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Research Background. Stochastic par-
tial differential equations (SPDEs) with
multiscale features can be used to model
many complex phenomena, such as com-
posite materials, porous media, and tur-
bulent flows. It is important to analyze
uncertainties in the SPDE models and
to quantity their influences on prediction
values, so we can make better decisions.
However, it is very challenging to solve
multiscale SPDEs because one not only
needs to use a very fine mesh to resolve
the small scales of the solution in physi-
cal space, but also needs to approximate
the solution in stochastic space with high
input dimension.

Research Findings. We study the elliptic
PDE with multiscale random coefficient,
—V - (a®(x, w)Vu*(x, w))

— f(x,0) ,xeD,we Q,
with appropriate boundary condition.
Here ¢ is the smallest-scale parameter.
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One realization of high-contrast coefficient
(top) and mean of solution (bottom)
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Variance decay properties of
different methods

Details of the Research. In this project,
we have developed two effective multi-

scale model reduction methods to solve
multiscale SPDEs.

In our multiscale date-driven stochastic
method (MsDSM). We first derive an up-
scaled stochastic equation that can be
well-resolved on a coarse grid. Then, we
construct a set of data-driven stochastic
basis functions under which the stochas-
tic solutions enjoy a compact represen-
tation for a broad range of forcing func-
tions. By applying the model reduction
in both the physical and stochastic di-
mensions, the MsDSM offers consider-
able saving over traditional methods.

The multilevel Monte Carlo (MLMC)
method is an effective variance reduction
method in solving SPDEs. For the multi-
scale problem, however, it is still very ex-
pensive since the variance decay property
holds only if the coarsest grid resolves the
smallest-scale feature. To overcome this
difficulty, we develop a multiscale mul-
tilevel Monte Carlo (MsMLMC) method,
we construct a small number of reduced
basis functions within each coarse grid,
which can be used to approximate the
multiscale finite element basis functions
efficiently. Since these multiscale basis
functions contain the multiscale infor-
mation of the solution, we can apply the
MLMC to multiscale SPDEs starting from
a relatively coarse grid, without requiring
the coarsest grid to resolve the smallest-
scale of the solution.

Research Plans. [ aim to develop ei-
ficient computational methods for more
challenging problems, i.e., stochastic
convection dominated and multiscale
flow problems. Moreover, I will provide
rigorous mathematical analysis for the
convergence and stability of these new
methods. Finally, I will conduct many
numerical simulations to assess and an-
alyze the accuracy and efficiency of the
proposed methods, such as the two-
phase immiscible flow in heterogeneous
porous medium which is frequently used
in oil reservoir simulation, and flame
front propagation in the combustion sim-
ulation.

Reservoir simulation Courtesy of
Stanford SUPRI-B (SPE10)

Flame propagation Courtesy of
Prof. Indrek S. Wichman

The proposed project will attack the fun-
damental challenge by exploring the in-
trinsic low dimensional structures of the
SPDE solutions and constructing some
problem-dependent basis functions to
solve SPDEs. The successful comple-
tion of this research project will repre-
sent a huge advancement in the uncer-
tainty quantification (UQ) field and have
a broad scientific impact in a long term.
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