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“Euler calculatedcalculated
without apparent 
effort, as men 
breathebreathe, or as eagles 
sustain themselves 
in the wind.”
François Arago (1786-1853)

“He ceasedceased toto
calculatecalculate and to to 
breathebreathe.”
Eulogy of Euler
Marquis de Condorcet 
(1743-1794)



“He [Euler] preferred instructing 
his pupils to the little satisfaction 
of amazing them. He would have 
thought not to have done enough 
for science if he should have failed 
to add to the discoveries, with 
which he enriched science, the 
candid exposition of his ideas that 
led him to these discoveries.”

Eulogy of Euler
Marquis de Condorcet
(1743 – 1794)



“Naturally enough, as any other 
author, he [Euler] tries to impress 
his readers, but, as a really good 
author, he tries to impress his 
readers only by such things as have 
genuinely impressed himself. ……
We can learn from it a great deal 
about mathematics, or the 
psychology of invention, or 
inductive reasoning.”

George Pólya (1887-1985)
Mathematics and Plausible Reasoning 
Volume I: Induction and Analogy
in Mathematics, 1954



“Read Euler, read 
Euler. He is the 
master of us all.”

Pierre-Simon Laplace
(1749-1827)





























HakaseHakase no no AishitaAishita SushikiSushiki 博士熱愛的算式博士熱愛的算式

(The Professor(The Professor’’s Beloved Formula)s Beloved Formula)
Yoko Ogawa (2003) 小川洋子

movie released in 2006
English translation: The Gift of Numbers (2006)



eiπ + 1 = 0

The Professor’s 
Beloved Formula

Yoko Ogawa (2003) 
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(Abraham de Moivre, 1707/1722)
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By the Binomial Theorem,
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By the Binomial Theorem,





S ≈ 1.645 (John Wallis, 1655)

S ≈ 1.644934 (Leonhard Euler, 1731)

S ≈ 1.64493406684822643647
(Leonhard Euler, 1735)
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(Pietro Mengoli, 1650)









Riemann ZetaRiemann Zeta--FunctionFunction
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2πζ = (L. Euler, 1735)

Computation of ζ (2n)  (L. Euler, 1739)

ζ (3) is irrational  (R. Apéry, 1978)

Infinitely many ζ (2n+1) are irrational   
(T. Rivoal, 2000)

One of ζ (5), ζ (7), ζ (9), ζ (11) is  
irrational   (V.V. Zudilin, 2001)

V.S. Varadarajan, Euler Through Time: A New Look at 
Old Theorems (2006)













English translation in Chapter 1, 
Graph Theory, 1736-1936 by N.L. 
Biggs, E.K. Lloyd, R.J. Wilson (1976)
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1

Row sum
(degree)

12241
00010E
00110D
01010C
11101B
00010A
EDCBA

Column sum
(degree)

1 + 4 + 2 + 2 + 1 = 10  = number of 1’s

sum of degrees = twice number of  edges



1
1
1
3
1

Row sum
(out-degree)

12220
00010E
00100D
01000C
11100B
00010A
EDCBA

Column sum
(in-degree)

1 + 3 + 1 + 1 + 1 = 7

0 + 2 + 2 + 2 + 1 = 7



G (graph) with its set V(G) of
vertices and set E(G) of edges.

In plain English, a graph is a 
set of dots (vertices), some of 
which are joined by lines 
(edges).

The degree of a vertex is the 
number of edges joined to it. 





A graph is Eulerian if there is a 
‘walk’ (on the edges ) which 
covers all edges, each 
appearing exactly once, and 
ends at the starting vertex. A 
graph is semi-Eulerian if there 
is a ‘walk’ which covers all 
edges, each appearing exactly 
once.

Eulerian semi-Eulerian



A finite graph is 
Eulerian if and only if it 
is connected and all 
vertices are of even 
degree (i.e. no vertex of 
odd degree). A finite 
graph is semi-Eulerian if 
and only if it is 
connected and there are 
exactly two vertices of 
odd degree.

Theorem (Euler)



A graph is Eulerian if there is a 
‘walk’ (on the edges ) which 
covers all edges, each 
appearing exactly once, and 
ends at the starting vertex. A 
graph is semi-Eulerian if there 
is a ‘walk’ which covers all 
edges, each appearing exactly 
once.

Eulerian semi-Eulerian





Yurii Ivanovich Manin
(1937 - ) 











Hampton Court 
Palace

Hampton Court Maze













Number of extended hands = 
2 (number of handshakes)

How many guests extend 
their hands an odd number 
of times?

?



In a graph, there is an even 
number of vertices of odd degree.

Answer: We don’t know the 
exact number, but it must be 
an even number.

Number of extended hands = 
2 (number of handshakes)

How many guests extend 
their hands an odd number 
of times?

?





Chinese Postman Problem

A postman starts from the Post 
Office, covers every street and 
returns to the Post Office. Find 
a shortest route for him.
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Chinese Postman Problem

A postman starts from the Post 
Office, covers every street and 
returns to the Post Office. Find 
a shortest route for him.



Travelling Salesman 

Problem (TSP)

A travelling salesman must 
visit every city (exactly 
once) and return to the city 
from where he begins his 
trip. What is the shortest 
route?



Travelling Salesman Problem (TSP)

A travelling salesman must visit every city 
(exactly once) and return to the city from where 
he begins his trip. What is the shortest route?

More precisely, this is called 
the Euclidean TSP, because 
(Euclidean) distances satisfy 
the triangle inequality. In 
general, distances can be 
replaced by costs that may not 
satisfy the triangle inequality, 
and the cheapest route is 
asked for.



35.7834.5426.42113.612.0810.63168-A

-31119.4222.4923.7126.253232.9835.78J

3-11.417.0321.5922.4725.4932.1432.3934.54I

1111.4-1612.8114.8716.122122.4726.4H

19.4217.0316-12.8111.1816.1226.422.4721G

22.4721.5912.8112.81-3413.61113.6F

23.7122.4714.8711.183-515.5611.412.08E

26.2525.4916.1216.1245-10.63710.63D

3232.142126.413.615.5610.63-816C

32.9832.3922.4722.471111.478-8B

JIHGFEDCBA

This example is taken from Chapter 17 in 
Combinatorial Optimization: Algorithms and Complexity,
Christos H. Papadimitriou and Kenneth Steiglitz (1982)



Total distance = 113.62



Total distance = 110.99



Total distance = 114.95



Total distance = 97.73



Total distance = 96.84



Total distance = 127.18



An exhaustive search would mean the checking of 
all possible cycles (cycles in reversed direction to 
each other are regarded as the same).

check.   tocycles  1.2.3...)2( )1(
2
1   N-N-NC =

??25
19 years 2 months6.1 × 101620
20 days 14 hr.1.78 × 101418
1 hr. 49 min.6.54 × 101116
31.1 sec.311351040014
0.2 sec.1995840012
0.002 sec.18144010

TCN

If there are N cities, then there are

Suppose 108 cycles can be checked per second, 
then the time T to check all is given by:



An exhaustive search would mean the checking of 
all possible cycles (cycles in reversed direction to 
each other are regarded as the same).

check.   tocycles  1.2.3...)2( )1(
2
1   N-N-NC =

About 109 years3.1 × 102325
19 years 2 months6.1 × 101620
20 days 14 hr.1.78 × 101418
1 hr. 49 min.6.54 × 101116
31.1 sec.311351040014
0.2 sec.1995840012
0.002 sec.18144010

TCN

If there are N cities, then there are

Suppose 108 cycles can be checked per second, 
then the time T to check all is given by:



In May 2004 the TSP of visiting 
24,978 cities in Sweden was solved. 
The optimal tour comes to 
approximately 72,500 Km. In March 
2005 the TSP of visiting 33,810 points 
in a circuit board was solved.

[www.tsp.gatech.edu/sweden/index.html]



An (efficient) approximate 
algorithm for the TSP

1. Find a minimal spanning tree T0.
2. Duplicate all edges of T0 to obtain an 

Eulerian graph G.
3. Find an Eulerian cycle in G and obtain an 

embedded tour τ (by skip-when-
necessary).

Total dist. of τ ≤ 2 × Total dist. of optimal tour. 
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An (efficient) approximate 
algorithm for the TSP

1. Find a minimal spanning tree T0.
2. Duplicate all edges of T0 to obtain an 

Eulerian graph G.
3. Find an Eulerian cycle in G and obtain an 

embedded tour τ (by skip-when-
necessary).

Total dist. of τ ≤ 2 × Total dist. of optimal tour. 

BDFHJIJHFEGEFDBCBAB

Total distance = 115.2
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A better approximate algorithm 
for the TSP

1. Find a minimal spanning tree T0.
2. Locate all the vertices of odd degree in T0 and 

find an optimal matching M of them.
3. Duplicate the edges in M to obtain an Eulerian

graph G.
4. Find an Eulerian cycle in G and obtain an 

embedded tour τ (by skip-when-necessary).

Total dist.of τ ≤ 1.5 × (Total dist. of optimal tour). 

[Nicos Christofides, Worst-case analysis of a new heuristic 
for the Travelling Salesman Problem, Technical Report, 
GSIA, Carnegie-Mellon University, 1976]
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A better approximate algorithm 
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3. Duplicate the edges in M to obtain an Eulerian

graph G.
4. Find an Eulerian cycle in G and obtain an 
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Total distance = 104.62
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Column sum
(in-degree)

1 + 3 + 1 + 1 + 1 = 7

0 + 2 + 2 + 2 + 1 = 7



Jon Kleinberg
9th Annual ACM-SIAM 
Symposium on 
Discrete Algorithms 
(San Francisco, 1998) 

HITS (Hypertext Induced Topic 
Search)

Larry Page Sergey Brin

World Wide Web 
Conference 1998 
(Brisbane, 1998)

PageRank
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Directed Graph
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PageRank algorithm (Google)

Kurt Bryan, Tanya Leise, The $25,000,000 
Eigenvector: The linear algebra behind 
Google, SIAM Review, 48(3) (2006),     
569-581.





Euler was a genius, whose 
height very few can hope to 
reach. But we can all learn from 
his great zest for life, work and 
study, his insatiable curiosity to 
know and to probe, his 
determination to procure deeper 
and deeper understanding, his 
industry, his modesty, his 
generosity, and his toughness in 
facing adversity with tranquility.

「高山仰止， 景行行止。」
(The high mountain I look up at 
it. The great road I travel on it)

Book VII, Ode IV, Book of Odes 《詩經》



The speaker likes to thank the Faculty  
of Science and the Department of 
Mathematics of HKU for their support, 
special thanks to Ms. Mimi Lui for
working on the powerpoint file.

To Euler, Happy 300th To Euler, Happy 300th 
Anniversary!Anniversary!


