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A Graph and Network Excursion in Operations Research
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® Graph G  %§: Point, Vertex, Node
1 V={A!B!c!1!2l3} IVI=EI

Degree=.2 Deqrea=/2

¥#: Line, Edge, Arc

B P E={(A!1)!(Al2)l(3l1)!
Degree=2 Degree=1 (B,3),(cC,3)} |E|=5
: : .Zm VAN
begree=1 Degree=2 NOt a tree
() x b x
() (K& ()

connected + no cycle => [SPANNING TREE




M Network G=(V,E)

A —01 %L : Point, Vertex, Node
v={A,B,C,1,2,3} |v|=6
¥%: Line, Edge, Arc

B< @2 D, (2,6,

A"

(Bla)!(cla)} |E|=5

f=]
C.Aa

(2 i58)
Cost of = 143424442 = 12




1 vertex

2 vertices

3 vertices 4 vertices

4
2 edqes Trees - iff

5 vertices

The trees with at most five vertices.

= N

6 vertices

The trees with six vertices.



ﬁ\ﬂ%ﬂ' Tree Graphs

17 vertices
16 edges

94 vertices
93 edges

Two fancler trees.



# edges = n(n-1)/2

Complete Graph -each pair of wvertices connected

(%)

# edges =15




Graph
=

Tree

X 51

NetT

work

L=

A %

Minimgm
Spanning
Tree(MST)

=B i5

1
2
Ly




I. :|-.|. :EIJIE.‘ ......

T — (3 #487)

(Spanning Tree) &
Minimum Spanning Tree

.'I-'I -".:.:l -___-' 'I:-_:i.' _::- --_' : ;-_-i!i.. : I:'-;- g_j)ﬁ/g//ﬁ/ﬁz_?—ﬁfc _‘f/]i—j:
R ”I (A lgorithm: ]

Myvopic Heuristic works/!

-

?ﬁeaﬂy:
spanning Tree <=> Any 72 of the conditions:
{ noe cvcle , connected , JEf = fvi-1 }

b




Application: Minimum Spanning Tree B& s

Algorithm: ]

(ﬁ?‘?ﬁif/ﬁfﬁ_ﬁfvijii) [Greedy Heuristrc works/?

/N

kKruskal's method

A

Prim's method

AN




[ NOTE: # different spanning trees = n*(n-2) = 6*4 = 1296 (Cayley, 1889) ]

e g
B B8] )Y AT

(Cost=66)
A bigger example on Minimum Spanning Tree construction.

9,11,12, 14, 16, 17, 17, 18, 19, 19, 20, 23, 26, 30, 31



An lllustration of Minimum Spanning Tree
Communication Network Application [ 7600 miles for 29 cities |
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(B [5')
[Euler cycle) & Chinese
Postman Problem (CPP)

(1736 )

Ceographic Mog: * Leonard Ealer
The Kdniyshery Eriuges. Y7 — :

The Konigsberg’s seven bridges problem.



City of Konigsberg with 7 bridges over Perel River




City of Konigsberg with 7 bridges over Perel River




3 Graph model of
Konigsberg
Bridges

ODD DEGREES! |



(B ) %

[Euler Cycle) & Chinese
Postman Problem (CPP)

Theorem
A connected graph is Euler if and only if

the degree of every verter is even.

Algorithm
Fleury's Heuristic with no-bridge rule.




An illustration of Euler cycle modelling application:
The Great Hall Tour of 25 Doors




An illustration of Euler cycle modelling application:
The Great Hall Tour of 25 Doors
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Examples on existence of Euler cyc

cyc]e

Yes Mo Y¥es
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ves) No ves @ @ NO
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Examples on Euler cycles on complete graphs

n=23 n=4¢ n=235
(even degree) [odd degreg]
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Euler Cycle &(f:h'inese Postman Frﬂb'lem]

{:—flpp freca rf.:rn] ( H [I:ESQ@B‘«{FEE[' Fftﬂ@ )

Algorythm:
Eufer cvecle pfus shortest paths.

—

—(EEHLE S, FRE BEREiE TR
HEIRESEERE, SERRETEREZEE.
I (TR BEAFAE, (5 AT e BUAR B TR S rElR?

_—

B3R = H‘@Twﬁﬁ%ﬁﬁﬁﬁ e IR BTG LY
FOFE I (1962) JRni ey, Bl DIRAETE
< B R 2 LR (Clunese Postman Problem).




Euler Cycle &(l_:h'inese Postman Frub'lem]
( HBZIEE SR )

a

(3) (3)

e g

One possible solution:

(1) Euler path d-a-b-d-e-f-g-e-b-c-a-h-c-g-h
plus

(2) Shortest path h-g-f-e-d (back from h to d)



Euler Cycle &(Ch'inese Postman Prnb'lem]

(= 1R )

+ Shortest path d-e-f-g-h T
A graph G with an Euler supergraph G* obtained by duplicating edges.
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(Matching]& Assignment Problem (T"f)

The Marriage Problem (Hall - 1935)

Each boy has several girlfriends.
How can each of them marry exactly
ONE of his girlfriends?

EnyE Boyg

Eﬂ'}"rl Eﬂ},l"4

S
\
Girl

One max matching solution - all 4 matches.

P

Girl 4 Girly



(Matching]& Assignment Problem (U“[#)

Theoryv. Hall's Marriage Theorem

Heuristic & SUB-OPTIMAL Solution

2



(Matching)& Assignment Problem (T“f)

(;d. fgorithm. Alternating Charin Techn fque] Berge-1957

Q—Mu

Yes

Yes

exposed \
exposed
[@F ve:

OPTIMAL (maximum matching) solution||M|=3




Matching &(Assignment Frnh1eﬁ](5ﬂWﬁW%)

(Application 1: Maximum value AP] (Eff)

-

(ﬁpp1icatinn 2: Minimum cost AP | (5] E)
1

A 1 1 2 3
A1l 2 o)
) ; B 3 4 8
C 5 / 9

value/Cost Matrix

3 Example: { A-1, B-Z, C-
Total weight = 14449 =

C

9 }

AP — 50 years anniversary

3
14




Matching &(Assignment Problem] ( 73 PelfHlRE )

(hpp1icatinn 1: Maximum wvalue Aﬁ](EVK@)

EVITREF Y Greedy heuristics:

1 2 3 1 2 3 1 2 3
Al 2 Al % 6 ALl 2 6
B|3 4 B[.3—[4 &8 B|3 [4 8
cl5—2 [0 cl5—718 «c|5 7 9

value Matrix value Matrix Va lue Matrix

Greedy heuristic gives {C-3, B-2Z2, A-1} v=14
Optimal (max) solution:{A-1, B-3, C-2} v=16




Matching &(Assignment Problem] (3w )

Chpp1icatiﬂn 2: Minimum cost AF-](E?JED

Afgorithm:
Hungarian Afgorithm -
substract constants From row or column

1 2 6|-1|0 1 5 0] 0 1

3 4 8-3/0 1 5 0 |0 1

5 7 -5 0 2 4 0 1 |0
-1l -4

OPTIMAL (min) solution: {A-1, B-Z2, C-3} C=14

[NOTE: Same solution as "Max" heuristicsll]




Matching &(Assi gnment Fruh'lem] ( 7’}@?‘&5]%?)

(ﬁpph’catiﬂn 1: Maximum wvalue AP] (dsk i)

1 2 6 9 8 4 -4

2 1 8 10-c(i,j) => | 7 g 5 |9

5 7 9 > 3 1A
5 3 0 1 1 0 0] 0 o
5 4 0 1 2 0 0 1 [o
4 2 0 ¢ 0—¢ 0 0] 1
-4 -2

Optimal (max) solution:{Aa-1, B-3, C-2} v=10b
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(I_-Iam1'11:nn Cyc1e]& Travelling Salesman Problem

15 EERE(Hamilton Cycle) £ ,f,L Jﬁﬁnﬁ R R RE
g AR R, 1857 &, Sit. William Hamuilton 29511
—(EEEE: A5 7 R AT 20 {@EigTT. A —{EERHE
BREY-TEERRY 20 {ETEEL 5B S 20 B, 21
FEERGTTF ﬁgﬁﬁlﬁfﬁﬁ(lcmﬂn Game), & 1551E
W —K HARE—IR, & [EE AR S MRE AR
o oK e Eﬂﬁ—“{l% PR — X HIEE—IK -




G-

Icosian Game (= o e ) 12

lcosianGame

http: //mathworld.wolfram
.com/fIcosianGame.html

17 10
The Icosian game, also called the Hamiltonian game (Ball and Coxeter
1987, p. 262), i1s the problem of finding a Hamiltonian circuit along the
edges of an dodecahedron, 1.e., a path such that every vertex is visited a
single time, no edge is visited twice, and the ending point is the same as
the starting point (left figure), The puzzle was distributed commercially as
a peghoard with holes at the nodes of the dodecahedral graph,
lustrated above (right figure). The Icosian Game was invented in 1857
by William Rowan Hamilton £, Hamilton sold it to a London game dealer
in 1859 for 25 pounds, and the game was subsequently marketed in
Europe in a number of forms (Gardner 1957,



Platonic Solids, Graphs & Nets (cf. Plato’s Timaeus) 400BC

Nl

tetrahedron cube octahedron dodecahedron icosahedron
tetrahedron cube octahedron dodecahedron icosahedron

Regular Regular hexahedron ||

tetrahedron Regular octahedron

Regular icosahedron .
Regular dodecahedron E 3



The original set of Icosian Game board
in the Puzzle Museum




The Travellers Dodecahedron set
(Icosian Game) in the Puzzle Museum
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The Travellers Dodecahedron set
(Icosian Game) in the Puzzle Museum




Hami lton Cycle &(%rave11ing Salesman Prnh1eﬁ]
(FppT1ication) (M5 R - TSP

TSP 15 to find a min-cost Hami lton cycle.

Min cost = 99




Hami lton Cycle &(%rave11ing Salesman Prﬂh1eﬁ]

(ﬁﬁprﬂximate Alfgorithm (EhrfErﬂfdeE—lﬂfﬁj]

Minimum spanning tree + wertghted matching +
Eufer cvcfe. fwithin 530% over optimal cost]

MST (cost=6) apgﬁﬂ?gﬁe
1 A4 1 4
4 .ul'ﬂllh.

MwM (cost=4) cost = 10

NOTE: In this caze,_"a?prnximate" solution turns
out to be optimal.




a 3 18 @ r'EE

»erte

26

odo
degree
werte

' Dadd
e ‘ ---------- @ degree
wErte

odo
degree
werte

(b)

26

odo
degree
werte

Minimum matching 1is:

odo
degree
werte

(b-d)&(c-T) = 3149 = 40




A1l vertices have even degrees. skipping the repeated vertice (c) gives TSP tour:
a-b-d-c-f-e-a

Optimal TSP tour (cost = 99):
a-b-e-d-¢c-Ff-a

e

Nearest Neighbour (greedy) Heuristics:
% + 11 + 12 + 18 + 31 + 19
(f) - (&) —— (&) —— (@) —— (b) —- (d) —— (F)



An lllustration of Travelling Salesman Problem:
Optimal Tour Solution [ 12000 miles for 48 cities ]




An lllustration of Travelling Salesman Problem:
Heuristic Tour Solution [ 14500 miles for 48 cities ]
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