lemma 5.6 (i), it is

clear that
S(z) < KCTATI2N "6 " el < r(|h[)KCTHA2, (8.20)
d|h C(sN\cC

Moreover, we have by (3.8),

2V (viT)
(1 —1/2 + vit)

< ]7\1/2_1,
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for 7 > ¢, and then with Lemma 5.6 (ii), we infer that for |7| < T
B(z,vr) < T~ (8.21)
In view of (8.14) and (8.17), we have
a(C T
L 2(1 4 4)\ /Y |J| Yy~ H9)/2
2 Vit (it , vit;
x / 2. 2r(z E(f;;”mi”f <|23/\> ”( ZHvit) oty \1/2 2)dz

1/2 j.o<t;<or

|h|~CT
_ 2l+1ﬂ_l+1/2(1 + i)Y |J| y—(A+0)/2
2 T pi(=h)
X > Blzvt){V.éy) e Sh(z)dz (8.22)

1/2 j. o<t <or |h|~CT

by (8.19). We insert the factor e™/2(cosh(nt;))~™"/? (< 1) and apply Cauchy-Schwarz’s
inequality to the integrand,

Z B(Z th V(Z)J Z p] ’1/2

j:0<t;<2T |h|~CT
N\ 1/2
< (X IBvPive)ien)
J:0<t;<2T
1 m ‘2 1/2
X(. Z Cosh(wtj)’ |h|1/2 Sn(2) ) . (8.23)
]20<t]‘§2T |h|NCT

The first bracket is very small, for we have, by (3.7) and (8.21),
Y IBGvty) PV, 65)7e™
j:0<t;<2T

< (logT) sup X% Z (V, ) %e™ < T°. (8.24)
X<t g It 1~ X

The second bracket is treated by the large sieve inequality (2.5) and (8.20),

1 pi(=h)
Z cosh(rt;) ]

1/2
J:0<t;<2T ‘h| /

2

Sn(z)

|h|~CT

< (CTF(T*+CT) > |Sh|§j)|2
\h|~CT

) h|)?
T2'K€ 2(]+/\) 1 T(’
< ¢ 2
|h|~CT
< KT?c?itN-1 (8.25)
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where we again used the fact that Y-, .y 7(h)*/h < X°.
Using (8.24) and (8.25), we get from (8.23) that

Z Bz, vt;){V, &7 Z pi(=h) ’1/2 (2) < KTV HeCitr=1/2,
j10<t;<2T |h|~CT

This in turn gives us an estimate of (8.22) for v = +,
MOTY < JYY 02T gepott-12

K\Y2 /7 o \itA

ey 1/2 v 9

< I3 7)) (8.26)

by |J| = TC and T < K'*</L.

By (8.3) and (8.13), the estimation of Y 5 (C, T) is reduced to estimations for > (C, T)1,

e, SH(C, 1), and Y 5(C, T)y . These are established respectively in (8.11), (8.16)
and (8.26). We therefore conclude that

K\Y2/ o \ItA
e T < K1+eyl/2<L3> <Y> (8.27)

for I > K1/3.

9. The continuous spectrum

Finally we evaluate > 7,(C,T) in (6.11). The treatment is very similar to the case of
discrete spectrum. However, when we shift the path of integration ¢ beyond Res = 1/2, a
technical problem arises as we cannot avoid the poles of Cq(s,7) (at s =1/2 + 47, see (3.5))
to appear on the horizontal line segments. (Note that ¢y or ¢ may lie in [—2,2].) To this
end, we put I = [cyT/2,2¢,T| and divide the 7-integral in the definition of Pg(c,h,Y) in
(6.9) into two parts:

PE<C,h,Y) = PE70<C,h,Y)+PE7[(C, h,Y)
according as || € [0,27]\ I or || € [0,27) N I, and write correspondingly,
B(CT) = SECT),+ X E(C,T),. (9.1)

Explicitly, we have

1 (V. Ea(-,1/2 + 7))
P, hY) = —
zoleh. ) 47TZ/|76[02T]\1 I'(1/2 —i7)
pa (1/24 i1, —h)
2m/c e Gnels) dadr (9.2)
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PE,[(C; h,Y) = 1 / <VV7 Ea(,l/Q—f-zT»
. JITlelo,2TInT

dm T(1/2 —r)
1 pa(1/2+ i1, —h) ~
x 2ri /ZCQ(S, 7) |h|571/2+i‘r Gh,c(s) ds dr, (9.3)
" (C, 1) = Z Z(S Z cj+)\MPEO(C h,Y) (9.4)
E ’ O I8 B ) ) ) .
[~CT 8lh €
/}3(07T)[ = Z Z& Z cj+)‘MPE[(C, hY). (9.5)
C k)
B~CT 8 oG

Let R be the rectangle with vertices at —1/2 + icoT, —1/2 4+ ic)T, 1 + ¢ + icyT and
1+ ¢+ icyT, and R’ be its mirror image about the real axis. When |7| ¢ I (and thus
T & [coT, cyT)), the point 1/2 4 i7 always lies outside R U R'. Hence, the shifting of ¢ to
0" =107 Ul (where 0 = —1/2 and ¢oT < |t| < T for o + it € ") does not cross any pole
of Cy(s, 7).

We move the path ¢ in the inner integral of Pg o(c,h,Y) in (9.2) to ¢ with a cost of
producing a term O(K't42M") by (6.4) and the same fashion of treatment in (8.1). As in
(8.7), we move the sums over |h|, § and ¢ in (9.4) inside the integrals of Pg o(c, h,Y'). Let us

abbreviate
par(—h) = || pa(1/2 + iT, —h). (9.6)

Then from (9.4) we get

1 (V. Ea(:,1/2 +iT))
7 C.T _ / :
£ 1o Am —~ Jireperng  T(1/2—17)
1 h

21
oo

dr

h~CT
xy 6> cj“'u(i/é)]h!l_séh,c(s)ds—l—O(K_M'). (9.7)

o|h e~C
Nle, §|e

Now we recall |h|1_5éh,c(s) =2 =01 Gr(sih,c) and

S0 3 M () = Sho(s) + S 9),

h c~C
9l Nle, ble
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by (8.5). Therefore we can rewrite (

5 1/2 +1i1))
"(C, Ty = / Eal, , dr
= rz():l o JITl€e0,2T\I [(1/2 —i7)
1 (=
X5 Ca(s,T) W&M(S) ds+ O(K~
T Jetuey h~CT

When s € ¢ and |7] < 2T, we have s = —1/2 + it with [¢| < T and thus
[ 1Culis ) fas] < 72
g//

by (3.21). By the Cauchy-Schwarz inequality, the s-integral in (9.8) is

< ([ e ( /

It follows that

pc|12|(1/2 )S’”( )

)1/2

1), < T / S 1/2 4
2(C.T), Z r|e[02T\I Eq(-, 1/ )

r=0,1 a

h~CT

1 1/2
xe”‘TWL (—5, paJ) dr

M’).

(9.9)

by (8.8). Note that the factor e™l™1/2 comes up from I'(1/2 — i7)~!, by (3.8). Relaxing the

range of integration and using Cauchy-Schwarz’s inequality, we obtain

2T 1/2
HCT) < TV <Z/ (V, Eo(-,1/2 4 i1))| e “T|d7>

r=0,1

<Z/ ,paT) d¢> v

As before, we apply Good’s estimate and the large sieve inequality. The first bracket is < T2

by (3.7).

The second bracket is evaluated along the line of argument in (8.10), as follows.

changing the order of integrations, we have

Par( —h)
(0spar)ir = | s / S1n(s)
> [t [ iy ]y D

h~CT

:

Using the spectral large sieve (2.6), we get

Z/ (0,par)dr < (CT)E(T2+OT)/ Z Wlds|

L_(o)Uli (o) |h|~CT | |

< K6T37ry2a CT 120’(
T\
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by (8.6), where r = 0 or 1. Taking 0 = —1/2 in (9.10), we conclude that

" CT Tl—l Tl K6T3/2y—1/2 CT C (j+>\)
p(CT)y < L (CT) V%

< Kl'eyl/? <K>3/2 <C>j“, (9.11)
L3 VY
for CT)Y < K/L? and T < K'*¢/L.

It remains to estimate the sum > 5(C,T),; corresponding to Pg s(c, h,Y) given by (9.5)
and (9.3). We shall follow the argument in treating > (C,T) in §8. To bypass the technical
problem mentioned at the beginning, we elongate the two components ¢4+ of £. More specifi-
cally, we take ¢; = ¢p/4 and ¢] = 4¢j, and let {_ and /4 be the straight line segments joining
from 1+ — c}iT to 1+ — ¢1iT and from 1+ & + 14T to 1 + & + ¢}iT, respectively. Also,
we denote by £ = ¢_ U/ their union.

The newly fill-in is indeed negligible because by (6.4), éh,c(S) < K72M for s e 0\ ¢,

whose imaginary part is outside [coT, ¢{T'], while the remnant in the integral is at most

(V, Ba(,1/2 + i7)) pa(1/2 + i1, —h)
Cals, 7 . | dr|ds
/é\e /l‘rE[O,ZT]mI a(8:7) I'(1/2 —ir) |h|s=1/2+iT |ds|
< \h|1/2ﬁ |Ca(s, 7)] |ds] [(V, Ea(-,1/2 + im))[e™™V/? d7 (9.12)
e |r|<2T

by (2.4) and (3.8). Applying (3.19) to the first integral on the right side of (9.12) and applying
Cauchy-Schwarz’s inequality to the second integral, we conclude that (9.12) is bounded by

< [b| VP72 </|T<2T [V, Ea(- 1/2 + i7))| e dT>1/2 </

dT) v < TO/2H
|r|<2T

by (3.7). Note that the number of summands in the sum over cusps is independent of K.
The added portion is thus O (K 5/2-2M"),

After replacing ¢ by 7, we follow closely the argument in the discrete spectrum case. We
shift the path ¢ to ¢/ (with ¢ = 1/2 + ¢), and then split |h‘1_séh7c(5) into Go(s; h,c) and
Gi(s;h,c) as defined in (5.10). The horizontal line segments produce an admissible error
O(Kl+4_2M’) by the same arguments as at the beginning of §8. This leads to the evaluation,
forr=0,1,

1 (V,Ea(,1/2 + 7))
p(CT),, = — / : dr
B D), 47Tza: irlepernr (/2 —iT)

1 pa,T(_h)
o Jy CelsT) ] 172

Shr(s)ds +O(K™")  (9.13)
h~CT
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where pq-(—h) and Sy, ,(s) are defined as in (9.6) and (8.5) respectively. Note that
B(C.T) =Y h(C,T) o+ X H(C,T),  + O(K™M). (9.14)
We note Res = 1/2 + ¢ for s € ¢/ in (9.13) and by (3.20),
ﬁ |Cals, 7)|? |ds] < T2,
el
We deduce from I'(1/2 —i7)~! < €™I7l/2 and (8.8) that
27
WOy, < TS [ B 12 i)
’ . J-2T

1 1/2
wemlTl/27, (5 Ye, pw) dr, (9.15)

with a relaxation of the range of integration, and then

oT 1/2
we, ), < TV (Z / |<V,Eu(-,1/2+¢T)>yze”|d7>
’ 5 J-2T

o7 . 1/2
X Zl(*—l-E,pﬂ—) dr
Za: /2T 2 !
by Cauchy-Schwarz’s inequality. Invoking Good’s result (3.7) and (9.10), we derive

" Vot i rermrtjaf C O\
ey, < TYXL.TLRTY .

VY
K\Y2/ ¢ 7
I4ey 1/2( %
< oK) (2 019

We shift the path ¢ in 32%(C, T); o horizontally to " whose real part is —1/2. Due to
Cq(s,T), two poles come up at s = 1/2 +i7, and the residues are
[ 25T T (4iT)

1-1/2
S N Yo R

(9.17)

This is not big, actually, < |7|/2~ by (3.8).

There is no pole lying on the horizontal line segments because the end-points of { have
imaginary parts £coT'/4 or +4¢(T but ¢oT/2 < |7| < 2¢{T. These horizontal line segments
again produce an admissible error of O(K*42M"). Like in 37(C,T)o in (8.13), we split

H(C, T);  into three parts,

— Y4 At
B(CT) = Y5O T) o+ X H(CT) g+ S 5(C T g+ O(K M), (9.18)
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where for v = + the contribution from the residue in (9.17) is

. P 2T T (viT)(V, Bo(-, 1/2 +i71))
(O, T, = 2l75/2gl-1 / : .
B( )I,O irleo2rinr (0 —=1/2+viT)[(1/2 —iT)

X ZC:Tp|h1/2 ShO( —|—V27') dr, (9.19)

and the new line integral on ¢ is

sty - Ly [ WECIETE,
|7|€[0,2T)NI

4m I'(1/2 —iT)

1 Pa,r(—h)
X 5— Z//Ca(S,T)hNCT e Sh.o(s)ds

(From (3.21), we have
/ |Culs, 7) % |ds| < T2,
ZN

and thus,

1" 1 1-1 2T . xl7)/2 1 1/2
BTy < TS [ VB 1/2+im) 2T (5, par ) dr
’ _oT 2

by arguments similar to (9.9) and (9.15). Again, by Cauchy-Schwarz’s inequality, (3.7) and
(9.10) for 0 = —1/2 and r = 0, it follows

" C. T 4 TlflTlKET?)/QY*l/Q CT C A
p(CT);, < (CT) Nod

N2/ 0 i+
Kitey1/2 — 2
< 73 NiG (9.20)
as in (9.11).

Now let us turn to (9.19). Using Si(2) and e, (2, s) as defined in (8.18) and (5.8), respec-
tively, we can insert (8.17) into (9.19) and get

" (C T)V 2[—5/27Tl—1 / 21/2'7”7”{‘(”2‘7_) <V¢ Ea('v 1/2 + ’”—)>
EY L0 |r|e[0 2TNI

Tl —1/2+ vir)['(1/2 — ir)

xS Par(=h) \ Ar(1 +14)\/2Y [T Yy ~A+)/2
hCT Wl/z

2 2V 1
X S enlz, = +vit) dz.
o h”(uw) (g +vit)
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Then we use B(z,v7) as defined in (8.19) to rewrite

2
ey, = eIy R [ ey Bz, v7)
’ 1/2 |7|€[0,2T]NT

7V, Bq(-,1/2 +i1)) par(—h)
I'(1/2 — i) |h|1/2

Sn(z)dr. (9.21)
h~CT

Applying Cauchy-Schwarz’s inequality with T'(1/2 —i7)~' < e™71/2, the integrand of the
z-integral in (9.21) is

1/2
< (2] Bz, ) PV Bo( 1/2 4 i) e dr
|T]€[0,2T NI

9 1/2
X dr . 9.22
(zu: /|T|e[0,2T]m1 ) ( )

When |7] € I (i.e. |7| < T), we can apply the estimate (8.21) so that the first bracket in
(9.22) is

Pa,T(_h)
\h|1/2

Sn(z)

h~CT

<7172 Z/ BEo(-,1/2 4 ir))2e™ dr < 1

|7]1€[0,2TN

by (3.7). From the spectral large sieve inequality (2.6), the second bracket in (9.22) is

<<Z/

< (CT(T*+CT) )
h~CT

2

Par(~ >5h() dr

|h’1/2

h~C'T
[Sn(2)[*
A

< T2K502(j+>\)—1

by (8.20), following an argument similar to (8.25). Consequently, as |J| = CT and T <
K'*¢/L, we get from (9.22) that

O T, < YT YO RTReClHN-2
i+ A
< KG\/?Ti‘/?(C)J
VY

K\Y2/ ¢ it
T4ey-1/2
< wer(B) ALY 029

Consequently by (9.20) and (9.23), (9.18) becomes



for L3 > K. With (9.16), we get the same bound for (9.14). Finally by (9.11) and (9.1), we

infer that 12 i
K Y\
(O, T) < Kitey'l/? <L3> <\/?> (9.24)

for L3 > K.

10. The proof of Theorem 1 for holomorphic g
In view of our estimates for > (C,T), >"7(C,T), and Y"1 (C, T) (with the choice Ay = 2)
in (7.1), (8.27), and (9.24), we deduce from (6.11) that

K\1/2 K 1+6ey 3 C J+A
" 1+ey,1/2 o R
YCT) <« K™Y <<L3> + ( 73 ) ) max <\/?>

< K1+6Y1/2<<\/1?)j+/\ + (M‘/i)jH> (10.1)

under the conditions
LKI—& <Y< K2+€ ’ K1/3+26 <L< Kl—Qs 7
1<C<Y/(LK'™®), Tx<K?C/Y >K°*.
Note that A and even j + A may be negative. Inserting the last estimate in (10.1) into (6.3),

we get

~ Yy —(A+4)/2 gr4B—o . 1 \j+A VY NG+
) < LYK << )+ (=) >

L2v+a—2k ﬁ
y —(+0)/2 4B -a "
(v >K2-e) [ 2v+a—2k LYK™™*

amax{ (=) (252) ) (102

Observing
1 VY VY
< <
\/}7 — K2—¢ — [[Kl—-¢
for Y > K?7¢, we conclude that the term corresponding to (vY/K?7¢)7** in the second
bracket on the right side of (10.2) can be absorbed by other terms. Therefore

—(A+1)/2 4B—a i+ VY \i+A
() Y K e (L) (LYY
IY) <« e LYK™ ((\/}7) + (=)

K4« 1\J+X 1 \J+A
1+
< YLK €L2u+a—2k <<Y) + (LK1—5> )

< YLK1+GW<<1)k—u+3B—a+< ! )k_Mw_Q) (10.3)

L2V+a—2k’ Y LKl—a
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asj>0and A=k —pu+30—a.
Since v > 3u, 0 < o < 2k and o < 40 (see Lemma 4.1), we see that

K4ﬂfa 1 k—p+38—«a B L2 k YK K4 8 Y «
L2v+a=2k Y — \y /) \¥)\yv3) \KL
- I2\k=a/2 fy K1 AP/ s 1\ @
- \Y 5) \v3 y1/4
L k—o/2 K1/3+¢ 6u+3(8—a/4)
= Kl-= L

as K'™°L <Y < K?*%. This last quantity is less than 1 for our choice of L. Similarly, we
have
KA4B—c < 1 k—p+38—a B L k (LKI_E)“ K4 ﬂKim
[2v+a—2k LKl—a) o <K1—a) ( I2v )((LKl_E)?’)

I kpgl—e\H# / 1/3+eN\ 30
< (=) (%) (55)
- Kl-= L5 L

which is also less than 1 for the same range of L. From (10.3) we thus obtain T;EZ) V) <

Y LK€ and consequently by (4.9), we prove

> ISP < YLE'™S,
K—-L<k;j<K+L

for K/3t2¢ < [, < K'"2 and Y < K?¢. Note that the multiple sum in (4.9) produces

only a constant multiple. Writing ¢ = Cye for some constant Cy > 0, we can replace € by
£/(Co+2). Then (4.7) holds true whenever K/3+¢ < [ < K1-¢. O

11. The proof of Theorem 1 for Maass g

The proof of Theorem 1 for a holomorphic form g is accomplished in the last section. Now
we indicate the necessary changes in the proof for Maass form ¢. In this case the function
Dy(s,v1,v9,h) is defined as

Dy(s,v1,v2,h) = Z )\g(n)Ag(m)<W

24l
_— vi|m| + vo|n|) 7%,
i) BNCLIRSZI)

m,n#0
vim—von=h

Its spectral decomposition will follow from the line of argument in Section 3.
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We consider the inner (Up(+,s), V) where V(z) = g(v12)g(r2z). From the proof of Theo-
rem A.2 in [29], we have for Res > 1,

(v1vg) /22352l s ()
F(s/2 + )T (s/2 il (s/2)2 n(+#):V)

= A (A

vilm| + van|

23l s
)" ilml + valn])

m,n#0
vim—vgon=h

s .1 s 1 (jrm]—|rn|\?
xFl-+il,-+i; -+ = | m—m—m————— 11.1
<2+Z’2+Z’2+2’<|V1m]+|ygn| ’ (11.1)
where F' is the hypergeometric function. Let us write s = ¢ + it and denote

Disvmt) = 3 Ay ( 22l

21l
vilm| + va|n|)~*
e yapur) @b+ vl

m,n#0
vim—von=h

s 1 s 1 (|lym|—|wn\?
SO G o (AT RN M () L i e LU .
{ (2—1—2’2+Z’2+2’<\V1m|+\1/2n\

The bracket {---} in the last line is

(\V1m| \VW\) |h|?
[vym| + |van (lvam]| + |vanl)?

for bounded ¢, say |o| < 2. By the simple inequalities |ab| < |a|?> + |b/? and 2(|a| + |a + b]) >

|CL| + |b|7 we get
Ag(n)Ag(m)]
DF h h|? s .
g (8, v1,09,h) < | mzn;o (v1|m| + va|n|)o+2
ulm,VQn*h
‘)‘g(m)P
< |hf? + Al
2 el 2 Bl + W7
A 2
R Z IAg(n)]* + |hf? Z |§|(Zl+)2‘ :
Inl<[A Inl>Ihl

The estimate -, <y IAg(n)]? < X (see [17, (8.7)]) implies that Dg(s,l/l,l/g,h) converges
absolutely for ¢ > —1 + ¢ and satisfies

Df(s,yl,yg, h) < |h|'7C. (11.2)

Besides, we have

(V1V2)71/2237872ilﬂ.sr<8>
I'(s/24il)T(s/2 —il)T'(s/2)?
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Dy(s,v1,v2,h) + D} (s,v1,12,h) = (Un(-,8), V)  (11.3)



by (11.1).
The right-hand side above is essentially the same as the right-side of (3.2). Indeed, we
have, by (3.8),

(VlVQ)—1/223—3—2z’lﬂ.sP(S)
I(s/2+dl)[(s/2 —il)T'(s/2)

(V1V2)_1/2 )

—1/2(43/2=0 ,lt)/2 = ‘
5 < (V1) |¢] e TG 1)

(11.4)

for |[Sms| > 1. But for the gamma factors in (11.3), we have to be careful when Res < —1,
because there are poles at s = —1,—3,---. We shall see why these poles have no influence in

our proof. We apply the argument in (3.3)-(3.16) to obtain

OB (V)

Dy(s,v1,v2,h) = *Dg(saVlaVQ,h)+Eh(3)+ Z
j:0<t; <2T

1 /2T pa(1/2 +it,—h) Cq(s,T)

Tan 2 Ly WA (12 i)

+O(’h’1/2—a+9+ae—T/4) (11.5)

V, Eo(-,1/2 + i1)) dr

where Ry, (s), éj(s) and Cy(s,7) are defined as in (3.17), (3.4) and (3.5) with only a small

change, that is, the factor
(27.‘.)s+lfl(yly2)(lfl)/2
L(s+1-1)

in their definitions is replaced by the expression on the left side of (11.4). It should be noted

that we need a substitute of Good’s estimate in (3.7), which is available in [21].

The reduction process (in Section 6) up to (6.5) makes use of the absolutely convergence
of Dy(s,1,1,h) for ¢ > 1. It is plainly valid for the Maass form case. Then we insert (11.5),
instead of (3.16), into (6.5); consequently, instead of (6.6), we have

P(c,h,Y) = Pp(c,h,Y) + Px(c,h,Y) + P5(c,h,Y) + Pz(c,h,Y) + O(K M)

where the three P;(c, h,Y’) are defined analogously as Py(c,h,Y) in (6.6) with Ry(s), B;(s)
and Cy(s, 7) being replaced by Rp(s), f?j(s) and Cq(s, 7). The function Pg(s, h,Y) is defined

as

1 ~
Pp(c,h,Y)=——— [ DJ(s,1,1,h)Gpc(s) ds.

XY

We recall that £ = ¢_ Ul where ¢4 are straight line segments joining 1+&—ic)T to 1+e—icoT
and 1+ ¢ +icoT to 1+ & +ic)T respectively. Hence, " (C,T) takes the decomposition

>"(C,T) = YR(C,T) + XR(C,T) + XHC,T) + XFH(C,T) + O(K )
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where > 7(C, T) is defined as in (6.12) with a corresponding change in Pi(c, h,Y).
By (6.4), we shift horizontally the path ¢ to real part equal to —1+-¢, on which Df(s, 1,1,h)

is still absolutely convergent. Therefore, we infer that

cgT ~ /
Pr(c,hY) < / DY (=1+e+it,1,1,h)||Ghe(—1+e +it)| dt + |h* TN
col

< TKey—l—(/\+j)/2(CT)3/2
by (5.25) in Lemma 5.6 and (11.2). From (6.12), we get that

HOT) < TRYOOECTPE S S S e

~ c~C
[h~CT dlh O

C JHA
< TKY~YCT 5/2(>
O w

K2 c '
1+ey 1/2

asT < K?2C)Y < K'Y /L, CT <YK?*/L? and Y < K?*°. This can be absorbed in (10.1).

It remains to check that the estimation of > 7(C,T) in §§7-9 is valid for > %(C,T) with
x* = R,d, E. In the evaluation, we need to shift the path ¢ horizontally to the left. Although
the new factor (11.4) contains poles, they all lie on the real axis. As ¢ does not cross the real
axis, there will be no contribution coming up from these poles. Moreover, the same asymptotic
behavior shown in (11.4) verifies the applicability of our argument. This concludes that (10.1)

holds true for the case of Maass g, and therefore, Theorem 1 follows. O

12. Proof of Lemma 4.1

This section is devoted to prove Lemma, 4.1, which consists of two parts.

Part (i). Let us write
Wics(a) = K [ (o) (hu)u +1)" 0 dt

where ¢(t) = tK/L + z(cosh(rt/L) — 1) /(27). The Fourier transform (h(u)(uL/K + 1))/\(1‘)
decays rapidly, and more accurately, is < [t|™ for any M > 1 and |t| > 1. Introducing a
smooth partition ¢1(t) + p2(t) = 1 where ¢y is supported on [—2,2] and ¢; =1 on [—1,1],

we infer that

Wk, r(z) = K/Rgol (K’i/?> e(¢(t))(h(u)(u% + 1))/\(75) dt + O(K_M). (12.1)
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If |z| < 87LK'~¢ and |t| < K¢/2, then the phase ¢(t) satisfies

K K <|x\KE/2) K

/ JR— PR —_— PR
'(t) = L+2Lsmh(L)>L 0] 72 >>L,

and ¢\")(t) < |z|/L* < K/L for r > 2. The derivative of the integrand without the factor
e(o(t)) is O(1), hence successive integration by parts shows that the integral in (12.1) is
O(K—™). This completes part (i).

Part (ii). To prove it, we follow the line of argument in [23, §5§4.1-4.4]. We apply the Taylor
expansion to cosh(nt/L) and expand the exponential factor, like (4.2) in [23], but this time we
keep the terms up to ¢, as follows. Recall LK'~¢ < |z| < K?t¢ and K/3+% < [ < K172,
As 2/L°® = o(1) and the Fourier transform of (h(u)(uL + K) is rapidly decaying, we have

2 3,44
Wk(x) = Z cu,y% /R e(i{ + 7:&2>6<18?4 >t2” (h(uw)(uL + K))A(t) dt

0<3u<v<N

('i'mf’ [ + K00 dt).

Now, as |z| < K2¢ and L > K'/3+2¢ the O-term is

2+e

L6

N/3
<<K< > < K17 N « kM

by choosing a suitable N = Nj(e, M).

Temporarily we write

7T31: 4 A
g(t) = e( 48;4 >t2”(h(u)(uL + )" ).

By Parseval’s theorem, we obtain

/Rg(t) (tf * Zt;) = \/7%(1 +2'Sgn(x))e(—f;) /Rﬁ(u)e<21;LxK —~ u;f) du.

Since for all u € R,

e = Z X +ON(|u| ),

0<k<N

we expand the exponential factor e(—u?L?/(rx)) to obtain

SuLK — u2L? 1/ 2iL2\" QuLK
a _ d — I 2k~ d
/Rg(u)e( T T ) “ Z k! ( T ) /Ru g(U)e( m > !

0<k<N

+O<<L;> /ﬂ@mﬁﬂam}m). (12.2)
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It is plain that for r > 0,

() 2\ 1
o0 e (11 (2)) 12

and g(u) = (2miu) "¢ (u) for u # 0. Thus, we have

xz\" 1
G < K(1+(Z) ) ——.
0 <k (1 (£) ) ro
We shall take 7 = 2N + 2. By K/3+% < [, < K'72¢ and LK'~¢ < |z| < K?*¢, the O-term

in (12.2) is
o (5 (1 (2)™)
< K(5) (i) ()
< (7)o (2)(ED)
< KN <1+<;>

with a suitable N = Ny(e, M). Therefore,

X 2

0<3u<v<N;

« ¥ kl;!<_2ifz>k /R u2k§(u)e<2fff ) du+ O(K™M). (12.3)

0<k<N,

The integral in (12.3) equals
(27”')72]69(2]6) 2LK
T
By definition of g and Leibniz’s theorem, we have
o 344 2k—a
2k) (4) _ 2k \ d* [m°xt d 2 A
AIOEEY) < N ) e\ g ) X gt (W) (L + K)) (1)

0<a<2k

where < :L ) denotes the binomial coefficient. Expanding in power series and differentiating

termwisely, the derivative of the exponential factor is
A i R o S i N (A W
dte\ 4814 dte ot O\ 24 LA

48>«
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Next we show that the tail is negligible about ¢ = 2LK/(nz). Indeed, as K*/z3 <
K1+38/L3 < K_?’E, we have for N > 8N,

i) () ()

B>N

() S () (Y

= (i) (5) S o)

(0%
X
K—SEN.
<a <LK>

Note that the last sum over 43 > « yields the constant
dOé

T t:162t4/3'
Thus
do [ m3at? (48)!  (in*\P [z \P (2LK\*
dtae<48L4> LK) W;W (48 — )8! (24> <L4> <7rx>
NG
+O<<LK> KSEN).
As
9 A 1 d* A
t ”(h(u)(uL—i—K)) (t) = (27ri)2”(du2Vh(u)(UL+K)) (1),

all its rth derivatives at t = 2LK/(mwx) are O(K) and the O-constant depends only on v and
r for a given h. Together with
d2k—o¢
di2k—a

2 (h(u) (UL + K))A(t) — (—27Ti)2k70‘ <U2ka d2v (h(u)(uL N K))) A (t)
du?v ,

the integral in (12.3) equals

/ e 2 Y qu =Y s+ 0 ( (14 (2 M i (12.4)
u“"g(u)e w = i '
R g T o LK

where with some suitable coefficients ¢, 3,

> as
D ) (5) (o ) (),

0<a<2k a<4B<N
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Hence, we may select N = N3(e, M, N3) so that the cumulative error in (12.3) caused by
the O-term in (12.4) is O(K~M). Then, we conclude

o = ¥ 5 5 S s (5) (%) ()

0<3u<r<N1 0<k<N3 0<aL2k a<4B<N

x (14 isgn(z)) \/%e (—fi) (u%—a ddj; (h(u)(ul + K)))A (iff)

+O(K~M),

where the summands are CAVIN/A (), with a little but straightforward computation. This ends
the proof. O
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