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am 06.11.2012 vorgelegt von

Dr. Benjamin Robert Kane, Ph.D.



i

Abstract

The goal of this habilitation thesis is to investigate the interplay between integral quadratic
forms and the Shimura lift from half-integral weight modular forms to integral weight modu-
lar forms. The relationship which we investigate is two-sided. In one direction, the Shimura
lift may be applied to the theta series of (positive definite integral) quadratic forms to ob-
tain results about the number of representations of a natural number n by a quadratic form.
These theta functions then have wide-reaching applications to a variety of different areas.
The author’s Ph.D. thesis [20, 23, 24] was centered around one such application to elliptic
curves. Realizing that these methods could also be applied to counting the number of rep-
resentations by quadratic polynomials, the author then used this theory to show that for
every set S ⊂ N there is always a finite subset S0 ⊂ S for which a sum of triangular numbers
f represents S if and only if f represents S0 [21]. By applying this theory to mixed sums
of triangular numbers and squares, the author resolved a conjecture of Sun, disproving the
original conjecture but proving a modified version [22]. This was followed up by joint work
with Sun [25], where a near classification was determined for which mixed sums represent all
but finitely many natural numbers. Returning to the application involving elliptic curves,
the author then teamed with Jetchev [19] to prove an equidistribution result about the mod
p reduction map from elliptic curves with complex multiplication to supersingular elliptic
curves.

In the other direction, the Shimura lift may itself be defined using theta functions through
the theory of theta lifts. To be more precise, a two variable indefinite theta function of
signature (2, 1), defined in terms of (binary) quadratic forms, was shown by Shintani [35] to
be the kernel function for the Shimura lift and its adjoint, the Shintani lift. A holomorphic
version of Shintani’s kernel for the Shimura lift was given by Kohnen and Zagier [28]. Kohnen
and Zagier’s kernel function is the generating function for certain functions fk,D, previously
appearing in [40], which are also naturally defined in terms of binary quadratic forms of
discriminant D. Motivated by the theory of half-integral weight harmonic weak Maass
forms and its relationship with both integral weight harmonic weak Maass forms and classical
modular forms, Bringmann, Kohnen, and the author [4] set out to find a preimage F1−k,D of
fk,D under a natural differential operator from the theory of harmonic weak Maass forms. In
doing so, a new modular object, known as a local Maass form, was discovered. Many of the
properties of F1−k,D were then later explained when Bringmann, Viazovska, and the author
[5] determined that F1−k,D may be obtained as a theta lift by a theta function of signature
(1, 2) which is closely related to Shintani’s theta function.

Altogether, the author has published 12 papers since the Ph.D. (which were not a result
of the Ph.D. work) and an additional 3 papers which have been accepted for publication. A
complete list of these publications is given below.
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Chapter 1

The application of the Shimura lift to
quadratic forms and quadratic
polynomials

1.1 Quadratic forms

The study of quadratic forms, homogenous polynomials of degree two, has a long history and
has found applications in a variety of different settings. Equivalently, if A is a symmetric
m × m matrix with coefficient in a field K, then there is an associated quadratic form Q
defined for X ∈ Km by

Q(X) =
1

2
XTAX.

One refers to A as the Gram matrix for Q. The level of a quadratic form is the smallest
N ∈ N for which NA−1 has even integral coefficients. For γ ∈∈ SLm(K), there is an action
given by

(γQ) (X) =
1

2
XT

(
γAγT

)
X. (1.1)

For K = R, Jacobi proved that there exists γ ∈ SLm(R) such that γQ is diagonal, i.e., the
corresponding Gram matrix γAγT is diagonal. A real quadratic form in m variables is said
to have signature (r, s) if its diagonalization

γAγT =

( λ1
...

λm

)
has r choices of j for which λj is positive, s choices of j for which λj is negative, and m−r−s
choices for which λj = 0. The special case where (r, s) = (m, 0) is called positive definite. In
this case, for τ ∈ H := {x+ iy : x, y ∈ R, y > 0} and q := e2πiτ , the theta function

ΘQ(τ) :=
∑
X∈Zm

qQ(X)

converges and is a modular form of weight m
2

, level N and some Nebentypus character χ. A
modular form of weight κ, level N , and Nebentypus χ is a holomorphic function f on H which
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is bounded towards all cusps of H/Γ0(N) (factored by the usual action of γ = ( a bc d ) ∈ SL2(Z)
given by γτ := aτ+b

cτ+d
) and satisfies the modularity property

f
∣∣
κ
γ(τ) = χ(d)f(τ) (1.2)

for every γ ∈ Γ0(N). Here
f
∣∣
κ
γ(τ) := j (γ, τ)−2κ f (γτ)

with

j (γ, τ) :=

{√
cτ + d if κ ∈ Z,(
c
d

)
εd
√
cτ + d if κ ∈ 1

2
Z \ Z,

(1.3)

where we take the principal branch of the square root,
(
c
d

)
is the Kronecker-Jacobi symbol,

and

εd :=

{
1 if d ≡ 1 (mod 4),

i if d ≡ −1 (mod 4).

Now consider the case of integral quadratic forms, i.e., those which have integral values
over Zm. Defining the representation number

rQ(n) := # {X ∈ Zm : Q(X) = n} ,

one sees that the n-th Fourier coefficient of ΘQ equals rQ(n). That is,

ΘQ(τ) =
∑
n∈N0

rQ(n)qn.

The author’s Ph.D. thesis [20] was centered around the question of representation numbers
for positive definite ternary (m = 3) quadratic forms and their applications to elliptic curves,
which resulted in the publications [23] and [24].

1.2 Quadratic polynomials

Following the Ph.D. thesis, the author realized that a more general method than that used in
[20] could be applied to quadratic polynomials. A quadratic polynomial is any multivariable
polynomial R ∈ K [X1, . . . , Xm] which may be written in the form

K(X) = Q(X) + L(X) + C, (1.4)

where Q(X) is a quadratic form, L(X) is linear, and C is a constant.
The author’s interest in quadratic polynomials began with sums of triangular numbers,

those quadratic polynomials of the form (for x ∈ K)

T (x) :=
x2 + x

2
.
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Fermat famously claimed that every natural number may be written as the sum of at most 3
triangular numbers, 4 squares, 5 pentagonal numbers, . . . , and n n-gonal numbers. In 1770,
Lagrange proved the statement for squares, while Gauss proved the statement for triangular
numbers in 1796, and the full conjecture was resolved by Cauchy in 1813.

Lagrange’s theorem began a long and extensive study of universal quadratic forms, i.e.,
those (positive definite) quadratic forms (whose Gram matrix has integral coefficients) which
represent every natural number. In search of a simple classification of such forms, Conway
and Schneeberger studied the literature and realized that such a quadratic form (in arbitrarily
many variables) is universal if and only if it represents every integer less than or equal to
15. Together with Bosma, the author [3] showed that a similar result holds for quadratic
polynomials of the form

fb(X) :=
m∑
i=1

biT (xi) , (1.5)

with ai ∈ N. We call quadratic forms of the type (1.5) triangular form.

Theorem 1.1. If b1, . . . , bm are positive integers, then fb represents every nonnegative integer
if and only if it represents 1, 2, 4, 5, and 8.

However, this result does not generalize to arbitrary quadratic polynomials, as also proven
in [3]. That is to say, there is no proper subset S of the natural numbers for which every
“reasonable” quadratic polynomial which represents S also represents the natural numbers.
To make this statement meaningful, we must first restrict the class of quadratic polynomial
to a subclass which we call normalized totally positive quadratic polynomials. These are
quadratic polynomials f for which f (Zm) ⊆ N0 and such that there exists some X ∈ Zm for
which f(X) = 0.

Theorem 1.2. Suppose that S ⊆ N0. For every subset S0 ( S, there exists a normalized
totally positive quadratic polynomial f which represents S0 but does not represent S.

The proof of Theorem 1.2 is by explicit construction and the quadratic polynomials all
belong to a subclass which is only a slight generalization of triangular sums. The proof of
Theorem 1.1 is based upon the genus theory of quadratic forms and the idea of escalator
lattices, which were introduced by Bhargava to give a shorter and more elegant proof of the
Conway–Schneeberger 15 Theorem.

We now explain the essential idea of the theory of escalator lattices. Say that one would
like to determine all (integral positive definite) quadratic forms (whose Gram matrix has
integral coefficients) which represent every integer from 1 to a fixed natural number n (which
is obviously a necessary condition for universal forms), or equivalently, there exist vectors of
norm 1 through n in the corresponding lattice. One starts with the zero-dimensional lattice
and adds a vector of norm 1 (which must be contained in any lattice given above). One next
finds the smallest integer n0 not represented by the corresponding quadratic form and then
adds a new vector of norm n0 such that the resulting quadratic form is still integral. The
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process then continues recursively, branching out as a tree because there are multiple choices
for the vector of norm n0. Once all integers from 1 to n are obtained, adding any vector will
not change this fact. Therefore, if a quadratic form is universal, then it must contain one of
the lattices which are nodes in the resulting tree. The numbers n0 are precisely the integers
which all universal quadratic forms must represent. Finally, one obtains a finite tree where
the nodes are “probably” universal. The last step is to use some other theory to prove that
the nodes are indeed universal. Since any universal quadratic form must contain one of
the leaves as a sublattice, the process yields the desired finite subset which is sufficient to
determine if a quadratic form is universal. It is important to note here that the key difference
between Bhargava’s situation and the conditions in Theorem 1.2 is that the breadth of the
tree is infinite in the second case. It may be possible to define a statistic on normalized
totally positive quadratic polynomials which recovers a finite result like Bhargava’s. Indeed,
this was the case for the counterexamples constructed in [3].

In [1], Bhargava further realized that one could replace N with any subset S ⊆ N and
apply the same method. Using this technique, he then explicitly determined the finite subset
S0 when S is chosen to be the set of primes or the set of all odd natural numbers. In [21],
the author combined this technique with the arithmetic theory of quadratic forms to show
that a similar result holds for sums of triangular numbers.

Theorem 1.3. Suppose that S ⊆ N. Then there exists a finite subset S0 ⊆ S such that every
triangular sum representing S0 must also represent S.

Using escalator lattices, the author then found a conjectural set S0 when S is the set of
all odd natural numbers.

Conjecture 1.4. A sum of triangular numbers f represents all odd integers if and only if
it represents the integers

1, 5, 7, 9, 11, 13, 17, 19, 25, 29, 35, 49.

However, this is where Bhargava’s theory diverges from that of the author’s. While
Bhargava’s proof in the quadratic forms case was relatively simple, a proof of the conjecture
for triangular sums appears to be completely out of reach. The problem is that there are
leaves of the corresponding tree at depth 3, such as the case b = (1, 1, 1) proven by Gauss.
This was the trigger for the author’s initial interest in triangular sums and their interrelation
with Bhargava’s theory. The resulting theta functions are hence weight 3

2
, and the theory

of weight 3
2

modular forms has a couple of exceptional properties which make it nearly
impossible to prove that a depth 3 leaf is truly a leaf, other than an ad hoc solution in
special cases.

1.3 The arithmetic theory of quadratic forms

To explain the problems arising for weight 3
2

modular forms (and ternary quadratic forms), we
now take a detour into the arithmetic theory of quadratic forms. Modular forms naturally
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split into two pieces. The first piece is what is known as a cusp form, which obtains its
nomenclature from the fact that the function vanishes towards every cusp of Γ0(N)\H. The
second part, known as the Eisenstein series, is written as an explicit sum. In the simplest
case, when N = 1 and k ∈ Z, the Eisenstein series is defined by

Ek(τ) :=
∑

γ=( a bc d )∈SL2(Z)

(cτ + d)−k =
∑

γ∈SL2(Z)

1
∣∣
k
γ(τ).

For k ≥ 3, the sum converges absolutely and reordering hence implies that Ek satisfies weight
k modularity (as in (1.2)). The Fourier coefficients of the Eisenstein series may be explicitly
computed and the n-th Fourier coefficient grows (in absolute value) like nk−1.

The first fundamental problem which occurs in weight 3
2

is that the Fourier coefficients of
the Eisenstein series are certain class numbers for imaginary quadratic fields. Although Siegel
[37] famously showed that the class number grows like n

1
2 , the constant of proportionality

depends upon the location of possible Siegel zeros, and hence the bound is ineffective.
As mentioned above, after subtracting a linear combination of Eisenstein series from a

modular form, the difference is a cusp form. The Fourier coefficients of cusp forms generally
grow more slowly than the coefficients of the Eisenstein series. Indeed, if k ∈ Z, then Deligne
[10] showed that the Fourier coefficients grow slower than n

k−1
2

+ε, known previously as the
Ramanujan–Petersson conjecture. For 5

2
≤ k ∈ 1

2
Z\Z, bounds of Iwaniec [18] suffice to show

that the coefficients grow more slowly than those of Eisenstein series. However, in weight 3
2
,

the Ramanujan–Petersson conjecture is false. Specifically, for an odd character of modulus
D, a character χ such that χ(−1) = −1, the unary theta function∑

r∈Z

rχ(r)qDr
2

is a weight 3
2

cusp form, but its n-th coefficient clearly grows like n
1
2 . The Ramanujan–

Petersson conjecture is believed to be true for the space of cusp forms orthogonal to unary
theta functions and results of Duke [13] suffice to show that the coefficients grow more slowly
than those of the Eisenstein series. This leads to a further decomposition of cusp forms into
two pieces, one formed by unary theta functions and the other orthogonal to unary theta
functions. Thus, we have a natural decomposition of the theta function as

Θ = ΘE + ΘU + Θ⊥, (1.6)

where ΘE is a linear combination of Eisenstein series, ΘU is a linear combination of unary
theta functions, and Θ⊥ is a cusp form which is orthogonal to unary theta functions.

From the point of view of theta functions, the coefficients of the Eisenstein series may
be written as a weighted average of the theta series for quadratic forms in the genus, those
quadratic forms which are locally equivalent at every prime, and the weighted average was
shown by Siegel [36] to be the determined by the number of representations at each prime.
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The sum ΘE + ΘU corresponds to a weighted average for a refinement of the genus called
the spinor genus, and hence ΘU measures the difference between the weighted averages of
the genus and the spinor genus. Using work of Schulze-Pillot [33] involving the spinor norm,
one may explicitly compute the coefficients of ΘU . The coefficients of the cusp form Θ⊥
measure the difference between the average of the spinor genus and the particular form we
are interested in. Since this is small in comparison with the growth of ΘE + ΘU , we consider
Θ⊥ an error term. However, even assuming the best possible bound for the growth of the
coefficients of ΘE, the effective bounds obtained by Duke [13] for the coefficients of Θ⊥ are
insufficient for practical purposes. Hence the combination of the ineffective bounds of Siegel
[37], make it impossible to explicitly determine the set of integers not represented by a given
form. This is where the difficult occurs in proving that conjectural depth 3 leaves are indeed
leaves.

By using a method of Ono and Soundararajan [32], the author [21] was able to resolve con-
jecture 1.4 under the additional assumption of the Generalized Riemann Hypothesis (GRH).
In particular, one requires GRH for Dirichlet L-functions and newforms. These are modu-
lar forms of weight k for Γ0(N) which are Hecke eigenforms, that is to say, simultaneously
eigenforms for all of the Hecke operators Tp (p - N) defined by

f
∣∣∣
k
Tp (τ) := pk−1f (pτ) + p−1

∑
r (mod p)

f

(
τ + r

p

)
, (1.7)

and are orthogonal to the old space spanned by g(rτ), where g(τ) is a modular form of weight
k for Γ0(M) with M | N and r | N

M
6= 1.

Theorem 1.5. Assume GRH for Dirichlet L-functions and GRH for L-functions of weight
2 newforms. Then conjecture 1.4 is true.

The first step in the proof of Theorem 1.5 is to explicitly determine the unary theta
functions ΘU occurring in the decomposition (1.6). One then essentially uses GRH for
Dirichlet L-series to obtain an explicit bound for the growth of the Eisenstein series using
the bounds of Siegel [37] and GRH for L-series of weight 2 newforms to obtain an explicit
bound for the growth of the coefficients of weight 3

2
newforms. The connection between

weight 2 and weight 3
2

newforms is formed through the Shimura lift.

1.4 The Shimura lift

Suppose that g is a weight k + 1
2

newform for Γ0(4N) and Nebentypus χ which satisfies the
Fourier expansion

g(τ) =
∞∑
n=1

b(n)qn.
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For a squarefree positive integer t, define the t-th Shimura correspondence by

St(g)(τ) :=
∞∑
n=1

∑
d|n

dk−1χ(d)χ(−1)kt(d)b

(
n2t

d2

)
qn.

Here χ(−1)kt is the Dirichlet character given by the Kronecker–Jacobi symbol

χ(−1)kt(d) :=

(
(−1)kt

d

)
.

Shimura [34] proved that St(g) is a weight 2k modular form for Γ0(4N) and Nebentypus
χ2. Niwa [31] later used the theory of theta lifts (discussed further in chapter 2) to show
that the level may be reduced to 2N . Kohnen [26, 27] then found a distinguished subspace,
known as Kohnen’s plus space, where the level may be reduced to N . Forms in this space are
distinguished by the fact that the coefficients are supported on those n for which (−1)kn is
a discriminant. Kohnen further showed that a linear combination of the Shimura correspon-
dences forms a bijection between the plus space of weight k + 1

2
and level 4N with weight

2k modular forms for Γ0(N).
The method of Ono and Sound [32] is based upon a theorem of Waldspurger [39] relating

the square of the |D|-th coefficient of a half-integral weight newform with the central value
of the L-series of its integral weight counterpart under the Shimura lift twisted by the
character χD. Restricting to Kohnen’s plus space, Kohnen and Zagier [28] then determined
the constant of proportionality explicitly, implying nonnegativity of the central values of
L-series of newforms.

Theorem. Suppose that D is a fundamental discriminant satisfying (−1)kD > 0, f is a
weight 2k Hecke eigenform for SL2(Z), and g is the corresponding Hecke eigenform of weight
k + 1

2
in Kohnen’s plus space satisfying f = S1(g). Denote the |D|-th Fourier coefficient of

g by c(|D|) and the L-series of f twisted by χD by L(f,D, s). Then Kohnen and Zagier’s
formula reads

c(|D|)2

< g, g >
=

(k − 1)!

πk
|D|k−

1
2
L(f,D, k)

< f, f >
. (1.8)

Here < ·, · > denotes the Petersson inner product, defined in (2.1).

The Shimura correspondences usually send cusp forms to cusp forms, but the exceptional
role played by unary theta functions in Section 1.3 may be explained by the fact that unary
theta functions are sent to Eisenstein series under the Shimura correspondences. Indeed,
if one fixes a squarefree integer t, then the coefficients of g in the square class tZ2 grow
asymptotically like the coefficients of St(g). Although the problem of explicitly determining
the nonnegative integer represented by a totally positive ternary quadratic polynomial then
becomes infeasible, a determination of the explicit unary theta functions suffices to determine
when the quadratic polynomial is almost universal. This means that the totally positive
quadratic polynomial represents all but finitely many nonnegative integers.
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1.5 Almost universal mixed sums of squares and trian-

gular numbers

First note that since ΘE + ΘU in the decomposition (1.6) is a weighted average of the
(nonnegative) number of representations by quadratic forms in the same spinor genus as
the quadratic form of interest, if the n-th Fourier coefficient of ΘE + ΘU is zero, then the
form itself cannot represent n, as any such representation would add a positive value to the
weighted average. Hence, since the coefficients of the cusp form Θ⊥ in the decomposition
(1.6) grow more slowly than the coefficients of ΘE and ΘU , one immediately obtains that
the number of representations by quadratic forms in the same spinor genus are equally
distributed, and the coefficients of Θ⊥ may be considered an error term. Therefore, up to
finitely many exceptions, a given quadratic form represents the same nonnegative integers
as those supported in the Fourier expansion of ΘE + ΘU . Therefore, to determine if a
given form is almost universal, one only needs to determine whether or not infinitely many
coefficients of ΘE + ΘU are zero. Determining the coefficients of ΘE which are zero yields
certain congruence conditions which must be satisfied, while work of Schulze-Pillot may be
used to explicity determine the coefficients of the unary theta functions ΘU . The author [22]
applied this technique to the following conjecture of Sun about quadratic polynomials which
are given as sums of squares and triangular numbers.

Conjecture 1.6. Let m and n be any nonnegative integers. Then every sufficiently large
natural number can be written in any of the following forms (with x, y, z ∈ Z):

2mx2 +2ny2 +T (z) (1.9)

2mx2 +2nT (y) +T (z) (1.10)

2mT (x) +2nT (y) +T (z) (1.11)

x2 +2n · 3y2 +T (z) (1.12)

x2 +2n · 3T (y) +T (z) (1.13)

2n · 3x2 +2T (y) +T (z) (1.14)

2n · 3T (x) +2T (y) +T (z) (1.15)

2n · 5T (x) +T (y) +T (z) (1.16)

2T (x) +3T (y) +4T (z) (1.17)

2x2 +3y2 +2T (z). (1.18)

Remark. This conjecture was obtained empirically by a computer calculation.

Conjecture 1.6 turns out to be false, as shown by the following specific counterexamples
given in [22].

Theorem 1.7.
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1. The mixed sum of squares and triangular numbers

x2 + 16T (y) + T (z)

does not represent any natural number of the form p2−17
8

, where p is any prime con-
gruent to 1 or 3 modulo 8, and is hence a counterexample to (1.10).

2. The sum of triangular numbers

4T (x) + 4T (y) + T (z)

and
8T (x) + T (y) + T (z)

represent precisely the natural numbers not of the form a2−9
8

and a2−5
4

, respectively,
where a is any integer all of whose prime factors are congruent to 1 modulo 4. Hence
both are counterexamples to (1.11).

3. The sum of triangular numbers

192T (x) + 2T (y) + T (z)

does not represent any natural number of the form 3p2−195
8

, where p is a prime congruent
to 5 or 7 modulo 8, and hence it is a counterexample to (1.15).

4. The sum of triangular numbers

160T (x) + T (y) + T (z)

does not represent any natural number of the form 5p2−162
8

, where p is a prime congruent
to 5 or 7 modulo 8, and hence it is a counterexample to (1.16).

However, a revised version of the conjecture, essentially showing that all counterexamples
are of the type given in Theorem 1.7, was proven by the author in [22].

Theorem 1.8. Let m and n be any nonnegative integers. Then for a sufficiently large
natural number r, depending on n and m, the following equations hold

1.
2mx2 + 2ny2 + T (z) = r.

2.
2mx2 + 2nT (y) + T (z) = r

whenever 8r + 2n + 1 is not a square. This condition is empty when n < 3.
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3.
2mT (x) + 2nT (y) + T (z) = r

whenever 8r + 2n + 2m + 1 is not a square, or when n = 0 (or, symmetrically, m = 0)
and 8r + 2m + 2 (8r + 2n + 2, respectively) is twice a square.

4.
x2 + 2n · 3y2 + T (z) = r

5.
x2 + 2n · 3T (y) + T (z) = r

6.
2n · 3x2 + 2T (y) + T (z) = r

7.
2n · 3T (x) + 2T (y) + T (z) = r

whenever 8r + 3 · 2n + 3 is not 3 times a square.

8.
2n · 5T (x) + T (y) + T (z) = r

whenever 8r + 5 · 2n + 2 is not 10 times a square.

9.
2T (x) + 3T (y) + 4T (z) = r.

10.
2x2 + 3y2 + 2T (z) = r.

The author then teamed with Sun [25] to find a classification of those sums of two squares
and one triangular number which are almost universal as well as a near classification of those
sums of either one square and two triangular numbers or three triangular numbers which are
almost universal. In order to state the theorem, we first need a little notation. We denote
the (discrete) p-adic order of n ∈ N by vp(n) and uniquely write n = 2v2(n)n′, with n′ odd.
Furthermore, we denote the squarefree part of n by SF(n) and define the relation n R m
to mean that n is a quadratic residue modulo m, i.e., a is relatively prime to m and x2 ≡ a
(mod m) has integral solutions. The classification for two squares and one triangular number
is ten given by the following theorem.

Theorem 1.9. Fix a, b, c ∈ N with gcd(a, b, c) = 1 and v2(a) ≥ v2(b). Then the form

f(x, y, z) := ax2 + by2 + cT (z)

represents a set of density one (within the natural numbers) if and only if
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(i) −2bc R a′, −2ac R b′, and − ab R c′.

(ii) Either 4 - c, or both 4‖c and 2‖ab.

Suppose now that both (i) and (ii) hold. Then f is not almost universal if and only if we
have the following (I)–(III).

(I) 2|a, 4 - c, a′ ≡ b′ (mod 23−v2(c)), and{
4 - b⇒ v2(a) ≡ c (mod 2),

2 - bc⇒ 8 | a & 8 | (b− c).

(II) All prime divisors of SF(a′b′c′) are congruent to 1 modulo 4 if v2(a) ≡ v2(b) (mod 2),
and congruent to 1 or 3 modulo 8 otherwise.

(III) 23−v2(c)(ax2 + by2) + c′z2 = SF(a′b′c′) has no integral solutions.

The near classification for one square and two triangular numbers is given below.

Theorem 1.10. Fix a, b, c ∈ N with gcd(a, b, c) = 1 and v2(a) ≥ v2(b). Then the form

f(x, y, z) := ax2 + bT (y) + cT (z)

represents a set of density one if and only if

(i) −bc R a′, −2ac R b′, and − 2ab R c′.

(ii) Either 4 - b or 4 - c.

Assume now that (i) and (ii) both hold.

(A) When v2(b) 6∈ {3, 4}, f is not almost universal if and only if we have the following
(I)− (IV ).

(I) 4 - b+ c and SF(a′b′c′) ≡ (b+ c)′ (mod 23−v), where v := v2(b+ c) < 2.

(II) All prime divisors of SF(a′b′c′) are congruent to 1 or 3 modulo 8 if SF(abc) ≡ b+c
(mod 2), and congruent to 1 modulo 4 otherwise.

(III) 8ax2 + by2 + cz2 = 2vSF(a′b′c′) has no integral solutions with y and z odd.

(IV) 
v2(b) ≤ 1⇒ v2(a)− v2(b) ∈ {2, 4, 6, . . .},
v2(b) = 2⇒ v2(a) ∈ {1, 3, 5, , . . .},
v2(b) ∈ {5, 7, . . .} ⇒ (4 | a or 2 | c),
v2(b) ∈ {6, 8, . . .} ⇒ (2 | a or a ≡ c (mod 8)).
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(B) In the case v2(b) ∈ {3, 4}, if f is not almost universal, then the above (I)–(III) hold
and also {

v2(b) = 3⇒ (4 | a or 2 | c)
v2(b) = 4⇒ (2 | a or a ≡ c (mod 8)).

Moreover, provided (I)–(III) in part (A) and the condition 2 - v2(a), f is not almost
universal if v2(b) = 4, or v2(a) ≥ v2(b) = 3 and b′ ≡ c′ (mod 8).

The near classification for the sum of three triangular numbers is given in the next
theorem.

Theorem 1.11. Fix a, b, c ∈ N with gcd(a, b, c) = 1 and v2(a) ≥ v2(b) ≥ v2(c) = 0. Then
the form

f(x, y, z) := aT (x) + bT (y) + cT (z)

represents a set of density one if and only if

−bc R a′, −ac R b′, and − ab R c′. (1.19)

Assume now that (1.19) is satisfied.

(A) If f is not almost universal, then we have the following (I)–(IV).

(I) 4 - a+ b+ c and SF(a′b′c′) ≡ (a+ b+ c)′ (mod 23−v), where v = v2(a+ b+ c) < 2.

(II) All prime divisors of SF(a′b′c′) are congruent to 1 modulo 4 if SF(abc) ≡ a+b+c
(mod 2), and congruent to 1 or 3 modulo 8 otherwise.

(III) ax2 + by2 + cz2 = 2vSF(a′b′c′) has no integral solutions with x, y, z all odd.

(IV) {
v2(b) ≤ 1⇒ v2(a)− v2(b) ∈ {3, 5, 7, . . .},
v2(b) = 2⇒ v2(a) ∈ {2, 4, 6, . . .}.

(B) The form f is not almost universal under (I)–(III) in part (A), and the following
condition stronger than (IV):

v2(b) ≤ 1⇒ v2(a)− v2(b) ∈ {5, 7, . . .},
v2(b) ∈ {2, 4} ⇒ v2(a) ∈ {4, 6, . . .},
v2(b) = 3⇒ (v2(a) ∈ {6, 8, . . .} & b′ ≡ c (mod 8)).

Remark. The classification was later completed by Chan and Oh [9] (showing that the nec-
essary condition in Theorem 1.11 (A)(IV) is indeed sufficient) in the case of three triangular
numbers and Chan and Haensch [8] (showing that the necessary condition in Theorem 1.10
(B) is indeed sufficient) in the case of one square and two triangular numbers.
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1.6 Equidistribution of Heegner points

In this section, we return to the question of reductions of CM elliptic curves to supersingular
elliptic curves. If one takes the solutions to the equation for an elliptic curve C with complex
multiplication (CM) by an Od (meaning that the endomorphisms are isomorphic to Od, with
d a negative discriminant) and applies the reduction map red` at a prime ` which is not

split in Q
(√

D
)

, then a result of Deuring [11] shows that red`(C) is supersingular (meaning

that its endomorphisms are isomorphic to an order of a quaternion algebra). If one further
defines a pair of a CM elliptic curve and a subgroup of order N which are stabilized under the
endomorphisms, then one obtains Heegner points on Γ0(N), which we denote Γd,N , and one
may define a reduction map to supersingular points on Γ0(N) (denoted here by X0(N)SS),
namely, pairs of supersingular elliptic curves and subgroups of order N which are stabilized.
The endomorphisms of supersingular points turn out to be Eichler orders of level N (the
intersection of two maximal orders) of the unique (definite) quaternion algebra ramified
precisely at ` and∞. For a supersingular point s ∈ X0(N)SS, we denote the number of units
of this quaternion algebra by ws.

The question addressed by Jetchev and the author in [19] is how large the preimage of the
reduction map is for a fixed supersingular point. Special cases of this had been previously
studied by Vatsal [38], Michel [30], and Elkies–Ono–Yang [14]. To clarify the difference
between these results, we must consider how the discriminant d varies. In Michel’s and
Elkies–Ono–Yang’s work, the discriminant is fundamental, while Vatsal fixes a fundamental
discriminant D and lets d vary as d = Dp2r with p 6= ` prime and r ∈ N. When d = Dc2

for a fundamental discriminant D, then one refers to c as the conductor. In our result, we
allow d→∞ to vary both in the fundamental discriminant as well as in the conductor, but
restrict the conductor to be relatively prime to `.

Theorem 1.12. Suppose that ` is a prime, d1, d2, . . . is a sequence of discriminants with
limr→∞ dr =∞, ` is not split in Q (dr), and ` does not divide the conductor of dr. Then

lim
r→∞

# {x ∈ Γdr,N : red`(x) = s}
#Γdr,N

=
1/ws∑

s′∈X0(N)SS 1/ws′
.

As in the above examples, the main difficulty in showing Theorem 1.12 is that the unary
theta functions may grow as quickly as the Eisenstein series. Hence, the main step in the
proof involves showing that certain theta functions are orthogonal to unary theta functions.
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Chapter 2

The Shimura lift and local Maass
forms

2.1 The Shimura lift as a theta lift

The goal of this section is to investigate the connection between quadratic forms and the
Shimura lift in the other direction. In particular, the Shimura lift may be defined as a theta
lift. For a two variable indefinite theta function Θ which satisfies weight κ ∈ 1

2
Z modularity

(as in (1.2)) for Γ ⊆ SL2(Z) in the first variable, the theta lift of function f satisfying weight
κ modularity is defined via the Petersson inner product

〈f,Θ〉 :=
1

[SL2(Z) : Γ]

∫
F
f(z)Θ(z, τ)yκ−2dxdy, (2.1)

where z = x+iy (this notation will be used throughout), the index of Γ in SL2(Z) is given by
[SL2(Z) : Γ] and F is any fundamental domain for Γ. Shintani [35] showed that the Shimura
lift may be written as a theta lift and discovered the adjoint Shintani lift from integral to
half-integral weight modular forms in the process. We consider here the definition of Θ given
by Shintani, but slightly modify the definition so that Θ is in Kohnen’s plus space for the
second variable. We first make a couple of definitions. Let QD denote the set of all binary
quadratic forms Q = [a, b, c] of discriminant D = b2−4ac and further define the abbreviation

Qz :=
1

y

(
a|z|2 + bx+ c

)
. (2.2)

Denoting τ = u + iv and the real and imaginary parts of z as above, for k ∈ 2Z our
modification of Shintani’s theta function is then given by

Θ(z, τ) := y−2kv
1
2

∑
D∈Z
Q∈QD

Q(z, 1)ke−4πQ2
zve2πiDτ .

The theta series Θ is modular of weight 2k ∈ Z for SL2(Z) in the z variable and weight k+ 1
2

for Γ0(4) in Kohnen’s plus space in the τ variable. For a weight k+ 1
2

cusp form f , the theta
lift

Φk(f)(z) := 〈f,Θ (z, ·)〉
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is proportional to the Shimura lift S1 via

Φk(f) =
S1(f)

6 · 2k
.

Due to this identity, one calls 6 · 2kΘ a theta kernel for the Shimura lift. Kohnen and Zagier
[28] later found a holomorphic (in both variables) theta kernel for the Shimura lift.

2.2 A holomorphic kernel for the Shimura lift

In this section, we consider a holomorphic theta kernel for the Shimura lift, which was defined
by Kohnen and Zagier [28]. While investigating the Doi–Naganuma lift [12] in [40], for a
discriminant D > 0 and k ∈ 2N, Zagier noticed that the function

fk,D(z) :=
Dk− 1

2(
2k−2
k−1

)
π

∑
Q∈QD

Q(z, 1)−k (2.3)

is modular of weight 2k for SL2(Z). Working together with Kohnen, these were then packaged
into a generating function

Ωk (z, τ) :=
∑
D∈N

fk,D(z)e2πiDτ .

They then proved [28] that with respect to the τ variable, Ωk is a cusp form of weight k+ 1
2

in Kohnen’s plus space. They further showed that for a cusp form f of weight k + 1
2

〈f,Ω (−z, ·)〉 =
(−1)

k
2π

23k−2

(
2k − 2

k − 1

)
S1(f)(z).

This chapter is centered around understanding the functions fk,D from the point of view of
harmonic weak Maass forms. In particular, there is a natural differential operator

ξκ,z := 2iyκ
∂

∂z
(2.4)

which sends harmonic weak Maass forms of weight κ to weakly holomorphic modular forms,
i.e., those meromorphic modular forms all of whose poles lie at the cusps, of weight 2− κ.

2.3 Harmonic weak Maass forms

The study of harmonic weak Maass forms has grown in interest in the past few years due to
the connections to Ramanujan’s mock theta functions. These are certain functions, defined by
Ramanujan in his last letter to Hardy, which Ramanujan claimed “entered into mathematics
as beautifully as the ordinary theta functions” but were not themselves theta functions.
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However, he did not give a thorough definition of these objects and only gave some defining
characteristics of 17 such functions. Their role within the field of modular and automorphic
forms remained a mystery until it was shown by Zwegers [41] and Bringmann and Ono [6]
that the mock theta functions are the ”holomorphic parts” of harmonic weak Maass forms.

The theory of harmonic weak Maass forms was developed by Bruinier and Funke [7],
laying the framework to understand these functions and their connections with classical
modular forms. One first defines the weight κ hyperbolic Laplacian

∆κ := −y2

(
∂2

∂x2
+

∂2

∂y2

)
+ iκy

(
∂

∂x
+ i

∂

∂y

)
= −ξ2−κ ◦ ξκ.

A harmonic weak Maass form of weight κ for Γ is a real analytic function F : H → C
satisfying the following properties.

1. F|κγ (τ) = F (τ) for every γ ∈ Γ,

2. ∆κ (F) = 0,

3. F has at most linear exponential growth at i∞.

Each harmonic weak Maass form F naturally splits into a holomorphic part and a
non-holomorphic part. Consider the special case that ξκ (F) is a cusp form f . The non-
holomorphic Eichler integral of f is defined by

f ∗ (τ) := (2i)κ−1

∫ i∞

−τ

f c (z)

(z + τ)κ
dz, (2.5)

where f c (τ) := f (−τ) is the cusp form whose Fourier coefficients are the conjugates of the
coefficients of f . Then the non-holomorphic part of F is defined to be f ∗ and the holomorphic
part F − f ∗ indeed turns out to be holomorphic on H.

The aforementioned connection between Ramanujan’s mock theta functions is then formed
by showing that there exists F for which the holomorphic part equals the mock theta func-
tion. In these cases, the harmonic weak Maass forms satisfy weight 1

2
modularity and the

image under the ξ-operator is a weight 3
2

unary theta function.
When the weight κ = 2 − 2k is an even (negative) integer, there is also another natu-

ral differential map from the space of harmonic weak Maass forms to the space of weakly
holomorphic modular forms given by D2k−1, where

D :=
1

2πi

∂

∂z
. (2.6)

This complements the operator ξ2−2k in the sense that when ξ sends a harmonic weak Maass
form to a cusp form, D2k−1 sends the form to the space of weakly holomorphic modular
forms which are orthogonal to cusp forms.

Bruinier and Funke [7] proved that the map ξ is surjective, but the kernel is given by
weakly holomorphic modular forms. Hence, it is unclear how to find a canonical preimage.
Investigating this question and its implications to the Shimura lift led to the discovery of
locally harmonic Maass forms by Bringmann, Kohnen, and the author [4].
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2.4 Local Maass forms and the Shimura lift

In this section, we consider the question of finding a natural preimage of fk,D under ξ2−2k.
By natural, we mean that we would like the function to essentially be defined in the same
way as fk,D. Hence, the function should be defined in terms of binary quadratic forms, it
should satisfy weight 2− 2k modularlity, and should be annihilated by ∆2−2k. It turns out
that one may obtain such a natural preimage if the last condition in further relaxed. This
yields a new modular object which we call a local Maass form. For κ ∈ 2Z, λ ∈ C, and a
measure zero set E, we call a function F a weight κ local Maass form with eigenvalue λ and
exceptional set E if F satisfies the following:

1. For every γ ∈ SL2(Z), one has F|κγ = F

2. For every τ /∈ E there exists a neighborhood around τ for which F is real analytic and

∆κ(F)(τ) = λF(τ).

3. For τ ∈ E one has

F(τ) =
1

2
lim
r→0+

(F (τ + ir) + F (τ − ir)) .

4. The function F exhibits at most polynomial growth as v →∞.

In the special case that the eigenvalue λ is zero, we call the function a locally harmonic
Maass form. In order to find a preimage of fk,D under ξ2−2k, Bringmann, Kohnen, and the
author [4] then defined

F1−k,D (z) :=
1

12ψ(1)
(4πD)

3
4
− k

2

∑
Q∈QD

sgn (Qz)Q (z, 1)k−1 ψ

(
Dy2

|Q (z, 1)|2

)
,

where

ψ(v) := β

(
v; k − 1

2
;
1

2

)
is a special case of the incomplete β-function defined for r, s ∈ C by

β(v; s, r) :=

∫ v

0

us−1(1− u)r−1du.

We define the exceptional set

ED :=
{
τ = x+ iy ∈ H : ∃a, b, c ∈ Z, b2 − 4ac = D, a |τ |2 + bx+ c = 0

}
.

Bringmann, Kohnen, and the author [4] then proved the following theorem.
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Theorem 2.1. Suppose that k > 1 is even and D > 0 is a non-square discriminant. Then
the function F1−k,D is a weight 2− 2k locally harmonic Maass form with exceptional set ED
for SL2(Z). Moreover, for z /∈ ED

ξ2−2k (F1−k,D) (z) =
22k−3

3
(4πD)

3
4
− k

2 fk,D(z).

D2k−1 (F1−k,D) (z) =
(2k − 2)!

24(2π)2k−1
(4πD)

3
4
− k

2 fk,D(z).

Remark. In light of the complementary nature of ξ2−2k and D2k−1 described after definition
(2.6), it is somewhat surprising that the image under both ξ2−2k and D2k−1 are both cusp
forms. Moreover, it is worth noting that although F1−k,D is not itself real analytic, its image
under each of these differential operators may be (complex) analytically continued.

Understanding the image of F1−k,D under both of these differential operators allows one
to obtain a Fourier-type expansion for F1−k,D. In addition to the non-holomorphic Eichler
integral defined in (2.5), we require the holomorphic Eichler integral of a weight 2k cusp
form f =

∑∞
n=1 anq

n given by

Ef (τ) :=
∞∑
n=1

an
n2k−1

qn. (2.7)

Using the (known) fact that f ∗ is a preimage of f under ξ2−2k and Ef is a preimage under
D2k−1 together with the fact that f ∗ is annihilatd by D2k−1 and Ef is annihilated by ξ2−2k,
Bringmann, Kohnen, and the author [4] obtained the following expansion.

Theorem 2.2. Suppose that k > 1, D > 0 is a non-square discriminant, and C is one of
the connected components of H \ ED. Then there exists a polynomial PC of degree at most
2k − 2 such that for all τ ∈ C,

F1−k,D (τ) = PC (τ) +
22k−3

3
(4πD)

3
4
− k

2 f ∗k,D (τ)− (4πD)
3
4
− k

2
(2k − 2)!

24 (2π)2k−1
Efk,D (τ) .

Theorem 2.2 was then used to reprove a theorem of Kohnen and Zagier [29] showing that
the periods of fk,D are rational.

Bruinier suggested to consider the relationship between locally harmonic Maass forms
and theta lifts, which in the case that k = 1 was independently studied by his student Hövel
[17].

2.5 Local Maass forms and theta lifts

In addition to the theta function Θ, Bringmann, Viazovska, and the author [5] used the
theta function

Θ∗(z, τ) := vk
∑
D∈Z
Q∈QD

QzQ(z, 1)k−1e
− 4π|Q(z,1)|2v

y2 e−2πiDτ (2.8)
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to find a theta kernel for the functions F1−k,D and refound the relation between these func-
tions and fk,D under ξ2−2k via relations with the corresponding theta kernels. In particular,
F1−k,D was realized as the theta lift of a harmonic weak Maass form. Due to the theory built
around theta lifts, this also allowed us to define a more general function which is a local
Maass form with eigenvalue 4λs under ∆2−2k for s ∈ C, where

λs :=

(
s− k

2
− 1

4

)(
1− s− k

2
− 1

4

)
is the eigenvalue of a corresponding half-integral weight weak Maass form under the theta
lift. Here there are some technical restrictions on the allowable eigenvalues. To describe the
full result, we next define a generalization of fk,D given by

fk,s,D(z) :=
∑
Q∈QD

Q(z, 1)−kϕs

(
Dy2

|Q (z, 1)|2

)
(2.9)

of fk,D. Here, for 0 < w ≤ 1 and Re(s) ≥ k
2

+ 1
4
, using the usual 2F1 notation for Gauss’s

hypergeometric function, we define

ϕs(w) :=
Γ
(
s+ k

2
− 1

4

)
D

k
2

+ 1
4

6Γ(2s) (4π)
k
2
− 1

4

ws−
k
2
− 1

4 2F1

(
s+

k

2
− 1

4
, s− k

2
− 1

4
; 2s;w

)
,

which is easily seen to be a constant when s = k
2

+ 1
4
. Moreover, the functions F1−k,D

generalizes to

F1−k,s,D (z) :=
∑
Q∈QD

sgn (Qz)Q(z, 1)k−1ϕ∗s

(
Dy2

|Q(z, 1)|2

)
, (2.10)

where, for 0 < w ≤ 1 and s ∈ C with Re(s) ≥ k
2
− 3

4
, we define

ϕ∗s(w) :=
Γ
(
s+ k

2
− 1

4

)
(4πD)

3
4
− k

2

12
√
πΓ(2s)

w
k
2
− 3

4
+s

2F1

(
s− k

2
+

1

4
, s+

k

2
− 3

4
; 2s;w

)
.

Due to growth at ∞, the naive definition of the theta lift of a harmonic weak Maass
form against Θ∗ would diverge. Hence, we require a regularized Petersson inner product
which was first introduced by Harvey–Moore [16] and Borcherds [2]. In particular, under
this regularization, for a weak Maass form H with eigenvalue λs one may define the theta
lift

Φ∗1−k(H)(z) := 〈H,Θ∗ (−z̄, ·)〉reg .

Then the image of the weight 3
2
− k Maass-Poincaré series (see [15]) P 3

2
−k,D in Kohnen’s

plus space for Γ0(4) under the theta lift is precisely F1−k,D. More generally, extending the
definition of Φk to

Φk(H)(z) := 〈f,Θ (z, ·)〉reg

one obtains the following two theorems.
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Theorem 2.3. Suppose that s ∈ C satisfies Re(s) ≥ k
2

+ 1
4

and D > 0 is a discriminant.
Then the following hold.

1. The function fk,s,D is a local Maass form of weight 2k and eigenvalue 4λs under ∆2k

with exceptional set ED. Moreover,

fk, k
2

+ 1
4
,D =

22k−3

3(2k − 1)
(4πD)

3
4
− k

2 fk,D, (2.11)

which is a cusp form.

2. The theta lift Φk maps weight k+ 1
2

weak Maass forms with eigenvalue λs under ∆k+ 1
2

to weight 2k local Maass forms with eigenvalue 4λs under ∆2k. In particular, the image
of the D-th Poincaré series under the theta lift Φk equals

Φk

(
Pk+ 1

2
,s,D

)
= fk,s,D.

The corresponding theorem in negative weight is given below.

Theorem 2.4. Suppose that k is even, D > 0 is a discriminant, and s ∈ C satisfies
Re(s) ≥ k

2
− 3

4
. Then the following hold.

1. The function F1−k,s,D is a local Maass form of weight 2−2k with eigenvalue 4λs under
∆2−2k and exceptional set ED.

2. The theta lift Φ∗1−k maps weight 3
2
−k weak Maass forms with eigenvalue λs under ∆ 3

2
−k

to weight 2−2k local Maass forms with eigenvalue 4λs under ∆2−2k. In particular, the
image of P 3

2
−k,s,D under the theta lift is

Φ∗1−k

(
P 3

2
−k,s,D

)
= F1−k,s,D. (2.12)

As with fk,D and F1−k,D, the functions fk,s,D and F1−k,s,D are related through the ξ-
operator.

Theorem 2.5. Suppose that k > 0 is an even integer, D is a positive discriminant, and
s ∈ C satisfies Re(s) ≥ k

2
+ 1

4
.

1. For every z /∈ ED, we have that

ξ2−2k (F1−k,s,D(z)) = 2

(
s− 3

4
+
k

2

)
fk,s,D(z). (2.13)

2. For z /∈ ED, we have that

ξ2k (fk,s,D(z)) = 2

(
s− k

2
− 1

4

)
F1−k,s,D(z). (2.14)
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The relation between these functions yields the following commutative diagram:

P 3
2
−k,s,D

ξ 3
2−k

��

Φ∗1−k // F1−k,s,D

ξ2−2k

��(
s− 3

4
+ k

2

)
Pk+ 1

2
,s,D

2Φk //

ξ
k+1

2

��

2
(
s− 3

4
+ k

2

)
fk,s,D

ξ2k

��
−λsP 3

2
−k,s,D

4Φ∗1−k // −4λsF1−k,s,D

In the special case that s = k
2

+ 1
4

(see Corollary 9 of [28] for the constant multiple of S1),
the diagram becomes the following:

P 3
2
−k,D

ξ 3
2−k

��

Φ∗1−k // F1−k,D

ξ2−2k

��(
k − 1

2

)
Pk+ 1

2
,D

2Φk

3−12−kS1

// 22k−3

3
(4πD)

3
4
− k

2 fk,D

The same diagram was obtained by Hövel [17] in the case that k = 1.
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We investigate here sums of triangular numbers f (x) := ∑
i

biTxi where Tn is the nth trian-

gular number. We show that for a set of positive integers S, there is a finite subset S0 such

that f represents S if and only if f represents S0. However, computationally determining

S0 is ineffective for many choices of S. We give an explicit and efficient algorithm to

determine the set S0 under certain generalized Riemann hypotheses, and implement the

algorithm to determine S0 when S is the set of all odd integers.

1 Introduction

In 1638 Fermat wrote that every number is a sum of at most three triangular numbers,

four square numbers, and in general n polygonal numbers of order n. Here the triangular

numbers are Tx := x(x+1)
2 , where we include x = 0 for simplicity. The claim for four squares

was shown by Lagrange in 1772, while Gauss famously wrote “Eureka, � + � + � = n”

in his mathematical diary on July 10, 1796.

Theorem (Gauss, 1796). Every positive integer is the sum of three triangular

numbers. �

The first proof of the full assertion of Fermat was given by Cauchy in 1813.
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Representing Sets with Sums of Triangular Numbers 3265

In 1917, Ramanujan extended the question about four squares to consider which

choices of b = (b1, b2, b3, b4) satisfy b1x2
1 + b2x2

2 + b3x2
3 + b4x2

4 , representing every positive

integer. We shall refer to such forms as universal diagonal forms. He gives a list of 55

possible choices of b which he then claims are the complete list of universal quarternary

diagonal forms (54 forms actually turned out to be universal).

In 1862 Liouville similarly proved the following generalization of Gauss’

theorem.

Theorem. Let a, b, c be positive integers with a ≤ b ≤ c. Then every n ∈ N can be written

as aTx + bTy + cTz if and only if (a, b, c) is one of the following:

(1, 1, 1), (1, 1, 2), (1, 1, 4), (1, 1, 5), (1, 2, 2), (1, 2, 3), (1, 2, 4). �

In fact, the following simple condition determines whether a fixed set of positive

integers (b1, . . . , bk) gives rise to a sum of triangular numbers
∑k

i=1 bkTxk which represents

every integer as shown by Bosma and the author in [4].

Theorem 1.1. Fix the sequence b1 ≤ · · · ≤ bk ∈ N. Then

1. the sum of triangular numbers

f (x) := fb(x) :=
k∑

i=1

biTxi

represents every positive integer if and only if fb represents the integers 1,

2, 4, 5, and 8.

2. The corresponding diagonal quadratic form Q(x) = ∑k
i=1 bix2

i with xi all odd

represents every integer of the form 8n + ∑k
i=1 bi with n ≥ 0 if and only if

it represents 8 + ∑k
i=1 bi, 16 + ∑k

i=1 bi, 32 + ∑k
i=1 bi, 40 + ∑k

i=1 bi, and 64 +∑k
i=1 bi. �

Recently, Conway and Schneeberger proved a very nice similar condition for

positive definite quadratic forms whose corresponding matrix has integer entries, but

without publishing their results.

Theorem (Conway–Schneeberger). A positive definite quadratic form Q(x) = xt Ax,

where A is a positive symmetric matrix with integer coefficients, represents every posi-

tive integer if and only if it represents the integers 1, 2, 3, 5, 6, 7, 10, 14, and 15. �
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3266 B. Kane

Bhargava gave an elegant simpler proof of the Conway–Schneeberger 15 theorem

in [2], in addition to showing more generally that for any set S ⊆ N, it is always sufficient

to check whether Q represents a finite subset S0, and showed the set S0 for the two sets

S = {2n + 1 : n ∈ Z+} and S = {p prime}.
In this paper, we will consider a similar generalization of Theorem 1.1.

Theorem 1.2. Let a set S ⊆ N be given. Then there is a finite subset S0 of S such that

f (x) represents S if and only if f represents S0. �

A simple computer calculation leads us to conjecture a set S0 when S is the set of

all odd integers, for example.

Conjecture 1.3. A sum of triangular numbers f represents all odd integers if and only

if it represents the integers

1, 5, 7, 9, 11, 13, 17, 19, 25, 29, 35, 49, 89. �

Unlike in Bhargava’s theorem, however, current techniques are insufficient for

computationally determining a suitable S0 for most choices of S, due to ineffective

bounds for the class numbers of imaginary quadratic fields. We shall briefly explain

this complication. Let f (x) = b1Tx1 + b2Tx2 + b3Tx3 be given such that f represents all of

the integers in S, but the corresponding (diagonal) quadratic form is not (spinor) genus

1. Then the corresponding weight 3/2 modular form with xi all odd can be written as an

Eisenstein series plus a cusp form. Siegel has shown that the Fourier coefficients (with

bounded divisibility at the anisotropic primes) of the Eisenstein series grow like the

class number [21]. Siegel has also shown that the class number grows faster than n
1
2 −ε

[20], but the bound was ineffective because Siegel showed the result by first assuming

a certain Riemann hypothesis and showing the result, and then assuming that the Rie-

mann hypothesis was false, and getting a different constant, depending on the location

of possible zeros. The best known effective bound is given by Oesterle [14], but is only

O(log n). After decomposing the cusp form into g1 + g2, where g1 is in the space of lifts

of one-dimensional theta series and the Shimura lift of g2 is cuspidal, we note that the

coefficients of g2 grow slower than n
1
2 − 1

28 +ε by the work of Duke [7], and g1 is supported

at finitely many square classes with the same growth as the Eisenstein series. Since the

coefficients with bounded divisibility at the anisotropic primes of the Eisenstein series

grow faster than the coefficients of g2, every sufficiently large n with bounded divisibil-

ity by the anisotropic primes and outside of the support of the coefficients of g1 must
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Representing Sets with Sums of Triangular Numbers 3267

be represented. However, we do not know the implied constant from Siegel’s ineffective

bound, so we cannot effectively determine when n is sufficiently large.

Assuming the generalized Riemann hypothesis (GRH) for Dirichlet L-functions

and using Duke’s (effective) bound of O(n
13
28 +ε ) [7], we would have an algorithm to deter-

mine whether f represents S or not. However, although Duke’s result is effective, the

author is unaware of any paper where the constant is explicitly computed. Even as-

suming that the implied constant was 1, the bound obtained is entirely infeasible with

current computer technology. Using an idea of Ono and Soundararajan [16], and a gener-

alization by the author [13], we will be able to determine an algorithm to determine the

set S0 under the additional generalized Riemann hypothesis for L-functions of weight 2

newforms. For notational ease, we will refer to an integer which is locally represented

at every prime as an eligible integer.

Theorem (Ono–Soundararajan [16]). Assume GRH for Dirichlet L-functions and GRH

for L-functions of weight 2 newforms. Then the eligible integers not represented by

Ramanujan’s ternary quadratic form x2 + y2 + 10z2 are precisely

3, 7, 21, 31, 33, 43, 67, 79, 87, 133, 217, 219, 223, 253, 307, 391, 679, 2719. �

Using the ideas in [16], [13], and [12], we obtain the following result.

Theorem 1.4. Assume GRH for Dirichlet L-functions and GRH for L-functions of weight

2 newforms. Let a set of positive integers S of nonzero density be given. Then there exists

an explicit algorithm to determine the (unique) smallest (finite) set S0 such that a sum of

triangular numbers f represents S if and only if f represents S0. �

Remark 1.5. It is important to note that this algorithm is computationally feasible

for sets S which contain many small integers. Since many interesting sets (such as odd

integers and primes) are not very sparse in the small integers, the algorithm will be

practical in many cases. �

We also implement the algorithm to prove Conjecture 1.3 under these GRH as-

sumptions.

Theorem 1.6. Assume GRH for Dirichlet L-functions and GRH for L-functions of weight

2 newforms. Then a sum of triangular numbers f represents all odd integers if and only
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3268 B. Kane

if it represents the integers

1, 5, 7, 9, 11, 13, 17, 19, 25, 29, 35, 49, 89.

Moreover, this is the smallest such set with this property. �

Remark 1.7. We only need to assume GRH specifically for weight 2 newforms that occur

in the decomposition of any f for which, under the GRH assumption we can show, will

generate all integers in S. However, to make our algorithm more efficient, we will make

the GRH assumption in general so that we do not need to check many coefficients of

a large number of weight 2 modular forms (for more information on modular forms,

please see [15]). Thus, we note here that for determining the set S0 when S is all odd

integers, we could have avoided the GRH assumptions except in three cases at the added

disadvantage of more computation. �

We conclude with a curious example in which we obtain an unconditional result.

Example 1.8. Consider the set

S := {n ∈ N : 2x2 + 3y2 + 4z2 = 8n + 9 has a solution}.

Current techniques appear insufficient to determine the set S explicitly, while GRH

predicts S = S̃ := N \ {1, 8, 31}. Following the algorithm given above, one obtains (uncon-

ditionally)

S0 = {2, 3, 4, 5, 10, 16, 17, 19, 89},

but we know of no algorithm to compute S̃0 without GRH. This occurs because the only

difficulty coming from ternary quadratic forms in the algorithm to determine S0 and S̃0

occurs for the form 2Tx + 3Ty + 4Tz, while this form trivially represents S. Further details

are left to the reader. �

2 Existence of S0

We will begin by showing that fixing a subset S of the positive integers and then, indeed,

checking a finite subset S0 will suffice.

Proof of Theorem 1.2. We will follow the basic argument of escalator lattices in

Bhargava’s argument [2] for quadratic forms. Without loss of generality, we will de-

note the triangular form f = fb simply by the sequence of coefficients, b = [b1, . . . , bk]
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with b1 ≤ b2 ≤ · · · ≤ bk. Note that we must represent the smallest integer s∅ ∈ S, so it fol-

lows easily that b1 ≤ s∅. For each choice of b1, we find the smallest integer s[b1] ∈ S which

is not represented by [b1], and conclude that b2 ≤ s[b1]. We recursively continue to build a

tree of possible choices of bk, depending on the previous choices of b1, . . . , bk−1. Note that

we never need to choose the same integer bi more than three times in one branch, since

this precisely represents every integer congruent to zero modulo bi by Gauss’ theorem.

Whenever b represents all odd integers, we will say that b is a leaf of the tree, since any

arbitrary choice b′, containing b as a subsequence, will automatically represent every

integer in S. For b ∈ T not a leaf, we will denote by sb the smallest s ∈ S not represented

by b, and we will call sb the truant of b. Thus, taking for our tree T

S0 := {sb : b ∈ T},

it follows easily that a triangular form f represents S if and only if it represents S0 by

our construction of T . Moreover, such a choice of S0 is smallest possible and unique,

since for the form b, sb is the smallest s ∈ S not represented by b, noting that

[b1, . . . , bk, sb + 1, sb + 1, sb + 1, sb + 2, sb + 2, sb + 2, . . . , (sb + 1)(sb + 2) − 1]

represents exactly every integer s ∈ S other than sb, using Gauss’ theorem that every

integer is the sum of three triangular numbers.

It, therefore, remains to show that S0 is finite. Since at each step there are only

finitely many choices for bk, the breadth at each node of the tree is finite, so it suffices

to show that the supremum of the depth is finite. To do so, we will consider all nodes

at depth 5. Since the breadth is finite, there are only finitely many such nodes, and only

finitely many leaves of depth less than or equal to 5. Therefore, it suffices to fix one such

node and show that the depth of the resulting subtree is finite.

Let f be a triangular form of dimension at least 5, and consider Qodd to be

the corresponding quadratic form with xi odd. Then the nth coefficient of f is equal

to the 8n + ∑k
i=1 bkth coefficient of Qodd. Therefore, the coefficients a f (n) are precisely

the coefficients of the modular form, corresponding to Qodd. Hence, we may decompose

these coefficients into coefficients of an Eisenstein series plus coefficients of a cusp

form. Since the dimension of f is at least 5, the coefficients of the Eisenstein series grow

faster than the coefficients of the cusp form as long as the Eisenstein series is nonzero.

We note that there are finitely many congruence classes where the coefficients of both

are zero, namely those integers not locally represented by the quadratic form. Hence, as

long as the Eisenstein series is nonzero, there are only finitely many congruence classes

and finitely many “sporadic” integers not represented by f , since the coefficients of the
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Eisenstein series are always positive. It is simple to show that the Eisenstein series must

be nonzero, however, since by Siegel’s local density formula [21], this Eisenstein series

is given by the difference of the local densities with arbitrary xi and the local densities

with xi even for some i. However, a quick check show that when p 
= 2 the local densities

are the same, and, since the integer 8n + ∑k
i=1 bk is locally represented modulo 8 with xi

all odd (namely xi = 1), the local density for xi arbitrary must be greater than when xi is

even except at finitely many congruence classes.

Let one of the nodes of our tree, f ∈ T be given of exactly dimension 5. Then

there are only finitely many congruence classes and finitely many “sporadic” integers not

represented by f , and hence at each step of our escalation, our next choice of sb ∈ S must

be one such integer. We may only escalate finitely many times for the “sporadic” integers,

and each time we escalate to include an element of one of the congruence classes, the

congruence class is replaced with finitely many new “sporadic” integers at the next step.

Therefore, since there are only finitely many congruence classes, we can only add finitely

many new “sporadic” integers overall, and hence the subtree of f is of finite depth. �

3 Determining S0

We will describe the algorithm to determine the set S0. For complete details of how to

compute the bounds obtained given GRH, see [12] and [13].

Proof of Theorem 1.4. From the proof in Section 2, it is clear that S0 is uniquely

determined by the tree T , so this algorithm is equivalent to determining the tree T ,

since it is a simple check to determine the smallest s ∈ S which is not represented by

a fixed form f . Constructing the tree as in the proof is also quite simple, so that the

only remaining obstacle is determining whether a node of the tree is a leaf. Our task

is thus equivalent to determining (effectively) which integers are represented by Qodd.

If the dimension (and hence the depth in the tree) of f is at least 5, then, using the

trivial bounds for the coefficients of the Eisenstein series and the cusp forms, we may

effectively determine a bound beyond which every integer locally represented is globally

represented as in Tartakowsky’s work [22], and local conditions are a simple check at

the primes dividing the discriminant. For depth 4, the wonderful optimal bound for

cusp forms of Deligne [6] and calculation of the anisotropic primes allow us to again

effectively determine the set of integers represented by Qodd (see Hanke [10]). For forms

of depth 2 or less, we note that Qodd only represents a set of density zero, so that the

form cannot be a leaf.
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It remains to determine whether a form of dimension 3 is a leaf or not. How-

ever, additional complications arise for ternary quadratic forms. First, note that the

inclusion/exclusion of theta series

θQodd := θQ(x,y,z) − θQ(2x,y,z) − θQ(x,2y,z) − θQ(x,y,2z) + θQ(2x,2y,z) + θQ(2x,y,2z) + θQ(x,2y,2z) − θQ(2x,2y,2z)

has nth coefficient nonzero if and only if Qodd represents n, where Q is the quadratic

form without the odd restriction. We note that θ := θQodd decomposes as follows:

θ = (θ − θspin) + (θspin − θGen) + (θGen),

where θspin is the inclusion/exclusion of the (Siegel) weighted average over the spinor

genus and θGen is the inclusion/exclusion of the weighted average over the genus. For a

quadratic form Q, it is well known (see [8]) that θQ − θspin(Q) is in the orthogonal com-

plement of U , θspin(Q) − θGen(Q) ∈ U , and θGen(Q) is the Eisenstein series given by the local

densities in [21].

Firstly, as noted in the introduction, the coefficients of the Eisenstein series

grow like the class number, so that we have made the assumption of GRH for Dirichlet

L-functions. Complications that arise are referred to as anisotropic primes, that is,

primes p for which the nth coefficient of the Eisenstein series does not grow when n

grows with high divisibility by p. Luckily, a local condition allows one to check only

finitely many primes (those dividing 2D, where D is the discriminant of Q) to determine

these anisotropic primes. Additionally, the genus of the quadratic form may be broken

into what are referred to as spinor genera. In each spinor genus, there are finitely many

eligible integers t , called spinor exceptions, for which a certain subset of the square class

tZ2 is not represented by any form in the spinor genus. This comes from the fact that the

form splits naturally into three parts, namely an Eisenstein series, a cusp form in the

space spanned by lifts of one-dimensional theta series (we will denote this space by U ),

and a cusp form in the orthogonal complement of U . The forms in the space spanned by

the lifts of one-dimensional theta series have coefficients which grow like n
1
2 in square

classes tZ2, and hence with the same growth as the coefficients of the Eisenstein series.

However, the coefficients of each lift are nonzero exactly at t times a square, and t is

restricted by the level of the corresponding modular form. Schulze-Pillot has given an

explicit algorithm to determine the full set of spinor exceptions for a given quadratic

form [17], so this problem will be resolved by using Schulze-Pillot’s algorithm. If the t-th

coefficient of θspin is nonzero, then the coefficients of θspin grow like the class number in

this square class. Otherwise, by investigating the spinor norm mapping, Schulze-Pillot

determines explicitly the integers m such that the tm2th coefficient of θspin is zero and
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those for which the coefficient is equal to a positive constant times the Eisenstein series

(see Schulze-Pillot [18]), for which we can reduce the problem to the case where t is not

a spinor exception for the genus.

Since we can determine the finitely many spinor exceptions, we may then ignore

the part of the decomposition resulting from a cusp form in U , and it remains to give

(effectively) a bound Nθ such that the nth coefficient of the Eisenstein series is larger

than the nth coefficient of the cusp form in U⊥ whenever n > Nθ .

To do so, we must have effective bounds for the coefficients of both the Eisenstein

series and the cusp form. The nth coefficient of the Eisenstein series is

Cθ

∑
d2|n

aD,n/d2

h(−4D n
d2 )

u(−4D n
d2 )

,

where Cθ may be determined by the local densities in [21], h(−m) is the class number

of the imaginary quadratic field Km := Q(
√−m), u(m) = #O∗

Km
, D is the discriminant

divided by the square of the gcd of 2 × 2 minors and aD,n/d2 is a constant depending only

on gcd(n/d2, 4D2) and the Kronecker symbol ( 4D
n/d2 ) [Theorem 86 in 11].

For square-free integers, we will use Dirichlet’s class number formula (see [5]) to

rewrite the class number with the special value at s = 1 of the Dirichlet character χ−N ,

h(−N) =
√

nL(χ−N , 1)

π
.

For square-free integers, a celebrated result of Waldspurger [23] allows us to rewrite

the square of the absolute value of the coefficient of a Hecke eigenform as the central

value of a twist of the (integral weight 2) Shimura lift [19] of the Hecke eigenform. Hence,

we decompose the cusp form into Hecke eigenforms and then use Schwarz’s inequality,

giving

|aθspin−θGen (n)| ≤
√√√√ t∑

i=1

ci L(Gi, χχ−n, 1),

where ci is some explicitly computable constant given by a fixed n0 ≡ n (mod 4D2), Gi is

the Shimura lift, χ is the Nebentypus (see [15]) of the weight 3/2 cusp form, and L(Gi, ψ , 1)

is the central value of Gi twisted by ψ .

Hence, rearranging, if n is square free such that the coefficient aθ (n) is zero (and

n is not a spinor exception), then

cθn
1
2 ≤

t∑
i=1

ci
L(Gi, χχ−n, 1)

L(χ−4Dn, 1)2
,
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where cθ is an explicitly computable constant. Thus, it only remains to bound L(Gi ,ψ1,1)
L(ψ2,1)2 �δ

nδ effectively and with the implied constant given explicitly for some δ < 1
2 . Defining for

q, the conductor of Gi twisted by ψ1

Fi(s) :=
(√

q

2π

)s−1 L(Gi, ψ1, s)�(s)

L(ψ2, s)L(ψ2, 2 − s)
, (3.1)

Ono and Soundararajan [16] have shown under GRH how to obtain an explicit bound for
L(Gi ,ψ1,1)
L(ψ2,1)2 = Fi(1). We shall briefly explain the details necessary to obtain their bound.

We first choose 1 < σ < 3
2 and X > 0 (Ono and Soundararajan chose σ = 7/6 and

gave bounds depending on X in piecewise intervals, while the author [13] gave a formula

in terms of arbitrary σ and X). Using the Phragmén–Lindelöf principle along with the

functional equation Fi(s) = Fi(1 − s), one obtains

Fi(1) ≤ max
t∈R

|Fi(σ + it )|.

Therefore, it suffices to bound L(Gi, ψ1, s), L(ψ2, s), and L(ψ2, 2 − s) with Re(s) = σ . For

L-series L(s) and c > 0 chosen such that s + c is in the region of absolute convergence,

consider the integral ∫ c+i∞

c−i∞

L ′

L
(s + w)�(w)Xwdw.

On the one hand, if L(s) = ∑∞
n=1

a(n)
ns in the region of convergence, then this can be com-

puted as the sum

∞∑
n=1


(n)a(n)

ns
e−n/X, (3.2)

using the fact that ∫ c+i∞

c−i∞
�(w)

(
X
n

)w

dw =
∞∑

m=0

(−1)m

m!

( n

X

)m
= e−n/X,

which follows by shifting the integral Re(w) → −∞ and counting the residues at negative

integers. On the other hand, we can shift the original integral to the left and count the

contribution from residues at each of the poles. The contribution from w = 0 gives L ′
L (w).

The assumption of GRH allows us to determine the real part of the zeros of L(s + w)

and hence the poles of L ′
L (s + w). Collecting all of the residues and rewriting, we obtain

a formula for L ′
L (s), which we then integrate to obtain log |L(s)| [16, Lemmas 1 and 2].

Most of the resulting terms can then be bounded in terms of �′
�

factors by a careful and

technical analytic analysis, but the terms coming from the zeros of L(s + w) pose a more

formidable challenge. For these, we take advantage of the fact that we have a sum over
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all of the zeros of L and may hence use Hadamard’s factorization (see [16, Lemma 3]) to

rewrite this sum in terms of L ′
L (s) and �′

�
factors. Rearranging gives the desired bound

for log |L(s)|. The bounds we will use here are given in Theorems 6.1 and 7.1 of [13]. The

statements of these bounds are rather long and will be omitted here, but we note that

after fixing σ the remaining constants are calculated in a straightforward manner. We

would like to emphasize one technical detail here which aided Ono and Soundararajan in

obtaining a better bound for Ramanujan’s ternary quadratic form and will aid us in many

cases. When a prime p divides the conductor of both ψ1 and ψ2 then the coefficient of ns

in formula (3.2) will vanish when p | n, since ψi(n) = 0 implies a(n) = 0. Since powers of

small primes contribute significantly to (3.2), this trick for p = 2 and p = 5 allowed Ono

and Soundararajan to obtain a bound many orders of magnitude better [16, p. 451].

For n not square free, the Hecke operators may be used to show an explicit bound

for the square part beyond which integers must be represented, away from the spinor

exceptions. For more details, please see [13, Section 4]. Therefore, we can conclude that

the set of square-free integers not represented by this form may be exactly determined

by checking up to the bound obtained, and hence we may (effectively and efficiently)

determine whether this form is a leaf. �

Remark 3.1. In practice, whenever a leaf exists at depth 3, we will determine in general

the set of integers not represented by Qodd for the nodes at depth 3 (not just the leaves)

and then note which of these integers remain at each step of the escalation, instead of

using the arguments of Tartakowsky [22] at depth at least 5 or the bounds of Deligne [6]

at depth 4. �

We now implement the above algorithm to show that the set S0 given in Conjecture

1.3, when S is the set of all odd integers, is the correct smallest such set under GRH.

Proof of Theorem 1.6. We will proceed by considering each node at depth 3 and deter-

mining the corresponding subtree under these GRH assumptions. For notational ease,

we will refer to the form

f :=
r∑

i=1

biTxi

by [b1, . . . , br], and the corresponding quadratic form by (b1, . . . , bk).

The forms [1, 1, 1], [1, 1, 2], [1, 1, 4], [1, 1, 5], [1, 2, 2], [1, 2, 3], and [1, 2, 4] represent

every natural number by Liouville’s theorem. Since [1, 1, 3] is a genus-1 form, the integers

 at U
SB

 K
oeln on O

ctober 23, 2012
http://im

rn.oxfordjournals.org/
D

ow
nloaded from

 

http://imrn.oxfordjournals.org/


Representing Sets with Sums of Triangular Numbers 3275

not represented by [1, 1, 3] are precisely the integers n such that

8n + 5 = 32r+1(3� + 2).

Therefore, we are missing the integer 17, and we must escalate to [1, 1, 3, k] for some

k ≤ 17. If n is not represented by [1, 1, 3, k], then it is not represented by [1, 1, 3] either,

so 8n + 5 = 32r+1(3� + 2), so that n ≡ 5 (mod 9) or n ≡ 8 (mod 9), depending on whether

r > 0 or r = 0, respectively. But then, taking x4 = 1, it follows for n > k that n − k ≡ 5

(mod 9) or n − k ≡ 8 (mod 9), and hence it follows that 3 | k. If r > 0 then it follows that

k ≡ 0, 6 (mod 9), and if r = 0 it follows that k ≡ 0, 3 (mod 9).

For the case [1, 1, 3, 3] we then note that the form Q = (1, 1, 3, 3) is genus 1. Our

inclusion/exclusion of theta series gives that n is represented if and only if the 2n + 2-th

coefficient of θQ is positive, and it follows that every n is represented because the local

conditions are always satisfied.

For the cases [1, 1, 3, k] with k = 6 or k = 15, we have r > 0, so that we only need

to consider n ≡ 5 (mod 9), or in other words, 8n + 5 = 32r+1(3� + 2) with r > 0. We check

the cases n ≤ 3k by hand and for n > 3k, the choice x4 = 2 shows that 8(n − 3k) + 5 =
32r′+1(3�′ + 2), with r′ > 0 by congruence conditions modulo 9. Taking the difference and

denoting R = min{r, r′}, we have

24k = 8n + 5 − (8(n − 3k) + 5) = 32r+1(3� + 2) − 32r′+1(3�′ + 2)

= 32R+1(32(r−R)+1(3� + 2) − 32(r′−R)+1(3�′ + 2)).

But v3(24k) = 2 and 32R+1 divides the right-hand side, giving a contradiction since R > 0.

In the case [1, 1, 3, 12] we note that we have the truant 89 and r = 0 from above.

In this case we take x4 = 1 to obtain n′ = 8n + 5 = 32r′+1(3�′ + 2) + 96 with r′ > 0. We then

have either r′ = 1 and n′ ≡ 69 (mod 81) or r′ > 1 and n′ ≡ 15 (mod 81). Assume r′ > 1 and

set x4 = 4 to obtain n′ = 32r′′+1(3�′′ + 2) + 960. Taking the difference, we get

54 ≡ 864 = 32r′+1(3�′ + 2) − 32r′′+1(3�′′ + 2) ≡ −32r′′+1(3�′′ + 2) (mod 81).

It follows immediately that r′′ = 0 because otherwise the right-hand side would be zero.

But now we have n′ = 33(3�′′ + 2) + 960 ≡ 42 (mod 81), which contradicts the fact that

n′ ≡ 15 (mod 81). Hence, we have only the case n′ ≡ 69 (mod 81) remaining. We now

escalate to [1, 1, 3, 12, k] for 9 ≤ k ≤ 89 (although we have restricted our coefficients to

be monotone, we include the case k = 9 for usage below). Since [1, 1, 3, 12] represents

every integer not congruent to 69 modulo 81, we are done when k 
= 81, and for k = 81

the truant 89 remains. Furthermore, if we escalate further with k = 81 we will never

obtain 89 since [k, k, k] represents precisely kN by Gauss’ theorem. Furthermore, if we
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ever choose k = 81 and then escalate to another integer (such as [1, 1, 3, 12, 81, k]), we do

not obtain a new truant because [1, 1, 3, 12, k] has no truants. Whenever this situation

occurs, henceforth, we shall say that we are “stuck” at k = 81. Following the above, for

[1, 1, 3, 9] we are stuck at k = 9. This concludes the subtree of [1, 1, 3], and since [1, 1] does

not represent 5, we have included the entire subtree of [1, 1].

Our arguments for [1, 2, 5], [1, 2, 10], [1, 3, 4], and [1, 4, 6] will all be identical and

similar to the cases above, so we will combine them together. We will demonstrate the

argument for [1, 2, 5] and leave the other cases to the reader. First, we note that the

number of representations of n by [1, 2, 5] is the same as the number of representations

of 8n + 8 by (1, 2, 5) minus the number of representations of 8n + 8 by (4, 8, 20), since if

any are even, then all must be even, taking everything modulo 8. For simplicity, we will

denote t[b](n) to be the number of times that n is represented by the sum of triangular

numbers corresponding to b, r(b)(n) for the number of times the quadratic form represents

n, and ro
(b)(n) for the number of times the quadratic form with all xi odd represents n. So

the above is simply

t[1,2,5](n) = ro
(1,2,5)(8n + 8) = r(1,2,5)(8n + 8) − r(4,8,20)(8n + 8).

Now, r(4,8,20)(8n + 8) = r(1,2,5)(2n + 2). However, (1, 2, 5) is genus 1, so r(1,2,5)(m) is given pre-

cisely by the local density [21]. Checking the local densities, we see that r(1,2,5)(8n + 8) =
2r(1,2,5)(2n + 2), since the local densities are clearly equal when p 
= 2 (taking the isomor-

phisms xi �→ 2−1xi), and for p = 2 a simple computation shows exactly twice as many

solutions modulo the same 2 power. Therefore,

t[1,2,5](n) = r(1,2,5)(2n + 2).

Again, noting that (1, 2, 5) is genus 1, we know that n is represented globally if and only

if it is represented locally. The integers not represented locally by (1, 2, 5) are integers of

the form 52r+1(5n + m) where m is a nonsquare modulo 5. Therefore, it follows that if n

is not represented by [1, 2, 5], then 5 | (n + 1). So [1, 2, 5, k] must be a leaf if 5 � k. Since the

truant for [1, 2, 5] is 19, we only need to check k = 5, k = 10, and k = 15. We are stuck at

k = 15, so we only need to show the cases k = 5 and k = 10.

Let m be smallest such that [1, 2, 5, 5] does not represent m. Then 5 | m + 1 from

above and 2m+2
52r+1 is not a square modulo 5, taking x4 = 0. If r 
= 0, then take x4 = 2, and note

that 52r+1(5n+ 
 �) − 2 × 3 × 5 ≡ 20 (mod 25), so that m − 15 is represented by [1, 2, 5], and

hence m is represented by [1, 2, 5, 5] as long as m ≥ 15, which is as desired. Thus, we only

need to consider r = 0. The nonsquares modulo 5 are 2 and 3. As above, taking x4 = 2

when 2m+2
5 ≡ 2 (mod 5) and x4 = 1 when 2m+2

5 ≡ 3 (mod 5) gives the desired result.
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For k = 10, we again conclude that r 
= 0 by taking x4 = 1. Furthermore, if 2m+2
5 ≡

3 (mod 5), then x4 = 1 again gives us the desired conclusion. Hence, only the case 2m+2
5 ≡

2 (mod 5) remains. For [1, 2, 5, 10, k], with 5 | k, we may again conclude, by taking x5 = 0

and x5 = 1, that 25 | k since 2(m + 2) = 5(5n + 2) and 2(m + 2 − k) = 5(5n′ + 2), so 2k =
25(n − n′). Since 29 is the truant of [1, 2, 5, 10], the result follows when k 
= 25. But we are

stuck at k = 25, so we have the desired result.

We will leave out the analogous proofs for [1, 2, 10], [1, 3, 4], and [1, 4, 6], but list

the truants from their subtrees for completeness. The truants coming from [1, 2, 10] are

29 and 49 (from [1, 2, 10, 20]). The only truant from the subtree of [1, 3, 4] is 11. The truants

from the [1, 4, 6] subtree are 17, 29 (from [1, 4, 6, 12]), and 35 (from [1, 4, 6, 6]).

We will now show the subtree for [1, 4, 4]. While (1, 4, 4) is not genus 1, Benham,

Earnest, Hsia, and Hung [1] have shown that it is spinor genus 1. Moreover, they have

shown that (1, 4, 16) is spinor genus 1 by showing that the other member of its genus,

namely 4x2 + 4y2 + 5z2 + 4xz, is spinor genus 1. Therefore, the difference r(1,4,4)(8n + 9) −
r(1,4,16)(8n + 9) can be decomposed into coefficients of the Siegel averaging of the genus,

and a cusp form in U which has nonzero coefficients only at finitely many square classes.

Using Schulze-Pillot’s classification [17] or the generalization of Earnest, Hsia, and Hung

[9] to determine all t such that the square class tZ2 has nonzero coefficients for the

resulting cusp forms in U with these two quadratic forms, we conclude that only t = 1

occurs. Therefore, it follows that if m is not represented by [1, 4, 4], then 8m + 9 must

be a square. The first truant is m = 35, so we consider [1, 4, 4, k] for k ≤ 35. Let m not

represented by [1, 4, 4, k] be given. Then m − k is also not represented by [1, 4, 4], so that

8m + 9 is a square, say s2 and 8m + 9 − 8k is a square, say t2. Therefore, s2 − t2 = 8k.

But the difference between s2 and t2 must be at least the difference between s2 and

(s − 1)2, which is 2s − 1. Therefore, 2s − 1 ≤ 8k. This restricts the possible choices for s to

a (small) finite set, and hence the possible choices for m. Checking each such choice of s

for each k allows us to determine the integers not represented by [1, 4, 4, k]. We conclude

that we are done for every integer other than k = 15 and k = 33. For k = 15, we represent

exactly every integer other than 2 and 35, so [1, 4, 4, 15, k′] will represent every integer

except when k′ = 33. For k = 33 or k′ = 33, we are stuck at 35, and hence we are done

with the [1, 4, 4] subtree.

We will begin to use our GRH assumptions now. We will indicate clearly when we

make these assumptions. The eight cases [1, 2, 6], [1, 2, 8], [1, 2, 9], [1, 2, 11], [1, 4, 5], [1, 4, 8],

[1, 4, 9], and [1, 5, 6] will all follow analogous arguments. The cases [1, 2, 6], [1, 2, 9], and

[1, 4, 5] are the three cases where the GRH assumptions were seemingly unavoidable. In

each case, we will be able to decompose the theta series for the corresponding quadratic
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Table 1 Equivalent quadratic forms

Triangular form represents n ⇐⇒ Quadratic form represents m

[1, 2, 6] n (2, 4, 7, 0, 0, 4) 8n + 9

[1, 2, 8] n (2, 4, 9, 0, 0, 4) 8n + 11

[1, 2, 9] n (2, 3, 4, 2, 0, 2) 2n + 3

[1, 2, 11] n (1, 6, 8, 0, 0, 4) 4n + 7

[1, 4, 5] n (1, 4, 5, 0, 0, 0) 8n + 10

[1, 4, 8] n (4, 4, 9, 0, 4, 0) 8n + 13

[1, 4, 9] n (1, 4, 9, 0, 0, 0) 8n + 14

[1, 5, 6] n (3, 3, 4, 0, 2, 2) 2n + 3

forms with odd conditions into the Eisenstein series plus a Hecke eigenform. The Hecke

eigenform in each case is in the complement of the space spanned by lifts of one -

dimensional theta series. Because of the fact that these are all genus 2 quadratic forms,

we are able to first obtain the following proposition.

Proposition 3.2. Each triangular form [b1, b2, b3] in Table 1 represents n if and only if

the corresponding quadratic form

ax2 + by2 + cz2 + dxy + exz + fyz

represents m. Here we do not have the “odd” condition for the quadratic forms. �

Proof. Each of the above assertions follows the same simple argument, which we will

demonstrate explicitly for the form [1, 2, 11].

First, note that if not all of x, y, and z are odd, then x2 + 2y2 + 11z2 = 8n + 14 has

a solution modulo 8 only if x and z are both even. Therefore, if tb(n) is the number of

solutions of the triangular form represented by b, and rQ(m) is the number of solutions

to Q(x) = m, then

t[1,2,11](n) = r(1,2,11,0,0,0)(8n + 14) − r(4,2,44,0,0,0)(8n + 14)

= r(1,2,11,0,0,0)(8n + 14) − r(1,2,22,0,0,0)(4n + 7).

Now we note that (1, 2, 11, 0, 0, 0) is a genus-2 quadratic form. The other representative

of the genus is (2, 3, 4, 0, 0, 2). If 2x2 + 3y2 + 4z2 + 2yz = 8n + 14 has a solution, then it is

clear that y must be even. Therefore,

r(2,3,4,0,0,2)(8n + 14) = r(2,12,4,0,0,4)(8n + 14) = r(1,2,6,0,0,2)(4n + 7).

 at U
SB

 K
oeln on O

ctober 23, 2012
http://im

rn.oxfordjournals.org/
D

ow
nloaded from

 

http://imrn.oxfordjournals.org/


Representing Sets with Sums of Triangular Numbers 3279

But (1, 2, 6, 0, 0, 2) is a genus-1 quadratic form, so it follows that r(1,2,6,0,0,2)(4n + 7) is merely

the value given by Siegel’s local density formula as in [21]. Using this observation and

the fact that the local densities are equal for (1, 2, 6, 0, 0, 2) and (2, 3, 4, 0, 0, 2), it follows

that r(1,2,6,0,0,2)(4n + 7) = r(2,3,4,0,0,2)(8n + 14) = r(1,2,11,0,0,0)(8n + 14).

The form (1, 2, 22, 0, 0, 0) is again genus 2, and the other representative of the

genus is (1, 6, 8, 0, 0, 4). Therefore, the theta series for Q = (1, 2, 22, 0, 0, 0),

θQ(z) :=
∑

x

qQ(x),

satisfies θQ = EQ + g, where EQ is the Eisenstein series obtained by taking the local

densities and g is a cusp form which is a Hecke eigenform. Siegel’s formula shows for

Q′ := (1, 6, 8, 0, 0, 4) that

EQ =
θQ

4 + θQ′
2

3
4

.

Therefore, θQ′ = EQ − 1
2 g. By observing that the local densities for (1, 2, 11, 0, 0, 0) and

(4, 2, 44, 0, 0, 0) are the same other than at p = 2, one can easily see by explicitly computing

the local density at p = 2 that aE(1,2,11,0,0,0) (8n + 14) = 3aE1,2,22,0,0,0 (4n + 7). Therefore, we have

shown that

r(1,2,11,0,0,0)(8n + 14) − r(1,2,22,0,0,0)(4n + 7) = 3aE1,2,22,0,0,0 (4n + 7) − (aE1,2,22,0,0,0 (4n + 7) + g)

= 2aE1,2,22,0,0,0 (4n + 7) − g = 2r(1,6,8,0,0,4)(4n + 7).

This is precisely what we wanted to show. The other cases follow analogously. �

We now proceed by determining which integers in these arithmetic progressions

are represented by these quadratic forms. Since each of these forms is genus 2, as well as

spinor genus 2, we know that θ = E + g, where g is a Hecke eigenform in the complement

of the space spanned by lifts of one -dimensional theta series. Thus, we will employ the

argument given in [13] in the case where there is precisely one Hecke eigenform.

We will begin by constructing an algorithm that given a nonzero Hecke eigen-

form g, a constant cE depending only on the local densities, such that the Eisenstein

series has coefficients aE (N) = cE h(−mN) for some fixed integer m and N square free,

where h(−D) is the class number, the modulus q such that the corresponding twist from

Waldspurger’s theorem [23] of the Shimura lift G of g is of modulus qN2, the integer

m given above in the class number, an integer D0 such that ag(D0) is nonzero, ag(D0),

and the character χ that we are twisting by and returning a bound D beyond which
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the coefficients of the theta series are nonzero in the congruence class corresponding

to D0.

We do so by fixing X := 455, σ := 1.1573, and σ2 := 1.3465 and calculating the

bounds given in Theorems 6.1 and 7.1 of [13] for L(χmN , σ + it ) and L(G, χ , σ + it ), where

G is the Shimura lift of g. The choices of X, σ , and σ2, although arbitrary, were chosen by

doing a binary search for local minima, first in terms of σ (due to a heavy dependence on

σ in the power of n), then X, and finally σ2. One reason why it is difficult to choose these

constants is that choosing σ → 1 gives the optimal bound asymptotically in terms of

the power of the conductor, but the implied constant explodes. Therefore, it is desirable

to have flexibility to choose σ larger when q is small and to choose σ smaller when

q is large (here q is the level of a twist of G). The bounds from [13] rely heavily on

bounds for the logarithmic derivative of � and are rather technical, but the only serious

difficulties occur in the terms contributed by the zeros of L(s), as described briefly

in the paragraph following the definition (3.1) of Fi. Most of the constants are then

straightforward to calculate in terms of special values of �(s) and ζ (s). Although the

bounds exhibit polynomial growth in the variable t , one can use the functional equation

of the �-function to essentially gain an extra factor of ta in the denominator at the cost

of shifting the real part to the right by a, and hence deal with this technical difficulty by

using the �(s) factor from the definition (3.1) of Fi. The constants α(X), γ (X), and δ(X) are

given in terms of the maximum over 0 ≤ y ∈ R of certain functions f (y) = g(y)h(y) with

g(y), defined in terms of a certain factor �(x + iy), monotone decreasing exponentially with

y and h(y) monotone increasing polynomially. Hence, in the interval y ∈ [y0, y1] we have

f (y) ≤ g(y0)h(y1). Breaking up [0, N] into small intervals and using this trick repeatedly,

we obtain a bound for the maximum in [0, N]. For the interval [N, ∞) we use the functional

equation of � to divide by powers of y and, hence, cancel the growth coming from h(y).

Bounding α, β, γ , and δ in this manner in Theorem 8.1 of [13], we see with the help of a

computer using MAGMA [3] that

α(X) ≤ 0.089028567932572, β(X) ≥ 0.0886630818642167,

γ (X) ≤ 0.249235264918139, δ(X) ≤ 0.0963544917482776.

The main technical difficulty which remains is to bound the terms arising from the sums

obtained by (3.2). Based on the uniform shape of these sums, we are able to combine them

as a single sum, allowing us to take advantage of cancellation between terms which would

otherwise be lost when pulling the absolute value inside. We then explicitly compute the
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Table 2 Sufficient bounds under GRH

Triangular form Bound D0 for quadratic form Bound D′
0 for odd squares

[1, 2, 6] 1.23 × 109 1.23 × 109

[1, 2, 8] 6.0 × 108 6.0 × 108

[1, 2, 9] 1.68 × 106 6.72 × 106

[1, 2, 11] 8.0 × 104 1.6 × 105

[1, 4, 5] 2.6 × 105 2.6 × 105

[1, 4, 8] 5.7 × 108 5.7 × 108

[1, 4, 9] 1.1 × 1012 1.1 × 1012

[1, 5, 6] 4.55 × 109 1.82 × 1010

sum for small n, while for large n we bound against a constant times

∞∑
n=N+1


(n)

na log(n)
e−n/X.

This sum is then rewritten as an integral, and integration by parts gives us a bound in

terms of ψ (x) = ∑
n≤x 
(n) and an incomplete �-function (see [16, Lemma 5] or [13, Lemma

8.5]).

Notice that the bound obtained by this algorithm is valid only in the congruence

class congruent to D0 modulo 8 times the square of the determinant of the corresponding

quadratic form, and that for each congruence class the choice of m and χ may vary. We,

therefore, will run the algorithm for a choice of D0 in each congruence class which

satisfies the congruence modulo a 2 power given above, and we will merely state the

largest such bound obtained in Table 2.

We then check up to the bound D′
0 for odd squares with a computer (using the

fact that it is diagonal to our advantage by splitting off one dimension, as in [12]) and list

the integers not represented by each triangular form. We will list the triangular form,

then the congruence classes not represented locally by the form, and finally the finite list

of “sporadic” integers not represented globally but represented locally by the form. Note

that we have a leaf (and hence GRH seems unavoidable with current techniques) if and

only if there are no congruence classes and no sporadic odd integers, namely the cases

[1, 2, 6], [1, 2, 9], and [1, 4, 5].

Given Table 3, it is easy to see that the only truants which arise from all of the

subtrees other than [1, 4, 9] are 13, 17, 19, and 25. The first odd integer not represented

by [1, 4, 9] is 11, so we only need to consider [1, 4, 9, k] for 9 ≤ k ≤ 11. The choice k = 9 is

stuck at 11, and k = 10 or k = 11 clearly represent every integer other than 2 and 8, by

taking x4 = 0 or x4 = 1.
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Table 3 Exceptional integers not represented

Triangular form Congruence classes Sporadic integers

[1, 2, 6] ∅ ∅
[1, 2, 8] ∅ {4, 19, 112}
[1, 2, 9] ∅ ∅

[1, 2, 11] ∅ {4, 25}
[1, 4, 5] ∅ {2, 26, 38}
[1, 4, 8] ∅ {2, 16, 17}
[1, 4, 9] m ≡ 2 mod 9 and m ≡ 8 mod 9 ∅
[1, 5, 6] ∅ {2, 4, 13, 35}

The case [1, 2, 7, k] with 8 ≤ k ≤ 11 follows from the above cases and k = 7 is

stuck at 11 so we get no new truants. The case [1, 4, 7] analogously gives no new truants,

and [1, 3, 3] and [1, 5, 5] will follow similarly after we show the argument for [1, 3, 5] and

[1, 5, 7]. Thus, it only remains to show the subtrees for [1, 3, 5] and [1, 5, 7].

For [1, 3, 5], we will follow a similar argument as above, but we must be slightly

more careful. We note that

t[1,3,5](n) = r(1,3,5,0,0,0)(8n + 9) − r(1,5,12,0,0,0)(8n + 9).

The theta series for (1, 3, 5, 0, 0, 0) decomposes as E + g1, while the theta series for

(1, 5, 12, 0, 0, 0) decomposes as 1
2 E + g2. In this case, the Shimura lift of g1 − g2 is

1
2 (−G15 + G15|V (2) − 4G15|V (4)), where G15 is the (unique) newform of weight 2 and level

15 and V (d) is the dth V-operator (see [15, p. 28]). Therefore, since the Hecke operators

commute with the Shimura lift, it follows that g1 − g2 is a Hecke eigenform, so we may

use the above algorithm with g = g1 − g2.

When 5 does not divide 8n + 9, our algorithm gives the bound D′
0 = 9.4 × 108.

Checking up to this bound, we find no sporadic integers outside of n ≡ 2 mod 5. There-

fore, all integers other than a subset of n ≡ 2 mod 5 are represented by [1, 3, 5]. However,

since the truant of [1, 3, 5] is 7, we only need to consider [1, 3, 5, k] for 5 ≤ k ≤ 7, and 5

is stuck on 7. Hence, using x4 = 0 or x4 = 1, we represent every integer other than 2.

The reason for separating the case of n ≡ 2 mod 5 is that the bound obtained by the

algorithm was not computationally feasible and was not needed to obtain the desired

result.

In the case of [1, 5, 7],

t[1,5,7](n) = r(1,5,7,0,0,0)(8n + 13) − r(1,5,28,0,0,0)(8n + 13),
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and both (1, 5, 7, 0, 0, 0) and (1, 5, 28, 0, 0, 0) are genus 3 and spinor genus 3. There-

fore, the theta series for (1, 5, 7, 0, 0, 0) decomposes into E + g1 + g2 and the theta se-

ries for (1, 5, 28, 0, 0, 0) decomposes into 1
2 E + g3 + g4, where g1, g2, g3, and g4 are Hecke

eigenforms in the complement of the space spanned by lifts of one-dimensional theta

series. Moreover, computation shows that the Shimura lift of g1 − g3 is 1+√
17

2
√

17
(G35 +

c1G35|V (2) + c2G35|V (4)), where G35 is the newform of weight 2 and level 35 whose sec-

ond coefficient is −1+√
17

2 . The constants c1 and c2 are irrelevant, since we will twist

the Hecke eigenform by χ4, killing all of the coefficients divisible by 2, while the

nth coefficient of G|V (d) is zero unless d | n. Moreover, the Shimura lift of g2 − g4 is

(1 − 1+√
17

2
√

17
)(σG35 + σ (c1)σG35|V (2) + σ (c2)σG35|V (4)). Here σ is the Galois map sending

√
17

to −√
17.

We could write a separate algorithm from the one above for two (or any arbitrary

number of) eigenforms, but for simplicity we will simply rewrite the above sum as

(αE + (g1 − g3)) +
((

1

2
− α

)
E + (g2 − g4)

)

for some appropriate choice of α, and then bound each half separately as above, taking

the maximum of the two bounds, since beyond the corresponding maximum bound D0,

aαE+(g1−g3) > 0, and a( 1
2 −α)E+(g2−g4) > 0. The optimal choice of α would give equal D0 bounds

for each.

We choose α = 17
36 here, so that 1

2 − α = 1
36 . Doing so, whenever 5 does not divide

8n + 13, we get a bound for the part corresponding to g1 − g3 of D′
0 = 4.53 × 108 and a

bound of D̃0
′ = 1.65 × 108 for the part corresponding to g2 − g4. The only sporadic integer

not congruent to 4 mod 5 is 2. Therefore, we are again done, since [1, 5, 7, k] represents

every odd when 8 ≤ k ≤ 9 since n ≡ 4 mod 5 is represented by x4 = 1, and k = 7 is stuck

at 9. �
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Abstract

We investigate mixed sums of triangular numbers and squares. We resolve a con-
jecture of Z.-W. Sun about representability of sums of this type by proving 6 of the 10
parts and giving counterexamples to the 4 other parts. We also show that the general-
ized Riemann hypothesis implies another conjecture of Z.-W. Sun about which explicit
natural numbers may be represented.
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integral weight modular forms
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1. Introduction

Sums of squares and sums of triangular numbers have been studied extensively, going as far
back as Fermat. Fermat asserted that every natural number was the sum of three triangular
numbers, four squares, five pentagonal numbers, etc. Lagrange showed this claim for sums
of four squares in 1770, while Gauss showed the result for three triangular numbers in 1796.
The full assertion was later shown by Cauchy in 1813.

More recently, Sun [18] has considered mixed hybrid sums involving both triangular
numbers and squares. That is, Sun has considered sums of the type

fa,b(x, y) := a1x
2
1 + · · ·+ am1x

2
m1

+ b1Ty1 + · · ·+ bm2Tym2
,

where ai and bi are natural numbers and Tn = n(n + 1)/2 is the n-th triangular number.
In [18], Sun investigates which sums with three terms represent every integer, so called

universal forms, reducing the possible candidates to a short list which he then conjectured
to be universal. Guo, Pan, and Sun [5] showed that at least all but one of these were indeed
universal, while Sun and Oh [10] showed that every natural number could be written as a
square plus an odd square plus a triangular number to complete the classification.

Theorem 1.1 (Sun and Oh, see [10]). Every natural number has the form

x2 + 8Ty + Tz.

∗E-mail address: bkane@science.ru.nl
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Sun then conjectured the following (cf. [19]).

Conjecture 1.2 (Sun [19]). Let m and n be any nonnegative integers. Then every suffi-
ciently large natural number can be written in any of the following forms:

2mx2 +2ny2 +Tz (1.1)

2mx2 +2nTy +Tz (1.2)

2mTx +2nTy +Tz (1.3)

x2 +2n · 3y2 +Tz (1.4)

x2 +2n · 3Ty +Tz (1.5)

2n · 3x2 +2Ty +Tz (1.6)

2n · 3Tx +2Ty +Tz (1.7)

2n · 5Tx +Ty +Tz (1.8)

2Tx +3Ty +4Tz (1.9)

2x2 +3y2 +2Tz. (1.10)

We will see first that this conjecture does not hold in general. For formulas (1.2), (1.3),
(1.7), and (1.8) we obtain explicit counterexamples to the conjecture.

Theorem 1.3.
x2 + 16Ty + Tz

does not represent any natural number of the form (p2 − 17)/8, where p is any prime
congruent to 1 or 3 modulo 8, and is hence a counterexample to (1.2).

4Tx + 4Ty + Tz

and
8Tx + Ty + Tz

represent precisely the natural numbers not of the form (a2− 9)/8 and (a2− 5)/4, respec-
tively, where a is any integer all of whose prime factors are congruent to 1 modulo 4. Hence
both are counterexamples to (1.3).

192Tx + 2Ty + Tz

does not represent any natural number of the form (3p2− 195)/8 with p a prime congruent
to 5 or 7 modulo 8, and hence it is a counterexample to (1.7).

160Tx + Ty + Tz

does not represent any natural number of the form (5p2−162)/8 with p is a prime congruent
to 5 or 7 modulo 8, and hence it is a counterexample to (1.8).

Remark 1.4. After submission, Sun has pointed out that the cases 4Tx + 4Ty + Tz and
8Tx + Ty + Tz are in fact implied in Oh and Sun’s paper [10], as follows.
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From Oh and Sun [10, Theorem 1.1(ii)],

{n ∈ Z+ : n 6= (2x + 1)2 + Ty + Tz, x, y, z ∈ Z}
= {2Tm : m > 0, and all prime divisors of 2m + 1 are congruent to 1 (mod 4)}.

It follows that a nonnegative integer n cannot be represented by 8Tx + Ty + Tz if and only
if n has the form 2Tm − 1 where 2m + 1 has no prime divisors congruent to 3 modulo 4.

By Sun [18, Theorem 1(iii)], and Oh-Sun [10, Theorem 2.1(ii)]

{n ∈ Z+ : n 6= (2x + 1)2 + (2y)2 + Tz, x, y, z ∈ Z}
= {Tm : m > 0, and all prime divisors of 2m + 1 are congruent to 1 (mod 4)}.

Observe that

n = 4Tx + 4Ty + Tz for some x, y, z ∈ Z
⇐⇒ 2n + 2 = (2x + 1)2 + (2y + 1)2 + 2Tz for some x, y, z ∈ Z
⇐⇒ n + 1 = (x + y + 1)2 + (x− y)2 + Tz for some x, y, z ∈ Z
⇐⇒ n + 1 = (2u + 1)2 + (2v)2 + Tz for some u, v, z ∈ Z.

Thus, an integer n cannot be represented by 4Tx + 4Ty + Tz if and only if n has the form
Tm − 1 with 2m + 1 having no prime divisors congruent to 3 modulo 4. Note also that the
“if” part is equivalent to Oh and Sun [10, Corollary 1.1(ii)].

Although such counterexamples to the conjecture exist, the nature of such counterex-
amples is tractable, and we will prove a revised version of the conjecture, resolving the
conjecture conclusively in each case.

Theorem 1.5. Let m and n be any nonnegative integers. Then for a sufficiently large
natural number r, depending on n and m, the following equations hold

1.
2mx2 + 2ny2 + Tz = r.

2.
2mx2 + 2nTy + Tz = r

whenever 8r + 2n + 1 is not a square. This condition is empty when n < 3.

3.
2mTx + 2nTy + Tz = r

whenever 8r+2n+2m+1 is not a square, or when n = 0 (or, symmetrically, m = 0)
and 8r + 2m + 2 (8r + 2n + 2, respectively) is twice a square.

4.
x2 + 2n · 3y2 + Tz = r

5.
x2 + 2n · 3Ty + Tz = r
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6.
2n · 3x2 + 2Ty + Tz = r

7.
2n · 3Tx + 2Ty + Tz = r

whenever 8r + 3 · 2n + 3 is not 3 times a square.

8.
2n · 5Tx + Ty + Tz = r

whenever 8r + 5 · 2n + 2 is not 10 times a square.

9.
2Tx + 3Ty + 4Tz = r.

10.
2x2 + 3y2 + 2Tz = r.

Remark 1.6. This result is best possible in the sense that Theorem 1.3 gives forms which
do not represent infinitely many natural numbers r such that 8r + c are in each of the
exceptional square classes tZ2 listed in Theorem 1.5. In particular, x2 + 16Ty + Tz does
not represent r if 8r + 17 = p2, whenever p is any prime congruent to 1 or 3 modulo 8,
4Tx + 4Ty + Tz and 8Tx + Ty + Tz do not represent r if 8r + 9 = a2 or 8r + 10 = 2a2,
respectively, whenever all prime divisors of a are congruent to 1 modulo 4, 192Tx+2Ty+Tz

and 160Tx +Ty +Tz do not represent r if 8r +195 = 3p2 or 8r +162 = 5p2, respectively,
whenever p is a prime congruent to 5 or 7 modulo 8. It is important to note that for any fixed
m,n our method will be sufficient to determine whether every sufficiently large integer is
represented, or if there are infinitely many natural numbers of the form 8r + c = tZ2 which
are not represented.

Sun also makes several concrete observations based on computational evidence for
many of these forms to determine what is “sufficiently large.” However, our proof relies
on a lower bound for the class numbers, and is hence ineffective, so that we cannot deter-
mine an explicit bound on r. Under the assumption of the Generalized Riemann Hypothesis
(GRH), we can verify that the list given by Sun is complete. Sun also makes the following
explicit conjecture (Conjecture 3 in [18]).

Conjecture 1.7. Every natural number can be written in the form x2 + 2y2 + 3Tz except
r = 23, in the form x2 +5y2 +2Tz except r = 19, in the form x2 +6y2 +Tz except r = 47,
and in the form 2x2 + 4y2 + Tz except r = 20.

Although our methods are not sufficient to completely resolve this conjecture, due to the
ineffective nature of our bounds, we are able to obtain a partial result and a conditional proof
of Conjecture 1.7, with the help of a computer, using the method of Ono and Soundararajan
[12] which was used to (conditionally) determine the integers represented by x2+y2+10z2.

Theorem 1.8. Every sufficiently large natural number may be written in each of the forms
given in Conjecture 1.7.

Moreover, assuming GRH for Dirichlet L-functions and GRH for the L-functions of
weight 2 new forms, Conjecture 1.7 holds.
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Table 1. Equivalent Quadratic Forms
Mixed Sum f Exceptional r Quadratic Form Q Congruence Exceptional r′

x2 + 2y2 + 3Tz {23} 2x2 + 3y2 + 4z2 3 (mod 8) {187}
x2 + 5y2 + 2Tz {19} x2 + y2 + 20z2 1 (mod 4) {77}
x2 + 6y2 + Tz {47} x2 + 2y2 + 12z2 1 (mod 8) {377}
2x2 + 4y2 + Tz {20} x2 + 4y2 + 32z2 1 (mod 8) {161}

Remark 1.9. In light of Theorem 1.8, there is an elliptic curve E for each form such that
any counterexample r to Conjecture 1.7 will give a (specific) discriminant Dr such that
L(χDr , s) has a Siegel zero or a (specific) discriminant D′

r such that the L-series of the
D′

r-th quadratic twist of E contains a Siegel zero. Here Dr and D′
r vary linearly in r as a

constant times 8r + c with c the constant in front of the term Tz

In our proof of Theorem 1.8, we also show that Conjecture 1.7 leads to the following
equivalent statements.

Proposition 1.10. In Table 1, the mixed sum f represents precisely every natural number
other than the exceptional set of r if and only if the quadratic form Q represents every
natural number in the given congruence class other than the exceptional set of r′.

Our methods will be based upon the theory of (ternary) quadratic forms and half-integral
weight modular forms. A good reference for quadratic forms is [6] and the survey paper of
Schulze-Pillot [13], while a good reference for modular forms is [11].

2. Representations by Sufficiently Large Integers

In this section we will show our main results, Theorems 1.5 and 1.3. We will first show the
main result and then show how the counterexamples arise naturally from our proof.

Proof of Theorem 1.5. Consider one of the forms of the conjecture written as

fa,b(x, y) = a1x
2
1 + · · ·+ am1x

2
m1

+ b1Ty1 + · · ·+ bm2Tym2
.

We first note that (extending the definition of triangular number to T−x = −x(−x + 1)/2
for symmetry), fa,b(x, y) = r if and only if

Qa,b(x, y) := 8a1x
2
1+ · · ·+8am1x

2
m1

+b1(2y1+1)2+ · · ·+bm2(2ym2 +1)2 = 8r+
m2∑
i=1

bi.

(2.1)
This is obtained simply by multiplying both sides of the equation by 8 and then adding∑m2

i=1 bi to both sides. Therefore, we will consider sums of the type Qa,b(x, y). Note that
in each of our cases Q = Qa,b is a (ternary) quadratic form (which we shall denote Q′ for
the quadratic form) with the added condition that the bi terms must be odd.

Consider the associated theta-series

θQ :=
∑

x,y,z∈Z
qQ(x,y,z) =

∑
r∈N

aQ(r)qr,
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where aQ(r) is the number of representations of r by Q. We may write, using inclu-
sion/exclusion,

θQ(x1,x2,y1) = θQ′(x1,x2,y1) − θQ′(x1,x2,2y1), (2.2)

θQ(x1,y1,y2) = θQ′(x1,y1,y2) − θQ′(x1,2y1,y2) − θQ′(x1,y1,2y2) + θQ′(x1,2y1,2y2), (2.3)

and

θQ(y1,y2,y3) = θQ′(y1,y2,y3) − θQ′(2y1,y2,y3) − θQ′(y1,2y2,y3) − θQ′(y1,y2,2y3)

+ θQ′(2y1,2y2,y3) + θQ′(2y1,y2,2y3) + θQ′(y1,2y2,2y3) − θQ′(2y1,2y2,2y3). (2.4)

Thus, θQ is a sum of finitely many modular forms (the theta-series of the above quadratic
forms), and is thus itself a modular form.

The theta-series of a ternary quadratic form decomposes as follows:

θQ′ = (θQ′ − θSpn(Q′)) + (θSpn(Q′) − θGen(Q′)) + θGen(Q′),

where θGen(Q′) denotes the weighted average over the genus and θSpn(Q′) denotes the
weighted average over the spinor genus. Moreover, (θQ′ − θSpn(Q′)) is a cuspidal mod-
ular form whose Shimura lift is also cuspidal, (θSpn(Q′) − θGen(Q′)) is a cuspidal modular
form in the space of lifts of one dimensional theta-series, where only tZ2 coefficients are
supported (all others are equal to zero) for finitely many squarefree integers t dividing the
discriminant (cf. Schulze-Pillot [13], p. 7-9). We will call ta2 a (primitive) spinor excep-
tion for Q′ if ta2 is not (primitively) represented by the spinor genus of Q′, and we will
call tZ2 a spinor exceptional class for Q′ if t is not represented by one of the spinor genera
in the genus of Q′. The r-th coefficient of the weighted average of the genus grows like
a certain class number (see Jones [6]) when r has bounded divisibility by the anisotropic
primes (primes p dividing twice the discriminant in which the number of representations
does not grow locally), and hence the r-th coefficient grows like

aθGen(Q′)(r) � r1/2−ε,

whenever r is locally represented, by Siegel’s (ineffective) lower bound for the class num-
bers [16]. Since the Shimura lift of (θQ′ − θSpn(Q′)) is cuspidal, Duke’s bound [2] gives

aθQ′−θSpn(Q′)(r) � r3/7+ε,

as observed by Duke and Schulze-Pillot [3]. Therefore, outside of the coefficients which
are supported by (θSpn(Q′) − θGen(Q′)) or (θSpn(Q′(x,y,2z)) − θGen(Q′(x,y,2z))), Equation (2.2)
gives in that case

aQ(r) = aθGen(Q′(x,y,z))
(r)− aθGen(Q′(x,y,2z))

(r) + O(r3/7+ε).

We now investigate the difference

aθGen(Q′(x,y,z))
(r)− aθGen(Q′(x,y,2z))

(r).

Using Siegel’s averaging formula, the coefficients of these forms are given by the product of
the limit of the number of solutions modulo a prime power pm divided by pm. Since these
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forms are equivalent p-adically for all primes p 6= 2, it follows that aθGen(Q′(x,y,2z))
(r) =

craθGen(Q′(x,y,z))
(r), where cr is a constant which only depends on r modulo a fixed power

of 2. Clearly cr ≤ 1, since the number of representations of r with z arbitrary is less than
or equal to the number of representations with z even. We then note that modulo a fixed
power of 2 this difference of local densities is equal to the number of solutions with z odd.
Moreover, Siegel’s averaging theorem [17] shows that r is represented by one of the forms
in the genus if and only if it is locally represented at all of the primes. Thus, cr = 1 if and
only if r is not locally represented by Q′ with z odd.

Taking c′r to be the weighted sum of the above cr from the inclusion/exclusion, the same
argument as above shows that Equations (2.3) and (2.4) also give

aQ(r) = (1− c′r)aθGen(Q′(x,y,z))
(r) + O(r3/7+ε)

for coefficients not supported by θSpn(Q′′) − θGen(Q′′) for any Q′′ occuring in the inclu-
sion/exclusion, where 1− c′r = 0 if and only if r is not locally represented.

Thus, any sufficiently large integer which is locally represented by Q and has bounded
divisibility by the anisotropic primes, other than (possibly) spinor exceptional square
classes tZ2, with t a squarefree divisor of twice the discriminant of Q′, are represented
globally by Q.

We will now proceed to show that each of the forms (1.1), (1.2), (1.3), (1.4), (1.5), (1.6),
(1.7), (1.8), (1.9), and (1.10) give a form Qa,b which locally represents every integer of the
form

8r +
m2∑
i=1

bi

from Equation (2.1). We will then show which possible exceptional square classes may
occur in each case.

We first note that the anisotropic primes must divide twice the discriminant and hence
in each case these can only be 2, 3, or 5. The prime 2 can be ignored, since the congruence
conditions modulo 8 of the integers we would like to represent by Qa,b in each of our
examples automatically implies bounded divisibility at 2. For those cases where 3 and 5
occur in the discriminant we use the fact that 2 is invertible p-adically so that we only need
to check the local conditions at 3 and 5 for n = 0 or n = 1 and m = 0 or m = 1, verifying
in each case that 3 and 5 are not anisotropic. Therefore we only need to check p-adically at
each prime for existence of a solution.

It is well known that a solution exists for primes p relatively prime to the discriminant,
so we only need to consider primes which divide the discriminant. For (1.1), (1.2), and
(1.3), the discriminant is a power of 2, so we only need to consider solutions modulo a
sufficiently large power of 2. Checking a fixed power of 2 and applying Hensel’s lemma
shows that the 2-adic conditions are indeed satisfied in each case.

Therefore, other than spinor exceptional square classes, we have the desired result for
these three types of forms. Since the discriminants of each of these forms are a power of 2,
the only possible spinor exceptional classes are Z2 and 2Z2, so t = 1 or t = 2.

For forms of type (1.1) we note that 8r + 1 is never 2 times a square and for a square
(2a + 1)2 = 8r + 1 we have the explicit solution x = y = 0 and z = a, so we obtain the
desired statement.
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For forms of type (1.2), 8r + 2n + 1 is even if and only if n = 0 (and in that case 2
(mod 8)). But in this case we have the solution x = 0 and y = z = a for 2(2a + 1)2, so
t = 2 does not appear in our analysis. When n < 3, 8r + 2n + 1 is not 1 or 0 mod 8, so
squares do not appear in our analysis when n < 3. The case t = 1 gives the condition of
the theorem.

For forms of type (1.3) 8r + 2n + 2m + 1 is even if and only if m > 0 and n = 0 (up to
symmetry), so we only need to consider twice a square when n = 0. The case t = 1 gives
the other condition of the theorem.

Forms of type (1.4), (1.5), (1.6), (1.7), (1.9) and (1.10) give Q′ with discriminant a
power of two times 3. Therefore, for these forms we need to check the local condition at 2
and at 3. The 2-adic argument for forms of type (1.4), (1.5), (1.6), (1.7) follow exactly as
above for the previous 3 types of forms, using Hensel’s Lemma. For the 3-adic argument
we only need to show that there is a solution modulo 9 and then use Hensel’s Lemma. Since
2 is invertible modulo a 3 power, we only need to consider the cases n = 0 or n = 1. A
simple check shows that the local conditions are satisfied in this case. The local conditions
for the forms (1.9) and (1.10) follow directly by direct calculation.

Therefore, the result holds outside of the spinor exceptional square classes for these
forms. For (1.9) and (1.10) the genus only has one spinor genus so there are no spinor
exceptional square classes, and these follow immediately. For all others, the only possible
spinor exceptional classes are Z2, 2Z2, 3Z2, and 6Z2. For (1.4), 8r + 1 = ta2 only has a
solution modulo 8 if t1 = 1, but in this case we have the solution x = y = 0 and z = a.
For forms of type (1.5) we have

8r + 3 · 2n + 1 ≡


1 if n ≥ 3
5 if n = 2
7 if n = 1
4 if n = 0

(mod 8)

Hence we only need to consider the spinor exceptional class with t = 1 for n ≥ 3 and t = 2
for n = 1. A quick check shows that 2Z2 is not a spinor exceptional class for n = 1 since
the genus equals the spinor genus in this case. Therefore only the case t = 1 is possible.
However, Schulze Pillot [14] gives necessary and sufficient conditions p-adically for t to
be a spinor exception. We will only need here the necessary condition 3-adically (which
is due to Kneser [9]). Earnest, Hsia, and Hung have given an easy determination of when
these conditions are satisfied [4]. They show that the necessary condition implies that if p
is ramified in Q(

√
−td) then

Lp
∼= b1x

2 + b23ry2 + b33sz2

with bi being p-adic units and 0 < r < s. However, we have 3 ramified in Q(
√
−3 · 2n+3t)

whenever 3 does not divide t, and r = 0 in our case, so it follows that 1 cannot be a spinor
exception for 8x2 + 2n3y2 + z2 for any n. But our sum (2.3) only contains quadratic forms
of this type, and the result follows.

For (1.6), the congruence 8r + 3 ≡ 3 (mod 8) implies that only t = 3 may occur, but
x = 0, y = z = a gives a solution to 3a2. For (1.7) the congruence condition modulo 8
implies that only t = 6 is possible for n = 0, t = 1 for n = 1, and t = 3 is possible for
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n ≥ 3. A quick check for n = 0 and n = 1 show that these spinor exceptions do not occur,
and we are left with the remaining condition.

Finally we show the result for forms of type (1.8). In this case, the discriminant is a
power of 2 times 5, and the local conditions are shown as above. The only possible spinor
exceptional classes are those with t = 1, t = 2, t = 5, and t = 10. We again look at
the congruence conditions modulo 8 to determine that the only possible spinor exceptions
equal to 8r + 5 · 2n + 2 are twice a square or 10 times a square when n ≥ 3. As in the case
of (1.5) we then argue 5-adically to show that 5 must be a divisor of t, so the case t = 2
cannot occur.

We will now show that our counterexamples to the original conjecture are of the excep-
tional type arising from spinor exceptional square classes in the associated quadratic form,
as evidenced in the above proof.

Proof of Theorem 1.3. In light of Theorem 1.5, for each of the counterexamples we will
show that the associated form Q does not represent ta2 for infinitely many integers a, with
tZ2 the possible spinor exceptional square class which occurs as a condition in the given
statement.

We will first show the case for 4Tx + 4Ty + Tz . The associated form Q′(x, y, z) :=
4x2 +4y2 + z2 is genus 1. Local conditions (modulo 8) show that the difference of sums to
obtain 8r+9 is Q(x, y, z) = Q′(x, y, z)−Q′(x, 2y, z), since otherwise the local conditions
are not satisfied. However, Q′′(x, y, z) := 4x2 + 16y2 + z2 is spinor genus 1. Therefore,
θQ′ − θSpn(Q′) = 0, θGen(Q′) − θSpn(Q′) = 0, and θQ′′ − θSpn(Q′′) = 0, so that, calculating
the constant in front of θGen(Q′) exactly,

θQ = cθGen(Q′) − (θSpn(Q′′) − θGen(Q′′)),

so that aQ(8r + 9) = 2aQ′′′(8r + 9), where Q′′′ = 4x2 + 4y2 + 5z2 + 4xz is the (unique)
representative of the other spinor genus in the genus of Q′′. Therefore, r will be represented
if and only if 8r + 9 is represented by Q′′′, which is spinor genus 1 (and satisfies local
conditions), and hence represents every integer of this type except for the spinor exceptions.
However 1 is a spinor exception for Q′′′, so it follows from the work of Schulze-Pillot [14]
that if p is a prime which splits in K = Q(

√
−16) = Q(i) then Q′′′ will not represent p2,

and hence neither will Q. To determine completely the integers not represented by Q′′′, one
may then follow Schulze-Pillot [14] to see that the integers r not represented are precisely
those for which 8r + 9 is a square which has divisors that all split in Q(i), which occurs if
and only if every prime divisor of 8r + 9 is congruent to 1 modulo 4.

For 8Tx+Ty+Tz , we similarly have that 8x2+y2+z2 is genus 1 and that 32x2+y2+z2

is spinor regular with 2Z2 a spinor exceptional square class. Again K = Q(
√
−8 · 2) =

Q(i). Therefore, the integers not represented by 8Tx + Ty + Tz are precisely those r for
which 8r + 10 is twice a square a where all of the divisors of a are congruent to 1 modulo
4. We include this case as a second counterexample to (1.3) to show that both conditions
which we have in the theorem are necessary.

For x2 + 16Ty + Tz , the inclusion/exclusion sum gives Q′(x, y, z)−Q′(x, 2y, z) with
Q′ = 8x2 + 16y2 + z2, a genus 1 form. Since Z2 is a spinor exceptional square class for
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32x2 + 16y2 + z2 we argue as above to obtain 8r + 17 is not represented by Q if and only
if 8r + 17 is a square with all divisors split in Q(

√
−2).

For the other cases, tZ2 will be a spinor exceptional square class for both Q′(x, y, z)
and Q′(2x, y, z) which is represented by both Q′(x, y, z) and Q′(2x, y, z). Therefore, for
any prime p which is inert in K := Q(

√
−td) (Here d is the discriminant of the form,

which is the same up to a square for both quadratic forms), then tp2 will not be represented
primitively by the spinor genus of Q′(x, y, z) or Q′(2x, y, z), and hence not by these forms
(see [15], page 352).

For 192Tx + 2Ty + Tz we have the spinor exceptional class from t = 3. Clearly,
Q(x, y, z) does not represent t = 3, because the odd condition dictates that the smallest
integer represented by Q is 192 + 2 + 1 = 195. Therefore, the number of representa-
tions of t = 3 by Q′(x, y, z) and Q′(2x, y, z) are equal. Fix an arbitrary prime p inert
in K = Q(

√
−2). Since there are no primitive representations of tp2 by Q′(x, y, z) and

Q′(2x, y, z), it follows that the number of representations of tp2 by Q′(x, y, z) equals the
number of representation of tp2 by Q′(2x, y, z). For 160Tx + Ty + Tz , we have t = 10 and
K = Q(i), and the argument follows as above.

3. GRH and Mixed Sums

In [8], the author considers sums of the type fa,b where a = 0. Using the decomposition
given in Equation (2.4), an algorithm is shown to determine, conditional upon GRH, which
integers are represented by f0,b. This is based upon an algorithm described by Ono and
Soundararajan [12] to determine the integers represented by the particular form x2 + y2 +
10z2, as generalized to more general forms by the author in [7]. We will briefly explain the
theory behind the algorithm and then use the algorithm to conclude Theorem 1.8.

We start by decomposing the associated quadratic form Q′ as described in the previous
section, namely

θQ′ = (θQ′ − θSpn(Q′)) + (θSpn(Q′) − θGen(Q′)) + θGen(Q′).

For (θSpn(Q′) − θGen(Q′)), we use the results of Schulze-Pillot [14] to determine all (prim-
itive) spinor exceptions. Outside of these finitely many square classes, we have a cuspi-
dal weight 3/2 modular form g := (θQ′ − θSpn(Q′)) whose Shimura lift is cuspidal plus
EQ′ := θGen(Q′). Since the Shimura lift of g is cuspidal and the Hecke operators commute
with the Shimura lift, we may further decompose g into

g =
m∑

i=1

bigi,

where gi are a fixed set of weight 3/2 eigenforms which each lift to weight 2 normalized
eigenforms Gi (aGi(1) = 1) under our choice of Shimura lift. One then uses the following
result of Waldspurger [20].

Theorem (Waldspurger). Let a weight 3/2 Hecke eigenform gi of level N with Nebentypus
χ whose Shimura lift is Gi. Then if r1/r2 ∈ Qx2

p for every p | N ,

a2
gi

(r1)L(Gi,

(
−1
·

)
χ−1χr2 , 1)χ

(
r2

r1

)
r
1/2
2 = a2

gi
(r2)L(Gi,

(
−1
·

)
χ−1χr1 , 1)r1/2

1 ,
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where L(Gi, χ
′, s) is the L-series of Gi twisted by the character χ′.

We then find a representative r2 modulo squares in Qp so that the coefficient agi(r2) 6= 0
(if one exists). If we define

ci :=
a2

gi
(r2)

r
1/2
2 L(Gi,

(−1
·

)
χ−1χr2 , 1)

then for each r1 equivalent to r2 modulo squares, we have

a2
gi

(r1) =
ci

χ(r1/r2)
L(Gi, χ

′
r1

, 1)r1/2
1 .

Now we note that to obtain the theta series for Q we are taking the sums and dif-
ferences of finitely many of these theta series for quadratic forms Q′′, and in each case
EQ′′ = cQ′′EQ′ , where cQ′′ is some constant which only depends modulo squares 2-
adically. But, as shown above,

∑
Q′′ cQ′′ > 0 whenever the integer is represented locally

with the appropriate odd conditions. Thus, taking the sum of each of these from the appro-
priate Equation (2.2), (2.3), or (2.4) we have, for integers represented locally,

aQ(r) = caE(r) +
m∑

i=1

bi

√
ci

χ(r/r2)
L(Gi, χ′

r, 1)r1/2.

For r square free, the coefficients aE(r) are certain class numbers, so Dirichlet’s class
number formula (cf. [1]) allows us to write

aE(r) = c′L(χ′′
r , 1)r1/2,

where L(χ′′
r , s) is the L-series of the appropriate character χ′′

r . We then simply note that r is
not represented by Q if and only if aQ(r) = 0, and then rearrange and divide by L(χ′′, 1),
bounding the ratios L(Gi, χ

′
r, 1)/L(χ′′, 1)2 using the bounds in [7].

We now use this algorithm to solve the conjecture assuming GRH.

Proof of Theorem 1.8. We first note that in each of these cases we have Q(x, y, z) =
Q′(x, y, z) − Q′(x, y, 2z) with Q′(x, y, z) = 8ax2 + 8by2 + cTz for some a, b, with
c = 1, 2 or 3. Thus there are no solutions to 8r + c = Q′(x, y, 2z) (mod 8), so
Q(x, y, z) = Q′(x, y, z). We check the local conditions for Q′ and note that Q′ does
not have c as a spinor exception (the only one possible because of the congruence condi-
tions modulo 8) in each case (one can merely check trivially that it represents c). Therefore,
every sufficiently large integer is represented by the form.

We now proceed to show Proposition 1.10 and then use our algorithm given above to
determine the integers represented in each case. In each case, the resulting form is genus
two and thus will decompose as E + g, with E the weighted average among the genus and
g a Hecke eigenform (hence, since g has rational coefficients, its lift G will be the L-series
of an elliptic curve). We then in each case use an argument similar to that given in [7] to
determine (unconditionally) that all of the non squarefree integers must be represented by
the form.
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For r = x2+5y2+2Tz , we get Q′(x, y, z) = 8x2+40y2+2z2. But Q′(x, y, z) = 8r+2
if and only if

4x2 + 20y2 + z2 = 4r + 1.

However, solutions to x2
2 + 20y2

2 + z2 = 8r + 1 can only exist if x is even (up to symmetry
of x and z), so we have half the number of solutions to

x2 + 20y2 + z2 = 4r + 1,

giving the assertion of Proposition 1.10. We then use our algorithm to show the integers
(not) represented by x2+20y2+z2 and check which are 1 modulo 4. This form is genus 2, so
the theta series decomposes as E +g with g a Hecke eigenform. Using the algorithm in [8],
all squarefree integers 1 mod 4 greater than 12288 (we get three different bounds depending
on the value of

(
−20
4r+1

)
, and take the largest one) are represented by x2 + 20y2 + z2. A

quick computer check then verifies that the only squarefree integer smaller than 108 which
is 1 modulo 4 and not represented by x2 + 20y2 + z2 is 77.

For x2 +2y2 +3Tz , we need to find solutions to 8r +3 = 8x2 +16y2 +3z2. However,
any solution to 2x2

2 + 4y2
2 + 3z2 = 8r + 3 must have x and y even, so this is equivalent to

2x2 + 4y2 + 3z2 = 8r + 3 and we get the assertion of Proposition 1.10. The form is genus
2, so the theta series decomposes as E + g with g a Hecke eigenform. We then use the
algorithm in [8] to show that every squarefree integer which is 3 modulo 8, relatively prime
to 3 and greater than 1.89× 109 is represented by 2x2 + 4y2 + 3z2, while those which are
not relatively prime to 3 and greater than 21291 are represented. We then do a quick check
by computer to verify that every natural number less than 5 × 1010, other than 187, which
is congruent to 3 modulo 8 is represented by 2x2 + 4y2 + 3z2.

Next we consider x2 + 6y2 + Tz . In this case we have solutions to 8r + 1 = 8x2 +
48y2 + z2. But the number of solutions to 2x2 + 12y2 + z2 = 8r + 1 equals the number of
solutions to 8r+1 = 8x2+48y2+z2, so r is represented if and only if 8r+1 is represented
by 2x2 + 12y2 + z2, verifying the statement in Proposition 1.10. As above, our algorithm
shows the result for every natural number less than 1.6× 108. We then check by computer
to verify that every natural number less than 2× 109, other than 377, which is congruent to
1 modulo 8 is represented by 2x2 + 12y2 + z2.

Finally, for 2x2 + 4y2 + Tz , we need to find solutions to 8r + 1 = 16x2 + 32y2 + z2.
Similarly to above, the number of solutions to 8r+1 = 4x2 +32y2 +z2 equals the number
of solutions of 8r+1 = 16x2 +32y2 +z2, verifying the statement in Proposition 1.10. Our
algorithm shows the result for every natural number greater than 5.2× 108. We then check
by computer to verify that every natural number less than 5 × 1010, other than 161, which
is congruent to 1 modulo 8 is represented by 4x2 + 32y2 + z2.
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Abstract We prove new equidistribution results for Galois orbits of Heegner points
with respect to single reduction maps at inert primes. The arguments are based on
two different techniques: primitive representations of integers by quadratic forms and
distribution relations for Heegner points. Our results generalize an equidistribution
result with respect to a single reduction map established by Cornut and Vatsal in the
sense that we allow both the fundamental discriminant and the conductor to grow.
Moreover, for fixed fundamental discriminant and variable conductor, we deduce an
effective surjectivity theorem for the reduction map from Heegner points to supersin-
gular points at a fixed inert prime. Our results are applicable to the setting considered
by Kolyvagin in the construction of the Heegner points Euler system.

Mathematics Subject Classification (2000) 11G05 · 11E20 · 11E45

1 Introduction

Uniform distribution of Galois orbits of Heegner points with respect to reduction
maps was the key step in the argument of Cornut and Vatsal for the proof of Mazur’s
conjecture on the non-triviality of Heegner points over the p-adic anticyclotomic
tower (see [24] for the statement; [3,36,37] and [5] for the proofs). Both Cornut and
Vatsal used ergodic theory techniques based on Ratner’s theorem for unipotent flows
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502 D. Jetchev, B. Kane

on p-adic Lie groups (see [31]) in order to prove the results for simultaneous reduction
maps (i.e., maps that reduce simultaneously n-tuples of Galois conjugates of Heegner
points modulo a fixed inert prime �). Due to the p-adic nature of the ergodic techniques,
one needs to fix the fundamental discriminant and vary the conductor p-adically.

This paper proves a more general equidistribution result in the case of a single
reduction map, in the sense that both the fundamental discriminant and the conductor
are allowed to vary and the only assumption on the conductor is that it is prime to
the level of the modular curve. Our arguments are based on equidistribution of prim-
itive representations of integers by quadratic forms in genera, as well as distribution
relations of Heegner points and Hecke eigenvalue bounds.

Similar results have been established by Michel [25], Harcos–Michel [19] (see
also [11, Thm. 4.6]) using subconvexity results for Rankin–Selberg L-functions of
automorphic forms twisted by ring class characters.

Our method naturally leads to effective surjectivity results for sufficiently large
Galois orbits with respect to reduction maps in the case when the fundamental dis-
criminant is fixed and the conductor varies.

1.1 Motivation

Let N ≥ 1 be an integer and let X0(N )/Q be the modular curve associated to the
congruence subgroup �0(N ) of SL2(Z). Let � be a prime such that (�, N ) = 1 and let
DN be the set of all fundamental discriminants D < 0 such that every prime factor of
N is split in K D := Q(

√
D) and such that � is inert in K D . Let �N be the set of all

pairs (D, c), where D ∈ DN and (c, N ) = 1.
Fix an embedding ι : Q ↪→ Q� (i.e., a prime in Q lying above �). Let (D, c) ∈ �N

and let OD,c be the order of conductor c in the quadratic imaginary field K D =
Q(

√
D). Fix an ideal nD ⊂ OD,1 for which OD,1/nD ∼= Z/NZ. For (c, N ) = 1,

nD,c := nD ∩OD,c is an invertible ideal of OD,c. Consider the point xc = [C/OD,c →
C/n−1

D,c] ∈ X0(N )(Q). By the theory of complex multiplication, it is defined over the
ring class field K D[c] of conductor c for K D . We refer to that point as the higher
Heegner point of conductor c. Let �D,c := {σ xc : σ ∈ Gal(K D[c]/K D)} be the
corresponding Galois orbit. The fixed embedding ι gives us a prime in K D[c] above �.
The choice of the embedding defines a reduction map

red� : X0(N )(K D[c]) ↪→ X0(N )(K D[c]�) = X0(N )(OK D[c]� )
mod �−−−−→ X0(N )(F�)

where OK D [c]� is the ring of integers of the completion K D[c]� (the equality in the
middle follows from the valuative criterion of properness). Moreover, since � is inert
in K D , then CM points for K D reduce to supersingular points modulo � (see [7]). Let
X0(N )SS

/F�
be the set of supersingular points on X0(N )modulo �. It is well-known that

these points are defined over F�2 . We will prove an equidistribution theorem according
to which as dc := −Dc2 → ∞, every s ∈ X0(N )SS

/F
�2

will have the same number of

preimages in �D,c under red�.

123



Equidistribution of Heegner points and ternary quadratic forms 503

1.2 Outline of the proof techniques

Before we state our result rigorously in terms of probability measures on the finite
set X0(N )SS

/F
�2

, we will outline the three main steps of the proof. The first one is a

theorem of Cornut and the first author establishing a natural correspondence between
the set of Heegner points of conductor c on X0(N ) reducing to a given supersingular
point s ∈ X0(N )SS

/F
�2

and the set of conjugacy classes of optimal embeddings of the

quadratic order that is isomorphic to the endomorphism ring of these Heegner points
into the Eichler order that is the endomorphism ring of the supersingular point s. We
state the precise correspondence in Sect. 2 and interpret the adelic result in our context.

The second step consists of establishing a precise correspondence between such
optimal embeddings and primitive representations of the non-fundamental discrim-
inant dc = −Dc2 by a certain ternary quadratic form Qs associated to the point
s ∈ X0(N )SS

/F
�2

. More precisely, Qs is the form determined by the reduced norm

on a free Z-module of rank 3 that is a submodule of the trace 0 submodule of the
endomorphism ring End(s) (see Sect. 4.1 for details).

The third and the most technical step is related to equidistribution of primitive rep-
resentations within the genus of the quadratic form Qs . The genus subdivides further
into classes (the spinor genera) for which such an equidistribution is known due to
the previous work of Schulze-Pillot and Duke–Schulze-Pillot. The difficulty of our
argument lies in deducing equidistribution within the genus from the equidistribution
within the spinor genera. The key idea is to analyze the Fourier coefficients of two
theta series—one that is associated to the genus of Qs and another one, associated
to the spinor genus of Qs . Our key Proposition 4.7 establishes the equality of the
genus and the spinor genus masses away from primes dividing � and the level N . The
proof is based on a combination of arguments using known results about these theta
series, Vatsal’s equidistribution result [36, Thm. 1.5] (for single reduction maps and
p-adically growing conductor that is established using the theory of random walks
and that uses no ergodic theory methods) and the analytic class number formula.
Finally, we deduce our desired equidistribution from known bounds on Fourier coef-
ficients of cuspidal forms of half-integral weight originally proved by Iwaniec and
extended by Duke to the case of weight 3/2. This then establishes equidistribution of
optimal embeddings (Theorem 1.2) which via the correspondence from the first step
translates into an equidistribution of Heegner points (Theorem 1.1). In order to state
these theorems formally, we will now define the necessary probability measure on
X0(N )SS

/F�
.

1.3 A canonical measure on X0(N )SS
/F�

Let s ∈ X0(N )SS
/F

�2
be a supersingular point. Then s is represented by a pair (Ẽ, C̃)

of a supersingular elliptic curve Ẽ
/F�

and a cyclic subgroup C̃ of Ẽ of order N .

Following [32, Sect. 3], we refer to the pair E = (Ẽ, C̃) as an enhanced elliptic curve
over F�2 . Homomorphisms of enhanced elliptic curves are defined in the obvious way.
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In particular, one could talk about endomorphisms and automorphisms of enhanced
elliptic curves.

Let E = (Ẽ, C̃) be an enhanced elliptic curve representing the point s. The endo-
morphism algebra End(Ẽ)⊗ Q is isomorphic to the unique quaternion algebra B�,∞
ramified precisely at � and ∞. The endomorphism ring End(Ẽ) is a maximal order in
B�,∞ and the ring End(E) is an Eichler order of level N . Indeed, if λ : Ẽ → Ẽ/C̃
is the quotient map, then End(Ẽ/C̃) can be viewed as a subring of B�,∞ via the map
σ ∈ End(Ẽ/C̃) �→ λ−1σλ. Then End(E) is the intersection of the two maximal orders
End(Ẽ) and End(Ẽ/C̃). Let Rs denote this Eichler order and let ws := #R×

s . We can
use ws to define a canonical measure μcan on X0(N )SS

/F
�2

by

μcan(s) := 1/ws
∑

s′∈X0(N )SS
/F
�2

1/ws′
.

1.4 Main results

1.4.1 Equidistribution of Heegner points

We can now state the main result of the paper. For (D, c) ∈ �N , define a measure
μD,c on the finite set X0(N )SS

/F
�2

by

μD,c(s) := #{x ∈ �D,c : red�(x) = s}
#�D,c

, s ∈ X0(N )
SS
/F

�2
.

Theorem 1.1 The weak-* limit lim−Dc2→∞,
(D,c)∈�N

μD,c exists and equals μcan.

Remark 1 To say that the weak-* limit of a sequence of measures {μn} on a finite set
X exists and converges to a measureμ on X means that for each function f : X → R,
the limit limn→∞

∫
X f dμn exists and equals

∫
X f dμ.

1.4.2 Equidistribution of Gross points on the definite quaternion algebra B�,∞

The curve X0(N )/Q can be viewed as a Shimura curve for the quaternion algebra
M2(Q), and thus, Heegner points can be regarded as CM points on the indefinite
quaternion algebra M2(Q). In the case of a totally definite quaternion algebra (e.g.,
B�,∞), the analogues of Heegner points (also known as Gross points) were studied in
detail by Gross [15].

Let G ′ be the algebraic group associated to B×
�,∞, let R be an Eichler order of

B�,∞ of level N and let I1, . . . , Ih be left ideals representing the left ideal clas-
ses (corresponding to the double quotient G ′(Q)\G ′(A f )/R̂×). Let R1, . . . , Rh be
the associated Eichler orders. Given a conductor c, the points of conductor c are
simply pairs ( f : Oc ↪→ Ri /R×

i
, Ri ) of one of these orders Ri and an R×

i -conju-
gacy classes of optimal embeddings f : Oc → Ri . Recall that f : Oc → R is
optimal if f (K ) ∩ R = Oc (we have extended f to an embedding f : K → B�,∞).
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Equidistribution of Heegner points and ternary quadratic forms 505

Let μ̃D,c([Ii ]) be the number of Gross points ( f, Ri ) of conductor c divided by the
total number of Gross points of conductor c. Then μ̃D,c is a probability measure on
G ′(Q)\G ′(A f )/R̂×. There is a canonical measure on G ′(Q)\G ′(A f )/R̂× defined as

μ̃can([Ik]) := 1/wk
∑h

i=1 1/wi
.

Theorem 1.2 The weak-* limit lim−Dc2→∞,
(D,c)∈�N

μ̃D,c exists and equals μ̃can.

Remark 2 A similar statement (for trivial conductor c = 1) has already been estab-
lished by Michel [25, Thm.3] using subconvexity bounds for L-functions and inde-
pendently by Elkies, Ono, and Yang [12, Theorem 1.2].

Remark 3 Both Theorems 1.1 and 1.2 hold in greater generality for CM points on
indefinite and totally definite quaternion algebras, respectively, with respect to more
general reduction maps at several primes. The more general statements will be the
subject of a forthcoming paper.

Remark 4 We will see in Sect. 2.5 that the canonical measures μcan and μ̃can indeed
coincide.

1.4.3 Congruences for Hilbert class polynomials under the U-operator

Recall that for a function with Fourier expansion f (z) = ∑n≥0 a(n)qn the operator
U (�) is defined by f (z)|U (�) := ∑n≥0 a(�n)qn . Elkies, Ono and Yang were inter-
ested in the equidistribution of Heegner points with respect to reduction maps which
they used to study a certain congruence for the Hilbert class polynomial under the
U -operator. In particular, combining the case N = 1 of Theorem 1.1 with [12, Thm. 2.3
(1)] gives the following immediate corollary (the case c = 1 is [12, Thm. 1.1]):

Corollary 1.3 Let HD,c ∈ Z[x] be the polynomial whose roots are precisely the
j-invariants of those elliptic curves with CM by OD,c. Let � be a prime which is non-
split in OD,c. Then for dc = −Dc2 sufficiently large (depending on �) there exists a
polynomial PD,c,� ∈ Z[x] such that

HD,c( j (z))|U (�) ≡ PD,c,�( j (z)) (mod �).

1.4.4 Effective surjectivity of red�

One consequence of both Theorems 1.1 and 1.2 is the fact that for sufficiently large
discriminant dc = −Dc2, the reduction map from CM points of conductor c to
supersingular points is surjective. It is natural to ask whether this theorem can be
made effective. The ineffectiveness of one of the ingredients used in our argument,
Siegel’s lower bound on the class number, prevents us from establishing an effective
result when both D and c vary. Yet, fixing the fundamental discriminant D and varying
the conductor c, one can establish effective surjectivity theorems (see Theorem 6.1
and Lemma 6.2).
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2 Heegner points and optimal embeddings

Let s ∈ X0(N )SS
/F

�2
be a supersingular point modulo �. In this section we will establish

a one-to-one correspondence between

{
Heegner points x on X0(N ) of conductor c

reducing to s ∈ X0(N )SS
/F�

}

⇐⇒
{

R×
s − conjugacy classes of conjugate pairs of

optimal embeddings OD,c ↪→ Rs

}

(2.1)

For c = 1, the above correspondence is known as Deuring lifting theorem (see
[7]) and has been subsequently refined (as a correspondence) by Gross and Zagier
[16, Prop. 2.7]. We will deduce the correspondence from a recent result of the first
author and Cornut [2].

2.1 Galois orbits of Heegner points

We start by proving that there are exactly 2ν(N ) Galois orbits of Heegner points of
conductor c, where ν(N ) is the number of distinct prime divisors of N .

Lemma 2.1 Suppose that (c, N ) = 1. Then there are exactly 2ν(N ) Galois orbits of
Heegner points of conductor c on X0(N ) and each of these orbits has size # Pic(OD,c).

Proof Consider the set of all Heegner points of conductor c on X0(N ). They could
be described as pairs ([a], n) of an ideal class [a] and an ideal n ⊂ OK with the
property that OK /n ∼= Z/NZ. The last property is equivalent to the fact that n is
primitive of norm N (n being primitive means that there is no rational prime number
dividing n). Equivalently, if N = pe1

1 . . . pet
t are the distinct prime divisors of N , we

want n = p
e1
1 . . . p

et
t , where pi is one of the primes of OK above pi (indeed, if both pi

and pi occur then n would be divisible by pi and hence, would not be primitive). ��

2.2 Modular curves and Shimura curves

We recall some basic facts that link modular and Shimura curves:

2.2.1 Modular curves as adelic quotients of SL2(A f )

Let U be a compact open subgroup of SL2(A f ) and let � = SL2(Q)∩ U . It is known
that � is a general congruence subgroup of SL2(Z). Conversely, if � is a general
congruence subgroup, let U = U (�) be the closure of � in SL2(A f ). The group
SL2(Q) admits a left action on h by linear fractional transformations and a left action
on SL2(A f ) by left multiplication. Thus, SL2(Q) acts on the left on h × SL2(A f ).
Moreover, U has a right action on h × SL2(A f ) by acting trivially on h and by right
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multiplication on SL2(A f ). Strong approximation (see [38, p.81]) gives a homeomor-
phism

Y (�) := �\h → SL2(Q)\h × SL2(A f )/U, z �→ [z, 1].

This allows us to identify Y (�) with a double adelic quotient of SL2(A f ).

2.2.2 Transition from SL2(A f ) to GL2(A f )

Let H be a compact open subgroup of GL2(A f ). We start from the observation that
the double quotient

Q
×\{±1} × A

×
f / det(H)

is compact and discrete, and hence, finite. Here, Q
× acts on {±1} and A f on the left

and det(H) acts on A f on the right. Next, GL2(R) acts on C − R = h+ ∪ h− in an
analogous way to the action of SL2(R) on h. Thus, we can consider the adelic quotient

ShH = GL2(Q)\(C − R)× GL2(A f )/H

and the map

GL2(Q)\(C − R)× GL2(A f )/H → Q
×\{±1} × A

×
f / det(H)

that sends φ : [z, g] �→ [sgn(Im(z)), det(g)]. The fiber of that map over [+1, 1] is
isomorphic to

SL2(Q)\h × SL2(A f )/(H ∩ SL2(A f )),

which is precisely the modular curve Y (�), where � = H ∩ SL2(Q). Moreover, we
can also describe the entire curve ShH in terms of modular curves. Let b1, . . . , bn be
representatives of Q

>0\A
×
f in A

×
f . Let a1, . . . , an be elements of GL2(A f ) such that

det(ai ) = bi . Then �i = SL2(Q)∩ ai K a−1
i is a congruence subgroup. Moreover, the

maps

�i\h → GL2(Q)\(C − R)× GL2(A f )/H

given by [hi ] �→ [hi , ai ] define a homeomorphism

n∐

i=1

�i\h ∼= GL2(Q)\(C − R)× GL2(A f )/H =: ShH .

123



508 D. Jetchev, B. Kane

2.3 Adelic description of CM points

2.3.1 CM points on the Shimura curve ShH

Fix an embedding K ↪→ M2(Q). This gives us an embedding T ↪→ GL2, where
T := ResK/Q K ×. Consider the set CM(GL2, H) of all points of the form [g, h] ∈
ShH whose stabilizer is a torus isomorphic to K ×. It is easy to verify that an element
z ∈ C\R is in K if and only if StabGL2(Q)(z) is isomorphic to ResK/Q K × = T . This
allows us to conclude that CM(GL2, H) admits an adelic description as the double
quotient T (Q)\ GL2(A f )/H . Indeed, a point in CM(GL2, H) is represented by a pair
[z, g], where z ∈ C\R is in K and g ∈ GL2(A f ). Since all z ∈ K are GL2(Q)-
conjugates and since the stabilizer of each z in GL2(Q) is isomorphic to T (Q), we
obtain

CM(GL2, H) ∼= T (Q)\ GL2(A f )/H.

2.3.2 Conductors of CM points

Here, we assume that R = (R′, R′′) is an oriented Eichler order of M2(Q) of level
N (i.e., R′ and R′′ are maximal orders and R = R′ ∩ R′′) and consider the Shimura
curve ShH , where H = R̂×. Consider the two degeneracy maps

δ′ : CM(GL2, H) → T (Q)\ GL2(A f )/R̂′×

and

δ′′ : CM(GL2, H) → T (Q)\ GL2(A f )/R̂′′×.

Given a CM point x ∈ T (Q)\G(A f )/R̂× such that x = [g], let x ′ and x ′′ be the

images of x in T (Q)\G(A f )/R̂′× and T (Q)\G(A f )/R̂′′×, respectively. The stabilizer

StabK̂ ×(x ′) = K̂ × ∩ gR̂′×g−1 = Ô(x ′)
×

for some order O(x ′) ⊆ OK . Let c(x ′) be the conductor of that order. Similarly, we
obtain an integer c(x ′′) for R′′. The conductor c(x) is then defined as

c(x) := lcm(c(x ′), c(x ′′)).

Remark 5 Note that if q is a prime that divides one of c(x ′) and c(x ′′), but not the
other one, then q necessarily divides N . This shows that if (c, N ) = 1, all CM points
of conductor c will be in fact Heegner points (i.e., c(x ′) = c(x ′′)).

Remark 6 For � = �0(N ), i.e., for the modular curve X0(N ), these degeneracy maps
correspond precisely to the two degeneracy maps δ1, δN : X0(N ) → X (1) that map
[E,C] to [E] and [E/C], respectively.

123
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Remark 7 If X = X0(N ), a CM point [τ ] ∈ �0(N )\h would correspond to the pair
of N -isogenous CM elliptic curves E ′ = C/〈1, τ 〉 and E ′′ = C/〈1, Nτ 〉. Then O′ =
End(E ′) and O′′ = End(E ′′) are both orders in K = Q(

√−D). Let c′ and c′′ be their
conductors, respectively. The conductor of the point [E ′, E ′′] is then c([E ′, E ′′]) =
lcm(c′, c′′).

2.4 Optimal embeddings and Gross points

Let B�,∞ be the unique quaternion algebra ramified precisely at � and ∞ and let
G ′ := B×

�,∞ be the corresponding algebraic group. Let R1, . . . , Rh be the Eichler
orders of level N defined in Sect. 1.4.

Lemma 2.2 The set of pairs ( f : O ↪→ Ri /R×
i
, [Ri ]) of an ideal class [Ri ] of

G ′(Q)\G ′(A f )/R̂× and a R×
i -conjugacy class of optimal embeddings f : O ↪→

Ri /R×
i

for some quadratic order O in K is in one-to-one correspondence with the
double adelic quotient

T (Q)\G ′(A f )/R̂×.

Proof Given an order Ri representing an ideal class [Ri ], the set of R×
i -conjugacy

classes of optimal embeddings f : O ↪→ Ri is in bijection with T (Q)\G ′(Q) (since
all the embeddings of K into B�,∞ are conjugate). Therefore, the set of the desired
pairs is in bijection with

T (Q)\G ′(Q)× G ′(Q)\G ′(A f )/R̂× ∼= T (Q)\G ′(A f )/R̂×.

Remark 8 If H ′ = R̂× then we can view the set

CM(G ′, H ′) := T (Q)\G ′(A f )/H ′

as the analogue of set of CM points for the pair (G ′, H ′).

2.5 Adelic description of supersingular points

The set X0(N )SS
/F

�2
is in bijection with the double quotient X(G ′, H ′) := G ′(Q)\

G ′(A f )/R̂′× where H ′ = R̂′× for R′ being an Eichler order of level N for
B�,∞ that is the ring of endomorphisms of a fixed enhanced supersingular elliptic
curve E0 = (Ẽ0, C̃0). We briefly summarize the bijection and refer the reader to
[32, Prop. 3.3] for the details.

Let E be any enhanced elliptic curve and take an endomorphism λ ∈ Hom(E,E0)⊗
Q (here, we use the fact that there is a single isogeny class of supersingular elliptic
curves). One could use λ to identify the adelic Tate module T̂ (E) with a sublattice of
V̂ (E0). This means that there is a unique element g ∈ G ′(A f )/R̂′× that sends this
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sublattice to T̂ (E0). Since g is dependent on the choice of λ, it makes sense only in
G ′(Q)\G ′(A f )/R̂′×. This gives us a bijection

ϕ : X0(N )
SS
/F

�2
→ X (G ′, H ′) := G ′(Q)\G ′(A f )/R̂′×.

2.6 Heegner points on definite and indefinite quaternion algebras

The probability measuresμc are defined in terms of the cardinalities | red−1
� (s)∩�D,c|.

Let s ∈ X0(N )SS
/F

�2
be a supersingular point and let h(OD,c, Rs) be the number of

R×
s -conjugacy classes of optimal embeddings OD,c ↪→ Rs .
Let R be an Eichler order of B of level N . As explained in [2], there is an Eichler

order R′ of B�,∞ associated to R. Let H = R̂× ⊂ GL2(A f ) and let H ′ = R̂′× ⊂
G ′(A f ). For the reduction map red� : CM(GL2, H) → X (G ′, H ′), Cornut and the
first author [2, Sect. 2] construct a Galois and Hecke-equivariant lifting θ� of the
reduction map red� making the following diagram commutative:

CM(G ′, H ′)

π

��
CM(GL2, H)

red� ��

θ�

��������
X (G ′, H ′).

One can then look at the following diagram:

CM(G ′, H ′)

π

��

c′

����
��

��
��

��
��

��
��

��
�

CM(GL2, H)
red� ��

c
��

θ�

��������
X (G ′, H ′)

N

The correspondence between CM points on the definite and the indefinite algebras is
the following theorem that is an easy consequence of [2, Thm. 3.1]:

Theorem 2.3 (Cornut–Jetchev) Let c be integer satisfying (c, N�) = 1 and let
s ∈ X (G ′, H ′) be a supersingular point. Then θ� induces a bijection on the set
c−1(c) ∩ red−1

� (s) onto the set of conjugacy pairs of optimal embeddings inside

c′−1
(c) ∩ π−1(s). In particular,

2
∣
∣
∣c−1(c) ∩ red−1

� (s)
∣
∣
∣ =
∣
∣
∣c′−1

(c) ∩ π−1(s)
∣
∣
∣ .

We will apply the above theorem together with the above adelic interpretations
of CM points, optimal embeddings and supersingular points to deduce the following
corollary:
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Corollary 2.4 We have

h(OD,c, Rs) = 2ν(N )+1
∣
∣{x ∈ �D,c : red�(x) = s}∣∣ .

Proof By Theorem 2.3 and the adelic interpretation of CM points on the definite and
the indefinite algebras as well as the adelic desciption of the supersingular points,
the subset of CM points on X0(N ) of conductor c reducing to a fixed supersingular
point s is in bijection with the R×

s -conjugacy classes of conjugacy pairs of optimal
embeddings f : Oc ↪→ Rs . Since (c, N ) = 1, all CM points on X0(N ) are Heegner
points and by Lemma 2.1 there are exactly 2ν(N ) such orbits.

The corollary shows that

μc(s) =
∣
∣{x ∈ �D,c : red�(x) = s}∣∣

∣
∣�D,c
∣
∣

= h(OD,c, Rs)

2ν(N )+1
∣
∣Pic(OD,c)

∣
∣
.

In Sect. 4, the number h(OD,c, Rs) will be related to primitive representations of
dc = −Dc2 by a certain quadratic form associated to Rs .

3 Modular forms of half-integral weight and Shimura correspondence

Let λ be a non-negative integer and consider the space Mλ+ 1
2
(�0(4M), χ) of mod-

ular forms of weight λ + 1
2 . Let Sλ+ 1

2
(�0(4M), χ) be the space of cusp forms. Let

q := e2π i z and ψ be an odd Dirichlet character of conductor r(ψ). We will refer to
the form

hψ,t (z) :=
∑

m≥1

ψ(m)me2π i tm2z =
∑

m≥1

ψ(m)mqtm2 ∈ S3/2(4r(ψ)2, ψ · χ−4)

(3.1)

as a one-dimensional theta series. Due to the exceptional behaviour of these forms,
we will often decompose S3/2(4M) into the subspace spanned by one-dimensional
theta series and the orthogonal complement of this space under the Petersson inner
product, and then investigate each separately.

Suppose that g(z) ∈ Sλ+ 1
2
(�0(4M), χ). Let t be a positive square-free integer and

let

ψt (n) := χ(n)

(−1

n

)λ ( t

n

)

.

Suppose that the complex numbers At (n) are defined by

∞∑

n=1

At (n)

ns
:= L(s − λ+ 1, ψt ) ·

∞∑

n=1

b(tn2)

ns
.
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Shimura then proved that the t th Shimura correspondence St,λ(g(z)) :=∑∞
n=1 At (n)qn

is a modular form in M2λ(�0(2N ), χ2) of weight 2λ.
Kohnen then defined a subspace S+

λ+ 1
2
(�0(4M)), referred to as Kohnen’s plus space,

consisting of forms g(z) of weight λ+ 1
2 on �0(4M) with Fourier coefficients of the

form

g(z) =
∑

(−1)λn≡0,1 mod 4

b(n)qn .

In this space Kohnen extended the definition of the Shimura correspondence St,λ to
t ′ := (−1)λD where D is a fundamental discriminant. For D ≡ 1 (mod 4) we take
St ′,λ := St,λ as previously defined and for D ≡ 0 (mod 4)we take St ′,λ := St,λ|U (4).
Kohnen’s plus space decomposes into new and old subspaces as follows:

S+
λ+ 1

2
(�0(4M)) = Snew

λ+ 1
2
(�0(4M))⊕ Sold

λ+ 1
2
(�0(4M)).

Kohnen used this decomposition and the Shimura correspondences

St ′,λ : Snew
λ+ 1

2
(�0(4M)) → S2λ(�0(N ))

to prove that there exists a finite linear combination of St ′,λ’s which provides an iso-
morphism

S : Snew
λ+ 1

2
(�0(4M)) → S2λ(�0(N )) (3.2)

that is Hecke equivariant. The image of a half-integral weight Kohnen newform in
Snew
λ+ 1

2
(�0(4M)) is a newform in Snew

2λ (�0(M))whose Hecke eigenvalues are the same.

4 Equidistribution and ternary quadratic forms

In order to prove the main theorem, we establish the correspondence between opti-
mal embeddings and primitive representations in Sect. 4.1 by associating a quadratic
form Qs to the Eichler order Rs . We then compute the discriminant of that quadratic
form. We introduce the theta series θQs associated to Qs , as well as the series θgen(Qs )

and θspn(Qs ) associated to the genus gen(Qs) and the spinor genus spn(Qs) of Qs ,
respectively. Finally, using that the form θgen(Qs ) − θspn(Qs ) is in the space spanned
by one-dimensional theta series, we are able to prove that the coefficients of gen(Qs)

and spn(Qs) coincide away from the primes dividing N�. We use bounds on Fourier
coefficients of modular forms of half-integral weight that lie in the the orthogonal
complement (under the Petersson inner product) of the space spanned by one-dimen-
sional theta series (due to Iwaniec and Duke) to conclude the proof of Theorems 1.1
and 1.2.
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4.1 Optimal embeddings and primitive representations by ternary quadratic forms

Let s ∈ X0(N )SS
/F

�2
and let Rs := End(s) be the ring of endomorphisms of s. Recall

the notation ws := #R×
s and u D,c := #OD,c.

4.1.1 A ternary quadratic form associated to an Eichler order

Let V ⊂ Rs be the set of elements of trace zero. Following [15, pp. 171–172] define

Gs := (2Rs + Z) ∩ V .

The Z-module Gs is free of rank 3. Define a quadratic form Qs : Gs → Q by

Qs(b) := nr(b).

4.1.2 Correspondence between optimal embeddings and primitive representations

Let f : OD,c ↪→ Rs be an embedding (not necessarily optimal) and let β :=
f (

√−dc). Notice that Tr(β) = 0 and nr(β) = dc. We claim that β ∈ Gs . Indeed,

since OD,c = Z + dc+√−dc
2 Z, it follows that 2 f

(
dc+√−dc

2

)
= dc + β, i.e.,

β ≡ −dc mod 2Rs .

Therefore, β ∈ (Z + 2Rs) ∩ V = Gs , i.e., Qs(β) = dc is a representation.
Conversely, suppose that β ∈ Gs and Qs(β) = dc. We claim that β ≡ −dc

mod 2Rs . Indeed, let β = γ + 2r for some γ ∈ Z and r ∈ Rs . Then

dc = Qs(β) = nr(β) = ββ = −β2 = −(γ + 2r)2 ≡ −γ 2 mod 4Rs . (4.1)

Thus,

β = γ + 2r ≡ (γ + γ 2)− γ 2 ≡ dc ≡ −dc mod 2Rs .

Now, we can define an embedding f : OD,c ↪→ Rs by

f

(
dc + √−dc

2

)

:= dc + β

2
∈ Rs .

We next show under the established correspondence that optimal embeddings cor-
respond to primitive representations.

Lemma 4.1 The embedding f is optimal if and only if the representation Qs(β) = dc

is primitive.
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Proof Suppose that the representation Qs(β) = dc is non-primitive. We will show
that f is not an optimal embedding. Indeed, let β = kα for some k ∈ Z and α ∈ Gs .
Then nr(α) = dc

k2 . Let d = dc
k2 . Consider the element γ = d+α

2 . We claim that
γ ∈ f (K D) ∩ Rs , but γ /∈ f (OD,c) which would imply that f is a non-optimal

embedding. First, γ = 1
k2 f
(

dc+√
dc

2

)
∈ f (OD,c) ⊗ Q. Let α = a + 2r for a ∈ Z

and r ∈ Rs . Then d = nr(α) = −α2 ≡ −a2 mod 2Rs . Thus, α = a + 2r ≡ −a2 ≡
d ≡ −d mod 2Rs , i.e., γ ∈ Rs . Next, we show that γ /∈ f (OD,c). If k �= 2 then

γ = d+α
2 = dc+β+dk−dk2

2k . Since dc + β = 2 f (w) /∈ k f (OD,c) then γ /∈ f (OD,c). If

k = 2 then γ = dc+β−2d
4 . Since dc + β − 2d = f (2w − 2d) /∈ 4 f (OD,c) we obtain

the same statement. Thus, γ ∈ f (K D)∩ Rs , but γ /∈ f (OD,c), i.e., the embedding is
not optimal.

Conversely, suppose that f : OD,c ↪→ Rs is a non-optimal embedding. Let O =
( f (OD,c)⊗Q)∩ Rs . It follows that O ∼= OD,c′ , where c = kc′ for some k > 1. Now,
we can choose α ∈ (2O + Z)∩ V , such that Qs(α) = −Dc′2. Since (Z + 2O)∩ V is
a free Z-module of rank 1, we obtain β = kα, i.e., the representation Qs(β) = −Dc2

is not primitive. This proves the lemma.

Thus, we have proved the following:

Proposition 4.2 There is a ws
u D,c

-to-one correspondence between primitive represen-

tations of the integer dc = −Dc2 by Qs and optimal embeddings f : OD,c ↪→ Rs.

4.2 The discriminant of Qs

For what follows, we will need the discriminant of the quadratic form Qs .

Lemma 4.3 The discriminant DQs of the quadratic form Qs is equal to 4N 2�2.

Proof Let p �= � be a prime and let vp(N ) =: n. Since Rs is an Eichler order of
level N , we know that Rs ⊗Zp is an Eichler order of level pn of two-by-two matrices
over Zp. In particular (up to conjugation) we have

Rs ⊗ Zp =
(

Zp Zp

pn
Zp Zp

)

.

Therefore,

Gs ⊗ Zp =
[

2

(
Zp Zp

pn
Zp Zp

)

+ Zp

]

∩ V =
{(

a 2b
2pnc −a

)

: a, b, c ∈ Zp

}

.
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But then the local quadratic form Qs,p := Qs ⊗ Zp is given by

Qs,p(a, b, c) =
∣
∣
∣
∣

a 2b
2pnc −a

∣
∣
∣
∣ = −a2 − 4pnbc.

The corresponding matrix for the quadratic form Qs,p is then

⎛

⎝
−1 0 0
0 0 −2pn

0 −2pn 0

⎞

⎠ . (4.2)

The determinant of this matrix is −4p2n . Therefore, if p �= 2 then 4 is a unit and the
contribution to the determinant of Qs is p2n , while if p = 2 the contribution is 4p2n .

Now consider the case p = � �= 2. In this case, we have Rs ⊗ Zp is the unique
maximal order of the unique division algebra, with Zp-basis (1, α, β, γ ) satisfying
α2 = −p, β2 = −1 and γ = αβ = −βα. But then Gs ⊗ Zp has basis (2α, 2β, 2γ ).
We obtain the quadratic form

Qs,p(2aα + 2bβ + 2cγ ) = 4pa2 + 4b2 + 4pc2, (4.3)

which is diagonal with discriminant 64p2, contributing p2 to the discriminant.
For p = � = 2 we note that since the Eichler order is locally isomorphic to the

(unique) maximal order, Gross [15, p. 177] has shown that for α2 = β2 = γ 2 = −1
with γ = αβ = −βα,

Gs ⊗ Z p = {aα + (a + 2b)β + (a + 2c)γ : a, b, c ∈ Zp}.

Thus the p-adic quadratic form is given by

Qs,p(a, b, c) = −(3a2 + 4ab + 4ac + 4b2 + 4c2),

with corresponding matrix

⎛

⎝
3 2 2
2 4 0
2 0 4

⎞

⎠ . (4.4)

The determinant of this matrix is 16, and hence contributes 16 = 4�2 to the discrimi-
nant.

4.3 The theta series associated to Qs

Consider the theta series

θQs :=
∑

β∈Gs

q Qs (β) =
∑

d≥1

as(d)q
d .
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Since −Qs(β) ≡ 0, 1 mod 4, we obtain that as(d) �= 0 only if −d is a discriminant,
i.e., −d ≡ 0, 1 mod 4. Thus,

θQs =
∑

β∈Gs

q Qs (β) =
∑

−d≡0,1 mod 4

as(d)q
d .

Recall the definition of Kohnen’s plus space M+
3/2(�0(4M)) from Sect. 3.

Lemma 4.4 We have θQs ∈ M+
3/2(�0(4N�)).

Proof Let A be the matrix corresponding to Qs . It is well known that θQs ∈
M+

3/2(�0(4M)), where M is the minimal positive integer, such that 4M A−1 has coef-

ficients that are even integers (see [10, p. 39]). Since A−1 has rational coefficients, it
suffices to check that each coefficient of 4M A−1 has non-negative p-adic valuation
for each p. We then explicitly compute the inverse of Eqs. (4.2–4.4) to check that it
has even integral coefficients when we multiply by 4pvp(N�). ��

4.4 The theta series associated to the genus and the spinor genus of Qs

Let Q be a ternary quadratic form. Let gen(Q) be the genus of Q and let spn(Q) be
the spinor genus of Q (see [28, Ch. X] for the definitions). Let loc(Q) be the set of all
integers n that are everywhere locally represented by Q. Let r(Q, n) (resp. r∗(Q, n))
be the number of representations (resp. primitive representations) of n by Q. Let wQ

be the number of automorphs of Q (see [22] for the definition).

4.4.1 Theta series associated to gen(Q)

Let

r(gen(Q), n) :=
∑

Q′∈gen(Q) r(Q′, n)/wQ′
∑

Q′∈gen(Q) 1/wQ′
. (4.5)

Similarly, define

r∗(gen(Q), n) :=
∑

Q′∈gen(Q) r∗(Q′, n)/wQ′
∑

Q′∈gen(Q) 1/wQ′
.

We define the theta series associated to gen(Q) as

θgen(Q) :=
∑

n≥1

r(gen(Q), n)qn .

By calculating local densities, Jones [22, Thm. 86] has shown that for dc = −Dc2

r∗(gen(Qs), dc) = C
h(−�dc)

u�D,c
. (4.6)
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Here,� denotes the discriminant DQs of Qs divided by the square of the greatest com-
mon divisor of the determinants of all two-by-two minors of the matrix corresponding
to Qs , and C only depends on the Legendre symbol ( dc

DQs
). One can calculate� p-adi-

cally using Eqs. (4.2–4.4) to show that the greatest common divisor of the determinants
of all two-by-two minors is precisely

√
DQs . Thus, � = 1.

4.4.2 Theta series associated to spn(Q)

We define the theta series associated to the spinor genus in a similar way. First, let

r(spn(Q), n) :=
∑

Q′∈spn(Q) r(Q′, n)/wQ′
∑

Q′∈spn(Q) 1/wQ′
. (4.7)

Similarly, let

r∗(spn(Q), n) :=
∑

Q′∈spn(Q) r∗(Q′, n)/wQ′
∑

Q′∈spn(Q) 1/wQ′
.

We also define

θspn(Q) :=
∑

n≥1

r(spn(Q), n)qn .

The theta series θgen(Q) and θspn(Q) are in the same space as θQ (by (4.5) and
(4.7) and the fact that θQ′ are in the same space as Q for all Q′ ∈ gen(Q); see also
[17, p. 366]).

4.5 Equidistribution in terms of quadratic forms

In light of the correspondence obtained in Proposition 4.2, the required equidistribution
results (Theorems 1.1 and 1.2) are equivalent to showing that

lim
(D,c)∈�N

dc→∞

r∗(Qs, dc)u D,c

2ν(N )+1#�D,c
= wsμcan(s). (4.8)

This result will be equivalent to showing that the limit

f (s) := lim
(D,c)∈�N

dc→∞

r∗(Qs, dc)u D,c

#�D,c
. (4.9)

exists and is independent of the supersingular point s. Here, recall that dc := −Dc2.
First, note that θQs −θspn(Qs ) is a modular form of weight 3/2 that lies in the orthogo-

nal complement of the space of one-dimensional theta series under the Petersson inner
product [35]. Duke’s bound for the Fourier coefficients of such forms [9], extending
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the work of Iwaniec [20] to forms of weight 3/2, combined with Möbius inversion,
implies that

r∗(spn(Qs), dc)− r∗(Qs, dc) = O(d
13
28 +ε

c ).

Siegel’s lower bound for the class number [34] (see also [4, p. 149]) implies that

#�D,c � d
1
2 −ε

c , so

r∗(Qs, dc)u D,c

#�D,c
= r∗(spn(Qs), dc)u D,c

#�D,c
+ O(d

− 1
28 +ε

c ). (4.10)

Thus, we only need to show independence and convergence of the limit for each
spinor genus. Since r∗(gen(Qs), n) is independent of s by definition, it will be natu-
ral to compare r∗(gen(Qs), n) with r∗(spn(Qs), n) in order to determine the desired
independence.

In particular, we have the following.

Lemma 4.5 The limit

lim
k→∞

r∗(gen(Qs),−Dp2k)u D,pk

#�D,pk

exists and is independent of p and s.

Proof The independence on s is clear from the definition of gen(Qs). We will apply
(4.6) to n = −Dp2k . First, recall (see [4, Cor. 7.28, p. 148]) that for any discriminant
D0 < 0 and any prime p we have

h(−D0 p2k) = Cpk
(

1 − 1

p

(−D0

p

))

· u D0,pk

u D0,1
h(−D0). (4.11)

Equation (4.11) with D0 = D allows us to express r∗(gen(Qs),−Dp2k) and #�D,pk

as

r∗(gen(Qs),−Dp2k) = cDh(−Dp2k)

u D,pk

= cdCpk
(

1 − 1

p

(−D

p

))
h(−D)

u D,1
, (4.12)

#�D,pk

u D,pk
= pk
(

1 − 1

p

(−D

p

))
#�D,1

u D,1
. (4.13)
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Hence, for k ≥ 1 we obtain

r∗(gen(Qs),−Dp2k)u D,pk

#�D,pk
= cDC

h(−D)

#�D,1
. (4.14)

The result follows since the right-hand side of (4.14) is independent of k and p.

We now define the restricted limit

fD,p(s) := lim
k→∞

r∗(Qs,−Dp2k)u D,pk

#�D,pk
= lim

k→∞
r∗(spn(Qs),−Dp2k)u D,pk

#�D,pk
.

(4.15)

The equidistribution result of Vatsal [36, Thm. 1.5] combined with Proposition 4.2
states the following:

Lemma 4.6 (Vatsal) For every s ∈ X0(N )SS
/F

�2
, fundamental discriminant D < 0 and

p � N� we have

fD,p(s) = wsμcan(s). (4.16)

We will now use Eq. (4.16) to rewrite r∗(spn(Qs), n) in terms of r∗(gen(Qs), n) and
then use Eq. (4.10) to show that f (s) exists and is independent of s.

Proposition 4.7 Let s ∈ X0(N )SS
/F

�2
and n = −Dc2, where D < 0 is a fundamental

discriminant. Assume that (c, N�) = 1. Then

r∗(gen(Qs), n) = r∗(spn(Qs), n).

Let am := r(gen(Qs),m) − r(spn(Qs),m). According to a result of Schulze-Pillot
[35] as well as Flicker [13], Niwa [26], Cipra [1] and others, θgen(Qs )−θspn(Qs ) belongs
to the subspace of cuspidal forms of weight 3/2 spanned by the one-dimensional theta
series (see also [18]). Note that the Fourier coefficients of the one-dimensional theta
series hψ,t (z) defined in Eq. (3.1) vanish outside the square class tZ2. Let

θgen(Qs ) − θspn(Qs ) =
∑

ψ,t

cψ,t hψ,t . (4.17)

Let hψ,t be one of the one-dimensional theta series in (4.17) and let 4M = 4N� be
the level of θgen(Qs )−θspn(Qs ). The transformation law for modular forms of level 4M
with Nebentypus χ implies that ψ(mn) = ψ(n)χt (m) for every (m,M) = 1, where
χt (m) = χ(m)

(−t
m

)
(see [35, p. 285]). In addition, if hψ,t �= 0 then 4t | M (see, e.g.,

[35, Kor. 2]).

Lemma 4.8 Let −d > 0 be the smallest positive integer satisfying the following two
conditions:
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1. If d = Dc2, where D < 0 is a fundamental discriminant then c is prime to N�;
2. a−d �= 0.

Then c = 1 and d = D is a fundamental discriminant.

Proof It follows from (4.17) and Lemma 4.4 [since (m,M) = 1] thatψ(m) = χt (m).
Hence,

a−d =
∑

−d=tm2,ψ

cψ,tψ(m)m =
∑

−d=tm2

χt (m)m
∑

ψ

cψ,t �= 0.

Hence there exists t satisfying
∑
ψ cψ,t �= 0. Choose the minimal t with this property

and observe that at = ∑t ′,t=t ′m2
∑
ψ cψ,t ′ψ(m)m = ∑ψ cψ,t �= 0. Hence, t = −d

and

a−d =
∑

−d=tm2,ψ

cψ,t hψ,t =
∑

ψ

cψ,−d hψ,−d �= 0.

Now, if the conductor c of d were not equal to 1, it would have divided M and hence
would not have been prime to N�. Thus, the only possibility is that c = 1 and d = D
is a fundamental discriminant.

Lemma 4.9 Let D < 0 be the fundamental discriminant from Lemma 4.8 and
(c, N�) = 1. If DQs is the discriminant of the quadratic form Qs then

a−Dc2 = c

(
DDQs

c

)

a−D.

In particular, for c = pk we have

a−Dp2k = pk
(

DDQs

p

)k

a−D.

Proof Note that a−Dc2 = ∑−Dc2=tm2,ψ cψ,tψ(m)m. We know that if t = −D(c′)2
for some c′ > 1 then ht,ψ = 0 (since (c′,M) = 1). Hence,

a−Dc2 =
∑

ψ

cψ,Dψ(c)c = cχD(c)
∑

ψ

cψ,D = c

(
DDQs

c

)

a−D.

Proof of Proposition 4.7 We will prove the statement by contradiction. Assume the
contrary and let n be the smallest integer whose square part is prime to N� and such
that r(gen(Qs), n) �= r(spn(Qs), n). Lemma 4.8 implies that if −n = Dc2 for a fun-
damental discriminant D and a conductor c then c = 1 and n = −D. Let p � N� be a

prime for which
(

DDQs
p

)
= −1. We will show that under these assumptions the limit

123



Equidistribution of Heegner points and ternary quadratic forms 521

f−D,p(s) does not exist, contradicting Lemma 4.6. Using Lemma 4.9 and equation
(4.13), we have

f−D,p(s) = lim
k→∞

((
r∗(spn(Qs),−Dp2k)− r∗(gen(Qs),−Dp2k)

)
u D,pk

#�D,pk

+r∗(gen(Qs),−Dp2k)u D,pk

#�D,pk

)

= lim
k→∞

(

− a−Dp2k

#�D,pk/u D,pk
+ r∗(gen(Qs),−Dp2k)u D,pk

#�D,pk

)

= lim
k→∞

⎛

⎜
⎝−

a−D pk
(

DDQs
p

)k

pk
(

1 − 1
p

(
D
p

))
#�D,1/u D,1

+ r∗(gen(Qs),−Dp2k)u D,pk

#�D,pk

⎞

⎟
⎠

= lim
k→∞

⎛

⎝− a−D(−1)k
(

1 − 1
p

(
D
p

))
#�D,1/u D,1

+ r∗(gen(Qs),−Dp2k)u D,pk

#�D,pk

⎞

⎠ .

However, the limit

lim
k→∞

r∗(gen(Qs),−Dp2k)u D,pk

#�D,pk

exists by Lemma 4.5. Therefore, if the limit f−D,p(s) exists, then the limit

lim
k→∞ − a−D(−1)k

(
1 − 1

p

(
D
p

))
#�D,1/u D,1

must also exist. But a−D �= 0 and the only dependence on k is the term (−1)k , leading
to a contradiction.

Remark 9 After submission, Schulze-Pillot has noticed that one may use the explicit
calculations in Sect. 4 to establish that the spinor norm is trivial away from the prime
�. A further analysis leads to the conclusion that the spinor norm is trivial globally,
and hence there is only one spinor genera, explaining the equality established in Prop-
osition 4.7 for the genera and the spinor genera of this wide class of ternary quadratic
forms.

123



522 D. Jetchev, B. Kane

4.6 Proof of the main theorem

We are now ready to prove Theorems 1.1 and 1.2. Let D < 0 be a fundamental
discriminant and let c be an integer with (c, N�) = 1. Define

gD,c(s) := r∗(Qs,−Dc2)u D,c

#�D,c

and

hD,c := r∗(gen(Qs),−Dc2)u D,c

#�D,c
.

Note that hD,c is independent of s. Proposition 4.7 combined with Eq. (4.10) gives

gD,c(s) = hD,c + Os

(
(−Dc2)−

1
28 +ε) .

We now divide by ws and sum over all s′ ∈ X0(N )SS
/F

�2
. Recall from Proposition 4.2

that

gD,c(s′)#�D,c

ws′
= r∗(Qs′ ,−Dc2)

u D,c

ws′

is the number of optimal embeddings of OD,c into Rs′ . Summing over all s′ ∈
X0(N )SS

/F
�2

thus gives #�D,c. Hence, we have

1 =
∑

s′∈X0(N )SS
/F
�2

gD,c(s′)
ws′

= hD,c

∑

s′∈X0(N )SS
/F
�2

1

ws′
+ O
(
(−Dc2)−

1
28 +ε) . (4.18)

Therefore

hD,c = 1
∑

s′∈X0(N )SS
/F
�2

1/ws′
+ O
(
(−Dc2)−

1
28 +ε) .

Thus the limit lim−Dc2→∞ hD,c exists, and we obtain

f (s) = lim
−Dc2→∞

gD,c(s) = lim
−Dc2→∞

[
hD,c(s)+ O

(
(Dc2)−

1
28 +ε)]

= 1
∑

s′∈X0(N )SS
/F
�2

1/ws′
= wsμcan(s).

But this is precisely Eq. (4.8), and hence we obtain Theorem 1.1.
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Remark 10 Due to dependence on Siegel’s lower bound for the class number, The-
orem 1.1 is ineffective. However, if we fix a fundamental discriminant D < 0 and
only vary the conductor c, then this result becomes effective due to known growth of
the class number in a fixed square class. Moreover, in a fixed square class the −Dth
Shimura correspondence implies that the difference

ac(s) := gD,c(s)− hD,c

are coefficients of a weight 2 cusp form. Using Deligne’s optimal bound, the error
term can be improved to O(c−1/2+ε). Therefore, the error can be written as

O((−D)−
1
28 +εc− 1

2 +ε).

5 Distribution relations method

In this section, we establish equidistribution when the fundamental discriminant D < 0
is fixed and the conductor varies using an alternative argument based on the distribution
relations for Heegner points and Hecke eigenvalue bounds.

5.1 An easier equidistribution theorem

Here, we only consider a special infinite set of conductors c and a fixed fundamental
discriminant D < 0. Let P be the set of all primes r � N , such that r is inert in K .
Let I be the set of all integers that are square-free products of primes in P . Note that
� ⊂ I. Under the same hypothesis as before, we will prove the following statement:

Theorem 5.1 Given a Galois orbit�D,c letμD,c be the measure on X0(N )SS
/F

�2
defined

as in Theorem 1.1. Then limc→∞,
c∈I

μD,c = μcan.

Remark 11 The assumption that c ∈ I is not necessary and the argument in the more
general case is exactly the same, except for the more technical form of the distribu-
tion relations. Here, we prove only the less technical statement where the distribution
relations are easier to work with (see Sect. 5.2).

5.2 Distribution relations

Let Xc ∈ Div(X0(N )) be defined as Xc := ∑σ∈Gal(K [c]/K )(x
σ
c ). We will prove the

following distribution relation:

Lemma 5.2 For any prime number � which is inert in K and any positive integer c
coprime to �, the following distribution relation holds:

Xc� = T�Xc.
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Proof Let S be a set of coset representatives for Gal(K [c�]/K [c])/Gal(K [c]/K ). The
distribution relation for Heegner points [14, §6] is the following equality of divisors
of degree �+ 1 on X0(N ):

TrK [�c]/K [c](xσc�) = T�(x
σ
c ), σ ∈ Gal(K [c�]/K ),

i.e.,

∑

τ∈Gal(K [c�]/K [c])
(xστc� ) = T�(x

σ
c ), σ ∈ Gal(K [c�]/K ).

Hence,

∑

σ∈S

∑

τ∈Gal(K [c�]/K [c])
(xστc� ) =

∑

σ∈S

T�(x
σ
c ), σ ∈ Gal(K [c�]/K ),

which implies

Xc� = T�Xc.

5.3 Proof of the main theorem

Proof of Theorem 5.1 First, we note that the reduction map red� : X0(N )/Q →
X0(N )/F� defined in Sect. 1 is Hecke equivariant. Thus,

red�(Xcr ) = Tr red�(Xc).

Next, red�(Xcr ) and red�(Xc) belong to the subgroup DivSS(X0(N )/F� ) of divisors
supported on the supersingular points of X0(N )/F� . The Hecke algebra TN� acts on

the vector space VSS = DivSS(X0(N )/F� )⊗Q via its �-new quotient T
�−new
N� (see [30]

or [33]). Let

VSS = VEis ⊕
⎛

⎝
⊕

f

V f

⎞

⎠

be the eigenspace decomposition of V , where f ranges over all normalized eigenforms
f ∈ S�−new

2 (�0(N�)),

V f = {v ∈ VSS : Trv = ar ( f )v for all primes r},

and

VEis = {v ∈ VSS : Trv = (r + 1)v for all primes r}.

Here, ar ( f ) denotes the r th Fourier coefficient of the eigenform f .
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Let Yc = 1
# Pic(Oc)

red�(Xc) ∈ VSS. It is easy to see that Yc =∑s∈X0(N )SS
/F
�2
μc(s) ·

(s). We can write the decomposition of Yc as

Yc = Yc,Eis +
∑

f

Yc, f , Yc, f ∈ V f , Yc,Eis ∈ VEis.

The distribution relation from Lemma 5.2 implies that # Pic(Ocr )Ycr =# Pic(Oc)Tr Yc.
Since # Pic(Ocr ) = (r + 1)# Pic(Oc) then

Ycr = 1

r + 1
Tr Yc.

We use this equality to obtain Ycr,Eis = Yc,Eis and Ycr, f = ar ( f )
r+1 Yc, f for any normal-

ized eigenform f ∈ S�−new
2 (�0(N�)).

The Ramanujan–Petersson conjecture then implies that

ar ( f )

r + 1
≤ 2r1/2

r + 1
≤ 2

r1/2 .

Thus, we obtain by induction on the number of prime divisors of c that

Yc = Y1,Eis + O(c−1/2).

This means that limc→∞,
c∈I

Yc = Y1,Eis.

Finally, one uses the result from Sect. 5.4 to conclude that Y1,Eis is equal to the
divisor associated to the canonical measure μcan.

5.4 The divisor Y1,Eis

Let

Dμcan :=
∑

s∈X0(N )SS
/F
�2

μcan(s) · (s) ∈ VSS.

It is well-known (see, e.g., [36, Lem. 2.5]) that the divisor Dμcan is Eisenstein. In other
words,

Tr Dμcan = (r + 1)Dμcan

for every prime (r, N ) = 1. Next, we verify that Dμcan is the same as the Eisenstein
part Y1,Eis of Y1:

Lemma 5.3 We have

Dμcan = Y1,Eis.
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Proof First, note that deg(Dμcan) = 1 = deg(Y1). Furthermore, a divisor D ∈
Div(X0(N )SS

/F
�2
) ⊗ Q is cuspidal if and only if it has degree zero (see e.g., [33]).

Thus, deg(Y1,cusp) = 0 and hence, deg(Y1,Eis) = 1.
Next, consider the exact sequence

0 → Div0(X0(N )
SS) → Div

(
X0(N )

SS
/F

�2

) deg−−→ Z → 0,

and look at the divisor D = Dμcan − Y1,Eis. We know that deg(D) = 0 and hence,
D is cuspidal. At the same time, D is Eisenstein. If D �= 0 then one would obtain a
contradiction using the Hecke eigenvalue bounds for cusp forms. Thus, D = 0 and
hence, Y1,Eis = Dμcan .

6 Effective surjectivity results

We have seen in Theorem 1.1 that μD,c → μcan as dc := −Dc2 → ∞. In partic-
ular, for sufficiently large dc we have μD,c(s) > 0 for every s ∈ X0(N )SS

/F
�2

, giving

surjectivity of the reduction red� from �D,c to X0(N )SS
/F

�2
. Here, we discuss effective

versions of this surjectivity result.
Recall that the proof of Theorem 1.1 uses Siegel’s lower bound on the class number

[see (4.10)]. Siegel’s bound #�D,c �c,ε D
1
2 −ε is ineffective due to the fact that Siegel

proved this result by first assuming the truth of GRH for Dirichlet L-functions and then
proved the bound again with a different implied constant depending on the location
of a possible Siegel zero [34]. The best known effective results are due to Oesterlé
[27], but the growth obtained is only logarithmic in D. Hence, the surjectivity will be
ineffective whenever we allow the fundamental discriminant to vary.

Thus, we fix a fundamental discriminant D < 0. Given a supersingular point
s ∈ X0(N )SS

/F
�2

, decompose θQs as

θQs − θspn(Qs ) =
r∑

i=1

bi gi , (6.1)

where bi ∈ C and {g1, . . . , gr } is a fixed set of cuspidal Hecke eigenforms in the
orthogonal complement (under the Petersson inner product) of the space spanned by
one-dimensional theta series of weight 3/2. We will denote the dth coefficient of gi

by agi (d) and the −Dth Shimura correspondence (recall the extended definition in
Sect. 3 given by Kohnen for fundamental discriminants) by Gi := S−D,1(gi ). Denote
the number of distinct prime divisors of c by v(c).

The following theorem establishes an effective bound for c [depending on the
decomposition (6.1) and the fundamental discriminant −D] beyond which the
preimage red−1

� (s) is non-empty. Taking the maximum occurring bound over all
s′ ∈ X0(N )SS

/F
�2

gives a bound depending only on N , � and D beyond which sur-

jectivity must hold.
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Theorem 6.1 Let c > 2 be an integer prime to N� that satisfies the following inequal-
ity

c1/2

22v(c)+1σ0(c) log c
>

1

log 2

u D,1

#�D,1

(
r∑

i=1

∣
∣bi agi (−D)

∣
∣

)
⎛

⎜
⎜
⎝

∑

s′∈X0(N )SS
/F
�2

1/ws′

⎞

⎟
⎟
⎠ .

Then the reduction map red� : �D,c → X0(N )SS
/F

�2
satisfies red−1

� (s) �= ∅.

Proof For the θ -series θQs we have the decomposition

θQs (z) = E(z)+ H(z)+ f (z),

where E(z) is an Eisenstein series, H(z) is in the space spanned by one-dimen-
sional theta series of weight 3/2, and f (z) is a cusp form in the orthogonal com-
plement of the space spanned by one-dimensional theta series (see [18, p. 156]).
Moreover, from the work of Schulze-Pillot [35], we know that E(z) = θgen(Qs )(z) and
H(z) = θspn(Qs )(z)− θgen(Qs )(z).

Let a(n) := r(Qs, n) − r(spn(Qs), n) be the nth Fourier coefficient of the form
f (z) and let a∗(n) := r∗(Qs, n) − r∗(spn(Qs), n). Let n > 0 be an integer satisfy-
ing (n, N�) = 1. We know by Proposition 4.7 that r(gen(Qs), n) = r(spn(Qs), n).
Therefore,

r(Qs, n) = r(gen(Qs), n)+ (r(Qs, n)− r(gen(Qs), n)) = r(gen(Qs), n)+ a(n).

Next, if n = tc2 where t is square-free, Möbius inversion gives us

r∗(Qs, n) =
∑

c′|c
μ(c′)r(Qs, n/c′2) = r∗(gen(Qs), n)+

∑

c′|c
μ(c′)a(n/c′2). (6.2)

By Proposition 4.2, we know that s ∈ X0(N )SS
/F

�2
is in the image of red� : �D,c →

X0(N )SS
/F

�2
if and only if Qs primitively represents dc = −Dc2. Thus, s is not in the

image of the reduction map if and only if r∗(Qs, dc) = 0, i.e., if and only if

r∗(gen(Qs), dc) = −
∑

c′|c
μ(c′)a(dc/c

′2). (6.3)

The left-hand side can be computed using Jones’ formula and [4, Cor. 7.28, p. 148] as
it was applied previously for (4.12). We obtain

r∗(gen(Qs), dc)
∑

s′∈X0(N )SS
/F
�2

1/ws′ = #�D,c

u D,c
=
⎛

⎝
∑

c′|c
μ(c′)
(

D

c′

)
c

c′

⎞

⎠ #�D,1

u D,1
.

(6.4)
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For the right-hand side of (6.3), we would like to express the Fourier coefficient
a(dc) in terms of a(−D). This cannot be done directly for an arbitrary cusp form f
in the orthogonal complement of the space of one-dimensional theta series, but could
be achieved if f were an eigenform (due to the recurrence relations of the Hecke
operators). In order to get such a relation, we write

f (z) =
r∑

i=1

bi gi (z),

where gi ’s are Hecke eigenforms of weight 3/2 whose images Gi under the −Dth
Shimura correspondence S−D,1 are normalized Hecke eigenforms.

Decomposing θQs − θgen(Qs ) gives

a∗(dc) =
r∑

i=1

bi

∑

c′|c
μ(c′)agi

(
dc/c′
)
. (6.5)

If g := gi is a Hecke eigenform, the −Dth Shimura correspondence G := S−D,1(g) ∈
S2(�0(N�)) is also a Hecke eigenform. Assume further that G is normalized so that
aG(1) = 1. By the multiplicity one theorem for forms of weight 2, there exists a
newform G̃ ∈ S2(�0(M)) for some M | N� such that G = ∑d| N�

M
Cd G̃|V (d) for

some constants Cd (with C1 = 1). Here, the operator V (d) corresponds to one of the
degeneracy maps (see e.g., [29, p. 28] for the definition). Notice that for (c, N�) = 1,
the cth coefficient of G corresponds to the cth coefficient of the newform G̃. Since c is
relatively prime to the level, the cth coefficient of G̃ is determined by the eigenvalues
under the Hecke operators.

Using this connection and the definition of the −Dth Shimura correspondence to
evaluate the coefficients of G̃ (using the fact that G̃ is normalized), the second author
[23, equation (4.2)] has shown for c = pm relatively prime to F N�,

ag(dcF ) = ag(dF )

(

aG(p
m)−
(−D

p

)

aG(p
m−1)

)

= ag(dF )
∑

c′|c
μ(c′)
(−D

c′

)

aG

( c

c′
)
.

Here we have rewritten the right hand side so that extending by multiplicativity, it
follows that

ag(dc) = ag(d1)
∑

c′|c
μ(c′)
(

D

c′

)

aG

( c

c′
)
.

Substituting this in equation (6.5) gives the identity

a∗(dc) =
r∑

i=1

bi agi (d1)
∑

c′|c

∑

c′′| c
c′

μ(c′)μ(c′′)
(

D

c′′

)

aGi

( c

c′c′′
)
. (6.6)
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Thus we have established that the supersingular point s ∈ X0(N )SS
/F

�2
is not in the

image of red� from �D,c if and only if

1
∑

s′∈X0(N )SS
/F
�2

1/ws′

⎛

⎝
∑

c′|c
μ(c′)
(

D

c′

)
c

c′

⎞

⎠ #�D,1

u D,1

= −
r∑

i=1

bi agi (d1)
∑

c′|c

∑

c′′| c
c′

μ(c′)μ(c′′)
(

D

c′′

)

aGi

( c

c′c′′
)
. (6.7)

Now consider the Euler ϕ-function ϕ(c) := #{m < c : (m, c) = 1}. Then

∑

c′|c
μ(c′)
(

D

c′

)
c

c′ ≥ ϕ(c),

since the inequality holds for c being a prime power and both functions are multi-
plicative. We can then use the explicit elementary bound ϕ(c) ≥ log 2

2
c

log c for c > 2
(cf. [21, p. 9]).

We next pull the absolute value inside the sum on the right hand side of (6.7) and
use Deligne’s optimal bound [6] for integer weight cusp forms from the proof of the

Weil conjectures, namely |aGi (n)| ≤ σ0(n)n
1
2 . Since #{c′ | c : μ(c′) �= 0} = 2v(c)

and σ0(c′) ≤ σ0(c) for c′ | c, we have

|a∗(dc)| ≤ 22v(c)σ0(c)c
1
2

r∑

i=1

|bi agi (D)|, (6.8)

giving the assertion.

In the case when #X0(N )SS
/F

�2
= 2 we obtain an explicit bound independent of D

beyond which surjectivity holds. Let ms = max
(

1, ws′
ws

)
.

Lemma 6.2 If #X0(N )SS
/F

�2
= 2 then the inequality

ϕ(c) > ms22v(c)σ0(c)c
1
2 (6.9)

implies that the reduction red� on �D,c is surjective for any fundamental discriminant
D < 0.

Proof Let X0(N )SS
/F

�2
= {s, s′}. Recall that

θgen(Qs ) =
1
ws
θQs + 1

ws′
θQs′

1/ws + 1/ws′
.
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By Siegel’s theorem (see [8, Thm. 2(ii)]) there is a Hecke eigenform g such that θQs =
θgen(Qs )+g and θQs′ = θgen(Qs )−ws′

ws
g. Since r(Qs, |D|) ≥ 0 and r(Qs′ , |D|) ≥ 0, we

have |ag(|D|)| ≤ max(1, ws′
ws
)r(gen(Qs), |D|). The lemma then follows immediately

by combining Eqs. (6.4) and (6.8) with b1g1 = g after canceling r(gen(Qs), |D|) on
both sides.

Let G = S−D,1(g) be the −Dth Shimura correspondence of g as defined in Sect. 3.
Define

rc :=
∑

c′|c μ(c′)
(−D

c′
) c

c′
∣
∣
∣
∑

c′|c μ(c′)
∑

c′′| c
c′
μ(c′′)
(−D

c′′
)

aG
( c

c′c′′
)∣∣
∣
,

where we take rc = ∞ by convention if the denominator is zero, and

r̃c := ϕ(c)

22v(c)σ0(c)c
1
2

.

By Eqs. (6.7) and (6.8) if rc > ms or r̃c > ms then s is in the image of red�. Note that
both rc and r̃c are multiplicative and rc ≥ r̃c. For c = pm we have

r̃c = p
m
2 −1(p − 1)

4(m + 1)
.

For p ≥ 5, r̃c is increasing as a function of m, whereas for p < 5 it is increasing for
m > 2. For a constant a and m = 1 the inequality r̃c > a is satisfied for

p > Pa :=
(

4a + √
16a2 + 4

2

)2

.

For p ≤ Pa we use the fact that r̃c is increasing exponentially as a function of m to
obtain a bound Mp,a such that m > Mp,a implies that r̃c > a. Therefore, there are
only finitely many choices for the pair (p,m) with m ≥ 1 for which rpm ≤ a. Let

Ca = {(p,m) : rpm ≤ a}.
Computing rpm explicitly for m ≤ Mp,a allows us to explicitly calculate Ca .

We first follow the above argument with a = 1 to show that

rmin :=
∏

p

min
m≥0

rpm

is well defined and satisfies rc ≥ rmin for every c. We will now use the above bounds
with a := ms

rmin
. Let c be an arbitrary integer such that rc ≤ ms . Write c = pmc′ with

(p, c′) = 1. By multiplicativity we have

ms ≥ rc = rc′rpm ≥ rminrpm .
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Therefore, rpm ≤ a, so (p,m) ∈ Ca , and it follows that

c |
∏

(p,m)∈Ca

pm .

We can refine this argument by recursively computing

Sv := {c : v(c) = v, rc ≤ ms}.

For c′ ∈ Sv , consider

a′ := a

∏
(p,c′)=1 minm≥0 rpm

rc′
.

Then for c = pmc′ with (p, c) = 1, rc ∈ Sv+1 if and only if (p,m) ∈ Ca′ . Construct-
ing the resulting tree in this manner allows us to terminate the depth-first search when
Ca′ is empty.

Proceeding in this manner, we obtain for � = 11 and N = 1 exactly 116 possible
values of c in the union of all Sv , the largest of which is 5,124. For � = 17 and N = 1
there are 93 possible values of c, the largest of which is 3,990, and for � = 19 and
N = 1 there are 165 possible values of c, the largest of which is 8,502.
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LOCALLY HARMONIC MAASS FORMS AND THE KERNEL OF THE

SHINTANI LIFT

KATHRIN BRINGMANN, BEN KANE, AND WINFRIED KOHNEN

In memory of Marvin Knopp

Abstract. In this paper we define a new type of modular object and construct explicit exam-
ples of such functions. Our functions are closely related to cusp forms constructed by Zagier
[29] which played an important role in the construction by Kohnen and Zagier [22] of a ker-
nel function for the Shimura and Shintani lifts between half-integral and integral weight cusp
forms. Although our functions share many properties in common with harmonic weak Maass
forms, they also have some properties which strikingly contrast those exhibited by harmonic
weak Maass forms. As a first application of the new theory developed in this paper, one obtains
a new proof of the fact that the even periods of Zagier’s cusp forms are rational as an easy
corollary.

1. Introduction and statement of results

For an integer k > 1 and a discriminant D > 0, define

(1.1) fk,D (τ) :=
Dk− 1

2

(
2k−2
k−1

)
π

∑

a,b,c∈Z
b2−4ac=D

(
aτ2 + bτ + c

)−k
,

where τ ∈ H. This function was introduced by Zagier [29] in connection with the Doi-Naganuma
lift (between modular forms and Hilbert modular forms) and lies in the space S2k of (classical,
holomorphic) cusp forms of weight 2k for Γ1 := SL2(Z). One may also realize fk,D as a certain
linear combination of hyperbolic Poincaré series whose construction is due to Petersson [25].

The functions fk,D (and certain variations of them) play an important role in the theory of
modular forms of half-integral weight. Indeed, as shown in [22] and later in [21], they are the
Fourier coefficients of holomorphic kernel functions for the Shimura [27] (resp. Shintani [28])
lifts between half-integral and integral weight cusp forms. More precisely, for τ, z ∈ H, define

(1.2) Ω (τ, z) :=
∑

0<D≡0,1 (mod 4)

fk,D (τ) e2πiDz.

Then Ω is a modular form of weight 2k in the variable τ and weight k + 1
2 in the variable z.

Furthermore, integrating Ω against a cusp form f of weight 2k (resp. k+ 1
2) with respect to the

first (resp. second) variable is the Shintani (resp. Shimura) lift of f .
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In a different way, they also give important examples of modular forms with rational periods,
as studied in [23]. In this paper, we construct a new type of modular object which both closely
resembles and is connected to fk,D through differential operators which naturally occur in the
theory of harmonic weak Maass forms (see Theorem 1.2). The resulting functions also give a
new explanation and a new proof of the rationality of the even periods of fk,D for k even (see
Theorem 1.4). We expect that these new objects will have further important applications to the
theory of modular forms.

Before introducing these new modular objects, we first recall that a weight 2 − 2k harmonic
weak Maass form is a real analytic function F which satisfies weight 2 − 2k modularity, is
annihilated by the weight 2− 2k hyperbolic Laplacian

∆2−2k := −y2
(
∂2

∂x2
+

∂2

∂y2

)
+ i (2− 2k) y

(
∂

∂x
+ i

∂

∂y

)

and has at most exponential growth at i∞. Here and throughout τ ∈ H is written as τ = x+ iy,
x, y ∈ R with y > 0. The theory of harmonic weak Maass forms has proven useful in many areas
including combinatorics, number theory, physics, Lie theory, probability theory, and knot theory.
To name a few examples, harmonic weak Maass forms have played a role in understanding
Ramanujan’s mock theta functions [32], in proving asymptotics and congruences in partition
theory [6, 8], in relating character formulas of Kac and Wakimoto [17] to automorphic forms [7],
in the study of metastability thresholds for bootstrap percolation models [2, 4], in the quantum
theory of black holes [12], in studying the elliptic genera of K3 surfaces [16], and in the study
of central values of L-series and their derivatives [10].

Bruinier and Funke [9] have shown that for every f ∈ S2k, there exists a weight 2 − 2k
harmonic weak Maass form F which is related to f through the anti-holomorphic operator

ξ2−2k := 2iy2−2k d
dτ by ξ2−2k (F) = f . Such an F may be constructed via parabolic Poincaré

series [5]. In particular, although we therefore know that such a lift of fk,D exists, it would
be desirable to constuct a particular lift which resembles the shape (1.1) and is also related to
hyperbolic Poincaré series. The construction of such a function analogous to (1.1) leads to a
new class of automorphic objects which are the topic of this paper. To describe the resulting
object, we first require some notation. Let

(1.3) ψ (v) :=
1

2
β

(
v; k − 1

2
,
1

2

)

be a special value of the incomplete β-function, which is defined for s,w ∈ C satisfying Re (s),

Re (w) > 0 by β (v; s,w) :=
∫ v
0 u

s−1 (1− u)w−1 du (for some properties, see p. 263 and p. 944
of [1]). The function ψ may be written in a variety of forms, but we choose this representation
because it generalizes to other weights (see (3.8) for another useful representation). Denote the
set of integral binary quadratic forms [a, b, c](X,Y ) := aX2 + bXY + cY 2 of discriminant D by
QD :=

{
[a, b, c] : b2 − 4ac = D, a, b, c ∈ Z

}
. For some technical reasons, we will restrict in the

following to the case where D is a non-square discriminant. For τ ∈ H we set

(1.4) F1−k,D (τ) :=
D

1

2
−k

(2k−2
k−1

)
π

∑

Q=[a,b,c]∈QD

sgn
(
a |τ |2 + bx+ c

)
Q (τ, 1)k−1 ψ

(
Dy2

|Q (τ, 1)|2

)
.

Remark. After presenting the results of this paper, Zagier has informed us that he has indepen-
dently investigated (in unpublished work) examples similar to (1.4) for some small k (in cases
where there are no cusp forms in S2k). In these cases, as we will see in Theorem 1.3, the func-
tion (1.4) is locally equal to a polynomial. Zagier’s investigation of these functions was initiated
by a question posed by physicists. It would be interesting to investigate what our new theory
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yields in physics. After viewing a preliminary version of this paper, Bruinier pointed out to the
authors that his Ph.D. student Martin Hövel is also studying a related function in his upcoming
thesis. Hövel’s construction appears to have connections to the case when k = 1 (i.e., weight 0)
which is excluded in our study, while his ongoing work does not include the case k > 1 which is
investigated in this paper.

Before relating F1−k,D and fk,D, we investigate the functions F1−k,D themselves a bit closer.
We put

(1.5) ED :=
{
τ = x+ iy ∈ H : ∃a, b, c ∈ Z, b2 − 4ac = D, a |τ |2 + bx+ c = 0

}
.

The group Γ1 acts on this set, and ED is a union of closed geodesics (Heegner cycles) projecting
down to finitely many on the compact modular curve. The set ED naturally partitions H into
(open) connected components (see Lemma 5.1). Owing to the sign in the definition of F1−k,D,
the functions F1−k,D exhibit discontinuities when crossing from one connected component to
another, with the value of the limits from either side differing by a polynomial. The functions
F1−k,D hence exhibit what is known as wall crossing behavior. Wall crossing behavior has
recently been extensively studied due to its appearance in the quantum theory of black holes
in physics (see e.g. [12]). Although F1−k,D is not a harmonic weak Maass form, it exhibits
many similar properties. Outside of the exceptional set ED, the functions F1−k,D are locally
annihilated by ∆2−2k and satisfy weight 2−2k modularity. We hence call them locally harmonic
Maass forms with exceptional set ED (see Section 2 for a full definition).

Theorem 1.1. For k > 1 and D > 0 a non-square discriminant, the function F1−k,D is a weight
2− 2k locally harmonic Maass form with exceptional set ED.

Although F1−k,D exhibits some behavior which is similar to harmonic weak Maass forms, it

also has some other surprising properties. The differential operator D2k−1 (where D := 1
2πi

d
dτ )

also plays a central role in the theory of harmonic weak Maass forms (see e.g., [11]). However, a
harmonic weak Maass form cannot map to a cusp form under both ξ2−2k and D2k−1, as is well
known. Due to discontinuities along the exceptional set ED, our function F1−k,D is actually
allowed to (locally) map to a constant multiple of fk,D under both operators.

Theorem 1.2. Suppose that k > 1 and D > 0 is a non-square discriminant. Then for every
τ ∈ H \ ED, the function F1−k,D satisfies

ξ2−2k (F1−k,D) (τ) = D
1

2
−kfk,D (τ) ,

D2k−1 (F1−k,D) (τ) = −(2k − 2)!

(4π)2k−1
D

1

2
−kfk,D (τ) .

The aforementioned discontinuities of F1−k,D along ED are captured by very simple functions,
which are given piecewise as polynomials. The functions F1−k,D are formed by adding these
(piecewise) polynomials to real analytic functions which induce the image of F1−k,D under the

operators ξ2−2k and D2k−1 given in Theorem 1.2. Indeed, in the theory of harmonic weak Maass
forms, the function fk,D has a natural (real analytic) preimage under ξ2−2k (resp. D2k−1) called
the non-holomorphic (resp. holomorphic) Eichler integral. To be more precise, as in [31], for
f (τ) =

∑∞
n=1 anq

n ∈ S2k (q = e2πiτ ) we define the non-holomorphic Eichler integral of f by

(1.6) f∗ (τ) := (2i)1−2k
∫ i∞

−τ
f c (z) (z + τ)2k−2 dz,
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where f c (τ) := f (−τ) is the cusp form whose Fourier coefficients are the conjugates of the
coefficients of f . We likewise define the (holomorphic) Eichler integral of f by

(1.7) Ef (τ) :=
∞∑

n=1

an
n2k−1

qn.

Hence, combining Theorem 1.2 with the wall crossing behavior mentioned earlier in the intro-
duction, we are able to obtain a certain type of expansion for F1−k,D.

Theorem 1.3. Suppose that k > 1, D > 0 is a non-square discriminant, and C is one of the
connected components partitioned by ED. Then there exists a polynomial PC of degree at most
2k − 2 such that for all τ ∈ C,

F1−k,D (τ) = PC (τ) +D
1

2
−kf∗k,D (τ)−D

1

2
−k (2k − 2)!

(4π)2k−1
Efk,D (τ) .

Remark. According to [20], one can obtain an exact formula for the coefficients of fk,D in terms
of infinite sums involving Salié sums and J-Bessel functions. For more details of the proof, see
Theorem 3.1 of [24].

The polynomials PC occurring in Theorem 1.3 lead to a new proof of the rationality of the
even periods of fk,D. Denoting the even part of the period polynomial of f ∈ S2k by r+ (f ;X)
(see Section 8 for a full definition), we provide a new proof of the following result of the third
author and Zagier [23].

Theorem 1.4. Suppose that D > 0 is a non-square discriminant and k > 1 is even. Then the
even part of the period polynomial of fk,D satisfies

(1.8) r+ (fk,D;X) ≡ 2
∑

[a,b,c]∈QD
a<0<c

(
aX2 + bX + c

)k−1
(
mod

(
X2k−2 − 1

))
.

Remarks.

(1) By the congruence we mean that the left and right hand sides differ by a constant
multiple of X2k−2 − 1. The theorem of the third author and Zagier explicitly supplies
the implied constant, which is a ratio of Bernoulli numbers times a certain class number.
We also note that the sum in (1.8) is finite, which follows from reduction theory.

(2) The period polynomials in (1.8) also appear in Theorem 3 of [14] as the error to modu-
larity of certain holomorphic functions. Instead of being defined in terms of hyperbolic
Poincaré series, these functions are defined coefficient-wise by cycle integrals. It would
be interesting to further investigate this relation.

The Hecke algebra naturally decomposes S2k into one dimensional simultaneous eigenspaces
for all Hecke operators. The action of the Hecke operators on fk,D is easily computed and
particularly simple, namely, for a prime p

fk,D

∣∣∣
2k
Tp = fk,Dp2 + pk−1

(
D

p

)
fk,D + p2k−1fk, D

p2
,

where Tp is the p-th Hecke operator acting on translation invariant functions (see (9.1) for
a definition). Note that the right hand side of the above formula reflects the action of the
half-integral weight Hecke operator Tp2 (when the subscript D is taken to denote the D-th
coefficient). This is no accident, owing to the fact that fk,D is the D-th Fourier coefficient of
the kernel function Ω (defined in (1.2)) in the z variable and the Hecke operators commute with
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the Shimura and Shintani lifts. This connection between the integral and half-integral weight
Hecke operators on the functions fk,D extends to the functions F1−k,D.

Theorem 1.5. Suppose that k > 1, D > 0 is a non-square discriminant, and p is a prime.
Then

(1.9) F1−k,D

∣∣∣
2−2k

Tp = F1−k,Dp2 + p−k

(
D

p

)
F1−k,D + p1−2kF1−k, D

p2
,

where F1−k, D
p2

= 0 if p2 ∤ D.

Remark. The fact that the right hand side of (1.9) looks like the formula for the half-integral
weight 3

2 − k Hecke operator hints towards a connection between integral weight 2 − 2k and

half-integral weight 3
2 − k objects, mirroring the behavior for weight 2k and k + 1

2 cusp forms
coming from the Shintani and Shimura lifts. In light of this, there could be some relation with
the results in [13] in the case k = 1, which is not considered in this paper.

The paper is organized as follows. In Section 2 we give some background and a formal
definition of locally harmonic Maass forms. In Section 3 we explain the interpretation of F1−k,D

as a (linear combination of) hyperbolic Poincaré series. We next show compact convergence
in Section 4. Section 5 is devoted to a discussion about the exceptional set ED. Section 6 is
devoted to proving Theorem 1.2. The expansion given in Theorem 1.3 is proven in Section 7.
Combining this with the results of the previous sections, we conclude Theorem 1.1. In Section
8 we connect the polynomials PC from Theorem 1.3 to the period polynomial of fk,D in order to
prove Theorem 1.4. We conclude the paper with the proof of Theorem 1.5 in Section 9.

Acknowledgements

The authors would like to thank Don Zagier for useful conversation involving the polynomials
PC and the wall-crossing behavior of F1−k,D as well as Anton Mellit for helpful discussion
concerning the calculation of the constant term of the Fourier expansion of our functions.

2. Harmonic weak Maass forms and locally harmonic Maass forms

In this section, we recall the definition of harmonic weak Maass forms and introduce a formal
definition of locally harmonic Maass forms. A good background reference for harmonic weak
Maass forms is [9]. As usual, we let |2k denote the weight 2k ∈ 2Z slash-operator, defined for
f : H → C and γ =

(
a b
c d

)
∈ Γ1 by

f
∣∣∣
2k
γ (τ) := (cτ + d)−2k f (γτ) ,

where γτ := aτ+b
cτ+d is the action by fractional linear transformations.

For k ∈ N, a harmonic weak Maass form F : H → C of weight 2− 2k for Γ1 is a real analytic
function satisfying:

(1) F|2−2kγ (τ) = F (τ) for every γ ∈ Γ1,
(2) ∆2−2k (F) = 0,
(3) F has at most linear exponential growth at i∞.

As noted in the introduction, the differential operators ξ2−2k and D2k−1 naturally occur in the
theory of harmonic weak Maass forms. More precisely, for a harmonic weak Maass form F ,
one has ξ2−2k (F) ,D2k−1 (F) ∈M !

2k, the space of weight 2k weakly holomorphic modular forms
(i.e., those meromorphic modular forms whose poles occur only at the cusps). It is well known
that the operator ξ2−2k commutes with the group action of SL2 (R). Moreover, by Bol’s identity
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([26], see also [15] or [11], for a more modern usage), the operator D2k−1 also commutes with
the group action of SL2 (R). Furthermore, a direct calculation shows that

(2.1) ∆2−2k = −ξ2kξ2−2k.

Each harmonic weak Maass form F naturally splits into a holomorphic part and a non-
holomorphic part. Indeed, in the special case that ξ2−2k (F) = f ∈ S2k (which is the only case
relevant to this paper), one can show that F − f∗ is holomorphic on H, where f∗ was defined
in (1.6). We hence call f∗ the non-holomorphic part of F and F − f∗ the holomorphic part.
While the holomorphic part is obviously annihilated by ξ2−2k, an easy calculation shows that
the non-holomorphic part is annihilated by D2k−1. From this one also immediately sees that
D2k−1 (F) = D2k−1 (F − f∗) is holomorphic.

We next define the new automorphic objects which we investigate in this paper. A weight
2−2k locally harmonic Maass form for Γ1 with exceptional set ED (defined in (1.5)) is a function
F : H → C satisfying:

(1) For every γ ∈ Γ1, F
∣∣
2−2k

γ = F .

(2) For every τ ∈ H \ ED, there is a neighborhood N of τ in which F is real analytic and
∆2−2k (F) = 0.

(3) For τ ∈ ED one has

F (τ) =
1

2
lim

w→0+
(F (τ + iw) + F (τ − iw)) (w ∈ R).

(4) For τ → i∞, F (τ) is bounded.

Since the theory of harmonic weak Maass forms has proven so fruitful, it might be interesting
to further investigate the properties of functions in the space of locally harmonic Maass forms.

3. Locally harmonic Maass forms and hyperbolic Poincaré series

In this section, we define Petersson’s more general hyperbolic Poincaré series [25], which span
the space S2k, and describe their connection to (1.1). In addition, we define a weight 2−2k locally
harmonic hyperbolic Poincaré series which basically maps to Petersson’s hyperbolic Poincaré
series under both ξ2−2k and D2k−1 (see Proposition 6.1).

Suppose that D > 0 is a non-square discriminant and A ⊆ QD is a narrow equivalence class
of integral binary quadratic forms (that is, there exists Q0 ∈ QD such that A =: [Q0] consists
of precisely those Q ∈ QD which are Γ1-equivalent to Q0). One defines

(3.1) fk,D,A (τ) :=
(−1)kDk− 1

2

(2k−2
k−1

)
π

∑

[a,b,c]∈A

(
aτ2 + bτ + c

)−k ∈ S2k.

In the spirit of (1.4), we define

(3.2) F1−k,D,A (τ) :=
(−1)kD

1

2
−k

(2k−2
k−1

)
π

∑

Q=[a,b,c]∈A
sgn

(
a |τ |2 + bx+ c

)
Q (τ, 1)k−1 ψ

(
Dy2

|Q (τ, 1)|2

)
,

where ψ was given in (1.3). We shall see in Theorem 7.4 that F1−k,D,A is a locally harmonic
Maass form with exceptional set ED.

As alluded to in the introduction, (3.1) is not the definition given by Petersson (in fact, the
definition (3.1) was given in [21, 22]). Since we make use of Petersson’s definition repeatedly
throughout the paper, we now describe Petersson’s construction and give the link between the
two definitions. Let η, η′ be real conjugate hyperbolic fixed points of SL2 (R) (that is, there exists
a matrix γ ∈ SL2 (R) fixing η and η′). We call such a pair of points a hyperbolic pair. Denote the
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group of matrices in Γ1 fixing η and η′ by Γη. The group Γη/ {±I} is an infinite cyclic subgroup
of Γ1/ {±I} and is generated by

gη := ±
(

t+bu
2 cu

−au t−bu
2

)
,

where η = −b±
√
b2−4ac
2a and t, u ∈ N give the smallest solution to the Pell equation t2 −Du2 = 4.

For Q = [a, b, c], the subgroup Γη furthermore preserves the geodesic

(3.3) SQ :=
{
τ ∈ H : a |τ |2 + bRe (τ) + c = 0

}
,

which is important in our study since the exceptional set ED (defined in (1.5)) decomposes as
ED =

⋃
Q∈QD

SQ. These semi-circles have played an important role in the interrelation between

integral and half-integral weight modular forms [21, 28].
Let A ∈ SL2 (R) satisfy Aη = ∞ and Aη′ = 0. We note that one may choose

(3.4) A = Aη := ± 1√
|η − η′|

(
1 −η′

− sgn (η − η′) sgn (η − η′) η

)
∈ SL2 (R) .

Since gη preserves the semi-circle SQ, AηgηA
−1
η is a scaling matrix

(
ζ 0
0 ζ−1

)
for some ζ ∈ R.

For hk (τ) := τ−k (the constant term of the hyperbolic expansion of a modular form), we now
define Petersson’s classical hyperbolic Poincaré series [25]

(3.5) Pk,η (τ) :=
∑

γ∈Γη\Γ1

hk

∣∣∣
2k
Aγ (τ) ,

which converges compactly for k > 1. By construction, Pk,η satisfies weight 2k modularity and
is holomorphic. Petersson proved that indeed Pk,η is a cusp form and it was later shown that

(3.6) Pk,η =

(
2k − 2

k − 1

)
πD

1−k
2 fk,D,A

for A = [Q0], where Q0 has roots η, η′ [18].
We move on to our construction of a weight 2− 2k hyperbolic Poincaré series. Define

(3.7) ϕ (v) :=

∫ v

0
sin (u)2k−2 du.

Noting that
∣∣aτ2 + bτ + c

∣∣2 = Dy2 +
(
a |τ |2 + bx+ c

)2
,

we see that

arcsin

( √
Dy

|aτ2 + bτ + c|

)
= arctan

∣∣∣∣∣

√
Dy

a |τ |2 + bx+ c

∣∣∣∣∣ .

Therefore, using the fact that cos (θ) ≥ 0 for 0 ≤ θ ≤ π
2 , the change of variables u = sin (θ)2 in

the definition of the incomplete β-function yields (recall definition (1.3))

(3.8) ψ

(
Dy2

|Q (τ, 1)|2

)
=

1

2
β

(
Dy2

|aτ2 + bτ + c|2 ; k −
1

2
,
1

2

)
= ϕ

(
arctan

∣∣∣∣∣

√
Dy

a |τ |2 + bx+ c

∣∣∣∣∣

)
,

where we understand the arctangent to be equal to π
2 if a |τ |2 + bx+ c = 0.

Following our construction in the introduction, we set

(3.9) ϕ̂ (τ) := τk−1 sgn (x)ϕ
(
arctan

∣∣∣y
x

∣∣∣
)
.
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We now define the weight 2− 2k locally harmonic hyperbolic Poincaré series by

(3.10) P1−k,η (τ) :=
∑

γ∈Γη\Γ1

ϕ̂
∣∣∣
2−2k

Aγ (τ) .

We show in Proposition 4.1 that P1−k,η converges compactly for k > 1.
We want to show that P1−k,η and F1−k,D,A are connected in a way which is similar to the

relation (3.6) between Pk,η and fk,D,A. For a hyperbolic pair η, η′ ∈ R with generator gη =
(

α β
γ δ

)

of Γη, chosen so that sgn (γ) = sgn (η − η′), we define

Qη(τ, w) := γτ2 + (δ − α) τw − βw2.

Conversely, for Q = [a, b, c] ∈ QD, we choose the roots ηQ = −b+
√
D

2a , η′Q = −b−
√
D

2a and use

the fact that Q = QηQ to obtain a correspondence. Note that sgn(ηQ − η′Q) = sgn(a). We

furthermore define AQ := AηQ , where Aη was defined in (3.4). For Q ∈ QD, we denote the
action of γ ∈ Γ1 on Q by Q ◦ γ. We first need to relate Aηγ and AQ.

Lemma 3.1. For a hyperbolic pair η, η′, γ =
(
a b
c d

)
∈ Γ1, and Q = Qη ◦γ, there exists a constant

r ∈ R+ so that

(3.11) Aηγ =

(√
r 0
0 1√

r

)
AQ

and hence in particular

arg (Aηγτ) = arg (AQτ) and sgn (Re (Aηγτ)) = sgn (Re (AQτ)) .

Moreover,

(3.12) τ
∣∣∣
−2
Aηγ (τ) = τ

∣∣∣
−2
AQ (τ) =

−Q (τ, 1)√
D

.

Proof. A direct calculation, using (3.4), yields

(3.13) Aηγτ = sgn(η − η′)
a− cη′

a− cη

(
τ − γ−1η′

−τ + γ−1η

)
.

Denote Qη = [α, β, δ] and Q = [aQ, bQ, cQ] and recall that we have chosen Qη (resp. ηQ) such

that sgn (α) = sgn (η − η′) (resp. sgn(ηQ − η′Q) = sgn(aQ)). Hence η − η′ =
√
D
α and one now

concludes the second identity of (3.12) after noting that

j (Aη, τ) = ∓sgn (η − η′)√
|η − η′|

(τ − η) .

and applying (3.13) with η = ηQ and γ = I. Since Q = Qη ◦ γ, γ sends the roots of Q to
the roots of Qη and hence either γ−1η = ηQ or γ−1η′ = ηQ. Since ηQ, η

′
Q are ordered by

sgn(ηQ − η′Q) = sgn(aQ), the identity γ−1η = ηQ is verified by

sgn (aQ) = sgn (Qη (a, c)) = sgn (α) sgn
(
(a− cη)

(
a− cη′

))

= sgn

(
η − η′

(a− cη) (a− cη′)

)
= sgn

(
γ−1η − γ−1η′

)
.

Denoting r :=
∣∣∣a−cη′

a−cη

∣∣∣ and comparing (3.13) with the definition (3.4) of AQ yields

Aηγτ = rAQτ.
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One concludes (3.11) from the fact that Aηγ and AQ both have determinant 1. Since τ is
invariant by slashing with a scaling matrix in weight −2, the second identity of (3.12) follows,
completing the proof. �

We now use Lemma 3.1 to show that under the natural correspondence between narrow classes
A ⊆ QD and hyperbolic pairs η, η′ ∈ R given above, one has:

Lemma 3.2. For every hyperbolic pair η, η′ and A = [Qη] ⊆ QD, one has

P1−k,η =

(
2k − 2

k − 1

)
πD

k
2F1−k,D,A.

Proof. By Lemma 3.1, (3.10) may be rewritten as

(3.14) P1−k,η (τ) =
(−1)k−1

D
k−1

2

∑

Q∈A
sgn (Re (AQτ))Q (τ, 1)k−1 ϕ

(
arctan

∣∣∣∣
Im (AQτ)

Re (AQτ)

∣∣∣∣
)
.

We first note that a 6= 0 (since D is not a square, by assumption). From (3.13) with η = ηQ and
γ = I, one concludes

(3.15) Re (AQτ) = −a |τ |
2 + bx+ c

|a| |−τ + ηQ|2
, Im (AQτ) =

y
√
D

|a| |−τ + ηQ|2
.

This allows one to rewrite arctan

∣∣∣∣
Im(AQτ)
Re(AQτ)

∣∣∣∣. Using (3.8), it follows that (3.14) equals (3.2). �

4. Convergence of F1−k,D,A

In this section we prove the convergence needed to show Theorem 1.1. We need the following
simple property of arctan |z| for z ∈ C:

(4.1) arctan |z| ≤ min
{
|z| , π

2

}
.

For a convergence estimate, we will also employ the following formula of Zagier ([30], Prop.
3). For a discriminant 0 < D = ∆f2 with ∆ a fundamental discriminant and Re(s) > 1, one
has

(4.2)
∑

a∈N

∑

0≤b<2a
b2≡D (mod 4a)

a−s =
ζ(s)

ζ (2s)
L∆(s)

∑

d|f
µ(d)χ∆ (d) d−sσ1−2s

(
f

d

)
,

where L∆(s) := L (s, χ∆) is the Dirichlet L-series associated to the quadratic character χ∆(n) :=(
∆
n

)
, µ is the Möbius function, and σs(n) :=

∑
d|n d

s.

Proposition 4.1. For k > 1, F1−k,D,A converges compactly on H.

Proof. Assume that τ = x+ iy is contained in a compact subset C ⊂ H. We note that although
we unjustifiably reorder the summation multiple times before showing convergence, in the end we
show that the resulting sum converges absolutely, hence validating the legality of this reordering.

Taking the absolute value of each term in (3.2) and extending the sum to all Q ⊂ QD, we
obtain (noting (3.8))

D
1

2
−k

(
2k−2
k−1

)
π

∑

Q=[a,b,c]∈QD

∣∣∣∣∣Q (τ, 1)k−1 ϕ

(
arctan

∣∣∣∣∣

√
Dy

a |τ |2 + bx+ c

∣∣∣∣∣

)∣∣∣∣∣ .
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We may assume that a > 0, since the case a < 0 is treated by changing Q → −Q. We next
rewrite b as b + 2an with 0 ≤ b < 2a and n ∈ Z and then split the sum into those summands
with |n| “large” and those with |n| “small.”

We first consider the case of large n, i.e., |n| > 8
(
|τ |+

√
D
)
and denote the corresponding

sum by G1. One easily sees that

(4.3) |Q (τ, 1)| ≪ an2,

where here and throughout the implied constant depends only on k unless otherwise noted. By

estimating |x| < |τ | < |n|
8 and b < 2a, one obtains (noting that |n| > 8)

∣∣∣a |τ |2 + (b+ 2an) x+ c
∣∣∣ ≥ |c| − |(b+ 2an) x| − a |τ |2 ≥ |c| − a

4
(|n|+ 1) |n| − an2

64
≥ |c| − 19

64
an2.

However, c = (b+2an)2−D
4a , so that the bounds |n| > 8 and D < n2

64 yield

|c| ≥ a (|n| − 1)2 − n2

256a
≥ 3

4
an2.

Therefore

(4.4)
∣∣∣a |τ |2 + (b+ 2an)x+ c

∣∣∣≫ an2,

and hence by (4.1) one concludes

arctan

∣∣∣∣∣

√
Dy

a |τ |2 + (b+ 2an) x+ c

∣∣∣∣∣ ≤
∣∣∣∣∣

√
Dy

a |τ |2 + (b+ 2an)x+ c

∣∣∣∣∣≪
√
Dy

an2
,

Using (3.7) and (3.8), one obtains the estimate

∫ arctan
∣∣∣

√
Dy

a|τ |2+bx+c

∣∣∣

0
sin(u)2k−2du≪

∫ √
Dy

an2

0
|sin(u)|2k−2 du.

Since |sin(u)| ≤ u for u ≥ 0, we conclude that

(4.5)

∫ √
Dy

an2

0
|sin(u)|2k−2 du ≤

∫ √
Dy

an2

0
u2k−2du =

1

2k − 1

(√
Dy

an2

)2k−1

.

Combining (4.3) and (4.5) and noting that all bounds are independent of b yields
(4.6)

G1 (τ) ≪ y2k−1Dk− 1

2

∑

a∈N

∑

0≤b<2a
b2≡D (mod 4a)

a−k
∑

n>8(|τ |+
√
D)

n−2k ≪
(

y
√
D

|τ |+
√
D

)2k−1

≪C ,D 1,

where we have estimated the inner sum against the corresponding integral and evaluated the
outer two sums with (4.2). Since y (resp. |τ |) may be bounded from above (resp. below) by a
constant depending only on C , it follows that G1 converges uniformly on C .

We now move on to the case when |n| ≤ 8
(
|τ |+

√
D
)
and denote the corresponding sum by

G2. As in the case for n large, one easily estimates

(4.7) |Q (τ, 1)| ≪ a
(
|τ |+

√
D
)2

≪C ,D a.
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We further split the sum over a ∈ N. For a >
√
D
y we have

(4.8)
∣∣∣a |τ |2 + (b+ 2an) x+ c

∣∣∣ =
∣∣∣∣∣ay

2 + a

(
x+ n+

b

2a

)2

− D

4a

∣∣∣∣∣≫ ay2.

Hence for the terms a >
√
D
y , we use (4.1) to obtain

(4.9)

∫ arctan
∣∣∣

√
Dy

a|τ |2+bx+c

∣∣∣

0
sin(u)2k−2du≪

∫ √
D

ay

0
u2k−2du =

1

2k − 1

(√
D

ay

)2k−1

.

For a ≤
√
D
y we simply note that by (4.1) we may trivially bound arctan

∣∣∣
√
Dy

a|τ |2+bx+c

∣∣∣ ≤ π
2 and,

since sin(u) ≥ 0 for 0 ≤ u ≤ π, we may trivially estimate the remaining terms by the constant

(4.10)

∫ π
2

0
sin(u)2k−2du.

Bounding the sum over n trivially and using (4.7), (4.9), and (4.10) yields

(4.11) G2 (τ) ≪
(
|τ |+

√
D
)2k−1 ∑

a≤
√

D
y

∑

0≤b<2a
b2≡D (mod 4a)

ak−1

+Dk− 1

2

(
|τ |+

√
D

y

)2k−1 ∑

a>
√

D
y

∑

0≤b<2a
b2≡D (mod 4a)

a−k ≪
(
|τ |+

√
D
)2k−1 D

k+1

2

yk+1
.

Here we have employed (4.2) for large a and used trivial estimates for all other sums, completing
the proof. �

5. Values at exceptional points

In this section, we describe the behavior of F1−k,D,A along the circles of discontinuity ED

(defined in (1.5)). For each Q, SQ (defined in (3.3)) partitions H \ SQ into two open connected
components (one “above” and one “below” SQ), which, for ε = ±, we denote by

(5.1) Cε
Q :=

{
τ ∈ H : ε sgn

(∣∣∣∣τ −
b

2a

∣∣∣∣−
√
D

2|a|

)
= 1

}
.

For each τ ∈ H, we further define

(5.2) Bτ = Bτ,D :=
{
Q ∈ QD : τ ∈ SQ

}
.

In order for the second condition in the definition of locally harmonic Maass forms to be mean-
ingful, it is first necessary to show that the set ED is nowhere dense in H and hence ED partitions
H \ ED into (open) connected components.

Lemma 5.1. Suppose that D > 0 is a non-square discriminant. For every τ0 = x0 + iy0 ∈ H,
the following hold:

(1) For all but finitely many Q ∈ QD, we have that τ0 ∈ C+
Q . In particular, Bτ0 is finite.

(2) There exists a neighborhood N of τ0 so that for every [a, b, c] /∈ Bτ0 and τ = x+ iy ∈ N ,

sgn
(
a |τ |2 + bx+ c

)
= sgn

(
a |τ0|2 + bx0 + c

)
6= 0.
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Proof. (1) We define the open set

N1 :=
{
τ = x+ iy ∈ H : |x− x0| < 1, y >

y0
2

}
.

If |a| >
√
D

y0
and τ ∈ N1, then the inequality

∣∣∣∣τ −
b

2a

∣∣∣∣ ≥ y >
y0
2
>

√
D

2|a|

implies that τ ∈ C+
Q . Moreover, for

|b| > 2|a|max
{
|x0 − 1| , |x0 + 1|

}
+

√
D,

we have

∣∣∣∣τ −
b

2a

∣∣∣∣ >
∣∣∣∣
2ax− b

2a

∣∣∣∣ ≥
|b| − 2|a||x|

2|a| >
2|a|

(
max

{
|x0 − 1| , |x0 + 1|

}
− |x|

)
+

√
D

2|a| .

One immediately concludes that

(5.3) N1 ⊆ C+
Q

for all but finitely many Q ∈ QD. In particular, this proves the first statement.
(2) In order to prove the second statement, for a, b, c ∈ Z, we define

Na,b,c :=
{
τ = x+ iy ∈ N1 : sgn

(
a |τ |2 + bx+ c

)
= sgn

(
a |τ0|2 + bx0 + c

)}
.

We denote the intersection of these open sets by

N = NQ :=
⋂

[a,b,c]∈QD\Bτ0

Na,b,c,

which we now prove is a neighborhood of τ0 satisfying the second statement of the lemma. A
short calculation shows that

(5.4) sgn
(
a |τ |2 + bx+ c

)
= sgn (a) sgn

(∣∣∣∣τ −
b

2a

∣∣∣∣−
√
D

2|a|

)
,

so that Na,b,c = N1 ∩ Cε
Q with ε chosen such that τ0 ∈ Cε

Q. Hence by (5.3), we conclude that

Na,b,c = N1 for all but finitely many [a, b, c] ∈ QD. Therefore N is the intersection of finitely
many Na,b,c. Hence N is open and every τ ∈ N satisfies the conditions of the second statement,
completing the proof. �

We are now ready to describe the value F1−k,D,A (τ) whenever τ ∈ SQ for some Q ∈ QD.

Proposition 5.2. If τ ∈ ED, then

F1−k,D,A (τ) =
1

2
lim

w→0+
(F1−k,D,A (τ + iw) + F1−k,D,A (τ − iw)) .

Proof. We first split the sum (3.2) defining F1−k,D,A into Q ∈ Bτ and Q /∈ Bτ (defined in (5.2)).
Due to local uniform convergence, we may interchange the limit w → 0+ with the sum. Since
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β
(
t; k − 1

2 ,
1
2

)
is continuous as a function of 0 < t ≤ 1, one obtains

(5.5)
1

2
lim

w→0+
(F1−k,D,A (τ + iw) + F1−k,D,A (τ − iw))

=
(−1)kD

1

2
−k

(
2k−2
k−1

)
π

∑

Q=[a,b,c]/∈Bτ

sgn
(
a |τ |2 + bx+ c

)
Q (τ, 1)k−1 ϕ

(
arctan

∣∣∣∣∣

√
Dy

a |τ |2 + bx+ c

∣∣∣∣∣

)

+
(−1)kD

1

2
−k

2π
(
2k−2
k−1

)
∑

Q=[a,b,c]∈Bτ

ε∈{±}

lim
w→0+

(
sgn

(
a |τ + εiw|2 + bx+ c

)
Q (τ + εiw, 1)k−1

× ϕ

(
arctan

∣∣∣∣∣

√
D (y + εw)

a |τ + εiw|2 + bx+ c

∣∣∣∣∣

))
.

For each Q = [a, b, c] ∈ Bτ and 0 < w < y, one concludes, since b
2a is real, that

(5.6)

∣∣∣∣τ − iw − b

2a

∣∣∣∣−
√
D

2 |a| <
∣∣∣∣τ −

b

2a

∣∣∣∣−
√
D

2 |a| = 0 <

∣∣∣∣τ + iw − b

2a

∣∣∣∣−
√
D

2 |a| .

It follows from (5.4) that the ± terms on the right hand side of (5.5) have opposite signs. Since
ϕ is continuous, one concludes that the sum over Q ∈ Bτ vanishes, completing the proof. �

6. Action of ξ2−2k and D2k−1

In this section, we determine the action of the operators ξ2−2k and D2k−1 on F1−k,D,A (and
F1−k,D). We prove the following proposition, which immediately implies Theorem 1.2.

Proposition 6.1. Suppose that k > 1, D > 0 is a non-square discriminant, and A ⊆ QD is a
narrow class of binary quadratic forms. Then for every τ ∈ H\ED, the function F1−k,D satisfies

ξ2−2k (F1−k,D,A) (τ) = D
1

2
−kfk,D,A (τ) ,

D2k−1 (F1−k,D,A) (τ) = −D 1

2
−k (2k − 2)!

(4π)2k−1
fk,D,A (τ) .

In particular, we have that

(6.1) ∆2−2k (F1−k,D,A) (τ) = 0.

Proof. Assume that τ ∈ H \ ED. By Lemma 5.1, there is a neighborhood containing τ for
which (3.2) is continuous and real differentiable. Inside this neighborhood, we use Lemma 3.2
to rewrite F1−k,D,A in terms of P1−k,η for some hyperbolic pair η, η′ and then act by ξ2−2k and

D2k−1 termwise on the expansion (3.10). However, the operator ξ2−2k (resp. D2k−1) commutes
with the group action of SL2 (R), so it suffices to compute the action of ξ2−2k (resp. D2k−1) on
ϕ̂ (defined in (3.9)). By Lemma 3.1 and (3.15), the assumption that τ ∈ H \ ED is equivalent
to the restriction that x 6= 0 before slashing by Aγ.

For x 6= 0, we use

(6.2) sin
(
arctan

∣∣∣y
x

∣∣∣
)
=

|y|√
x2 + y2

to evaluate

(6.3) ξ2−2k (ϕ̂) (τ) = iy2−2k sgn(x)τ k−1 sin
(
arctan

∣∣∣y
x

∣∣∣
)2k−2

(
−y sgn(x)
x2 + y2

− i
x sgn(x)

x2 + y2

)
= τ−k.
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Using Lemma 3.2 and (3.6), on H \ ED it follows that

ξ2−2k (F1−k,D,A) =
D− k

2

(
2k−2
k−1

)
π
ξ2−2k (P1−k,η) =

D− k
2

(
2k−2
k−1

)
π
Pk,η = D

1

2
−kfk,D,A.

Since ξ2−2k (F1−k,D,A) is holomorphic in some neighborhood of τ , one immediately obtains (6.1)
after using (2.1) to rewrite ∆2−2k.

We next consider D2k−1. We first show that for n ≥ 0 and x 6= 0 we have

(6.4) (2πi)nDn (ϕ̂) (τ) =
Γ (k)

Γ (k − n)
sgn(x)τk−1−nϕ

(
arctan

∣∣∣y
x

∣∣∣
)
+
Pn (x, y)

τnτk−1
,

where Pn (x, y) is the homogeneous polynomial of degree 2k−2 defined inductively by P0(x, y) :=
0 and

(6.5) Pn+1 (x, y) :=
−i
2

Γ (k)

Γ (k − n)
y2k−2 + τ

d

dτ
(Pn (x, y))− nPn (x, y)

for n ≥ 0. The statement for n = 0 is simply definition (3.9) of ϕ̂. We then use induction and
apply (6.2) to establish (6.4) for n ≥ 0.

In particular, for n = 2k − 1 the first term in (6.4) vanishes and thus we have

D2k−1 (ϕ̂) (τ) =
P2k−1 (x, y)

(2πi)2k−1 τ2k−1τk−1
.

However, in some neighborhood of τ , (6.1) implies that ϕ̂ is harmonic and hence D2k−1 (ϕ̂) is
holomorphic. Thus

P2k−1 (x, y) = τk−1P (τ)

for some polynomial P ∈ C[X]. However, since P2k−1 (x, y) is homogeneous of degree 2k − 2, it
follows that

P2k−1 (x, y) = C |τ |2k−2 = Cx2k−2 +Oy

(
x2k−3

)

for some constant C ∈ C. In order to compute the constant, we note that, by (6.5), one easily
inductively shows that for n ≥ 1

Pn+1 (x, y) =
−i
2
xn

dn

dτn

(
y2k−2

)
+Oy

(
xn−1

)
.

We use this with n = 2k − 2 to obtain that

C = −
(
i

2

)2k−1

(2k − 2)!.

Hence it follows that

D2k−1 (ϕ̂) (τ) = −(2k − 2)!

(4π)2k−1
τ−k.

Therefore, using Lemma 3.2 and (3.6) to rewrite P1−k,η and Pk,η, we complete the proof with

D2k−1 (F1−k,D,A) (τ) = −D 1

2
−k (2k − 2)!

(4π)2k−1
fk,D,A (τ) .

�
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7. The expansion of F1−k,D,A

In this section we investigate the “shape” of F1−k,D,A. We are then able to prove that
F1−k,D,A is a locally harmonic Maass form, completing the proof of Theorem 1.1. To describe
the expansion of F1−k,D,A, we first need some notation. Recall that for Re (s) ,Re (w) > 0, we
have (for example, see (6.2.2) of [1])

(7.1) β (s,w) := β (1; s,w) =

∫ 1

0
us−1 (1− u)w−1 du =

Γ (s) Γ (w)

Γ (s+ w)
.

In particular, by the duplication formula, one has

(7.2) β

(
k − 1

2
,
1

2

)
=

Γ
(
k − 1

2

)
Γ
(
1
2

)

Γ (k)
=

(
2k − 2

k − 1

)
22−2kπ.

For a > 0, b ∈ Z, and a narrow equivalence class A ⊆ QD, denote

ra,b (A) :=





1 + (−1)k if
[
a, b, b

2−D
4a

]
∈ A and

[
−a,−b,− b2−D

4a

]
∈ A,

1 if
[
a, b, b

2−D
4a

]
∈ A and

[
−a,−b,− b2−D

4a

]
/∈ A,

(−1)k if
[
a, b, b

2−D
4a

]
/∈ A and

[
−a,−b,− b2−D

4a

]
∈ A,

0 otherwise.

We define the constants

c∞ (A) := − 1

22k−2 (2k − 1)
(
2k−2
k−1

)
∑

a∈N
a−k

∑

b (mod 2a)
b2≡D (mod 4a)

ra,b (A) ,(7.3)

c∞ := − 1

22k−2 (2k − 1)
(
2k−2
k−1

) ζ(k)

ζ (2k)
L∆(k)

∑

d|f
µ(d)χ∆ (d) d−kσ1−2k

(
f

d

)
,

where D = ∆f2 and ∆ is a fundamental discriminant. They play an important role in the
expansions of F1−k,D,A and F1−k,D, respectively. For a connected component C of H \ ED, we
also define

BC = BC,A :=
{
Q ∈ A : τ ∈ C−

Q for all τ ∈ C
}
,

where C−
Q was given in (5.1). The set BC consists of precisely those Q ∈ A for which SQ (defined

in (3.3)) circumscribes C and it is finite by Lemma 5.1. Furthermore, abusing notation, for
α ∈ Q∪{i∞}, the (unique) connected component containing α on its boundary will be denoted
by Cα. This connected component is unique because the set

{
τ = x+ iy ∈ H : y >

√
D

2

}
⊆ Ci∞

and α = γ (i∞) for some γ ∈ Γ1. Before we state the theorem, we refer the reader back to the
definitions of f∗k,D,A and Efk,D,A , given in (1.6) and (1.7), respectively.

Theorem 7.1. Suppose that k > 1, D > 0 is a non-square discriminant, and A ⊆ QD is a
narrow equivalence class. Then, for every connected component C of H \⋃Q∈A SQ, there exists

a polynomial PC,A ∈ C[X] of degree at most 2k − 2 such that

(7.4) F1−k,D,A (τ) = D
1

2
−kf∗k,D,A (τ)−D

1

2
−k (2k − 2)!

(4π)2k−1
Efk,D,A (τ) + PC,A (τ)
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for every τ ∈ C. This polynomial is explicitly given by

(7.5) PC,A (τ) = c∞ (A)− (−1)k 22−2kD
1

2
−k

∑

Q=[a,b,c]∈BC

sgn (a)Q (τ, 1)k−1 .

Remark. In particular, for every τ ∈ H with y >
√
D
2 , F1−k,D,A has the Fourier expansion

(7.6) F1−k,D,A (τ) = D
1

2
−kf∗k,D,A (τ)−D

1

2
−k (2k − 2)!

(4π)2k−1
Efk,D,A (τ) + c∞ (A) .

One now concludes Theorem 1.3 immediately by summing over all narrow classes A ⊆ QD.

Before proving Theorem 7.1, we note an immediate corollary which will prove useful in com-
puting the periods of fk,D.

Corollary 7.2. Suppose that k is even. Then for every τ ∈ C0,

F1−k,D (τ) = D
1

2
−kf∗k,D (τ)−D

1

2
−k (2k − 2)!

(4π)2k−1
Efk,D,A (τ) + PC0 (τ) ,

where

(7.7) PC0 (τ) := c∞ + 23−2kD
1

2
−k

∑

Q=[a,b,c]∈QD
a<0<c

Q (τ, 1)k−1 .

A key step in determining the constant term of (7.5) lies in computing the integral

Ia,D,k (y) :=

∫ ∞

−∞

(
a (w + iy)2 − D

4a

)k−1

ϕ

(
arctan

( √
Dy

a (w2 + y2)− D
4a

))
dw,

which is defined for y > 0, a ∈ N, k ∈ N, and D > 0 a non-square discriminant.

Lemma 7.3. For a ∈ N, D a non-square discriminant, and k > 1, we have

Ia,D,k (y) = (−1)k+1 Dk− 1

2

ak22k−2 (2k − 1)
π.

Due to the technical nature of the proof of Lemma 7.3, we first assume its statement and
move its proof to the end of the section.

Proof of Theorem 7.1. Suppose that τ ∈ C. As described when defining f∗ in (1.6), we have

ξ2−2k

(
f∗k,D,A

)
(τ) = fk,D,A (τ) ,(7.8)

D2k−1
(
f∗k,D,A

)
(τ) = 0.(7.9)

Since D (qn) = nqn, one easily computes

(7.10) D2k−1
(
Efk,D,A

)
(τ) = fk,D,A (τ) ,

where Ef (f ∈ S2k) was defined in (1.7). Moreover, since Efk,D,A is holomorphic,

(7.11) ξ2−2k

(
Efk,D,A

)
(τ) = 0.

From (7.8), (7.11), and Proposition 6.1, it follows that

ξ2−2k

(
F1−k,D,A −D

1

2
−kf∗k,D,A +D

1

2
−k (2k − 2)!

(4π)2k−1
Efk,D,A

)
(τ) = 0,
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and hence

PC,A (τ) := F1−k,D,A (τ)−D
1

2
−kf∗k,D,A (τ) +D

1

2
−k (2k − 2)!

(4π)2k−1
Efk,D,A (τ)

is holomorphic in C. However, from (7.9), (7.10), and Proposition 6.1, we conclude that

D2k−1 (PC,A) = 0.

It follows that PC,A defines a polynomial of degree at most 2k − 2 inside C, establishing (7.4).
We move on to the specific form of PC,A. Since BC is finite, we may prove the claim by

induction on #BC. We begin with the case #BC = 0, which is precisely the case that C = Ci∞.

Note that for τ = x+ iy, the equation a |τ |2 + bx+ b2−D
4a = 0 gives the circle centered at − b

2a of

radius
√
D

2|a| <
√
D
2 . Hence every τ ∈ H with Im (τ) >

√
D
2 is in the same connected component

Ci∞. It follows that PCi∞,A is fixed under translations and hence is a constant which we now
show agrees with c∞ (A).

For y >
√
D
2 , we use Poisson summation on (3.2). One may restrict to a > 0 by the change of

variables a→ −a and b→ −b. Rewrite b as b+ 2an and note that

a |τ |2 + (b+ 2an)x+
(b+ 2an)2 −D

4a
= a |τ + n|2 + b (x+ n) +

b2 −D

4a
,

aτ2 + (b+ 2an) τ +
(b+ 2an)2 −D

4a
= a (τ + n)2 + b (τ + n) +

b2 −D

4a
,

and that the sgn term in (3.2) is always positive for y >
√
D
2 . Hence (3.2) becomes

F1−k,D,A (τ) =
(−1)kD

1

2
−k

(
2k−2
k−1

)
π

∑

a∈N

∑

b (mod 2a)
b2≡D (mod 4a)

Q=
[
a,b, b

2−D
4a

]

ra,b (A)
∑

n∈Z
Q (τ + n, 1)k−1

× ϕ

(
arctan

∣∣∣∣∣

√
Dy

a |τ + n|2 + b (x+ n) + b2−D
4a

∣∣∣∣∣

)
.

Applying Poisson summation to the inner sum and using the change of variables w → w −
b
2a + iy, the associated constant term becomes

∫ ∞+iy

−∞+iy
Q (w, 1)k−1 ϕ

(
arctan

( √
Dy

a |w|2 + bRe (w) + c

))
dw = Ia,D,k (y) .

We immediately conclude (7.6) by Lemma 7.3, establishing the case when BC = ∅.
Next suppose that #BC = n > 0 and choose Q0 ∈ BC . Since two circles intersect at most

twice and BC is finite by Lemma 5.1, it follows that there exists an (open) neighborhood N
containing an arc along the geodesic SQ0

(defined in (3.3)) which does not intersect any other
geodesics SQ for Q ∈ QD. In other words, there exists τ0 ∈ SQ0

and a neighborhood N of τ0 for
which

N1 := N ∩ ED ⊂ SQ0
.

Thus N1 is on the boundary of precisely two connected components, C and another connected
component, which we denote C1. Then C1 contains those τ ∈ N for which τ = τ1 + iw for some
τ1 ∈ N1 and w > 0 and C contains those for which τ = τ1− iw. Our goal is to show (the analytic
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continuation of) identity (7.5) for every τ ∈ N1, hence concluding the result by the identity
theorem. One sees immediately that BC1 ( BC, since Q /∈ BC1 . Hence by induction, we have

(7.12) PC1,A (τ) = c∞ (A)− (−1)k 22−2kD
1

2
−k

∑

Q=[a,b,c]∈BC1

sgn(a)Q (τ, 1)k−1 .

Since each summand in (7.4) is piecewise continuous, for τ1 ∈ N1, we have

lim
w→0+

(F1−k,D,A (τ − iw) −F1−k,D,A (τ + iw)) = PC,A (τ)− PC1,A (τ) .

However, arguing as in (5.5) and (5.6), we may rewrite the limit to obtain, for every τ ∈ N1,

(7.13) PC,A (τ)− PC1,A (τ) = lim
w→0+

(F1−k,D,A (τ − iw) −F1−k,D,A (τ + iw))

= −(−1)kD
1

2
−k

(2k−2
k−1

)
π

∑

Q=[a,b,c]∈Bτ,A

sgn(a)Q (τ, 1)k−1 β

(
Dy2

|Q (τ, 1)|2
; k − 1

2
,
1

2

)
,

where Bτ,A := {Q ∈ A : τ ∈ SQ}. By the definition of N1, we know that Bτ,A ⊆ {Q0,−Q0},
because SQ = SQ̃ if and only if Q̃ = Q or Q̃ = −Q. Moreover, |Q (τ, 1)|2 = Dy2 for every

τ ∈ N1. Since BC = BC1 ∪ ({±Q0} ∩ A), we may hence combine definition (7.1) of β
(
k − 1

2 ,
1
2

)

with (7.13) and (7.12) to obtain (for every τ ∈ N1)

PC,A (τ) = c∞ (A)− (−1)kD
1

2
−k

(2k−2
k−1

)
π

β

(
k − 1

2
,
1

2

) ∑

Q∈BC

sgn(a)Q (τ, 1)k−1 .

The result follows by (7.2). �

Proof of Corollary 7.2. The polynomial PC0 is obtained by

PC0 =
∑

A
PC0,A,

where the sum runs over all narrow classes of discriminant D. However, each Q ∈ QD is
contained in precisely one narrow class A, and hence, plugging in (7.5), one obtains

PC0 (τ) =
∑

A
PC0,A (τ) =

∑

A
c∞ (A)− 22−2kD

1

2
−k

∑

Q=[a,b,c]∈⋃A BC0,A

sgn (a)Q (τ, 1)k−1 .

Comparing (7.3) (with k even) and (4.2), we have
∑

A
c∞ (A) = c∞,

and it remains to compute
⋃

A BC0,A. This set consists of precisely those Q = [a, b, c] ∈ QD for
which one root is positive and one root is negative, or in other words, sgn (ac) = −1. By the
change of variables Q→ −Q, we may assume that a < 0 < c. The corollary now follows. �

Proof of Lemma 7.3. We first set ỹ := 2a√
D
y and make the change of variables u = 2a√

D
w, from

which we obtain

Ia,D,k (y) =
Dk− 1

2

ak22k−1

∫ ∞

−∞

(
(u+ iỹ)2 − 1

)k−1
ϕ

(
arctan

(
2ỹ

u2 + ỹ2 − 1

))
du.

Now define

(7.14) Ik (ỹ) :=
∫ ∞

−∞

(
(u+ iỹ)2 − 1

)k−1
ϕ

(
arctan

(
2ỹ

u2 + ỹ2 − 1

))
du.
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We next show that Ik (ỹ) is independent of ỹ > 1 (or equivalently y >
√
D

2a ). Note that, for

a ∈ N and b (mod 2a) (b2 ≡ D (mod 4a)) fixed, either every Q = [a, b, c] is an element of A
or none of them are, because translations always give two equivalent quadratic forms. Recall
that ξ2−2k (F1−k,D,A) = fk,D,A and D2k−1 (F1−k,D,A) = cfk,D,A, for some constant c ∈ C, were
shown termwise. Hence, arguing as before, but with a fixed, the polynomial in the connected

component including i∞ must be constant and hence we get independence of y >
√
D

2a , because

no discontinuities exist for y >
√
D

2a . Thus, (7.14) is constant for ỹ > 1. Since (7.14) is continuous
for ỹ > 0, (although only constant for ỹ ≥ 1) for any ỹ ≥ 1 we have that (7.14) agrees with

lim
ỹ→1+

Ik (ỹ) = Ik (1) =
∫ ∞

−∞

(
(u+ i)2 − 1

)k−1
ϕ

(
arctan

(
2

u2

))
du.

It hence suffices to prove

(7.15) Ik := Ik (1) = (−1)k−1 2π

2k − 1
.

We first expand

(7.16) (u+ i)2 − 1 =
(
u−

√
2ζ−1

8

)(
u−

√
2ζ−3

8

)
,

where ζn := e
2πi
n . Now rewrite

(7.17) sin (u)2k−2 = − (−1)k 22−2k
2k−2∑

m=0

(
2k − 2

m

)
(−1)m ei(2m−(2k−2))u.

We may then explicitly integrate (7.17) as in definition (3.7) of ϕ, yielding

ϕ (v) = − (−1)k 22−2k



(
2k − 2

k − 1

)
(−1)k−1 v − i

∑

m6=k−1

(2k−2
m

)
(−1)m

2m+ 2− 2k

(
ei(2m+2−2k)v − 1

)

 .

We then use eiθ = cos (θ) + i sin (θ) and (6.2) to expand

(7.18) ϕ

(
arctan

(
2

u2

))
=

1

22k−2

((
2k − 2

k − 1

)
arctan

(
2

u2

)
+ (−1)k i

∑

m6=k−1

(2k−2
m

)
(−1)m

2m+ 2− 2k

×
((

cos

(
arctan

(
2

u2

))
+ i sin

(
arctan

(
2

u2

)))2m+2−2k

− 1

))

=
1

22k−2

((
2k − 2

k − 1

)
arctan

(
2

u2

)
+ (−1)k i

∑

m6=k−1

(
2k−2
m

)
(−1)m

2m+ 2− 2k

(
u2 + 2i

u2 − 2i

)m+1−k

,

since the sum involving −1 vanishes. We now note that

f (z) := −i
(
1− (z + i)2

)k−1 ∑

m6=k−1

(2k−2
m

)
(−1)m

2m+ 2− 2k

(
z2 + 2i

z2 − 2i

)m+1−k

is a meromorphic function in z with no poles in the lower half plane (because the poles at
√
2ζ−1

8

and
√
2ζ−3

8 are cancelled by the zeros of order k − 1 of
(
(z + i)2 − 1

)k−1
from (7.16)).



20 KATHRIN BRINGMANN, BEN KANE, AND WINFRIED KOHNEN

In order to evaluate Ik, for R > 0 we let CR denote the path from −R to R followed by the
semi-circle in the lower half plane from R to −R. Define

g± (z) :=
i

2
log

(
z −

√
2ζ±1

8

z −
√
2ζ±3

8

)
,

where log (z) is the principal branch. One easily checks that the branch cuts for g± are the the

lines connecting ζ±1
8 and ζ±3

8 and the branch cuts for log
(
z2−2i
z2+2i

)
are those lines radially from

the point 0 to
√
2ζ2j−1

8 (1 ≤ j ≤ 4). Hence the sum of the logarithms equals the logarithm of
the product for every z ∈ CR by the identity theorem (since they agree when the parameter is
real). Therefore, for all z ∈ CR, we have (see (4.4.31) of [1])

g+ (z)− g− (z) =
i

2
log

(
z2 − 2i

z2 + 2i

)
= arccot

(
z2

2

)
= arctan

(
2

z2

)
.

We may henceforth interchange between the original definition of ϕ
(
arccot

(
z2

2

))
and that

involving logarithms (in particular, in (7.18)). We hence evaluate
∫

CR

(
f(z) + 22−2k

(
2k − 2

k − 1

)(
(z + i)2 − 1

)k−1 (
g+ (z)− g− (z)

))
dz.

Using (6.2), for those z on the semi-circle, one easily obtains
∣∣∣∣
(
(z + i)2 − 1

)k−1
ϕ

(
arccot

(
z2

2

))∣∣∣∣≪ R−2k → 0.

Hence the integral along the semi-circle vanishes for R→ ∞. Therefore

Ik = lim
R→∞

∫

CR

(
f(z) + 22−2k

(
2k − 2

k − 1

)(
(z + i)2 − 1

)k−1 (
g+ (z)− g− (z)

))
dz.

Since f (z) and
(
(z + i)2 − 1

)k−1
g+ (z) are holomorphic in the lower half plane, the Residue

Theorem yields
∫

CR

(
f (z) + 22−2k

(
2k − 2

k − 1

)(
(z + i)2 − 1

)k−1
g+ (z)

)
dz = 0.

Using integration by parts, one obtains

(7.19)

∫

CR

(
(z + i)2 − 1

)k−1
g− (z) dz =

i

2

∫

CR

(
(z + i)2 − 1

)k−1
log

(
z −

√
2ζ−1

8

z −
√
2ζ−3

8

)
dz

= − i

2

∫

CR

(∫ z

0

(
(u+ i)2 − 1

)k−1
du

)(
1

z −
√
2ζ−1

8

− 1

z −
√
2ζ−3

8

)
dz.

Applying the Residue Theorem to (7.19) (noting simple poles and a minus sign from taking the
integral clockwise) and recalling the identity (7.1), we obtain

Ik = 22−2kπ

(
2k − 2

k − 1

)∫ √
2ζ−1

8

√
2ζ−3

8

(
(u+ i)2 − 1

)k−1
du

= 2π (−1)k−1

(
2k − 2

k − 1

)∫ 1

0
(u (1− u))k−1 du = 2π (−1)k−1

(
2k − 2

k − 1

)
β (k, k) =

2π (−1)k−1

2k − 1
,

where u→ 2u+
√
2ζ−3

8 in the second identity. This is the desired equality (7.15). �
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We are finally ready to prove Theorem 1.1. By taking linear combinations of the F1−k,D,A, it
suffices to show the following.

Theorem 7.4. For k > 1, D a non-square discriminant, and A ⊂ QD a narrow class, the
function F1−k,D,A is a weight 2− 2k locally harmonic Maass form with exceptional set ED.

Proof. Suppose that γ1 ∈ Γ1. By Lemma 3.2, we may choose a hyperbolic pair η, η′ so that

F1−k,D,A
∣∣∣
2−2k

γ1 =
D− k

2

(2k−2
k−1

)
π
P1−k,η

∣∣∣
2−2k

γ1 =
D− k

2

(2k−2
k−1

)
π

∑

γ∈Γη\Γ1

ϕ̂
∣∣∣
2−2k

Aγγ1.

Due to the absolute convergence proven in Proposition 4.1, we may rearrange the sum, from
which we conclude weight 2 − 2k modularity. The local harmonicity of F1−k,D,A was shown in
(6.1). Condition 3 is precisely Proposition 5.2. The functions Efk,D,A and f∗k,D,A decay towards

i∞. Thus, using (7.5) with C = Ci∞, (7.4) implies that F1−k,D,A is bounded towards i∞. �

8. Relations to period polynomials

The main goal of this section is to use Corollary 7.2 to supply a new proof of Theorem 1.4,
i.e., the fact that the even periods of fk,D are rational. We begin by giving a formal definition
of periods and period polynomials. For f ∈ S2k and 0 ≤ n ≤ 2k − 2, the n-th period of f is
defined by (see Section 1.1 of [23])

(8.1) rn (f) :=

∫ ∞

0
f (it) tndt = n! (2π)−n−1 L (f, n+ 1) ,

where L (f, s) is the L-series associated to f . These can be nicely packaged into a period
polynomial

r (f ;X) :=

∫ i∞

0
f (z) (X − z)2k−2 dz =

2k−2∑

n=0

i1−n

(
2k − 2

n

)
rn (f)X

2k−2−n

and we denote the even part of the period polynomial by

r+ (f ;X) :=
∑

0≤n≤2k−2
n even

(−1)
n
2

(
2k − 2

n

)
rn (f)X

2k−2−n.

We note that a theory of period polynomials for weakly holomorphic modular forms has also
been developed (see [3]).

We now describe how the polynomials PC,A in Theorem 7.1 are related to period polynomials.
We note that while neither f∗k,D,A nor Efk,D,A satisfy modularity, up to the constant term they are
the non-holomorphic and holomorphic parts of certain harmonic weak Maass forms, respectively.
This follows because the operator ξ2−2k is surjective by work of Bruinier and Funke [9] and D2k−1

is surjective by work of Bruinier, Ono, and Rhoades [11]. For γ ∈ Γ1, f
∗
k,D,A and Efk,D,A satisfy

f∗k,D,A

∣∣∣
2−2k

γ (τ) = f∗k,D,A + rγ (τ) ,(8.2)

Efk,D,A

∣∣∣
2−2k

γ (τ) = Efk,D,A +Rγ (τ)(8.3)

for certain period polynomials rγ and Rγ (each is of degree at most 2k − 2). However, it is
known that there exists C ∈ C such that

(8.4) − (2k − 2)!

(4π)2k−1
Rγ (τ) = rcγ (τ) +C

(
j (γ, τ)2k−2 − 1

)
,
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where P c ∈ C[X] is the polynomial whose coefficients are the complex conjugates of the coef-
ficients of P ∈ C[X] [3, 19]. The following proposition relates the period polynomials to the
polynomials PC,A from the previous section.

Proposition 8.1. Suppose that D > 0 is a non-square discriminant, A ⊆ QD is a narrow class,
C is a connected component of H \ ED, τ ∈ C, and γ ∈ Γ1. Then

PC,A (τ) = D
1

2
−krγ (τ)−D

1

2
−k (2k − 2)!

(4π)2k−1
Rγ (τ) + PγC,A (γτ) j (γ, τ)2k−2 .

In particular, if γC = Ci∞, then

(8.5) PC,A (τ) = D
1

2
−krγ (τ)−D

1

2
−k (2k − 2)!

(4π)2k−1
Rγ (τ) + c∞ (A) j (γ, τ)2k−2 .

Proof. By the modularity of F1−k,D,A, we have

0 = F1−k,D,A
∣∣∣
2−2k

γ (τ)−F1−k,D,A (τ) .

However, plugging in (7.4) and definitions (8.2) and (8.3) of the period polynomials, this becomes

0 = D
1

2
−krγ (τ)−D

1

2
−k (2k − 2)!

(4π)2k−1
Rγ (τ) + PγC,A (γτ) j (γ, τ)2k−2 − PC,A (τ) .

This yields the first statement of the proposition. The second statement simply follows from the
fact that PCi∞,A = c∞ (A) by (7.5). �

Proof of Theorem 1.4. In order to get information about the even periods, we first show that

(8.6) r (fk,D; τ)− rc (fk,D; τ) = 2ir+ (fk,D; τ) .

To see this, note that fk,D (iy) is real because the change of variables b→ −b yields
∑

Q=[a,b,c]∈QD

(−a+ iyb+ c)−k =
∑

Q=[a,b,c]∈QD

(−a+ iyb+ c)−k.

The integral (8.1) defining rn (f) is hence also real, from which (8.6) follows.
Plugging γ = S into (8.5) and summing over all narrow classes, we obtain

(8.7) PC0 (τ) = D
1

2
−krS (τ)−D

1

2
−k (2k − 2)!

(4π)k−1
RS (τ) + c∞τ

2k−2,

where PC0 was defined in (7.7). However, it can be proven (see (1.13) of [3]) that

RS (τ) = −(2πi)2k−1

(2k − 2)!
r (fk,D; τ) .

Hence by (8.4) and (8.6), we may rewrite (8.7) as

PC0 (τ) = −21−2kiD
1

2
−k (−rc (fk,D; τ) + r (fk,D; τ)) + C

(
τ2k−2 − 1

)
+ c∞τ

2k−2

= 22−2kD
1

2
−kr+ (fk,D; τ) + C

(
τ2k−2 − 1

)
+ c∞τ

2k−2

for some constant C. We now use Corollary 7.2 to rewrite the left hand side, obtaining

c∞ + 23−2kD
1

2
−k

∑

Q=[a,b,c]∈QD
a<0<c

Q (τ, 1)k−1 = 22−2kD
1

2
−kr+ (fk,D; τ) + C

(
τk−2 − 1

)
+ c∞τ

k−2.

Rearranging yields (1.8), completing the proof. �
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Remark. We note that the above method may also be applied to reprove the rationality of the
even periods of fk,D,A + fk,D,−A (cf. Theorem 5 of [23]). Note that a symmetrization is made
here so that a statement similar to (8.6) holds. Without this symmetrization, one would only
obtain rationality for the imaginary part of the periods of fk,D,A.

9. Hecke operators

In this section, we investigate the action of the Hecke operators on F1−k,D, proving Theorem
1.5. For a prime p, recall that the weight 2−2k Hecke operator Tp acts on a translation invariant
function f : H → C by

(9.1) f
∣∣∣
2−2k

Tp (τ) := p1−2kf (pτ) + p−1
∑

r (mod p)

f

(
τ + r

p

)
.

In order to prove Theorem 1.5, we first compute the action of Tp on the intermediary function

G1−k,D (τ) :=
D

1−k
2

(
2k−2
k−1

)
π

∑

Q=[a,b,c]∈Q′
D

sgn
(
a |τ |2 + bx+ c

)
Q (τ, 1)k−1 ψ

(
Dy2

|Q (τ, 1)|2

)
,

where Q′
D denotes the set of primitive Q = [a, b, c] ∈ QD (i.e., those with (a, b, c) = 1).

Proof of Theorem 1.5. We first prove that

(9.2) G1−k,D

∣∣∣
2−2k

Tp =




p−kG1−k,Dp2 + p−k

(
1 +

(
D
p

))
G1−k,D if p2 ∤ D,

p−kG1−k,Dp2 + p−k
(
p−

(
D/p2

p

))
G1−k, D

p2
if p2 | D.

We define the multiset

B :=
{[
ap2, bp, c

]
,
[
a, bp + 2ar, ar2 + bpr + cp2

]
: 0 ≤ r ≤ p− 1, a > 0, [a, b, c] ∈ Q′

D

}

and for g ∈ N, we define the set

B (g) :=
{
[A,B,C] ∈ QDp2 : (A,B,C) = g

}
.

We first note that all Q ∈ B have discriminant Dp2. A direct calculation yields

G1−k,D

∣∣∣
2−2k

Tp (τ) =
∑

Q∈B
sgn

(
a |τ |2 + bx+ c

)
Q (τ, 1)k−1 ϕ

(
arctan

∣∣∣
√
Dy

a|τ |2+bx+c

∣∣∣
)
.

In determining the action of the Hecke operators on the classical hyperbolic Poincaré series, Par-
son [24] determined precisely how many choices of primitive [a, b, c] ∈ QD yield a representation
of each [A,B,C] ∈ B (g) with g ∈

{
1, p, p2

}
. Then (9.2) follows from this enumeration and the

fact that each summand in (1.4) is homogeneous of degree k − 1 in the variables a, b, c.
Denote D = ∆f2 with ∆ a fundamental discriminant. We make use of the identity

F1−k,D = D− k
2

∑

g|f
G1−k,∆g2
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and apply (9.2) to G1−k,∆g2 . This yields

(9.3) F1−k,D

∣∣∣
2−2k

Tp = D− k
2

∑

g2|D
G1−k,∆g2

∣∣∣
2−2k

Tp

=
(
Dp2

)− k
2

∑

g|f, p∤g

(
G1−k,∆(gp)2 +

(
1 +

(
∆g2

p

))
G1−k,∆g2

)

+
(
Dp2

)− k
2

∑

g|f, p|g

(
G1−k,∆(gp)2 +

(
p−

(
∆(g/p)2

p

))
G
1−k,∆

(
g
p

)2

)
.

We next combine
∑

g|f, p∤g

(
G1−k,∆(gp)2 + G1−k,∆g2

)
+
∑

p|g|f
G1−k,∆(gp)2 =

∑

g|fp
G1−k,∆g2 =

(
Dp2

)k
2 F1−k,Dp2

and ∑

g|f, p|g
G
1−k,∆

(
g
p

)2 = D
k
2 p−kF1−k, D

p2

to rewrite the right hand side of (9.3) as

F1−k,Dp2 + p1−2kF1−k, D
p2

+ p−kD− k
2


 ∑

g|f, p∤g

(
∆g2

p

)
G1−k,∆g2 −

∑

g|f, p|g

(
∆(g/p)2

p

)
G
1−k,∆

(
g
p

)2


 .

If p ∤ f , then (1.9) follows by noting that
(
∆f2

p

)
=
(
∆g2

p

)
for every g | f . If p | f , then we

note that
(
∆(g/p)2

p

)
= 0 unless p‖g. In this case, the two remaining sums cancel by making the

change of variables g → gp in the last sum. Hence when p | f one obtains

F1−k,D

∣∣∣
2−2k

Tp = F1−k,Dp2 + p1−2kF1−k, D
p2
,

from which (1.9) follows because
(
D
p

)
= 0. This completes the proof.

�
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THETA LIFTS AND LOCAL MAASS FORMS

KATHRIN BRINGMANN, BEN KANE, AND MARYNA VIAZOVSKA

Abstract. The first two authors and Kohnen have recently introduced a new class of modular
objects called locally harmonic Maass forms, which are annihilated almost everywhere by the
hyperbolic Laplacian operator. In this paper, we realize these locally harmonic Maass forms as
theta lifts of harmonic weak Maass forms. Using the theory of theta lifts, we then construct ex-
amples of (non-harmonic) local Maass forms, which are instead eigenfunctions of the hyperbolic
Laplacian almost everywhere.

1. Introduction and statement of results

In [7], a new class of modular objects was introduced. These functions, known as locally har-
monic Maass forms, satisfy negative weight modularity and are annihilated almost everywhere
by the hyperbolic Laplacian (see Section 2 for the relevant definitions), mirroring harmonic
weak Maass forms. Recent interest in harmonic weak Maass forms initiated with their system-
atic treatment by Bruinier and Funke [13]. Following their appearance in the theory of mock
theta functions due to Zwegers [34], it has been shown that harmonic weak Maass forms have
applications ranging from partition theory (for example [2, 4, 6, 9, 11]) and Zagier’s duality [33]
relating “modular objects” of different weights (for example [10]) to derivatives of L-functions
(for example [14, 15]). They also arise in mathematical physics, as recently evidenced in Eguchi,
Ooguri, and Tachikawa’s [16] investigation of moonshine for the largest Mathieu groupM24. The
main difference between locally harmonic Maass forms and harmonic weak Maass forms is that
there are certain geodesics along which locally harmonic weak Maass forms are not necessarily
real analytic and may even exhibit discontinuities.

In this paper, we realize the locally harmonic Maass forms studied in [7] as theta lifts of
harmonic weak Maass forms. Theta lifts form connections between different types of modular
objects and the regularization of Harvey–Moore [19] and Borcherds [3] allow one to extend
their definitions to previously divergent theta integrals. In particular, the Shimura lift [26]
was realized as a theta lift by Niwa [24]. Borcherds [3] later placed this into the framework
of a larger family of theta lifts. Following his work, theta lifts have more recently appeared
in a variety of applications including generalized Kac–Moody algebras [18] and the arithmetic
of Shimura varieties [15]. To expound upon one example, Katok and Sarnak [21] used theta
lifts to relate the central value of the L-series of a Maass cusp form to the Fourier coefficients
of corresponding Maass cusp forms under the Shimura lift. This extended a famous result of
Waldspurger [30] proving that the central value of the L-function of an integral weight Hecke
eigenform is proportional to the square of a coefficient of its half-integral weight counterpart
under the Shintani lift. Tunnell [28] later exploited this link to express the central value of the
L-function of an elliptic curve in terms of the coefficients of a theta function associated to a
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Key words and phrases. theta lifts, harmonic weak Maass forms, locally harmonic Maass forms, local Maass

forms, modular forms.
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the Krupp Foundation.
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ternary quadratic form. Tunnell’s Theorem gives a solution to the ancient congruent number
problem (conditional on the Birch and Swinnerton-Dyer conjecture).

Following Bruinier’s [12] application of Borcherds lifts to harmonic weak Maass forms, Bru-
inier and Funke [13] extended theta lifts to harmonic weak Maass forms. Due to the theory built
around theta lifts, one may naturally extend the definition of locally harmonic Maass forms to
include local Maass forms, i.e., functions with the above properties of locally harmonic Maass
forms except that instead of being annihilated by the hyperbolic Laplacian, they are eigenfunc-
tions. The locally harmonic Maass forms investigated in [7] have a natural connection to the
Shimura [26] and Shintani [27] lifts, which we next describe.

For k ∈ 2N and a discriminant D > 0, Zagier [31] defined the functions

(1.1) fk,D(z) :=
Dk− 1

2

(
2k−2
k−1

)
π

∑

Q∈QD

Q(z, 1)−k ,

where QD denotes the set of binary quadratic forms of discriminant D ∈ Z. Zagier showed that
fk,D ∈ S2k, the space of weight 2k cusp forms for SL2 (Z) and it was later noticed that the
fk,D could be naturally realized as (linear combinations of) hyperbolic Poincaré series defined
by Petersson [25]. The functions fk,D reappeared in the (holomorphic) kernel function for the
Shimura and Shintani lifts

Ω(z, τ) :=
∑

0<D≡0,1 (mod 4)

fk,D(z)e
2πiDτ

between S2k and S+
k+ 1

2

(Kohnen’s plus space of weight k+ 1
2 modular forms), which was defined

by Kohnen and Zagier [23]. For g ∈ S+
k+ 1

2

, the Petersson inner product 〈g,Ω(−z, ·)〉 equals

(−1)k/222−3k times the Shimura lift of g. Kohnen and Zagier used Ω to explicitly compute the
constant of proportionality in Waldspurger’s result, in turn proving nonnegativity of the central
L-values of Hecke eigenforms.

As indicated above, the functions fk,D may be interpreted in terms of theta lifts. To describe
this, we define Shintani’s [27] non-holomorphic kernel function. Throughout we write τ =
u+ iv ∈ H, z = x+ iy ∈ H, and denote for Q = [a, b, c] ∈ QD

Qz :=
1

y

(
a|z|2 + bx+ c

)
.

Using this notation, Shintani’s theta function projected into Kohnen’s plus space equals

(1.2) Θ(z, τ) := y−2kv
1
2

∑

D∈Z
Q∈QD

Q(z, 1)ke−4πQ2
zve2πiDτ .

The function Θ (−z, τ) transforms like a modular form of weight k + 1
2 in τ and weight 2k

in z (see Proposition 3.2 (1)). Integrating the D-th weight k + 1
2 (holomorphic) Poincaré series

against Θ yields fk,D. One can use Borcherds’s [3] aforementioned regularized version 〈f, g〉reg of
the Petersson inner product (see Section 2 for a definition) to extend the utility of the Shimura
lift (realized as Niwa’s [24] theta lift) to weak Maass forms. To be more precise, for a weight
k + 1

2 weak Maass form H with eigenvalue

λs :=

(
s− k

2
− 1

4

)(
1− s− k

2
− 1

4

)

under the hyperbolic Laplacian ∆k+ 1
2
, we define the theta lift

Φk(H)(z) := 〈H,Θ(z, ·)〉reg .
2



By choosing an appropriate input, this lift leads to the natural generalization

(1.3) fk,s,D(z) :=
∑

Q∈QD

Q(z, 1)−kϕs

(
Dy2

|Q (z, 1)|2
)

of fk,D. Here, for 0 < w ≤ 1 and Re(s) ≥ k
2 + 1

4 , using the usual 2F1 notation for Gauss’s
hypergeometric function, we define

ϕs(w) :=
Γ
(
s+ k

2 − 1
4

)
D

k
2
+ 1

4

6Γ(2s) (4π)
k
2
− 1

4

ws− k
2
− 1

4 2F1

(
s+

k

2
− 1

4
, s− k

2
− 1

4
; 2s;w

)
,

which is easily seen to be a constant when s = k
2 + 1

4 . Note that for Re(s) > k
2 + 1

4 , the Euler
integral representation of the 2F1 (see (4.3)) yields

ϕs(w) =
Γ
(
s+ k

2 − 1
4

)
D

k
2
+ 1

4ws− k
2
− 1

4

6Γ
(
s+ k

2 + 1
4

)
Γ
(
s− k

2 − 1
4

)
(4π)

k
2
− 1

4

∫ 1

0
(1− t)s+

k
2
− 3

4 ts−
k
2
− 5

4 (1− wt)−s− k
2
+ 1

4 dt.

In order to obtain the functions fk,s,D, we apply the theta lift Φk to the D-th Poincaré series

Pk+ 1
2
,s,D (see (2.12)) of weight k+ 1

2 with eigenvalue λs under ∆k+ 1
2
in Kohnen’s plus space. In

the special case that s = k
2 + 1

4 , this Poincaré series is precisely the classical cuspidal Poincaré
series and fk, k

2
+ 1

4
,D is essentially fk,D because ϕk

2
+ 1

4
is a constant. We next show that in general

the functions fk,s,D are local Maass forms with exceptional set given by the closed geodesics

(1.4) ED :=
{
z = x+ iy ∈ H : ∃a, b, c ∈ Z, b2 − 4ac = D, a |z|2 + bx+ c = 0

}
.

Theorem 1.1. Suppose that s ∈ C satisfies Re(s) ≥ k
2 + 1

4 and D > 0 is a discriminant. Then

the following hold.

(1) The function fk,s,D is a local Maass form of weight 2k and eigenvalue 4λs under ∆2k

with exceptional set ED. Moreover,

(1.5) fk, k
2
+ 1

4
,D =

22k−3

3(2k − 1)
(4πD)

3
4
− k

2 fk,D,

which is a cusp form.

(2) The theta lift Φk maps weight k + 1
2 weak Maass forms with eigenvalue λs under ∆k+ 1

2

to weight 2k local Maass forms with eigenvalue 4λs under ∆2k. In particular, the image

of the D-th Poincaré series under the theta lift Φk equals

Φk

(
Pk+ 1

2
,s,D

)
= fk,s,D.

Remark. The function fk,s,D is continuous for every Re(s) ≥ k
2 + 1

4 , but whenever λs 6= 0 there
exist points along ED along which fk,s,D is not differentiable. In particular, one should note the
astonishing fact that while the functions are not differentiable for λs 6= 0, the case λs = 0 yields
a (holomorphic) cusp form by (1.5).

We now investigate the general properties of the theta lift. Let Tp and T 2
p denote the Hecke

operators of integral and half-integral weight, respectively (see (2.3) and (2.4)). We next show
that the theta lift commutes with the Hecke operators.

Theorem 1.2.

(1) For every weight k + 1
2 weak Maass form H with eigenvalue λs with Re(s) ≥ k

2 + 1
4

Φk(H)
∣∣∣
2k
Tp = Φk

(
H
∣∣∣
k+ 1

2

Tp2

)
.

3



(2) If Re(s) ≥ k
2 +

1
4 and s 6= k

2 +
1
4 , then the lift Φk is injective on the space of weak Maass

forms with eigenvalue λs under ∆k+ 1
2
.

We next describe a theta lift which parallels the construction of Shintani [27] and Niwa [24]
in negative weight. Define the following theta function

(1.6) Θ∗(z, τ) := vk
∑

D∈Z
Q∈QD

QzQ(z, 1)k−1e
− 4π|Q(z,1)|2v

y2 e−2πiDτ .

The function Θ∗ transforms like a modular form of weight 3
2 − k in τ and weight 2− 2k in z (see

Proposition 3.2 (2)). Similar to the positive weight case, for a weak Maass form H of weight
3
2 − k, we define the theta lift by

Φ∗
1−k(H)(z) := 〈H,Θ∗ (−z̄, ·)〉reg .

Since the space of weak Maass forms is spanned by the Poincaré series P 3
2
−k,s,D (defined in

(2.12)), it suffices to consider their image under the theta lifting. This leads to the definition

(1.7) F1−k,s,D (z) :=
∑

Q∈QD

sgn (Qz)Q(z, 1)k−1ϕ∗
s

(
Dy2

|Q(z, 1)|2
)
,

where, for 0 < w ≤ 1 and s ∈ C with Re(s) ≥ k
2 − 3

4 , we define

ϕ∗
s(w) :=

Γ
(
s+ k

2 − 1
4

)
(4πD)

3
4
− k

2

12
√
πΓ(2s)

w
k
2
− 3

4
+s

2F1

(
s− k

2
+

1

4
, s+

k

2
− 3

4
; 2s;w

)
.

The Euler integral representation (4.3) again implies that

ϕ∗
s(w) =

Γ
(
s+ k

2 − 1
4

)
(4πD)

3
4
− k

2

12
√
πΓ
(
s+ k

2 − 3
4

)
Γ
(
s− k

2 + 3
4

)w k
2
− 3

4
+s

∫ 1

0
ts+

k
2
− 7

4 (1− t)s−
k
2
− 1

4 (1− wt)−s+ k
2
− 1

4 dt.

In the special case that s = k
2 +

1
4 , a change of variables yields the locally harmonic Maass form

F1−k,D (z) :=
1

12ψ(1)
(4πD)

3
4
− k

2

∑

Q∈QD

sgn (Qz)Q (z, 1)k−1 ψ

(
Dy2

|Q (z, 1)|2

)
,

investigated in [7]. Here

ψ (v) :=
1

2
β

(
v; k − 1

2
,
1

2

)

is a special value of the incomplete β-function, which is defined for r, s ∈ C satisfying Re (r),

Re (s) > 0 by β (v; s, r) :=
∫ v
0 u

s−1 (1− u)r−1 du. In [7], the first two authors and Kohnen
introduced the functions F1−k,D and showed that they transform like weight 2 − 2k modular
forms and are locally harmonic in every neighborhood of H which does not intersect ED. More
generally, the functions F1−k,s,D are local Maass forms with exceptional set ED.

Theorem 1.3. Suppose that k is even, D > 0 is a discriminant, and s ∈ C satisfies Re(s) ≥
k
2 − 3

4 . Then the following hold.

(1) The function F1−k,s,D is a local Maass form of weight 2− 2k with eigenvalue 4λs under

∆2−2k and exceptional set ED.
4



(2) The theta lift Φ∗
1−k maps weight 3

2 −k weak Maass forms with eigenvalue λs under ∆ 3
2
−k

to weight 2− 2k local Maass forms with eigenvalue 4λs under ∆2−2k. In particular, the

image of P 3
2
−k,s,D under the theta lift is

(1.8) Φ∗
1−k

(
P 3

2
−k,s,D

)
= F1−k,s,D.

Remarks.

(1) The functions F1−k,s,D are never continuous. That is to say, for every s and D satisfying
the conditions of Theorem 1.3, there exist points along ED for which F1−k,s,D exhibits
discontinuities.

(2) Although F1−k,D is never continuous, one may add a piecewise polynomial function to
obtain a real analytic function. The polynomial in question is related to the period
polynomial of fk,D and was thoroughly investigated in [7].

(3) In the omitted case k = 1 and λs = 0, Hövel [20] has constructed locally harmonic Maass
forms via a theta lift. The relationship with the Shimura and Shintani lifts as well as its
geometric interpretation were further investigated there.

(4) The regularized theta lifts considered here should also have a geometric interpretation.
One expects that their images represent cohomology classes of geodesic cycles as currents.

We again turn to the general properties of this theta lift. In particular, it also commutes with
the Hecke operators.

Theorem 1.4. Suppose that s ∈ C satisfies Re(s) ≥ k
2 − 3

4 . The following hold.

(1) For every weak Maass form H of weight 3
2 − k in Kohnen’s plus space with eigenvalue

λs under ∆ 3
2
−k, one has

(1.9) Φ∗
1−k(H)

∣∣∣
2−2k

Tp = Φ∗
1−k

(
H
∣∣∣
3
2
−k
Tp2

)
.

(2) The lift Φ∗
1−k is injective on the space of weak Maass forms with eigenvalue λs under

∆ 3
2
−k.

Remark. In [7], it was shown that the functions F1−k,D satisfy relations under the Hecke oper-

ators which seemed to imply a natural connection to weight 3
2 − k objects. This is explained by

the relation (1.9) between integral and half-integral weight Hecke operators.

The images F1−k,s,D and fk,s,D under the two theta lifts considered in this paper are related

through the antiholomorphic differential operator ξκ := 2iyκ ∂
∂z .

Theorem 1.5. Suppose that k > 0 is an even integer, D is a positive discriminant, and s ∈ C
satisfies Re(s) ≥ k

2 + 1
4 .

(1) For every z /∈ ED, we have that

(1.10) ξ2−2k (F1−k,s,D(z)) = 2

(
s− 3

4
+
k

2

)
fk,s,D(z).

(2) For z /∈ ED, we have that

(1.11) ξ2k (fk,s,D(z)) = 2

(
s− k

2
− 1

4

)
F1−k,s,D(z).

5



Theorem 1.5 states that for s ≥ k
2 + 1

4 the following commutative diagram holds:

P 3
2
−k,s,D

ξ 3
2−k

��

Φ∗
1−k

// F1−k,s,D

ξ2−2k

��(
s− 3

4 +
k
2

)
Pk+ 1

2
,s,D

2Φk
//

ξ
k+1

2

��

2
(
s− 3

4 +
k
2

)
fk,s,D

ξ2k

��

−λsP 3
2
−k,s,D

4Φ∗
1−k

// −4λsF1−k,s,D

Denote the d-th Shimura [26] lift by Sd and Pκ,D := Pκ, k
2
+ 1

4
,D. In the special case that s = k

2+
1
4

(see Corollary 9 of [23] for the constant multiple of S1), the diagram becomes the following:

P 3
2
−k,D

ξ 3
2−k

��

Φ∗
1−k

// F1−k,D

ξ2−2k

��(
k − 1

2

)
Pk+ 1

2
,D

2Φk

3−12−kS1

// 2
2k−3

3 (4πD)
3
4
− k

2 fk,D

Remarks.

(1) The above diagram extends work of Bruinier and Funke [13] and Hövel [20] in the case
of O(2, 1) to higher weight.

(2) By applying (6.1) (used to obtain (1.10)) to s-derivatives of weak Maass forms, one could
also obtain links between modular objects known as sesquiharmonic forms [5]. These
functions map to weakly holomorphic modular forms under the hyperbolic Laplacian.

The paper is organized as follows. In Section 2, we recall the theory of weak Maass forms
and give a formal definition of local Maass forms. Section 2.1 is devoted to the properties of
the regularized inner product. The modularity properties of the theta functions are enunciated
in Section 3, where we derive a number of interrelations between the theta functions through
differential operators. The image of Φk (Theorem 1.1 (2)) is determined in Section 4, while
Section 5 is devoted to the image of Φ∗

1−k (Theorem 1.3 (2)) and the injectivity of the lift
(Theorem 1.4 (2)). In Section 6, Theorem 1.5 is established and the relationship between fk,s,D
and F1−k,s,D is then used to conclude Theorems 1.1 (1) and 1.3 (1). Finally, Section 7 concludes
the paper with a discussion of the Hecke operators and the injectivity of Φk (Theorems 1.2 and
1.4 (1)).
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2. Basic facts on weak and local Maass forms

In this section, we recall the basic definitions necessary to describe the modular objects and
the theta lifts used in this paper. We first define the regularized inner product used in the
definitions of Φ and Φ∗. In order to understand the relationship between lifts in different spaces,
we then define the Hecke operators, which act formally on any translation invariant function.
We then recall Kohnen’s plus space and weak Maass forms, upon which we apply our theta lifts.
The next subsection is devoted to constructing Poincaré series which span these spaces of weak
Maass forms. Following this, we give the definition of local Maass forms, which are the focus of
this paper.

Thoughout this section, κ ∈ 1
2Z and we set Γ := SL2(Z) whenever κ ∈ Z, while Γ := Γ0(4) if

κ ∈ 1
2Z \ Z.

2.1. Regularized inner products and Hecke operators. For T > 0, denote the truncated
fundamental domain for SL2(Z) by

(2.1) FT :=

{
τ ∈ H : |u| ≤ 1

2
, |τ | ≥ 1, v ≤ T

}
.

For a finite index subgroup Γ ⊆ SL2(Z) we further define

FT (Γ) :=
⋃

γ∈Γ\SL2(Z)

γFT .

In particular, we set FT (4) := FT (Γ0(4)). For two functions G and H satisfying weight κ
modularity for the group Γ, we define, whenever the limit exists, the regularized inner product

〈G,H〉reg := 1

[SL2(Z) : Γ]
lim
T→∞

∫

FT (Γ)
G(τ)H(τ)vκ

dudv

v2
.

We use the following lemma, which follows by standard arguments using Stokes’s Theorem.

Lemma 2.1. Suppose that F , G : H → C are real analytic functions that satisfy F |2−κγ = F
and G|κγ = G for all γ ∈ Γ. Then

(2.2)∫

FT (Γ)
ξ2−κ (F (τ)) G(τ) v

κ−2 du dv +

∫

FT (Γ)
ξκ (G(τ)) F (τ) v

−κ du dv = −
∫

∂FT (Γ)
F (τ)G(τ) dτ .

A number of important operators are Hermitian with respect to the regularized inner product.
One such class of operators is the Hecke operators. Suppose that F is a function satisfying weight
κ modularity and write its Fourier expansion as

F (τ) =
∑

n∈Z

av(n)e
2πinu.

If κ ∈ Z (resp. κ ∈ 1
2Z \ Z), then for a prime p, the Hecke operator Tp (resp. Tp2) is defined by

F
∣∣∣
κ
Tp(τ) :=

∑

n∈Z

(
av(pn) + pκ−1av

(
n

p

))
e2πinu,(2.3)

F
∣∣∣
κ
Tp2(τ) :=

∑

n∈Z

(
av
(
p2n
)
+ pκ−

3
2

(
(−1)κ−

1
2n

p

)
av(n) + p2κ−2av

(
n

p2

))
e2πinu.(2.4)

We apply the regularized inner product to (half-integral weight) weak Maass forms, which we
define in the following subsection.

7



2.2. Weak Maass forms. When κ ∈ 1
2Z\Z, we are interested in weight κ real analytic modular

forms on Γ in Kohnen’s plus space. This means that the Fourier expansions are supported on the

coefficients n satisfying (−1)κ−
1
2n ≡ 0, 1 (mod 4). We use pr to denote the projection operator

(see Section 2.3 of [22]) into Kohnen’s plus space. It is useful to recall that if F is modular in
Kohnen’s plus space for Γ, then its Fourier expansions at the cusps 0 and 1

2 are determined by
the expansion at i∞ (see [22] for a proof in the holomorphic case). Like the Hecke operators,
the projection operator pr is Hermitian with respect to the regularized inner product, i.e.,

(2.5)
〈
G
∣∣∣pr,H

〉reg
=
〈
G,H

∣∣∣ pr
〉reg

.

The real analytic modular forms of particular interest for this paper are weak Maass forms.
A good background reference for weak Maass forms is [13]. Recall that we write τ = u + iv
throughout. For κ ∈ 1

2Z, the weight κ hyperbolic Laplacian is defined by

∆κ := ∆κ,τ := −v2
(
∂2

∂u2
+

∂2

∂v2

)
+ iκv

(
∂

∂u
+ i

∂

∂v

)
.

It is related to the operator ξκ = ξκ,τ := 2ivκ ∂
∂τ through

∆κ = −ξ2−κ ◦ ξκ.

In order to define weak Maass forms, we require

(2.6) Mκ,s (t) := |t|−
κ
2 Mκ

2
sgn(t), s− 1

2
(|t|) ,

where Mµ,s− 1
2
is the usual M -Whittaker function. For Re (s± µ) > 0 and v > 0, we have the

integral representation

(2.7) Mµ,s− 1
2
(v) = vse

v
2

Γ(2s)

Γ (s+ µ) Γ (s− µ)

∫ 1

0
ts+µ−1(1− t)s−µ−1e−vtdt.

In the special case that µ = s, we have

(2.8) Mµ,s− 1
2
(v) = e−

v
2 vs.

Furthermore, as v → ∞, the Whittaker function satisfies the following asymptotic behavior for
µ 6= s:

(2.9) Mµ,s− 1
2
(v) ∼ Γ(2s)

Γ(s− µ)
e

v
2 v−µ.

We move on to the definition of weak Maass forms. For s ∈ C a weak Maass form F : H → C
of weight κ for Γ with eigenvalue λ =

(
s− κ

2

) (
1− s− κ

2

)
is a real analytic function satisfying:

(1) For every γ ∈ Γ, one has F |κγ = F , where |κ denotes the usual weight κ slash-operator.
(2) One has ∆κ (F ) = λF.
(3) There exist a1, . . . , aN ∈ C for which

F (τ)−
N∑

m=1

amMκ,s (4π sgn(κ)mv) e
2πim sgn(κ)u = O

(
v1−Re(s)−κ

2

)
.

There are analogous conditions at the other cusps of Γ.
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2.3. Poincaré series. One builds explicit examples of weak Maass forms by constructing
Poincaré series [17]. For m ∈ Z \ {0}, the function

ψm,κ (s; τ) := (4π|m|)
κ
2 Γ(2s)−1Mκ,s (4πmv) e

2πimu

is an eigenfunction for ∆κ with eigenvalue
(
s− κ

2

) (
1− s− κ

2

)
. Thus, one concludes that for

Re(s) > 1 the Poincaré series

(2.10) Pκ,s,Γ,m(τ) :=
∑

γ∈Γ∞\Γ

ψsgn(κ)m,κ (s; τ)
∣∣∣
κ
γ,

where Γ∞ := {± ( 1 n
0 1 ) : n ∈ Z}, is also an eigenfunction under ∆κ with the same eigenvalue.

Moreover, the space of weight κ weak Maass forms with this eigenvalue is spanned by such
Poincaré series. The Poincaré series satisfies the growth condition

(2.11) Pκ,s,Γ,m(τ)− ψsgn(κ)m,κ (s; τ) = O
(
v1−Re(s)−κ

2

)
.

In the case that κ ∈ 1
2Z \ Z, we then project the Poincaré series into Kohnen’s plus space,

defining

(2.12) Pκ,s,m := Pκ,s,Γ0(4),m

∣∣∣pr .

In the special cases that s = 1 − κ
2 or s = κ

2 , the resulting Poincaré series is harmonic. For
D 6= 0, the positive and negative weight Poincaré series are related to each other via

(2.13) ξκ (Pκ,s,D) =
(
s− κ

2

)
P2−κ,s,D.

2.4. Local Maass forms. Mirroring the definition of weak Maass forms, for κ ∈ 2Z, λ ∈ C,
and a measure zero set E, we call a function F a weight κ local Maass form with eigenvalue λ
and exceptional set E if F satisfies the following:

(1) For every γ ∈ SL2(Z), one has F|κγ = F
(2) For every τ /∈ E there exists a neighborhood around τ for which F is real analytic and

∆κ(F)(τ) = λF(τ).

(3) For τ ∈ E one has

F(τ) =
1

2
lim
r→0+

(F (τ + ir) + F (τ − ir)) .

(4) The function F exhibits at most polynomial growth as v → ∞.

Examples of locally harmonic Maass forms (those with eigenvalue 0) are given in [7] as “quadratic
form Poincaré series.” In this paper, we give further examples of local Maass forms via theta
lifts.

3. Indefinite theta functions

In this section we collect several important properties of the theta functions (1.2) and (1.6).
The modularity properties of these indefinite theta functions follow by a result of Vignéras [29].
To state these, we define the Euler operator E :=

∑n
i=1wi

∂
∂wi

. As usual, we denote the Gram
matrix associated to a nondegenerate quadratic form q on Rn by A. The Laplacian associated
to q is then defined by ∆ :=

〈
∂
∂w , A

−1 ∂
∂w

〉
. Here 〈·, ·〉 denotes the usual inner product on Rn.

Theorem 3.1 (Vignéras). Suppose that n ∈ N, q is a nondegenerate quadratic form on Rn,

L ⊂ Rn is a lattice on which q takes integer values, and p : Rn → C is a function satisfying the

following conditions:
9



(i) The function f(w) := p(w)e−2πq(w) times any polynomial of degree at most 2 and all

partial derivatives of f of order at most 2 are elements of L2 (Rn) ∩ L1 (Rn).
(ii) For some λ ∈ Z, the function p satisfies

(
E − ∆

4π

)
p = λp.

Then the indefinite theta function

v−
λ
2

∑

w∈L

p
(
w
√
v
)
e2πiq(w)τ

is modular of weight λ + n
2 for Γ0(N) and character χ · χλ

−4, where N and χ are the level and

character of q and χ−4 is the unique primitive Dirichlet character of conductor 4.

Remark. Note that the definition of the character given in Vignéras [29] differs to that given by
Shimura [26] by a factor of χλ

−4. We adopt Shimura’s notation here.

Applying Theorem 3.1 to Θ and Θ∗ yields their modularity properties (see [8] for details).

Proposition 3.2.

(1) The function Θ(−z, τ) transforms like a modular form of weight k+ 1
2 in Kohnen’s plus

space on Γ0(4) in τ and weight 2k on SL2(Z) in z.
(2) The function Θ∗ transforms like a modular form of weight 3

2 − k in Kohnen’s plus space

on Γ0(4) in τ and weight 2− 2k on SL2(Z) in z.

The following lemma is the key relation needed to establish a link between the functions fk,s,D
and F1−k,s,D. The correspondence is formed through a relation betwen the respective differential
operators in τ and z on Θ and Θ∗, mirroring an important connection formed in [13].

Lemma 3.3. For every integer k ≥ 1, one has

ξk+ 1
2
,τ (Θ (z, τ)) = −iy2−2k ∂

∂z
Θ∗(−z, τ),(3.1)

ξ 3
2
−k,τ (Θ

∗ (−z, τ)) = −iy2k ∂
∂z

Θ(z, τ) .(3.2)

Proof: We first prove (3.1). We compute that ∂
∂zΘ

∗ (−z, τ) equals
∑

D∈Z
Q∈QD

Q(−z, 1)k−1e
− 4πv

y2
|Q(−z,1)|2

e−2πiDτ

(
∂

∂z
Q−z − 4πQ−zv

∂

∂z

( |Q(−z, 1)|2
y2

))
.

We then use

(3.3) |Q(z, 1)|2 = Q2
zy

2 +Dy2

and

y2
∂

∂z
Q−z =

i

2
Q(−z, 1)

to obtain

−iy2−2k ∂

∂z
Θ∗ (−z, τ) = 1

2
y−2kvk

∑

D∈Z
Q∈QD

Q(−z, 1)ke−4πQ2
−zve−2πiDτ

(
1− 8πQ2

−zv
)
.

We similarly compute the action of ξk+ 1
2
,τ on Θ. A straightforward calculation yields

ξk+ 1
2
,τ (Θ (z, τ)) =

1

2
y−2kvk

∑

D∈Z
Q∈QD

Q(z, 1)ke−4πQ2
zve−2πiDτ

(
1− 8πQ2

zv
)
.
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Equation (3.1) now follows immediately by the change of variables Q = [a, b, c] → [a,−b, c] =:

Q̃ ∈ QD, noting that

(3.4) Q̃ (z, 1) = Q (−z, 1) and Q̃z = Q−z.

We move on to proving (3.2). Since Qz ∈ R, a direct calculation, mirroring the proof of (3.1)
and using (3.4), yields

ξ 3
2
−k,τ (Θ

∗(−z, τ)) = v
1
2

∑

D∈Z
Q∈QD

QzQ(z, 1)k−1e−4πQ2
zve2πiDτ

(
k − 4πv

y2
|Q(z, 1)|2

)
.

We next obtain (3.2) by showing that −iy2k ∂
∂zΘ(z, τ) equals

− iv
1
2 y2

∑

D∈Z
Q∈QD

Q(z, 1)k−1e−4πQ2
zve2πiDτ

(
k
∂

∂z

(
y−2Q (z, 1)

)
− 8πQzy

−2Q (z, 1) v
∂

∂z
Qz

)

= v
1
2

∑

D∈Z
Q∈QD

QzQ(z, 1)k−1e−4πQ2
zve2πiDτ

(
k − 4πv

y2
|Q(z, 1)|2

)
,

where in the last line we have used

y2
∂

∂z
Qz =

i

2
Q(z, 1) and y2

∂

∂z

(
y−2Q (z, 1)

)
= iQz.

�

The following lemma relates the regularized inner products in positive and negative weight
through the ξ-operator.

Lemma 3.4. Suppose that D > 0 is a discriminant and z /∈ ED. Then for every s with

Re(s) ≥ k
2 + 1

4 one has

(3.5)
〈
ξk+ 1

2

(
Pk+ 1

2
,s,D

)
,Θ∗ (−z, ·)

〉
reg

= −
〈
Pk+ 1

2
,s,D, ξ 3

2
−k (Θ

∗ (−z, ·))
〉
reg

and

(3.6)
〈
ξ 3

2
−k

(
P 3

2
−k,s,D

)
,Θ(z, ·)

〉
reg

= −
〈
P 3

2
−k,s,D, ξk+ 1

2
(Θ(z, ·))

〉
reg

.

Proof: Note that all of the regularized integrals exist, as will be shown in the proofs of Theorem
1.1 (2) and 1.3 (2). We begin with the proof of (3.5) and abbreviate P := Pk+ 1

2
,s,D. By Lemma

2.1, we have
〈
ξk+ 1

2
(P ) ,Θ∗ (−z, ·)

〉reg
+
〈
P, ξ 3

2
−k (Θ

∗ (−z, ·))
〉reg

= −1

6
lim
T→∞

∫

∂FT (4)
P (τ)Θ∗ (−z, τ)dτ ,

provided that the limit exists. Hence our goal is to show that the limit on the right hand side
is zero. A standard argument reduces this claim to showing that

(3.7) lim
T→∞

∫ 1

0
P (u+ iT )Θ∗ (−z, u+ iT ) du = 0

as well as vanishing of similar integrals around the other cusps of Γ0(4). However, since both
P and Θ∗ are in Kohnen’s plus space, the vanishing of the corresponding integrals at the other
cusps may be reduced to showing that (3.7) vanishes.
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In order to prove (3.7), we first recall the growth condition (2.11) and note that Θ∗ (−z, u+ iT )
decays exponentially as T → ∞. Indeed, using (3.3), one can show that for fixed z ∈ H the
quadratic form

Q∗(a, b, c) := D − 2|Q(z, 1)|2
y2

= −D + 2Q2
z

is positive definite on the lattice of all binary quadratic formsQ = [a, b, c] ∈ QD. After evaluating
the integral over u, one reduces (3.7) to showing that

lim
T→∞

RT = 0,

where

RT := Mk+ 1
2
,s (4πDT )T

k
∑

Q∈QD

Q−zQ(−z, 1)k−1e
−

4π|Q(−z,1)|2T

y2 e2πDT .

However, the asymptotic behavior for the Whittaker function coming from (2.8) and (2.9) yields

Mk+ 1
2
,s (4πDT ) ≪k,s,D e2πDTT−k− 1

2 .

Using (3.3), we may hence bound

RT ≪k,s,D T− 1
2

∑

Q∈QD

Q−zQ(−z, 1)k−1e−4πQ2
−zT .

Since z /∈ ED (and hence −z /∈ ED), Q
2
−z > 0 for every Q ∈ QD and hence RT exhibits

exponential decay as T → ∞. This concludes (3.7), yielding (3.5). The proof of (3.6) follows
analogously.

�

4. Image of the theta lift Φk

In this section, we introduce a spectral parameter in the classical Shintani lift.

Proof of Theorem 1.1 (2): In order to compute the regularized inner product, we use a
method of Zagier [32]. He defined a regularization which he used for functions which grow
at most polynomially, but the method may be extended to the functions of interest here, as we
now describe. We first define

HT :=
⋃

γ∈SL2(Z)

γFT =
⋃

γ∈Γ0(4)

γFT (4).

We first use (2.5) together with the fact that Θ = Θ|pr to compute

(4.1)
〈
Pk+ 1

2
,s,D,Θ(z, ·)

〉reg
=
〈
Pk+ 1

2
,s,Γ0(4),D

∣∣∣pr,Θ(z, ·)
〉reg

=
〈
Pk+ 1

2
,s,Γ0(4),D

,Θ(z, ·)
〉reg

.

Then the usual unfolding argument yields
〈
Pk+ 1

2
,s,D,Θ(z, ·)

〉reg
=

1

6
lim
T→∞

∫

Γ∞\HT

ψD,k+ 1
2
(s; τ)Θ (z, τ)vk+

1
2
dudv

v2
.

We now rewrite

HT =
{
τ ∈ H

∣∣∣Im(τ) ≤ T
}∖ ⋃

c≥1
a∈Z

(a,c)=1

S a
c
(T ),

where S a
c
(T ) is the disc of radius 1

2c2T
tangent to the real axis at a

c . Hence, we have
〈
Pk+ 1

2
,s,D,Θ(z, ·)

〉reg
= lim

T→∞
(I1(T ) + I2(T )) ,
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where

I1(T ) :=
1

6

∫ T

0

∫ 1

0
ψD,k+ 1

2
(s; τ)Θ (z, τ)vk+

1
2
dudv

v2
,

I2(T ) := −1

6

∑

c≥1

∑

a (mod c)
(a,c)=1

∫

S a
c
(T )

ψD,k+ 1
2
(s; τ)Θ (z, τ)vk+

1
2
dudv

v2
.

We first consider I1(T ). Evaluating the integral over u and using (3.3), we obtain

(4.2) lim
T→∞

I1(T ) =
(4πD)

k
2
+ 1

4

6y2kΓ(2s)

∑

Q∈QD

Q (z, 1)k
∫ ∞

0
e−2πDvMk+ 1

2
,s(4πDv)e

−4πQ2
zvvk−1dv

=
(4πD)

1
4
− k

2

6y2kΓ(2s)

∑

Q∈QD

Q (z, 1)k I

(
Dy2

|Q(τ, 1)|2
)
,

where for 0 < w < 1 we define

I(w) :=

∫ ∞

0
Mk+ 1

2
,s(v)e

v
2 e−vw−1

vk−1dv.

In the case that s 6= k
2 + 1

4 , we insert the definition (2.6) of Mk+ 1
2
,s(v) and then substitute

the integral representation (2.7) of the M -Whittaker function when Re(s) > k
2 . The change of

variables t→ 1− t yields

I(w) =
Γ(2s)

Γ
(
s+ k

2 + 1
4

)
Γ
(
s− k

2 − 1
4

)
∫ 1

0
(1− t)s+

k
2
− 3

4 ts−
k
2
− 5

4

∫ ∞

0
vs+

k
2
− 5

4 e−v(w−1−t)dvdt

=
Γ(2s)Γ

(
s+ k

2 − 1
4

)
ws+ k

2
− 1

4

Γ
(
s+ k

2 + 1
4

)
Γ
(
s− k

2 − 1
4

)
∫ 1

0
(1− t)s+

k
2
− 3

4 ts−
k
2
− 5

4 (1− wt)−
k
2
−s+ 1

4 dt.

We then rewrite the integral using the Euler integral representation for 2F1 (see (15.3.1) in [1]),
given for Re(C) > Re(B) > 0 and |w| < 1 by

(4.3) 2F1 (A,B;C;w) =
Γ(C)

Γ(B)Γ(C −B)

∫ 1

0
tB−1(1− t)C−B−1(1−wt)−Adt.

Thus

I(w) = Γ

(
s+

k

2
− 1

4

)
ws+ k

2
− 1

4 2F1

(
s+

k

2
− 1

4
, s− k

2
− 1

4
; 2s;w

)
.

Inserting this into (4.2) shows that limT→∞ I1(T ) = fk,s,D.

For s = k
2 + 1

4 , inserting (2.8) into (4.2) yields

(4.4) lim
T→∞

I1(T ) =
D

k
2
+ 1

4Γ(k)

6(4π)
k
2
− 1

4Γ
(
k + 1

2

)
∑

Q∈QD

Q(z, 1)−k = fk, k
2
+ 1

4
,D(z).

To conclude (1.8), it remains to show that I2(T ) vanishes as T → ∞. We first assume that
4 | c and choose γ =

(
a b
c d

)
∈ Γ0 (4). A direct calculation shows that

γS a
c
=
{
τ ∈ H

∣∣∣v ≥ T
}
.
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Hence, the change of variables τ → γτ , together with the modularity of Θ in Proposition 3.2,
yields

I2(T ) = −1

6

∫ ∞

T

∫ ∞

−∞
Θ(−z, τ) (cτ + d)k+

1
2 ψD,k+ 1

2
(s; γτ) Im (γτ)k+

1
2
dudv

v2
.

Using the facts that Im (γτ) = v
|cτ+d|2

and Θ is translation invariant, the integral may be

rewritten as

−1

6

∫ ∞

T

∫ 1

0
Θ(−z, τ)

∞∑

n=−∞

ψD,k+ 1
2
(s; τ)

∣∣∣
k+ 1

2

γ

(
1 n
0 1

)
vk+

1
2
dudv

v2
.

Taking the sum over all a, c with 4 | c > 0, the inner sum precisely evaluates as

Pk+ 1
2
,s,Γ0(4),D

− ψD,k+ 1
2
(s; τ) .

Comparing the polynomial growth in (2.11) with the exponential decay of Θ (−z, τ) towards i∞,
one concludes that the limit T → ∞ vanishes. A similar argument shows that the contribution
to I2(T ) coming from 4 ∤ c also vanishes as T → ∞. This yields (1.8).

�

5. Image of the theta lift Φ∗
1−k

We next compute the image of Φ∗
1−k with the method from Section 4.

Proof of Theorem 1.3 (2): Following the argument in the proof of Theorem 1.1 (2), we may
reduce the theorem to evaluating

(5.1)
1

6
lim
T→∞

∫ T

0

∫ 1

0
ψD, 3

2
−k (s; τ)Θ

∗ (−z, τ)v 3
2
−k dudv

v2

− 1

6
lim
T→∞

∑

c≥1

∑

a (mod c)
(a,c)=1

∫

S a
c
(T )

ψD, 3
2
−k (s; τ)Θ

∗ (−z, τ)v 3
2
−k dudv

v2
.

Using the argument from before, the second summand vanishes. We use (3.3) to rewrite the
exponential in the theta series as

(
b2 − 4ac

)
u+ iv

(
2Q2

−z +
(
b2 − 4ac

))
.

Therefore, evaluating the integral over u and then making the change of variables Q → Q̃ (as
defined before (3.4)), it suffices to compute

(5.2)
1

6
(4πD)

1
4
− k

2Γ(2s)−1
∑

Q∈QD

QzQ(z, 1)k−1I
(

Dy2

|Q(z, 1)|2
)
,

where

I(w) :=
∫ ∞

0
M 3

2
−k,s(−v) e

v
2 v−

1
2 e−vw−1

dv.
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Inserting the definition (2.6) of M 3
2
−k,s and the integral representation (2.7) of the M -

Whittaker function, we evaluate

(5.3)

I(w) = Γ(2s)

Γ
(
s− k

2 + 3
4

)
Γ
(
s+ k

2 − 3
4

)
∫ 1

0
ts+

k
2
− 7

4 (1− t)s−
k
2
− 1

4

∫ ∞

0
vs+

k
2
− 5

4 e−v
(
t−1+w−1

)
dvdt

=
Γ(2s)Γ

(
s+ k

2 − 1
4

)

Γ
(
s− k

2 + 3
4

)
Γ
(
s+ k

2 − 3
4

)ws+ k
2
− 1

4

∫ 1

0
(1− t)s+

k
2
− 7

4 ts−
k
2
− 1

4 (1− wt)−s− k
2
+ 1

4 dt.

We again employ the Euler integral representation (4.3) to show that

I(w) = Γ

(
s+

k

2
− 1

4

)
ws+ k

2
− 1

4 2F1

(
s+

k

2
− 1

4
, s− k

2
+

3

4
; 2s;w

)
.

We then rewrite the hypergeometric function by using the Euler transform

2F1 (A,B;C;w) = (1− w)C−A−B
2F1 (C −A,C −B;C;w)

to yield

I(w) = Γ

(
s+

k

2
− 1

4

)
(1− w)−

1
2ws+ k

2
− 1

4 2F1

(
s− k

2
+

1

4
, s +

k

2
− 3

4
; 2s;w

)
.

Finally, we conclude that (5.2) equals (1.8) by using (3.3) to rewrite |Qz| in terms of Dy2

|Q(z,1)|2
.

�

We next establish the injectivity of the lift.

Proof of Theorem 1.4 (2): Since the Poincaré series P 3
2
−k,s,D span the space of weak Maass

forms and are linearly independent (which can be seen by comparing their principal parts), it is
enough to show that the functions F1−k,s,D are linearly independent. This follows by proving
that any linear combination

F :=

n∑

j=1

ajF1−k,s,Dj

with aj not all zero exhibits discontinuities and is hence nonzero. Comparing the sets EDj
of

geodesics defined in (1.4) implies the result. �

6. Relation between positive and negative weight local Maass forms

In this section we relate fk,s,D and F1−k,s,D.

Proof of Theorem 1.5: We prove (1.10) by establishing that for P := P 3
2
−k,s,D and z /∈ ED,

one has

(6.1) ξ2−2k

(
Φ∗
1−k (P ) (z)

)
= 2Φk

(
ξ 3
2
−k(P )

)
(z).

We first use (3.6) and then (3.1) to obtain for z /∈ ED

(6.2) Φk

(
ξ 3
2
−k(P )

)
(z) =

〈
ξ 3

2
−k (P ) ,Θ(z, ·)

〉reg
= −

〈
P, ξk+ 1

2
(Θ (z, ·))

〉reg

= −
〈
P,−iy2−2k

∂

∂z
Θ∗ (−z, ·)

〉reg

=
iy2−2k

6

∂

∂z

∫ reg

F0(4)
P (τ)Θ∗ (−z, τ) v 3

2
−k dudv

v2

= iy2−2k ∂

∂z
〈P,Θ∗ (−z, ·)〉reg.
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Since

(6.3) ξκ (G(z)) = 2iyκ
∂

∂z
G(z),

we conclude (6.1) from (6.2).
We now apply Theorem 1.3 (2), (6.1), (2.13), and finally Theorem 1.1 (2) to yield

ξ2−2k (F1−k,s,D(z)) = ξ2−2k

(
Φ∗
1−k

(
P 3

2
−k,s,D

)
(z)
)
= 2Φk

(
ξ 3

2
−k

(
P 3

2
−k,s,D

))
(z)

= 2

(
s− 3

4
+
k

2

)
Φk

(
Pk+ 1

2
,s,D

)
(z) = 2

(
s− 3

4
+
k

2

)
fk,s,D(z).

This concludes the proof of (1.10).
We next prove (1.11). Denoting P := Pk+ 1

2
,s,D, we use (3.5) to conclude that for z /∈ ED

(6.4) Φ∗
1−k

(
ξk+ 1

2
(P )
)
(z) =

〈
ξk+ 1

2
(P ) ,Θ∗ (−z, ·)

〉reg
= −

〈
P, ξ 3

2
−k (Θ

∗ (−z, ·))
〉reg

.

We then employ (3.2) and (6.3) to obtain

(6.5) Φ∗
1−k

(
ξk+ 1

2
(P )
)
(z) = iy2k

∂

∂z
〈P,Θ(z, ·)〉reg = 1

2
ξ2k (Φk(P )(z)) .

Combining this with Theorem 1.3 (2), (2.13), and Theorem 1.1 (2) yields
(
s− k

2
− 1

4

)
F1−k,s,D(z) =

(
s− k

2
− 1

4

)
Φ∗
1−k

(
P 3

2
−k,s,D

)
(z)

= Φ∗
1−k

(
ξk+ 1

2

(
Pk+ 1

2
,s,D

))
(z) =

1

2
ξ2k

(
Φk

(
Pk+ 1

2
,s,D

)
(z)
)
=

1

2
ξ2k (fk,s,D(z)) .

�

We are now ready to prove Theorem 1.1 (1) and Theorem 1.3 (1).

Proof of Theorem 1.1 (1): Note that

Θ (z, τ) = Θ (−z,−τ) .
Hence fk,s,D is modular of weight 2k by Proposition 3.2.

The functions fk,s,D are continuous since for Re(C) > Re(A+B), the hypergeometric function

2F1 (A,B;C;w), and hence ϕs(w), is continuous for w ≤ 1. This implies condition (3).
For z /∈ ED, (1.11) and (1.10) imply that

∆2k (fk,s,D(z)) = −ξ2−2k (ξ2k (fk,s,D(z))) = 4λsfk,s,D(z).

A straightforward calculation shows that fk,s,D(z) grows at most polynomially as y → ∞.
Finally, one uses (4.4) and the duplication formula for the Γ-function to conclude (1.5).

�

Remark. The non-differentiability of fk,s,D follows by using (1.11) and then proving that the
functions F1−k,s,D are not continuous. Computational evidence indicates that fk,s,D(z) decays
exponentially as y → ∞.

Proof of Theorem 1.3 (1): Noting that

Θ∗ (−z, τ) = Θ∗ (z,−τ) ,
Proposition 3.2 implies that F1−k,s,D is modular of weight 2− 2k.

The proof that F1−k,s,D is an eigenfunction under ∆2−2k with eigenvalue 4λs follows by (1.10)
and (1.11) precisely as in the proof of Theorem 1.1 (1).
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In order to show condition (3) in the definition of local Maass forms, we first note that ϕ∗
s(w)

is continuous for 0 < w ≤ 1. The locally uniform convergence of the sum allows us to pull the
limit r → 0+ of F1−k,s,D(z ± ir) into each term. Define

Bz :=
{
Q ∈ QD

∣∣Qz = 0
}
.

By Lemma 5.1 of [7], there are only finitely many Q ∈ Bz. Note that

sgn (Qz) = sgn (Qz±ir)

for r sufficiently small and Q /∈ Bz, while for Q ∈ Bz one has

sgn (Qz+ir) = − sgn (Qz−ir) .

Hence, since the terms of F1−k,s,D(z) with Q ∈ Bz vanish,

1

2
lim
r→0+

(F1−k,s,D(z + ir) + F1−k,s,D(z − ir)) =
∑

Q/∈Bz

sgn (Qz)Q(z, 1)k−1ϕ∗
s

(
Dy2

|Q(z, 1)|2
)

= F1−k,s,D(z).

A direct calculation shows that F1−k,s,D(z) grows at most polynomially as y → ∞. �

Remark. To show that F1−k,s,D exhibits discontinuities along the set ED, one computes

lim
r→0+

(F1−k,s,D(z + ir)−F1−k,s,D(z − ir))

similarly as in the proof of Theorem 1.3 (1). It is shown to be nonzero by using Gauss’s
summation formula to conclude that ϕ∗

s(1) 6= 0.
If D is not a square and Re(s) ≥ k

2 +
1
4 , then computational evidence indicates that F1−k,s,D

is bounded as y → ∞.

7. Hecke operators

In this section, we consider the action of the Hecke operators on the theta lifts.

Proof of Theorem 1.4 (1): Since the Poincaré series span the space of weight 3
2 − k weak

Maass forms, it suffices to compute the action of the Hecke operators on Poincaré series. As in
the proof of Theorem 1.5 of [7], one can show that

F1−k,s,D

∣∣∣
2−2k

Tp = F1−k,s,Dp2 + p−k

(
D

p

)
F1−k,s,D + p1−2kF1−k,s, D

p2
.

Hence by Theorem 1.3 (1), equation (1.9) follows by the easily verified identity

P 3
2
−k,s,D

∣∣∣
3
2
−k
Tp2 = P 3

2
−k,s,Dp2 + p−k

(
D

p

)
P 3

2
−k,s,D + p1−2kP 3

2
−k,s, D

p2
.

�

We now move on to the positive weight case.

Proof of Theorem 1.2: We first prove Theorem 1.2 (1). Let H be a weight 2k local Maass
form with exceptional set ED which is continuous everywhere. Since continuity is preserved by
the Hecke operators, one easily checks that H|2kTp is a local Maass form. To determine the
exceptional set for H, recall that the weight 2k Hecke operator may be written as

H
∣∣∣
2k
Tp (τ) = p2k−1H (pτ) + p−1

∑

r (mod p)

H
(
τ + r

p

)
.

By computing the image of ED under τ → pτ and τ → τ+r
p , one concludes that H|2kTp has

exceptional set E := EDp2 ⊃ ED. Hence it suffices to prove the statement for z /∈ E.
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Suppose that H is a weak Maass form of weight k+ 1
2 with eigenvalue λs under ∆k+ 1

2
. Since

ξ 3
2
−k surjects onto the space of weak Maass forms of weight k+ 1

2 with eigenvalue λs (see [13]),

we may choose such a weight 3
2 − k weak Maass form G such that ξ 3

2
−k(G) = H. But then by

(1.9), (6.1), and the fact that the Hecke operators commute with ξ2−2k, for z /∈ E, we have that

Φk (H)
∣∣∣
2k
Tp(z) =

1

2
ξ2−2k

(
Φ∗
1−k (G)

) ∣∣∣
2k
Tp(z) =

1

2
ξ2−2k

(
Φ∗
1−k

(
G
∣∣∣
3
2
−k
Tp2

)
(z)

)
.

We now use (6.5) and the fact that ξ 3
2
−k commutes with the Hecke operators to obtain

ξ2−2k

(
Φ∗
1−k

(
G
∣∣∣
3
2
−k
Tp2

)
(z)

)
= 2Φk

(
ξ 3

2
−k

(
G
∣∣∣
3
2
−k
Tp2

))
(z) = 2Φk

(
H
∣∣∣
k+ 1

2

Tp2

)
(z),

as desired.
We move on to Theorem 1.2 (2). Assume that Φk(F ) ≡ 0 for a weak Maass form F with

eigenvalue λs 6= 0. Writing G := −(4λs)
−1ξk+ 1

2
(F ), by (6.1) we have that

0 = ξ2−2k

(
Φ∗
1−k(G)

)
.

Since Φ∗
1−k(G) is an eigenfunction under ∆2−2k with eigenvalue 4λs 6= 0, we have

0 = − (4λs)
−1 ξ2k

(
ξ2−2k

(
Φ∗
1−k(G)

))
= Φ∗

1−k(G).

Since Φ∗
1−k is injective, we conclude that G ≡ 0. However,

ξ 3
2
−k(G) = F,

and hence F ≡ 0. �
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