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“Euler calculated
without apparent
effort, as men
breathe, or as eagles
sustain themselves
in the wind.”

Francois Arago (1786-1853)

“He ceased to
calculate and to
breathe.”

Eulogy of Euler
Marquis de Condorcet
(1743-1794)




“He [Euler] preferred instructing
his pupils to the little satisfaction
of amazing them. He would have
thought not to have done enough
for science if he should have failed
to add to the discoveries, with
which he enriched science, the
candid exposition of his ideas that
led him to these discoveries.”

Eulogy of Euler

Marquis de Condorcet
(1743 - 1794)




“Naturally enough, as any other
author, he [Euler] tries to impress
his readers, but, as a really good
author, he tries to impress his
readers only by such things as have
genuinely impressed himself. ......
We can learn from it a great deal
about mathematics, or the
psychology of invention, or
inductive reasoning.”

George Polya (1887-1985)

Mathematics and Plausible Reasoning
Yolume I: Induction and Analogy

in Mathematics, 71954




‘“Read Euler, read
Euler. He is the
master of us all.”

Al VIOCAMBIQUE CORREIOS [

Pierre-Simon Laplace
(1749-1827)
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Vollftdndige
Anl ca lt ung
Wigebra

Hrn. Leonhard Euler.
Criter Theil.

Pon den verjchiedenen Rcd}nungzé : Wrten ,
Yerhiltnifen und Proportionen.

&

St. Peterdburg.

gebructe bep der Kapf. Acad. der Wiffenfhaften 1770.

Abb.21
Titelblatt der «Algebra»,
St. Petersburg 1770.

METHODTUS

INVENIENDI
LINEAS CURVAS

Maximi Minimive proprictate gaudentes,

SIVE

SOLUTIO

PROBLEMATIS ISOPERIMETRICI
LATISSIMO SENSU ACCEPTL

4A4UCTORE
LEONHARDO EULERO;

Profeffore Regio, ¢8 Academia Tmperialic Scientin-

rum PETROPOLITANA JSocio.

LAUSANNZE & GENEV A,
Apud MARCUMMiIcHATLEN BousquzT & Socios.

MDCCXLIV

Abb.23
Titelblatt der «Variationsrechnungy,
Lausanne und Genf 1744.

TENTAMEN
NOVAE THEORIAE

MVSICAE

CERTEI}EC'»SIMIS
HARMONIAE PRINCIPIIS

DILVCIDE EXPOSITAE.

LEONHARDO EVLERO.

PETROFOLI, EX TYPOGRAPHIA ACADEMIAE SCIENTIARVM,

chbaxxxiz

Abb.22
Titelblatt der «Musiktheorie»,
St. Petersburg 1739.

INTRODUCTIO

IN ANALIrSIN

INFINITORUM
AUCTORE
LEONHARDO EULERO,

Profyffore Regio Brrovinexsi, ¢8 Acadomie Im-
perialic Scientiarum PETROPOLITANA
Socio.

TOMUS PRIMUGZS&

LAUSANNAE,

Apud MARCUM-MICcHAELEM BousQueT & Socios

MDCCXLVIIL

Abb.24
Titelblatt der «Introductio», Lausanne 1748,




INSTITUTIONES
CALCULI

DIFFERENTIALIS

CUM EIUS VSU

IN ANALYSI FINITORUM

AC

DOCTRINA SERIERUM

AUCTORE

LEONHARDO EULERO

ACAD. REG. SCIENT. ET ELEG. LITT. BORUVSS DIRECTORE
PROF, HONOR ACAD, IMP, SCIENT, PETAOR LT ACADLMIARYN
RECIANUN FARITSINAL CF LONDINENGIS

tacto.

£
AP
F

TMHrENSTS
ACADEMIAE IMPERIALIS SCIENTIARUM
PETROPOLITANAE
[EXED

Abb.25
Titelblatt der «Differentialrechnung»,

St. Petersburg 1755.

MECHANICA

SIVE

MOTYVS
SCIENTIA

ANALYTICE

EXPOSITA

AVCTORE
LEONHARDO EVLERO

ACADEMIAE IMPER. SCIENTIARVM MEMBRO ET
MATHESEOS SVBLIMIORIS PROFESSORE.

TOMVS L

INSTAR SVPPLEMENTI AD COMMENTAR.
ACAD. SCIENT. IMPER.

30D R OO0 KSR MR 26 & e
PETROPOLI
EX TYPOGRAPHIA ACADEMIAE SCIENTIARVM.
A. 1736,
Abb.27

Titelblatt der «Mechanik»,
St.Petersburg 1736.
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INSTITVTIONVM
CALCVLI INTEGRALIS

VOLVMEN PRIMVM

IN QVO METHODVS INTEGRANDI A PRIMIS PRIN-
CIPIIS VSQVE AD INTEGRATIONEM AEQVATIONVM DIFFE-
RENTIALIVM PRIMI GRADVS PERTRACTATVR

avrcTone
LEONHARDO EVLERO
ACAD. SCIENT. DORVSSIAE DIRECTORE VICENNALI ET 50CIO
ACAD. PETROP. PARISIN. ET LONDIN.

PETROPOLT
Impenfis Academize Imperialis Scientisrum
1768,

Abb.26
Titelblatt der «Integralrechnung».
St. Petersburg 1768.

LETTRES
A UNE PRINCESSE
DALLEMAGNE

SUR DIVERS SUJETS
de

PHYSIQUE & de PHILOSOPHIE

TOME PREMIER

AL RPN B LIRAND
A SAINT PETERSBOURG

de Mmprimerie de I'Academic Impériale des Scienees

M DCC LX VIIL

Abb.28
Titelblatt der «Philosophischen Briefe»,

St.Petersburg 1768.
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[.sﬂi_‘*i.'. (Opera Mathematica)

Leonhard Euler, g:e‘m Omnia

i

Edited by the Euler Committee of the Swiss
Academy of Science in collaboration with
numerous specialist, Birkhatiser, Basel-Boston

Vol. 1 (1911)

to
Vol. 29 (1956)

Series Il (Opera Mechanica et Astronomica)

Vol. 1 (1912)
to
Vol. 31 (1994)

Series lll (Opera Physica, Micellanea)

Vol. 1 (1926)
to
Vol. 12 (1960)

Series IV (Commercium Epistolicum)

Vol. 1 (1975)
to
Vol. 6 (1986)




A glossary of 44 items on terms, formulae,
equations and theorems which bear Euler’s
name, Math. Magazine, Vol. 56, No. 5 (1983).

Euler Angles

Euler (-Poincar¢) Characteristic

Euler Path/Circuit

Euler’s Constant ¥ =nl-‘;":2 [(11..1.*%.......{.)_[%“]
Euler (-Venn) Diagram

Euler Totient Function P()

Euler’s Identity §&) = 27‘\: =TT [f --{-,]'i
Euler’s Formula for e” P prme

Euler (-Lagrange) Equation

Euler’s Equation in Hydrodynamics

Euler’s Iteration Method

Euler’s Criterion 0% = %) (med P),? odd prime
Euler’s Theorem on Congruence ,@m_ 4 guaf )
Euler (-Lagrange) Theorem @ n)=1
Euler’s Theorem for Polyhedra V-E+F=¢
Euler’s Theorem on Rotation

Euler’s Conjecture on Latin Squares

Euler’s Theorem on Homogeneous Function
Euler’s Theorem on PrimesP§ —1'; ad TT[1-%] &

me

etc. , diverge
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(A traveller who refuses to pass

over a bridge until he has
personally tested the soundness
of every part of it is not likely
to go far; something must be
risked, even in mathematics.)

Horace Lamb
(1849-1934)
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Hakase no Aishita Sushiki & 2 £ § chy 3\
(The Professor’s Beloved Formula)

Yoko Ogawa (2003) -] "' &+

movie released in 2006

English translation: The Gift of Numbers (2006)



The Professor’s
Beloved Formula

Yoko Ogawa (2003)

JT=+1X+1
fT=—1%x-1

imaginary number - ExE



[ Bder, “Trfroductio in analysin i;ﬁni‘f’orurzn (M3)

108—104] DE QUANTITATIBUS TRANSCENDENTIBUS EX CIRCULO ORTIS 147

Secantes autem et cosecantes ex tangentibus per solam subtractionem
inveniuntur; est enim

cosec. 2 = cot. %z — cot.z
et hinc
sec. # = cot. (4;5“———5) tang. #.

Ex his ergo luculenter perspicitur, quomodo canones sinuum construi po-
tuerint.

138. Ponatur denuo in formulis § 183 arcus # infinite parvus et sit =
numerus infinite magnus ¢, ut iz obtineat valorem finitum ¢. Erit ergo
nz=v et z== 7, unde sin.z = et cos.z=1; his substitutis fit

o¥—1Y . (V=1
w22 H0=2E)
atque
vy—1\ " y—1\
ain.vn-(—l—.i__—"_gv_(; " } )

In capite autem praecedente vidimus esse

(+=2

denotante e basin logarithmorum hyperbolicorum; scnpbo ergo pro s partim
4+ vV—1 partim — oV —1 erit

o}-1 ~o =1
o8, e
2
et
ervV-1 _ g—v¥-1
gin. ¥ =— —-— A

2y—1

Ex quibus intelligitur, quomodo quantitates exponentiales imaginariae ad |
ginus et cosinus arcuum realium reducantur.?) Erit vero

1) Has celeberrimas formulas, quas ab inventore Formulas EULERIANAS nominare solomus, ||
Euvrerus distinete primum exposuit in Commentatione 61 (indicis ENEsTROEMIANI): De summis |




148 TOMI PRIMI CAPUT VII § 138—140 [104—105

e**V=1 = cos.v + V—1.sin.v

et I . (*)

¢ V-1 = co8.0 — V' — 1 . sin. 0.

139. Sit iam in'iisdem formulis § 133 » numerus infinite parvus seu
»-a—:— existente ¢+ numero infinite magno; erit
cos.m=cos.%-=1 et sin,n.s—=ain.-:——‘—f;

arcus enim evanescentis - sinus est ipsi aequalis, cosinus vero =—1. His
positis habebitur

1 1
lm@-ﬁi" +V/—1.8in.8)? 4 (cos.2 — }/— 1-s8in.8) ¢
2

et
__ (cos. 5+ ]/—— 1-gin, :)‘ —(cos.z — Y —1 -sin.s)“:"

i 2Y—1
Sumendis autem logarithmis hyperbolicis supra (§ 125) ostendimus esse

-l

1
I(142)=i(l+2)7—i sen yi=m1+Tly
posito y loco 1+ 2. Nunc igitur posito loco y partim cos.z+4 ¥V —1.sin.z
partim cos.z — ¥/ —1.sin.z prodibit

serierum reciprocarum ex potestalibus numerorum naturalium ortarum, Miscellanea Berolin. 7,
1743, p. 172; Lroxsaror Evirerr Opera omnia, Series I, vol, 14. JTam antea quidem cum amico
Cnr. GoLpAcH (1690—1764) formulas huc pertinentes, partim speciales partim generaliores, com-
municaverat. Sic in epistola d. 9. Dec. 1741 scripta invenitur haee formula

+Ir’-1 -y-1
2! __,'J:E_uu = Oog. Are. 12

et in epistola d. 8. Maii 1742 scripta haec
a?¥-1 4 g=2V-1 = 2 Cos. Arc. pla.

Vide Correspondance math. et phys. publiée par P. H. Fuss, St.-Pétersbourg 1843, t. I, p. 110 et 123;
Lroxmarpr Euvrerr Opera omnia, .geries III. Confer ®tiam Commentationem 170 nota 1 p. 35
laudatam, imprimis § 90 et 91. A K

Eulor’s fmnula,waspuﬁﬁsﬁd in 1743, ard auven garlier, in létters T Gollbach. of

1141 and 1742

e ———
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(cos z X 1sIn z)"= cos(nz) £ 1sin (nz)
(Abraham de Moivre, 1707 /1722)

cos(nz) = %[(cos z+isinz)" +(cosz—isinz)"]

sin(nz) = %[(cos z+isinz)" —(cosz—isinz)"]




C=C0SZ,S=SInz.

By the Binomial Theorem,
n(n-1)
1-2
D=3 el

1-2-3-4
-D(0-2) s
1-2-3
=) -2)(n-3)(n—4) s ]
1-2-3-4-5
n(n-1)
1-2
L N(-D(-2)(-3) .
1-2-3-4

T -D(-2) s
1.2-3

2

(ctis)" =[c" - c"’s

+i[nc"'s

2

cos(nz) =c" — c"’s

54 e

sin(nz) =nc"'s

hin=-DH(n-2)(n-3)(n—4) s
1.2-3-4-5

55 — e




C=C0SZ,S=sSinz.

By the Binomial Theorem,

: o N =D ee MO -DO-2(0-3) sy
1.2 1.-2-3-4

+i [nc”‘ls _ n(n-1)(n-2) ch3g3 4 n(n-1)(n-2)(n-3)(n—-4) c"5g5 —]
1-2.3 1.2-3-4.5
cos(nz) =c" D) reage , M= =2)073) e
1.2 1.2-3-4

n(N-1)(n-2) s NN-H(-2)(n-3)(N-4) 55
1.2.3 1.2.3-4.5

- - - - - - '
z gets infinitely small, n gets infinitely large, but ."’19

sin(nz) =nc"'s —

- n - n V n
keepnz = vfixed,so"sin z=27"=—,"cosz =1
n

2 V4 V6
cosv=1- + — +-
1.2 1.2-3-4 1.2-3-4-5-6
v V> v’
SinvV =V — + — +
1.2-3 1.2-3-4-5 1.2-3-4.-5-6-7




(I+ivm)" +(1—-iv/n)"
2
(I+ivm)*-(1—iv/n)"

| 21
| l(1+ z/m)" =e*, where e = 2.7182818-.-.-.-]

COSV =

SIny =

9. ’ 1+2) a+3y
n n
1 2 4
2 295 6.25
3 23703 8
4 2.4414. .. 9.3789...
) 2.4883... 10.4857...
10 2.5937... 13.7858...
100 2.7048... 19.2186...
1000 2.7169... 19.9955...
10000 2.7181... 20.0765...
100000 2.7182... 20.0846...
e 2 7182818... 20.085537...
1 - 1

COSV:"——[eiv—i‘e zv]’ Sinvz—'[eiv_—e_iv
2 21

O — _§ or @F+1=0




1 1 1
S =11 Y :32 | e
=7
(Pietro Mengoli, 1650)

S ~ 1.645 (John Wallis, 1655)
S ~ 1.644934 (Leonhard Euler, 1731)

S~ 1.64493406684822643647
(Leonhard Euler, 1735)






o, f3 are the roots of aX” +bX +¢=0,
(a#0,c#0).

are therootsof cX?> +bX +a=0.

o, 3,7 are the roots of aX° +bX*+eX +d =0,
(a#0,d #0).

are the roots of dX> +cX?* +bX +a=0.

05 &5 5.4 5 O, are the roots of

a,X"+a, X"+ +@X +ay=0,
(a,#0,a,#0).

L i,-.-,i are the roots of

o o, o

n

a,X"+a X" ++a_X+a =0.

L+_1_+..+i:—ﬁ_ 2
o O, & o

n




3 5
V v

Siﬂ‘v=~v— -+ —=0
1-2-3 1-2-3-4-5

hasroots 0,*x ,+27 ,£3¢ ,---

: 5 y
's'i_ll-"!:l_ Y + v —-...=0
v 1-2-3 1-2-3-4-5
hasroots 7 ,£27 ,+3m ,x4n ,---
X .

1———— o ———— s > % & T
123+1234 5 "

hasroots 7>, (27)*, (3m)* , (4m)*,
1 1 1 1 !




Riemann Zeta-Function

1 1 1

C(s)=1+—+

_|_ _|_...
25 38 43

2
T

¢ (2) = o (L. Euler, 1735)

Computation of ¢ (2n) (L. Euler, 1739)

¢ (3) is irrational (R. Apéry, 1978)

Infinitely many £ (2n+1) are irrational
(T. Rivoal, 2000)

One of £ (5), £ (7), £ (9), £ (1) is
irrational (V.V. Zudilin, 2001)

V.S. Varadarajan, Euler Through Time: A New Look at
Old Theorems (2006)
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L.Euler,
Situs Rrtinentis (Aug.26,1735)

= W.W.Rouse Rall,
“"Mathematical
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First complefe pro Rroblems” (1892)

by C. Hiechollzer (1373)
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Danish {olk- p(:zzle. by 3. Kamp (1899

J R.Listing : Vorstudien zur Topologie
(947 i
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Can youtrace this figuee. in one slroke?
Cagy

This figue appoarad in -
1(31:%37[)_1 s‘tivlg ,“Vorstudion Zox 13po|95fé’.

C.Hierholzer (1873 pos‘bkurnousb)
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teserfed o tRe St Rfersburg Acadamy on August 26, 1735

BEEULER
SOLUTIO PROBLEMATIS AD GEOMETRIAM SITUS PERTINENTIS
[The solution of a problem relating to the geometry of position]

Commentarii Academiae Scientiarum Imperialis Petropolitanae 8 (1736), 128-140.

1. In addition to that branch of geometry which is concerned with magnitudes,
and which has always received the greatest attention, there is another branch,
previously almost unknown, which Leibniz first mentioned, calling it the geometry
of position. This branch is concerned only with the determination of position and
its properties: it does not involve measurements, nor calculations made with them.
It has not yet been satisfactorily determined what kind of problems are relevant to
this geometry of position, or what methods should be used in solving them.
Hence, when a problem was recently mentioned, which seemed geometrical but
was so constructed that it did not require the measurement of distances, nor did
calculation help at all, I had no doubt that it was concerned with the geometry of
position—especially as its solution involved only position, and no calculation was
of any use. I have therefore decided to give here the method which I have found
for solving this kind of problem, as an example of the geometry of position.

2. The problem, which I am told is widely known, is as follows: in KOnigsberg in
Prussia, there is an island A, called the Kneiphof; the river which surrounds it is
divided into two branches, as can be seen in Fig. [1.2], and these branches are
crossed by seven bridges, a, b, ¢, d, e, f and g Concerning these bridges, it was
asked whether anyone could arrange a route in such a way that he would cross
each bridge once and only once. 1 was told that some people asserted that this was
impossible, while others were in doubt; but nobody would actually assert that it
could be done. From this, I have formulated the general problem: whatever be
the arrangement and division of the river into branches, and however many
bridges there be, can one find out whether or not it is possible to cross each bridge
exactly once? ‘

3. As far as the problem of the seven bridges of Kénigsberg is concerned, it can
“Be solved By making an exhaustive fist of all” passiblé routes, and then finding

English translation in Chapter 1,
Graph Theory, 1736-1936 by N.L.
Biggs, E.K. Lloyd, R.J. Wilson (1976)




@ ... From this, I have formulated the
general problem: whatever be the arrange-
ment and division of the river into branches,
and however many bridges there be, can
one find out whether or not it is possible

to cross each bridge exactly once?

Generaligation. and Specialigoti
compiamblE euch, et P






@ My whole method relies on the particu-
larly convenient way in which the crossing

of a bridge can be represented. ------

nofution,
fauhta‘l‘es 'H\ mkl(\_g

@ The problem is therefore reduced to |
finding a sequence of eight letters, formed
from the four letters A, B,C and D, in

which the various pairs of letters occur the

required number of times.J ------ to find

out whether or not it is even possible to ar-
range the letters in this way, --- - - - to find
a rule which will be useful in this case, and
in others, for determining whether or not

such an arrangement can exist.

In order to try to find such a rule, I

consider a single area AI ------




® The problem is therefore reduced to
finding a sequence of eight letters, formed
from the four letters 4,B,C and D, in
which the various pairs of letters occur the

required number of times._l

2
b

da=5 Na=3 1

dg=3 Phg=2 %ﬂg&%‘%ﬁ?ﬁ
de=3 F{c"‘z As ring 3 fimez
dp=3 Whp=2 F 1;'2 *Mml""",



@ ------ I shall, however, describe a
much simpler method for determining this
which is not difficult to derive from the g"i_‘-k
present method, after I have first madejsolui

a few preliminary observations. First, I

observe |that the number of bridges writ-

ten next to the letters A, B,C, etc. to-

gether add up to twice the total number|

of brldgesl ------ ﬂaanhaklrg Lemma,

2.d=2N

Total number of _ 9y number of
hands stretched out handshakes



E D
Row sum
A B C D E _ (degree)
Al 01 0 0 0 |1
Bl 1 0 1 1 1 |4
cC|l 01 01 0 |2
D] 01 1 0 0 |2
E{ 0100 0 |1
Column sum 1 4 2 2 1
(degree)

1+4+2+2+1=10 =number of 1’s

sum of degrees = twice number of edges



<
<

>
>

o)
E D
A BCDE_
Al 01 0 0 O
Bl 0 0 1 1 1
C| O 0 0 1 O
Df O 0 1 0 O
E[ 0100 0
Column sum 0 2 2 2 1
(in-degree)

1+3+1+1+1=7
0+2+2+2+1=7

Row sum
(out-degree)

1

R R P W



G (graph) with its set V(G) of
vertices and set E(G) of edges.

In plain English, a graphis a
set of dots (vertices), some of
which are joined by lines

(edges).

The degree of a vertex is the
number of edges joined to it.
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A graph is Eulerian if there is a
‘walk’ (on the edges ) which
covers all edges, each
appearing exactly once, and
ends at the starting vertex. A
graph is semi-Eulerian if there
is a “walk” which covers all
edges, each appearing exactly
once.

o

Eulerian semi-Eulerian



Theorem (Euler)

A finite graph is
Eulerian if and only if it
is connected and all
vertices are of even
degree (i.e. no vertex of
odd degree). A finite
graph is semi-Eulerian if
and only if it is
connected and there are
exactly two vertices of

odd degree.



A graph is Eulerian if there is a
‘walk’ (on the edges ) which
covers all edges, each
appearing exactly once, and
ends at the starting vertex. A
graph is semi-Eulerian if there
is a “walk” which covers all
edges, each appearing exactly
once.

o

Eulerian semi-Eulerian




R R , i
= Suppose that P is an Eulerian trail of G. Whenever P passes through a ver
tex, there is a contribution of 2 towards the degree of that vertex. Since each edge
occurs exactly once in P, each vertex must have even degree,

& The proof is by induction on the number of edges of G. Suppose that the degree
f each vertex is even. Since G is connected, each vertex has degree at least 2 and so,
y Lemma 6.1, G contains a cycle C. If C contains every edge of G, the proof is com-
lete. If not, we remove from G the edges of C to form a new, possibly disconnected,
raph / with fewer edges than G and in which each vertex still has even degree. By the
nduction hypothesis, each component of H has an Eulerian trail. Since each compo-
ent of A has at least one vertex in common with C, by connectedness, we obtain the
equired Eulerian trail of G by following the edges of C until a non-isolated vertex of
is reached, tracing the Eulerian trail of the component of / that contains that vertex,
d then continuing along the edges of C until we reach a vertex belonging to another
omponent of /7, and so on. The whole process terminates when we return to the initial
ertex (see Fig. 6.6). //

This proof can easily be modified to prove the following two results. We omit the
details.

|

Fig. 6.6

[R5 Willson, " Tifroduction T Graph, Thesry", 41 od., 1996.]
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® A concept or definition in
mathematics does not come out
of the blue. It i1s man-made, but
it 1s not arbitrary nor artificial.

@® A proof in mathematics evolves
with time. What the first proof
may lack in completeness and
polish, it makes up for in clarity,
wealth of ideas, and revelation of
the author's train of thought.

{“A good proof is one which |
makes us wiser.”

Yurii Ivanovich Manin
(1937 -)
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Cretan Labyrinth at Knossos







Cretan Labyrinth at Knossos

Mister, have you dropped something?
XE BESHTEERR?
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MATCHING, EULER TOURS AND THE CHINESE POSTMAN
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_: 38-124.

The solution of the Chinese postman problem using matching theory is given. The convex
hull of integer solutions is described as a linear programming polyhedron. This polyhedron is |1
used fo show that a good algorithm gives an optimum solution. The algorithm is a specializa-
tion of the more general b-matching blossom algorithm. Algorithms for finding Euler tours and

i' related probléms are also discussed. - 4
Guan Meigu (EAD),

thAc. r usin
eumpcg) /@9 ‘j—_’ﬁs 2),
Chinese Ma:l'ﬁ.. , vof.1 (1962), 273-272

3. Edmond, The Chinese Rstiman Foblem,
Opr. PQS 2 VO'* 1%: Suw. 1 (ﬁés)l 3?3 .




Number of extended hands =
2 X (number of handshakes)

? How many guests extend

their hands an odd number
of times?



>

Number of extended hands =
2 X (number of handshakes)

How many guests extend
their hands an odd number
of times?

Answer: We don’t know the
exact number, but it must be
an even number.

In a graph, there is an even
number of vertices of odd degree.




6+4+T+5+3+3 =28 =2x14



Chinese Postman Problem

A postman starts from the Post
Office, covers every street and

returns to the Post Office. Find
a shortest route for him.

1
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Chinese Postman Problem

A postman starts from the Post
Office, covers every street and

returns to the Post Office. Find
a shortest route for him.
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Chinese Postman Problem

A postman starts from the Post
Office, covers every street and

returns to the Post Office. Find
a shortest route for him.
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Chinese Postman Problem

A postman starts from the Post
Office, covers every street and

returns to the Post Office. Find
a shortest route for him.




Chinese Postman Problem

A postman starts from the Post
Office, covers every street and

returns to the Post Office. Find
a shortest route for him.




Travelling Salesman
Problem (TSP)

A travelling salesman must
visit every city (exactly
once) and return to the city
from where he begins his
trip. What is the shortest
route? =7 =




Travelling Salesman Problem (TSP)

A travelling salesman must visit every city
(exactly once) and return to the city from where
he begins his trip. What is the shortest route?

More precisely, this is called
the Euclidean TSP, because
(Euclidean) distances satisty
the triangle inequality. In
general, distances can be
replaced by costs that may not
satisty the triangle inequality,
and the cheapest route is

asked for.




A B C D E F G H I J

- 8 16 10.63 12.08 13.6 21 26.4 3454 35.78
8 - 8 7 114 11 2247 2247 3239 3298
16 8 - 10.63 15.56 13.6 26.4 21 3214 32
10.63 7 10.63 - 5 4 16,12 16.12 2549 26.25
12.08 11.4 1556 5 - 3 11.18 14.87 2247 23.71
13.6 11 13.6 4 3 - 12.81 12.81 21.59 2247
21 2247 264 1612 11.18 1281 - 16 17.03 19.42
26.4 2247 21 1612 14.87 1281 16 - 11.4 11
3454 3239 3214 2549 2247 2159 17.03 114 - 3
35.78 3298 32 2625 23.71 2249 1942 11 3 -

This example is taken from Chapter 17 in

Combinatorial Optimization: Algorithms and Complexity,
Christos H. Papadimitriou and Kenneth Steiglitz (1982)




Total distance = 113.62



Total distance = 110.99



Total distance = 114.95



Total distance = 97.73



Total distance = 96.84
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Total distance = 127.18



An exhaustive search would mean the checking of
all possible cycles (cycles in reversed direction to
each other are regarded as the same).

If there are N cities, then there are

C :%N(N-l) (N-2) ...3.2.1 cycles to check.
Suppose 108 cycles can be checked per second,

then the time T to check all is given by:

N C T

10 181440 0.002 sec.

12 19958400 0.2 sec.

14 3113510400 31.1 sec.

16 6.54 x 1011 1 hr. 49 min.

18 1.78 x 1014 20 days 14 hr.

20 6.1 x 1016 19 years 2 months
25 ? ?



An exhaustive search would mean the checking of
all possible cycles (cycles in reversed direction to
each other are regarded as the same).

If there are N cities, then there are

C :%N(N-l) (N-2) ...3.2.1 cycles to check.
Suppose 108 cycles can be checked per second,

then the time T to check all is given by:

N C T

10 181440 0.002 sec.

12 19958400 0.2 sec.

14 3113510400 31.1 sec.

16 6.54 x 1011 1 hr. 49 min.

18 1.78 x 1014 20 days 14 hr.

20 6.1 x 1016 19 years 2 months
25 3.1 x 1023 About 10° years



TSP

Sweden Tour
24,978 Cities

uuuuuuuuu
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[www.tsp.gatech.edu/sweden/index.html]

In May 2004 the TSP of visiting

24 978 cities in Sweden was solved.
The optimal tour comes to
approximately 72,500 Km. In March
2005 the TSP of visiting 33,810 points
in a circuit board was solved.



fin (cfficient) approximate
algorithm for the TSP

1. Find a minimal spanning tree T,,.

2. Duplicate all edges of T, to obtain an
Eulerian graph G.

3. Find an Eulerian cycle in G and obtain an
embedded tour T (by skip-when-
necessary).

Total dist. of T < 2 x Total dist. of optimal tour.

A® G
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2. Duplicate all edges of T, to obtain an
Eulerian graph G.

3. Find an Eulerian cycle in G and obtain an
embedded tour T (by skip-when-
necessary).
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fin (cfficient) approximate
algorithm for the TSP

1. Find a minimal spanning tree T,,.

2. Duplicate all edges of T, to obtain an
Eulerian graph G.

3. Find an Eulerian cycle in G and obtain an
embedded tour T (by skip-when-
necessary).

Total dist. of T < 2 x Total dist. of optimal tour.

G
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Total distance = 115.2



T, =a minimal spanning tree

7 = tour obtained by algorithm
7, = optimal tour

d(*) = total distance of tour (*)

d(r) <d(G) = 2d(T,).

d(T,) <d(any spanning tree),
d(some spanning tree)<d(z,),

d(T,) <d(r,).

d(r) <2xd(z,)




Al better approximate algorithm
for the TSP

[Nicos Christofides, Worst-case analysis of a new heuristic
for the Travelling Salesman Problem, Technical Report,
GSIA, Carnegie-Mellon University, 1976]

1. Find a minimal spanning tree T,,.

2. Locate all the vertices of odd degree in T, and
find an optimal matching M of them.

3. Duplicate the edges in M to obtain an Eulerian
graph G.

4. Find an Eulerian cycle in G and obtain an
embedded tour T (by skip-when-necessary).

Total dist.of T < 1.5 x (Total dist. of optimal tour). ‘
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Al better approximate algorithm
for the TSP

[Nicos Christofides, Worst-case analysis of a new heuristic
for the Travelling Salesman Problem, Technical Report,
GSIA, Carnegie-Mellon University, 1976]

1. Find a minimal spanning tree T,,.

2. Locate all the vertices of odd degree in T, and
find an optimal matching M of them.

3. Duplicate the edges in M to obtain an Eulerian
graph G.

4. Find an Eulerian cycle in G and obtain an
embedded tour T (by skip-when-necessary).

Total dist.of T < 1.5 x (Total dist. of optimal tour). ‘
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Al better approximate algorithm
for the TSP

[Nicos Christofides, Worst-case analysis of a new heuristic
for the Travelling Salesman Problem, Technical Report,
GSIA, Carnegie-Mellon University, 1976]

1. Find a minimal spanning tree T,,.

2. Locate all the vertices of odd degree in T, and
find an optimal matching M of them.

3. Duplicate the edges in M to obtain an Eulerian
graph G.

4. Find an Eulerian cycle in G and obtain an
embedded tour T (by skip-when-necessary).

Total dist.of T < 1.5 x (Total dist. of optimal tour). ‘
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Total distance = 104.62



T, =a minimal spanning tree
7 = tour obtained by algorithm

7, = optimal tour
d(*) = total distance of tour (¥)

M optimal matching

d(r) <d(G) =d(T,) +d(M).
Similarly, d(T,) < d(z,).

d(r,)>d(M,)+d(M,)>2d(M),
because d(M.,) >d(M), d(M,)>d(M).

. d(r)<d(z,) + ; d(z,)

d(r)ggxd (z,)




E D
Row sum
A B C D E _ (degree)
Al 01 0 0 0 |1
Bl 1 0 1 1 1 |4
cC|l 01 01 0 |2
D] 01 1 0 0 |2
E{ 0100 0 |1
Column sum 1 4 2 2 1
(degree)

1+4+2+2+1=10 =number of 1’s

sum of degrees = twice number of edges
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Al 01 0 0 O
Bl 0 0 1 1 1
C| O 0 0 1 O
Df O 0 1 0 O
E[ 0100 0
Column sum 0 2 2 2 1
(in-degree)

1+3+1+1+1=7
0+2+2+2+1=7

Row sum
(out-degree)

1
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Jon Kleinberg

9th Annual ACM-SIAM
Symposium on
Discrete Algorithms
(San Francisco, 1998)

HITS (Hypertext Induced Topic
Search)

World Wide Web
Conference 1998
(Brisbane, 1998)

Larry Page Sergey Brin

PageRank



Graph

degree of a vertex



(2)

Directed Graph

in-degree (out-degree)

of a vertex
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0.387....

0.129....

0.290....

0.193....

PageRank algorithm (Google)

Kurt Bryan, Tanya Leise, The $25,000,000
Eigenvector: The linear algebra behind

Google, SIAM Review, 48(3) (2006),

569-581.







Euler was a genius, whose
height very few can hope to
reach. But we can all learn from
his great zest for life, work and
study, his insatiable curiosity to
know and to probe, his
determination to procure deeper
and deeper understanding, his
Industry, his modesty, his
generosity, and his toughness in
facing adversity with tranquility.

PR L s B FEAE e
(The high mountain I look up at
it. The great road I travel on it)

Book VII, Ode IV, Book of Odes (%)



LEONHA

1707-1783

To Euler, Happy 300th
Anniversary!

The speaker likes to thank the Faculty
of Science and the Department of
Mathematics of HKU for their support,
special thanks to Ms. Mimi Lui for
working on the powerpoint file.



