Sign changes and the construction of
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Elliptic curves have recently ap-
peared in cryptography after play-
ing a vital role in the solution of
Fermat's Last Theorem; that for
n > 2 there is no non-trivial inte-
gral solution to x™ +y" = z". Ellip-
tic curves are solutions to

where f(x) is a degree 3 polynomial
3

(such as f(x) = x° — x).

There is a natural question about
how to construct an elliptic curve
with a given endomorphism ring;
roughly speaking, nice functions
from the elliptic curve to itself. An
algorithm was devised to do so by
Chevyrev and Galbraith.

Unfortunately, although Chevyrev
and Galbraith could prove that the
algorithm would give the correct
answer if it stopped, they were un-
able to prove that it halted. In-
stead, they were able to show that
it would halt unless an unusual
situation occurred. They conjec-
tured that this indeed never oc-
curred. The project in question
showed that their conjecture was
true, and in turn, that their algo-
rithm indeed halts.
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Examples of elliptic curves.

Source: GYassineMrabetTalk, CC BY-SA 3.0

One of the main steps of the
project was to move the question
from one area to another. The
conjecture essentially states that
there are no two theta functions
that “look the same locally” but
the coeflicients of one dominates
the other one. A theta function
has the shape
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Here Q is a quadratic form (like
a sum of squares Q(x,y) = x% +
y?). Writing 9(t) = ), ., a(n)e*™"7,
their conjecture basically says
that for Q = Q; and Q = Q2, one
cannot have the a(n) always big-
ger for Q,. These theta functions
are special, though; they satisty a
lot of symmetry and their differ-
ence is known as a cuspidal mod-
ular form (cusp form). Fourier co-
efficients of cusp forms alternate,
leading to the conjecture’s resolu-
tion.

There are natural questions re-
maining. Firstly, one can consider
sign changes in a related ques-
tion when quadratic forms are re-
placed with quadratic polynomi-
als. Secondly, the speed of the al-
gorithm depends on the first sign
change, so one can investigate
how quickly the first sign change
occurs. There are some good
known results for integral weight
modular forms in this direction,
but we require half-integral weight

for this application.
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Known bounds for first sign changes

The investigation of sign changes
has a long history going back at
least to Siegel, but its applicability
to combinatorial and arithmetic
questions seems to be a new direc-
tion. It would be interesting to see
if there are other questions where
control of the sign changes leads
to better understanding of combi-
natorial identities or inequalities.
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