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Abstract

The goal of this habilitation thesis is to investigate the interplay between integral quadratic
forms and the Shimura lift from half-integral weight modular forms to integral weight modu-
lar forms. The relationship which we investigate is two-sided. In one direction, the Shimura
lift may be applied to the theta series of (positive definite integral) quadratic forms to ob-
tain results about the number of representations of a natural number n by a quadratic form.
These theta functions then have wide-reaching applications to a variety of different areas.
The author’s Ph.D. thesis [20, 23, 24] was centered around one such application to elliptic
curves. Realizing that these methods could also be applied to counting the number of rep-
resentations by quadratic polynomials, the author then used this theory to show that for
every set S C N there is always a finite subset Sy C S for which a sum of triangular numbers
f represents S if and only if f represents Sy [21]. By applying this theory to mixed sums
of triangular numbers and squares, the author resolved a conjecture of Sun, disproving the
original conjecture but proving a modified version [22]. This was followed up by joint work
with Sun [25], where a near classification was determined for which mixed sums represent all
but finitely many natural numbers. Returning to the application involving elliptic curves,
the author then teamed with Jetchev [19] to prove an equidistribution result about the mod
p reduction map from elliptic curves with complex multiplication to supersingular elliptic
curves.

In the other direction, the Shimura lift may itself be defined using theta functions through
the theory of theta lifts. To be more precise, a two variable indefinite theta function of
signature (2, 1), defined in terms of (binary) quadratic forms, was shown by Shintani [35] to
be the kernel function for the Shimura lift and its adjoint, the Shintani lift. A holomorphic
version of Shintani’s kernel for the Shimura lift was given by Kohnen and Zagier [28]. Kohnen
and Zagier’s kernel function is the generating function for certain functions fj p, previously
appearing in [40], which are also naturally defined in terms of binary quadratic forms of
discriminant D. Motivated by the theory of half-integral weight harmonic weak Maass
forms and its relationship with both integral weight harmonic weak Maass forms and classical
modular forms, Bringmann, Kohnen, and the author [4] set out to find a preimage F;_j p of
fr,p under a natural differential operator from the theory of harmonic weak Maass forms. In
doing so, a new modular object, known as a local Maass form, was discovered. Many of the
properties of F_; p were then later explained when Bringmann, Viazovska, and the author
[5] determined that F;_j p may be obtained as a theta lift by a theta function of signature
(1,2) which is closely related to Shintani’s theta function.

Altogether, the author has published 12 papers since the Ph.D. (which were not a result
of the Ph.D. work) and an additional 3 papers which have been accepted for publication. A
complete list of these publications is given below.
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Chapter 1

The application of the Shimura lift to
quadratic forms and quadratic
polynomials

1.1 Quadratic forms

The study of quadratic forms, homogenous polynomials of degree two, has a long history and
has found applications in a variety of different settings. Equivalently, if A is a symmetric
m X m matrix with coefficient in a field K, then there is an associated quadratic form ()
defined for X € K™ by

QX) = %XTAX.

One refers to A as the Gram matriz for (). The level of a quadratic form is the smallest
N € N for which NA™! has even integral coefficients. For v €€ SL,,(K), there is an action
given by

(@) (X) = 5XT (1497) X. (11)

For K = R, Jacobi proved that there exists v € SL,,(R) such that v@Q is diagonal, i.e., the
corresponding Gram matrix vAy? is diagonal. A real quadratic form in m variables is said
to have signature (r, s) if its diagonalization

A1
’YA’YT:( )
A'"L

has r choices of j for which ), is positive, s choices of j for which A; is negative, and m—r—s
choices for which A\; = 0. The special case where (r,s) = (m,0) is called positive definite. In
this case, for 7 € H := {z + iy : 2,y € R,y > 0} and ¢q := €™, the theta function

Og(7) == Z ¢@X
xezm

converges and is a modular form of weight %, level N and some Nebentypus character x. A
modular form of weight x, level N, and Nebentypus x is a holomorphic function f on H which
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is bounded towards all cusps of H/T'o(NN) (factored by the usual action of v = (¢ %) € SLy(Z)
given by 77 := 9t and satisfies the modularity property

Floy(m) = x(d) f(7) (1.2)

for every v € T'y(N). Here
flo(m) =4 () f (o)

with
. ver +d if Kk € Z,
J(vT) =94, . . (1.3)
(&) eaVer +d if k€ 3Z\Z,

where we take the principal branch of the square root, (9) is the Kronecker-Jacobi symbol,

d
and
1 ifd=1 (mod 4),
€q =
)i ifd=-1 (mod4).
Now consider the case of integral quadratic forms, i.e., those which have integral values
over Z'™. Defining the representation number

ro(n) = #{X € Z™ : Q(X) = n},
one sees that the n-th Fourier coefficient of ©¢ equals r¢(n). That is,
Oq(r) = ) ro(n)g".
n€eNg

The author’s Ph.D. thesis [20] was centered around the question of representation numbers
for positive definite ternary (m = 3) quadratic forms and their applications to elliptic curves,
which resulted in the publications [23] and [24].

1.2 Quadratic polynomials

Following the Ph.D. thesis, the author realized that a more general method than that used in
[20] could be applied to quadratic polynomials. A quadratic polynomial is any multivariable
polynomial R € K [Xy,...,X,,] which may be written in the form

K(X)=Q(X) + L(X) +C, (1.4)

where Q(X) is a quadratic form, L(X) is linear, and C' is a constant.
The author’s interest in quadratic polynomials began with sums of triangular numbers,
those quadratic polynomials of the form (for z € K)
2+

T(x) = 5
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Fermat famously claimed that every natural number may be written as the sum of at most 3
triangular numbers, 4 squares, 5 pentagonal numbers, ..., and n n-gonal numbers. In 1770,
Lagrange proved the statement for squares, while Gauss proved the statement for triangular
numbers in 1796, and the full conjecture was resolved by Cauchy in 1813.

Lagrange’s theorem began a long and extensive study of universal quadratic forms, i.e.,
those (positive definite) quadratic forms (whose Gram matrix has integral coefficients) which
represent every natural number. In search of a simple classification of such forms, Conway
and Schneeberger studied the literature and realized that such a quadratic form (in arbitrarily
many variables) is universal if and only if it represents every integer less than or equal to
15. Together with Bosma, the author [3] showed that a similar result holds for quadratic

polynomials of the form

fr(X) == ZbiT (z;) (1.5)

with a; € N. We call quadratic forms of the type (1.5) triangular form.

Theorem 1.1. Ifby,...,b,, are positive integers, then f, represents every nonnegative integer
if and only if it represents 1,2,4,5, and 8.

However, this result does not generalize to arbitrary quadratic polynomials, as also proven
in [3]. That is to say, there is no proper subset S of the natural numbers for which every
“reasonable” quadratic polynomial which represents S also represents the natural numbers.
To make this statement meaningful, we must first restrict the class of quadratic polynomial
to a subclass which we call normalized totally positive quadratic polynomials. These are
quadratic polynomials f for which f (Z™) C Ny and such that there exists some X € Z™ for
which f(X) =0.

Theorem 1.2. Suppose that S C Ny. For every subset So C S, there exists a normalized

=

totally positive quadratic polynomial f which represents Sy but does not represent S.

The proof of Theorem 1.2 is by explicit construction and the quadratic polynomials all
belong to a subclass which is only a slight generalization of triangular sums. The proof of
Theorem 1.1 is based upon the genus theory of quadratic forms and the idea of escalator
lattices, which were introduced by Bhargava to give a shorter and more elegant proof of the
Conway—Schneeberger 15 Theorem.

We now explain the essential idea of the theory of escalator lattices. Say that one would
like to determine all (integral positive definite) quadratic forms (whose Gram matrix has
integral coefficients) which represent every integer from 1 to a fixed natural number n (which
is obviously a necessary condition for universal forms), or equivalently, there exist vectors of
norm 1 through n in the corresponding lattice. One starts with the zero-dimensional lattice
and adds a vector of norm 1 (which must be contained in any lattice given above). One next
finds the smallest integer ny not represented by the corresponding quadratic form and then
adds a new vector of norm ng such that the resulting quadratic form is still integral. The
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process then continues recursively, branching out as a tree because there are multiple choices
for the vector of norm ny. Once all integers from 1 to n are obtained, adding any vector will
not change this fact. Therefore, if a quadratic form is universal, then it must contain one of
the lattices which are nodes in the resulting tree. The numbers n, are precisely the integers
which all universal quadratic forms must represent. Finally, one obtains a finite tree where
the nodes are “probably” universal. The last step is to use some other theory to prove that
the nodes are indeed universal. Since any universal quadratic form must contain one of
the leaves as a sublattice, the process yields the desired finite subset which is sufficient to
determine if a quadratic form is universal. It is important to note here that the key difference
between Bhargava’s situation and the conditions in Theorem 1.2 is that the breadth of the
tree is infinite in the second case. It may be possible to define a statistic on normalized
totally positive quadratic polynomials which recovers a finite result like Bhargava’s. Indeed,
this was the case for the counterexamples constructed in [3].

In [1], Bhargava further realized that one could replace N with any subset S C N and
apply the same method. Using this technique, he then explicitly determined the finite subset
So when S is chosen to be the set of primes or the set of all odd natural numbers. In [21],
the author combined this technique with the arithmetic theory of quadratic forms to show
that a similar result holds for sums of triangular numbers.

Theorem 1.3. Suppose that S C N. Then there exists a finite subset So C S such that every
triangular sum representing Sy must also represent S.

Using escalator lattices, the author then found a conjectural set Sy when S is the set of
all odd natural numbers.

Conjecture 1.4. A sum of triangular numbers f represents all odd integers if and only if
it represents the integers

1,5,7,9,11,13, 17,19, 25,29, 35, 49.

However, this is where Bhargava’s theory diverges from that of the author’s. While
Bhargava’s proof in the quadratic forms case was relatively simple, a proof of the conjecture
for triangular sums appears to be completely out of reach. The problem is that there are
leaves of the corresponding tree at depth 3, such as the case b = (1,1,1) proven by Gauss.
This was the trigger for the author’s initial interest in triangular sums and their interrelation
with Bhargava’s theory. The resulting theta functions are hence weight %, and the theory
of weight % modular forms has a couple of exceptional properties which make it nearly
impossible to prove that a depth 3 leaf is truly a leaf, other than an ad hoc solution in

special cases.

1.3 The arithmetic theory of quadratic forms

To explain the problems arising for weight % modular forms (and ternary quadratic forms), we
now take a detour into the arithmetic theory of quadratic forms. Modular forms naturally
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split into two pieces. The first piece is what is known as a cusp form, which obtains its
nomenclature from the fact that the function vanishes towards every cusp of I'o(N)\H. The
second part, known as the Fisenstein series, is written as an explicit sum. In the simplest
case, when N =1 and k € Z, the Eisenstein series is defined by

Ey(7) := > (cr+d)™ = > 17

v=(2Y)esLs(2) YESL2(Z)

For k > 3, the sum converges absolutely and reordering hence implies that £} satisfies weight
k modularity (as in (1.2)). The Fourier coefficients of the Eisenstein series may be explicitly
computed and the n-th Fourier coefficient grows (in absolute value) like n*~*.

The first fundamental problem which occurs in weight % is that the Fourier coefficients of
the Eisenstein series are certain class numbers for imaginary quadratic fields. Although Siegel
[37] famously showed that the class number grows like n%, the constant of proportionality
depends upon the location of possible Siegel zeros, and hence the bound is ineffective.

As mentioned above, after subtracting a linear combination of Eisenstein series from a
modular form, the difference is a cusp form. The Fourier coefficients of cusp forms generally
grow more slowly than the coefficients of the Eisenstein series. Indeed, if k € Z, then Deligne
[10] showed that the Fourier coefficients grow slower than n%ﬁ, known previously as the
Ramanujan—Petersson conjecture. For 2 < k € 17\ Z, bounds of Iwaniec [18] suffice to show
that the coefficients grow more slowly than those of Eisenstein series. However, in weight %,
the Ramanujan—Petersson conjecture is false. Specifically, for an odd character of modulus
D, a character x such that y(—1) = —1, the unary theta function

> rx(r)g”

reZ

is a weight % cusp form, but its n-th coefficient clearly grows like nz. The Ramanujan—
Petersson conjecture is believed to be true for the space of cusp forms orthogonal to unary
theta functions and results of Duke [13] suffice to show that the coefficients grow more slowly
than those of the Eisenstein series. This leads to a further decomposition of cusp forms into
two pieces, one formed by unary theta functions and the other orthogonal to unary theta
functions. Thus, we have a natural decomposition of the theta function as

©O=0r+0y+06,, (1.6)

where Op is a linear combination of Eisenstein series, Oy is a linear combination of unary
theta functions, and ©, is a cusp form which is orthogonal to unary theta functions.

From the point of view of theta functions, the coefficients of the Eisenstein series may
be written as a weighted average of the theta series for quadratic forms in the genus, those
quadratic forms which are locally equivalent at every prime, and the weighted average was
shown by Siegel [36] to be the determined by the number of representations at each prime.
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The sum ©f + Oy corresponds to a weighted average for a refinement of the genus called
the spinor genus, and hence Oy measures the difference between the weighted averages of
the genus and the spinor genus. Using work of Schulze-Pillot [33] involving the spinor norm,
one may explicitly compute the coefficients of ©p. The coefficients of the cusp form O
measure the difference between the average of the spinor genus and the particular form we
are interested in. Since this is small in comparison with the growth of ©g + Oy, we consider
O, an error term. However, even assuming the best possible bound for the growth of the
coefficients of O, the effective bounds obtained by Duke [13] for the coefficients of ©, are
insufficient for practical purposes. Hence the combination of the ineffective bounds of Siegel
[37], make it impossible to explicitly determine the set of integers not represented by a given
form. This is where the difficult occurs in proving that conjectural depth 3 leaves are indeed
leaves.

By using a method of Ono and Soundararajan [32], the author [21] was able to resolve con-
jecture 1.4 under the additional assumption of the Generalized Riemann Hypothesis (GRH).
In particular, one requires GRH for Dirichlet L-functions and newforms. These are modu-
lar forms of weight k for I'g(N) which are Hecke eigenforms, that is to say, simultaneously
eigenforms for all of the Hecke operators T, (p t V) defined by

_ _ T+
o= e X (7). (1.7
k p
r (mod p)
and are orthogonal to the old space spanned by g(r7), where g(7) is a modular form of weight

k for To(M) with M | N and r | 9% # 1.

Theorem 1.5. Assume GRH for Dirichlet L-functions and GRH for L-functions of weight
2 newforms. Then conjecture 1.4 is true.

The first step in the proof of Theorem 1.5 is to explicitly determine the unary theta
functions Oy occurring in the decomposition (1.6). One then essentially uses GRH for
Dirichlet L-series to obtain an explicit bound for the growth of the Eisenstein series using
the bounds of Siegel [37] and GRH for L-series of weight 2 newforms to obtain an explicit
bound for the growth of the coefficients of weight % newforms. The connection between
weight 2 and weight g newforms is formed through the Shimura lift.

1.4 The Shimura lift

Suppose that g is a weight k + % newform for I'y(4N) and Nebentypus x which satisfies the
Fourier expansion



For a squarefree positive integer ¢, define the ¢-th Shimura correspondence by

A =30 T (@ (25 )

n=1 d|n

Here x(_1); is the Dirichlet character given by the Kronecker—Jacobi symbol

X(-1yee(d) = ((—%}’%) :

Shimura [34] proved that .#(g) is a weight 2k modular form for I'o(4N) and Nebentypus
x?. Niwa [31] later used the theory of theta lifts (discussed further in chapter 2) to show
that the level may be reduced to 2N. Kohnen [26, 27] then found a distinguished subspace,
known as Kohnen’s plus space, where the level may be reduced to N. Forms in this space are
distinguished by the fact that the coefficients are supported on those n for which (—1)*n is
a discriminant. Kohnen further showed that a linear combination of the Shimura correspon-
dences forms a bijection between the plus space of weight k£ + % and level 4N with weight
2k modular forms for I'y(V).

The method of Ono and Sound [32] is based upon a theorem of Waldspurger [39] relating
the square of the |D|-th coefficient of a half-integral weight newform with the central value
of the L-series of its integral weight counterpart under the Shimura lift twisted by the
character xp. Restricting to Kohnen’s plus space, Kohnen and Zagier [28] then determined
the constant of proportionality explicitly, implying nonnegativity of the central values of
L-series of newforms.

Theorem. Suppose that D is a fundamental discriminant satisfying (—1)*D > 0, f is a
weight 2k Hecke eigenform for SLo(Z), and g is the corresponding Hecke eigenform of weight
k+ 3 in Kohnen’s plus space satisfying f = #1(g). Denote the |D|-th Fourier coefficient of
g by c(|D|) and the L-series of f twisted by xp by L(f,D,s). Then Kohnen and Zagier’s
formula reads

DI _ (k=1)! b L D.F)
<9,9> mh <fif>
Here < -,- > denotes the Petersson inner product, defined in (2.1).

(1.8)

The Shimura correspondences usually send cusp forms to cusp forms, but the exceptional
role played by unary theta functions in Section 1.3 may be explained by the fact that unary
theta functions are sent to Eisenstein series under the Shimura correspondences. Indeed,
if one fixes a squarefree integer ¢, then the coefficients of ¢ in the square class tZ? grow
asymptotically like the coefficients of .#;(g). Although the problem of explicitly determining
the nonnegative integer represented by a totally positive ternary quadratic polynomial then
becomes infeasible, a determination of the explicit unary theta functions suffices to determine
when the quadratic polynomial is almost universal. This means that the totally positive
quadratic polynomial represents all but finitely many nonnegative integers.
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1.5 Almost universal mixed sums of squares and trian-
gular numbers

First note that since O + Oy in the decomposition (1.6) is a weighted average of the
(nonnegative) number of representations by quadratic forms in the same spinor genus as
the quadratic form of interest, if the n-th Fourier coefficient of O + Oy is zero, then the
form itself cannot represent n, as any such representation would add a positive value to the
weighted average. Hence, since the coefficients of the cusp form O, in the decomposition
(1.6) grow more slowly than the coefficients of ©x and Oy, one immediately obtains that
the number of representations by quadratic forms in the same spinor genus are equally
distributed, and the coefficients of ©, may be considered an error term. Therefore, up to
finitely many exceptions, a given quadratic form represents the same nonnegative integers
as those supported in the Fourier expansion of O + ©p. Therefore, to determine if a
given form is almost universal, one only needs to determine whether or not infinitely many
coefficients of ©p 4+ Oy are zero. Determining the coefficients of © which are zero yields
certain congruence conditions which must be satisfied, while work of Schulze-Pillot may be
used to explicity determine the coefficients of the unary theta functions O. The author [22]
applied this technique to the following conjecture of Sun about quadratic polynomials which
are given as sums of squares and triangular numbers.

Conjecture 1.6. Let m and n be any nonnegative integers. Then every sufficiently large
natural number can be written in any of the following forms (with x,y,z € Z):

2" y? +2my? +7'(z2) (1.9)
2mx? 42T (y)  +T(z) (1.10)
2™T(z)  +2"T(y) +T(2) (1.11)
v 4232 +T(2) (1.12)

2 4+27-3T(y) +T(2) (1.13)

2" 3% 42T(y)  +T(2) (1.14)
2" 3T(z) +2T(y) +T1(2) (1.15)
2" - 5T (x) +T'(y) +T'(z) (1.16)
2T(z)  +3T(y)  +4T(z) (1.17)
27° +3y? +27(2 (1.18)

Remark. This conjecture was obtained empirically by a computer calculation.

Conjecture 1.6 turns out to be false, as shown by the following specific counterexamples
given in [22].

Theorem 1.7.



1. The mized sum of squares and triangular numbers

2%+ 16T (y) + T(2)

2 : ‘
does not represent any natural number of the form E 817, where p is any prime con-

gruent to 1 or 3 modulo 8, and is hence a counterexample to (1.10).

2. The sum of triangular numbers
AT (x) + 4T (y) + T(2)
and
8T (x)+T(y)+T(2)
a’-9 a’-5

represent precisely the natural numbers not of the form “== and *>, respectively,
where a is any integer all of whose prime factors are congruent to 1 modulo 4. Hence
both are counterexamples to (1.11).

3. The sum of triangular numbers

1927 (x) + 2T (y) + T(2)

2_1 . .
does not represent any natural number of the form w, where p is a prime congruent

to 5 or 7 modulo 8, and hence it is a counterezample to (1.15).

4. The sum of triangular numbers

1607 (x) +T(y) + T(z)

2162 . .
does not represent any natural number of the form %, where p is a prime congruent

to 5 or 7 modulo 8, and hence it is a counterezample to (1.16).

However, a revised version of the conjecture, essentially showing that all counterexamples
are of the type given in Theorem 1.7, was proven by the author in [22].

Theorem 1.8. Let m and n be any nonnegative integers. Then for a sufficiently large
natural number r, depending on n and m, the following equations hold

1.
2" + 2"y  + T(z) = .

2"g? + 2" T (y) + T(2) =7

whenever 8r 4+ 2" + 1 is not a square. This condition is empty when n < 3.



10

3.
2T (x)+2"T(y)+ T(z) =7
whenever 8r 4+ 2" 4+ 2™ + 1 is not a square, or when n =0 (or, symmetrically, m =0)
and 8r + 2™ 4+ 2 (8r 4+ 2™ + 2, respectively) is twice a square.
4.
2?2+ 2" 3P+ T(2) =71
5.
2?2+ 2" 3T(y) +T(2) =7
6.
2" 302 + 2T (y) +T(2) =7
7.
2" 3T(x) +2T(y) +T(2) =7
whenever 8r 4+ 3 - 2" 4+ 3 1s not 3 times a square.
8.
2" 5T (x)+T(y)+ T(z) =7
whenever 8r + 5 - 2" 4+ 2 s not 10 times a square.
9.
2T (x) + 3T (y) + 4T (2) = r.
10.

22% + 3y° +2T(2) = r.

The author then teamed with Sun [25] to find a classification of those sums of two squares
and one triangular number which are almost universal as well as a near classification of those
sums of either one square and two triangular numbers or three triangular numbers which are
almost universal. In order to state the theorem, we first need a little notation. We denote
the (discrete) p-adic order of n € N by v,(n) and uniquely write n = 2%2("n’ with n’ odd.
Furthermore, we denote the squarefree part of n by SF(n) and define the relation n R m
to mean that n is a quadratic residue modulo m, i.e., a is relatively prime to m and 22 = a
(mod m) has integral solutions. The classification for two squares and one triangular number
is ten given by the following theorem.

Theorem 1.9. Fiz a,b,c € N with ged(a,b,c) =1 and va(a) > va(b). Then the form
f(z,y,2) = az® + by® + cT(2)

represents a set of density one (within the natural numbers) if and only if
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(i) —2bc Rd', —2ac RV, and —ab R .
(ii) FEither 41 ¢, or both 4||c and 2||ab.

Suppose now that both (i) and (ii) hold. Then f is not almost universal if and only if we
have the following (I)—(III).

(I) 2|la, 4tc, ' = (mod 237%2(9)), and

41b=v9(a) =c (mod 2),
2¢1bc=8|a & 8| (b—c).

(I1I) All prime divisors of SF(a't'c") are congruent to 1 modulo 4 if va(a) = ve(b) (mod 2),
and congruent to 1 or 3 modulo 8 otherwise.

(III) 23720 (az? 4 by?) + 2% = SF(a'b'c’) has no integral solutions.
The near classification for one square and two triangular numbers is given below.
Theorem 1.10. Fiz a,b,c € N with ged(a,b, ¢) =1 and va(a) > va(b). Then the form
f(@,y,2) = az® + 0T (y) + cT'(2)

represents a set of density one if and only if

(i) —bc Rd, —2ac RV, and —2ab R .

(ii) Either 41b or 41 c.
Assume now that (i) and (i) both hold.

(A) When vy(b) & {3,4}, f is not almost universal if and only if we have the following
(1) = (IV).
(I) 41b+c and SF(d'V) = (b+c) (mod 2377), where v := vy(b+ ¢) < 2.
(II) All prime divisors of SF(a'b'd) are congruent to 1 or 3 modulo 8 if SF(abc) = b+c
(mod 2), and congruent to 1 modulo 4 otherwise.
(III) 8ax?® + by? + cz? = 2°SF(a'V'c) has no integral solutions with y and z odd.
(1V)
v9(b) < 1= v9(a) —ve(b) € {2,4,6,...},
v9(b) =2 = wy(a) € {1,3,5,,...},
ve(b) € {5,7,...} = (4 ]aor2|ec),
ve(b) € {6,8,...} = (2] a ora=c (mod 8)).

IN
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(B) In the case vo(b) € {3,4}, if f is not almost universal, then the above (1)—(III) hold
and also

{vg(b)z3z>(4\a0r2\c)
() =4= (2|a ora=c (mod 8)).

Moreover, provided (I)—(III) in part (A) and the condition 2 { ve(a), f is not almost
universal if va(b) =4, or ve(a) > v9(b) =3 and v/ = ¢ (mod 8).

The near classification for the sum of three triangular numbers is given in the next
theorem.

Theorem 1.11. Fiz a,b,c € N with ged(a,b,c) = 1 and ve(a) > vy(b) > va(c) = 0. Then
the form
f(x,y,z) :=aT(x) + T (y) + T'(2)

represents a set of density one if and only if
—bcRd, —ac RV, and —abR ¢. (1.19)
Assume now that (1.19) is satisfied.
(A) If f is not almost universal, then we have the following (I)-(IV).
(I) 41a+b+c and SF(d'V'd) = (a+b+c) (mod 257), where v =vy(a+b+c) < 2.
(II) All prime divisors of SF(a'b'c") are congruent to 1 modulo 4 if SF(abc) = a+b+c
(mod 2), and congruent to 1 or 3 modulo 8 otherwise.
(IIT) ax?® + by* + cz? = 2°SF(d'V') has no integral solutions with x,y,z all odd.
(1V)

v9(b) < 1= v9(a) —wve(b) € {3,5,7,...},
v2(b) =2 = v9(a) € {2,4,6,...}.

(B) The form f is not almost universal under (I)-(III) in part (A), and the following
condition stronger than (IV):

UQ(b) <l= v2(a) — Ug(b) S {5, 7,.. .},
ve(b) € {2,4} = vy(a) € {4,6,...},
vo(b) =3 = (v2(a) €{6,8,...} &V =c¢ (mod 8)).

Remark. The classification was later completed by Chan and Oh [9] (showing that the nec-
essary condition in Theorem 1.11 (A)(IV) is indeed sufficient) in the case of three triangular
numbers and Chan and Haensch [8] (showing that the necessary condition in Theorem 1.10
(B) is indeed sufficient) in the case of one square and two triangular numbers.
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1.6 Equidistribution of Heegner points

In this section, we return to the question of reductions of CM elliptic curves to supersingular
elliptic curves. If one takes the solutions to the equation for an elliptic curve C' with complex
multiplication (CM) by an Oy (meaning that the endomorphisms are isomorphic to Oy, with
d a negative discriminant) and applies the reduction map red, at a prime ¢ which is not

split in Q (\/5), then a result of Deuring [11] shows that red,(C) is supersingular (meaning

that its endomorphisms are isomorphic to an order of a quaternion algebra). If one further
defines a pair of a CM elliptic curve and a subgroup of order N which are stabilized under the
endomorphisms, then one obtains Heegner points on I'y(N), which we denote I'y x, and one
may define a reduction map to supersingular points on I'o(N) (denoted here by Xo(N)3),
namely, pairs of supersingular elliptic curves and subgroups of order N which are stabilized.
The endomorphisms of supersingular points turn out to be Eichler orders of level N (the
intersection of two maximal orders) of the unique (definite) quaternion algebra ramified
precisely at ¢ and co. For a supersingular point s € Xy(N)%5, we denote the number of units
of this quaternion algebra by ws.

The question addressed by Jetchev and the author in [19] is how large the preimage of the
reduction map is for a fixed supersingular point. Special cases of this had been previously
studied by Vatsal [38], Michel [30], and Elkies-Ono—Yang [14]. To clarify the difference
between these results, we must consider how the discriminant d varies. In Michel’s and
Elkies-Ono—Yang’s work, the discriminant is fundamental, while Vatsal fixes a fundamental
discriminant D and lets d vary as d = Dp?" with p # ¢ prime and » € N. When d = Dc?
for a fundamental discriminant D, then one refers to ¢ as the conductor. In our result, we
allow d — oo to vary both in the fundamental discriminant as well as in the conductor, but
restrict the conductor to be relatively prime to /.

Theorem 1.12. Suppose that ¢ is a prime, dy,ds, ... 1S a sequence of discriminants with
lim, o d, = 00, ¢ is not split in Q(d,), and € does not divide the conductor of d,.. Then
lim #{r €Ty v :redy(z) = s} 1/ws
r—00 #FdT,N ZS’GXO(N)SS l/ws,'

As in the above examples, the main difficulty in showing Theorem 1.12 is that the unary
theta functions may grow as quickly as the Eisenstein series. Hence, the main step in the
proof involves showing that certain theta functions are orthogonal to unary theta functions.
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Chapter 2

The Shimura lift and local Maass
forms

2.1 The Shimura lift as a theta lift

The goal of this section is to investigate the connection between quadratic forms and the
Shimura lift in the other direction. In particular, the Shimura lift may be defined as a theta
lift. For a two variable indefinite theta function © which satisfies weight « € %Z modularity
(as in (1.2)) for I' C SLy(Z) in the first variable, the theta lift of function f satisfying weight
r modularity is defined via the Petersson inner product

(f,0):= /f (z,7)y" 2dxdy, (2.1)

SL2

where z = x+iy (this notation will be used throughout), the index of I' in SLy(Z) is given by
[SLy(Z) : T'] and F is any fundamental domain for I'. Shintani [35] showed that the Shimura
lift may be written as a theta lift and discovered the adjoint Shintani lift from integral to
half-integral weight modular forms in the process. We consider here the definition of © given
by Shintani, but slightly modify the definition so that © is in Kohnen’s plus space for the
second variable. We first make a couple of definitions. Let Qp denote the set of all binary
quadratic forms @ = [a, b, c] of discriminant D = b? —4ac and further define the abbreviation

Q. = i (alz]* + bz +¢) . (2.2)

Denoting 7 = w + v and the real and imaginary parts of z as above, for k € 2Z our
modification of Shintani’s theta function is then given by

@(Z,T) — y—2kv% Z Q(Z, 1)k€—47erve27riDT'

DeZ
QEQp

The theta series © is modular of weight 2k € Z for SLy(Z) in the z variable and weight &+ 3
for I'y(4) in Kohnen’s plus space in the 7 variable. For a weight k +% cusp form f, the theta
lift
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is proportional to the Shimura lift . via

Di(f) = ?1—(212

Due to this identity, one calls 6 - 2O a theta kernel for the Shimura lift. Kohnen and Zagier
[28] later found a holomorphic (in both variables) theta kernel for the Shimura lift.

2.2 A holomorphic kernel for the Shimura lift

In this section, we consider a holomorphic theta kernel for the Shimura lift, which was defined
by Kohnen and Zagier [28]. While investigating the Doi-Naganuma lift [12] in [40], for a
discriminant D > 0 and k € 2N, Zagier noticed that the function

Jep(2) == % Z Q(z,1)7* (2.3)
(k—l)ﬂ- QeQp

is modular of weight 2k for STy (Z). Working together with Kohnen, these were then packaged
into a generating function

Qi (2,7) = Z frp(2)e?™ P

DeN

They then proved [28] that with respect to the 7 variable, € is a cusp form of weight k + %
in Kohnen’s plus space. They further showed that for a cusp form f of weight k£ + %

(—1)2m (Qk —2

o= =G (V) A
This chapter is centered around understanding the functions f; p from the point of view of
harmonic weak Maass forms. In particular, there is a natural differential operator

0
= 2y — 2.4
Ene 1= 20" (2.4)
which sends harmonic weak Maass forms of weight s to weakly holomorphic modular forms,
i.e., those meromorphic modular forms all of whose poles lie at the cusps, of weight 2 — &.

2.3 Harmonic weak Maass forms

The study of harmonic weak Maass forms has grown in interest in the past few years due to
the connections to Ramanujan’s mock theta functions. These are certain functions, defined by
Ramanujan in his last letter to Hardy, which Ramanujan claimed “entered into mathematics
as beautifully as the ordinary theta functions” but were not themselves theta functions.
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However, he did not give a thorough definition of these objects and only gave some defining
characteristics of 17 such functions. Their role within the field of modular and automorphic
forms remained a mystery until it was shown by Zwegers [41] and Bringmann and Ono [6]
that the mock theta functions are the ”holomorphic parts” of harmonic weak Maass forms.

The theory of harmonic weak Maass forms was developed by Bruinier and Funke [7],
laying the framework to understand these functions and their connections with classical
modular forms. One first defines the weight x hyperbolic Laplacian

0? 0? , o .0
AN = —y2 (@ -+ 8_242) + 1RY (% + Za—y> = —52,,{ o fn.

A harmonic weak Maass form of weight x for I' is a real analytic function F : H — C
satisfying the following properties.

1. Floy (1) = F (1) for every v € T,
2. A, (F) =0,

3. F has at most linear exponential growth at ico.

Each harmonic weak Maass form F naturally splits into a holomorphic part and a
non-holomorphic part. Consider the special case that &, (F) is a cusp form f. The non-
holomorphic Fichler integral of f is defined by

o 100 fc (Z)
(1) = (27)" ! 2 2.9
Fe= e [T 25)
where f¢(7) := f(—7) is the cusp form whose Fourier coefficients are the conjugates of the

coefficients of f. Then the non-holomorphic part of F is defined to be f* and the holomorphic
part F — f* indeed turns out to be holomorphic on H.

The aforementioned connection between Ramanujan’s mock theta functions is then formed
by showing that there exists F for which the holomorphic part equals the mock theta func-
tion. In these cases, the harmonic weak Maass forms satisfy weight % modularity and the
image under the &-operator is a weight % unary theta function.

When the weight k = 2 — 2k is an even (negative) integer, there is also another natu-
ral differential map from the space of harmonic weak Maass forms to the space of weakly
holomorphic modular forms given by D?*~!, where

10
This complements the operator £ _o; in the sense that when & sends a harmonic weak Maass
form to a cusp form, D?*~! sends the form to the space of weakly holomorphic modular
forms which are orthogonal to cusp forms.

Bruinier and Funke [7] proved that the map & is surjective, but the kernel is given by
weakly holomorphic modular forms. Hence, it is unclear how to find a canonical preimage.
Investigating this question and its implications to the Shimura lift led to the discovery of
locally harmonic Maass forms by Bringmann, Kohnen, and the author [4].

(2.6)
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2.4 Local Maass forms and the Shimura lift

In this section, we consider the question of finding a natural preimage of fi p under &s_o.
By natural, we mean that we would like the function to essentially be defined in the same
way as frp. Hence, the function should be defined in terms of binary quadratic forms, it
should satisfy weight 2 — 2k modularlity, and should be annihilated by As_gx. It turns out
that one may obtain such a natural preimage if the last condition in further relaxed. This
yields a new modular object which we call a local Maass form. For k € 2Z, A € C, and a
measure zero set E, we call a function F a weight « local Maass form with eigenvalue A and
exceptional set E' if F satisfies the following:

1. For every 7 € SLy(Z), one has F|,y = F

2. For every 7 ¢ E there exists a neighborhood around 7 for which F is real analytic and

3. For 7 € F one has

F(7) :1 lim (F (7 +ir)+ F (1 —1ir)).

2 r—o0+

4. The function F exhibits at most polynomial growth as v — oo.

In the special case that the eigenvalue \ is zero, we call the function a locally harmonic
Maass form. In order to find a preimage of fi p under &_o, Bringmann, Kohnen, and the
author [4] then defined

1 D)1 3 sgn 2, 1) D—yZ
Fiowp (2) = T390) (47 D) Qg,:, gn (Q.)Q(2,1)" ¢ (!Q(Z,l)lz ) :

where

V() = (k -3 %)
is a special case of the incomplete S-function defined for r, s € C by
B(v; s, 1) = /U w1 —u)"du.
0
We define the exceptional set
Ep:={r=a+iycH:3a,b,c€Z, V> —4dac=D, a|r|*+br+c=0}.

Bringmann, Kohnen, and the author [4] then proved the following theorem.
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Theorem 2.1. Suppose that k > 1 is even and D > 0 is a non-square discriminant. Then
the function Fi_y p ts a weight 2 — 2k locally harmonic Maass form with exceptional set Ep
for SLy(Z). Moreover, for z ¢ Ep

o2k (Fi-k,p) (2) = 5 (47D)7% fin(2).
D (Fin) (9) = o (5D) - fuo(e).

Remark. In light of the complementary nature of éo_o1, and D*~1 described after definition
(2.6), it is somewhat surprising that the image under both & o, and D?**~' are both cusp
forms. Moreover, it is worth noting that although Fi_j p is not itself real analytic, its image
under each of these differential operators may be (complex) analytically continued.

Understanding the image of F;_j p under both of these differential operators allows one
to obtain a Fourier-type expansion for F;_j p. In addition to the non-holomorphic Eichler
integral defined in (2.5), we require the holomorphic Eichler integral of a weight 2k cusp

form f=73""" a,q" given by

oo

Er(r) =) n;:_ﬂ"- (2.7)

n=1

Using the (known) fact that f* is a preimage of f under &_o; and & is a preimage under
D=1 together with the fact that f* is annihilatd by D**~! and &; is annihilated by & o,
Bringmann, Kohnen, and the author [4] obtained the following expansion.

Theorem 2.2. Suppose that k > 1, D > 0 is a non-square discriminant, and C is one of
the connected components of H\ Ep. Then there exists a polynomial Pe of degree at most
2k — 2 such that for all T € C,

92k~3 ko sk (2% —2)!
(4rD)*"2 frp (1) — (4mD)* "2 2a (2P fip

Theorem 2.2 was then used to reprove a theorem of Kohnen and Zagier [29] showing that
the periods of fi p are rational.

Bruinier suggested to consider the relationship between locally harmonic Maass forms
and theta lifts, which in the case that k = 1 was independently studied by his student Hovel
[17].

oo
IME

Fiokp (1) =P (1) + (7).

2.5 Local Maass forms and theta lifts

In addition to the theta function ©, Bringmann, Viazovska, and the author [5] used the

theta function
_47r|Q(z2,1)|2v

0*(z,7) := " E Q.Q(z,1)" e e 2mibT (2.8)
Dez
QEQp
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to find a theta kernel for the functions F;_j p and refound the relation between these func-
tions and f; p under &_o; via relations with the corresponding theta kernels. In particular,
Fi_k,p was realized as the theta lift of a harmonic weak Maass form. Due to the theory built
around theta lifts, this also allowed us to define a more general function which is a local
Maass form with eigenvalue 4\, under Ay o for s € C, where

ko1 ko1
S L I T
As (8 2 4)( Ty 4)

is the eigenvalue of a corresponding half-integral weight weak Maass form under the theta
lift. Here there are some technical restrictions on the allowable eigenvalues. To describe the
full result, we next define a generalization of f; p given by

foon(z) = 3 Q1) *e, (D—y) (2.9

QeQp KQ<Z71”2

of fr.p. Here, for 0 < w < 1 and Re(s) > g + %, using the usual o F7 notation for Gauss’s
hypergeometric function, we define
r S-+-E-— 1 l)§+i E_1

@s@ﬂ)3:: ( 2 4)k_1

6I(2s) (4m)2" 14

g
[
|
|
iN|
o
M
/N

IS SR S
S B 4,5 B 4, S;w ),

which is easily seen to be a constant when s = % + }L. Moreover, the functions Fi_j p
generalizes to
k—1, * Dy2
Fl—k,s,D (Z) = Z sgn (Qz) Q(Z, 1) Py m , (210)

Q€9p
where, for 0 < w <1 and s € C with Re(s) > % — %, we define

E_3 4 ko1 k3
w?2 Z+2Fl (3—5—1-1,8-1-5—1;28;10).

k
2

D(s+4 -3 @nD)i-
124/7T(2s)

Due to growth at oo, the naive definition of the theta lift of a harmonic weak Maass

form against ©* would diverge. Hence, we require a regularized Petersson inner product

which was first introduced by Harvey—Moore [16] and Borcherds [2]. In particular, under
this regularization, for a weak Maass form H with eigenvalue A\; one may define the theta

lift

Py (w) =

Ol (H)(2) := (H, 0" (=2,))™.
Then the image of the weight 3 — k Maass-Poincaré series (see [15]) Ps_ p in Kohnen’s

plus space for I'g(4) under the theta lift is precisely Fi_; p. More generally, extending the
definition of ®;, to

Op(H)(2) = (f,0(z,))"*

one obtains the following two theorems.
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Theorem 2.3. Suppose that s € C satisfies Re(s) > g —1—% and D > 0 is a discriminant.
Then the following hold.

1. The function fisp 15 a local Maass form of weight 2k and eigenvalue 4)\s under Ay,
with exceptional set Ep. Moreover,

f - 22k73
katol T 32k — 1)

,Mw
w\w

(47D)*"2 fi,p, (2.11)

which is a cusp form.

2. The theta lift &) maps weight k + weak Maass forms with eigenvalue \s under Ak+
to weight 2k local Maass forms wzth eigenvalue 4\, under Agy. In particular, the zmage
of the D-th Poincaré series under the theta lift ®; equals

Cbk <P]€+%7S7D) = fk,s,D-

The corresponding theorem in negative weight is given below.

Theorem 2.4. Suppose that k is even, D > 0 is a discriminant, and s € C satisfies
Re(s) > & — 3. Then the following hold.

1. The function Fi_ks.p 15 a local Maass form of weight 2 — 2k with eigenvalue 4\ under
As_op and exceptional set Ep.

2. The theta lift ®;_, maps wezght —k weak Maass forms with eigenvalue \g under As —k
to weight 2 — 2k: local Maass forms with eigenvalue 4\; under Ao_op. In particular, the
image of Ps_ysp under the theta lift is

Iy, <Pg—k,s,p> = Fl—ks,D- (2.12)

As with fr p and Fi_j p, the functions f,sp and Fi_jsp are related through the &-
operator.

Theorem 2.5. Suppose that k > 0 is an even integer, D is a positive discriminant, and
s € C satisfies Re(s) > £ + 1.

1. For every z ¢ Ep, we have that
62,2]@ (f1,k7s’D(Z>> =2 (3 - =+ —) fkg,D(Z). (2.13)
2. For z ¢ Ep, we have that

fgk (fk,s,D(Z)) 2 (S —_ = — Z) fl—k,g,D(»Z)‘ (214)
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The relation between these functions yields the following commutative diagram:

Pk
Pg—k,s,D Jrl—k,s,D
E%_k §2—2k
— 3 k 20y, - 3 k
(5=1+3%) Piriso 2(5-1+5) fusp
£k+% Eok
49%
_)\spgfk,s,D _4)\5‘717]6,8713

In the special case that s = % + }1 (see Corollary 9 of [28] for the constant multiple of .#}),
the diagram becomes the following:

é*
1—k
ngk,D -Flfk,D
§3—k: 62—21@
1 20, 92k—3 %_g
(k 2) Pk+%,D 31—k o 5— (47D) Jr.p

The same diagram was obtained by Hovel [17] in the case that k = 1.
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ABSTRACT. We investigate here the representability of integers as sums of tri-
angular numbers, where the n-th triangular number is given by T, =
n(n+1)/2. In particular, we show that f(z1,x2,...,25) = b1T% +- - -+ b Ty,
for fixed positive integers b1, b2, . .., bi, represents every nonnegative integer if
and only if it represents 1, 2, 4, 5, and 8. Moreover, if ‘cross-terms’ are allowed
in f, we show that no finite set of positive integers can play an analogous role,
in turn showing that there is no overarching finiteness theorem which gener-
alizes the statement from positive definite quadratic forms to totally positive
quadratic polynomials.

1. INTRODUCTION

In 1638 Fermat claimed that every number is a sum of at most three triangular

numbers, four square numbers, and in general k£ polygonal numbers of order k. The
2

n-th polygonal number of order k is w

is Ty, := %, where we include Ty = 0 for simplicity. The claim for four squares

was shown by Lagrange.

, so the n-th triangular number

Theorem (Lagrange, 1770). Every positive integer is the sum of four squares.

Gauss wrote “Eureka, A + A + A =n” in his mathematical diary on July 10,
1796.

Theorem (Gauss, 1796). Every positive integer is the sum of three triangular
numbers.

The first proof of the full assertion of Fermat was given by Cauchy in 1813 [3];
cf. [12].

For a more complete history of related questions about sums of figurate numbers
and some new results, see Duke’s survey paper [8].

The current paper concerns questions of representability of integers by quadratic
polynomials. If f = f(z) = f(x1,x2,...,x) is a rational polynomial in k variables,
it represents the integer n if there exist integers n; such that n = f(n1,na,...,ng),
and it oddly represents the integer n if there exist odd integers n; such that
f(ni,ne,...,ng) = n. If f represents every element of a set Z of integers, it is
said to represent Z.
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2 WIEB BOSMA AND BEN KANE

If we let S = S, be the square polynomial 2, and let T = T, denote the
triangular polynomial (2% + )/2, the theorems of Lagrange and Gauss state that
the positive integers are represented by Sy, + Sy + S, + S, and by T, + T, +T,.

In 1917, Ramanujan extended the question about four squares to ask for which
choices of quadruples b = (by, bz, b3, bs) of integers the form by Sy, +b25,+b3.S,+b45.
represents every positive integer; we shall refer to these as universal diagonal forms.
He gave a list of 55 choices of b which he claimed to be the complete list of universal
quarternary diagonal forms; 54 of them turned out to be universal, and this list is
complete, as proven by Dickson [7].

Recently, Conway and Schneeberger proved in unpublished work a nice classifi-
cation for universal positive definite quadratic forms whose corresponding matrices
have integer entries. This answers the question of representability by positive defi-
nite homogeneous quadratic polynomials with even off-diagonal coefficients.

Theorem (Conway-Schneeberger). A positive definite quadratic form Q(x)=xz'Ax,
where A is a positive symmetric matriz with integer coefficients, represents every
positive integer if and only if it represents the integers 1,2,3,5,6,7,10,14, and 15.

Bhargava gave a simpler proof of the Conway-Schneeberger 15-Theorem in [1]
and showed more generally that representability of any Z by such a form can always
be checked on a finite subset ). In addition, he exhibited ) for Z consisting of all
odd integers and for Z consisting of all primes.

More recently, Bhargava and Hanke [2] have shown the 290-Theorem, providing
the necessary set (the largest element of which is 290) for universal forms when the
corresponding matrix is half integral, that is, for totally positive integer quadratic
forms.

In 1863, Liouville [11] proved the following generalization of Gauss’s theorem,
similar to Ramanujan’s generalization of Lagrange’s Four Squares Theorem.

Theorem (Liouville). Let a,b,c be positive integers with a < b < c¢. Then every
positive integer is represented by aTy + 0Ty + cT% if and only if (a,b, c) is one of the
following:

(1,1,1), (1,1,2), (1,1,4), (1,1,5), (1,2,2), (1,2,3), (1,2,4).

We will first prove a finiteness theorem similar to the results of the Conway-
Schneeberger 15-Theorem or the Bhargava-Hanke 290-Theorem for sums of trian-
gular numbers.

Theorem 1.1. If by,...,bx is a sequence of positive integers, then Zle biTy,
represents every nonnegative integer if and only if it represents 1, 2, 4, 5, and 8.

Since 8T, = (2z+1)2—1, clearly Y>F | b,T,,, = nif and only if 325 b;(2n;+1)% =
8n + Zle b;. Hence there is a close correspondence between representability by
triangular polynomials and odd representability by diagonal quadratic forms.

Corollary 1.2. If by,...,b, is a sequence of positive integers with sum B, then
Zle biz? oddly represents every integer of the form 8n+ B with n > 0 if and only
if it oddly represents 8 + B, 16 + B, 32+ B, 40 + B, and 64 + B.

It is not so difficult to establish Theorem 1.1 with the escalator techniques of
Bhargava (and Liouville). We will prove a stronger statement in Section 2: if the
integers 1,2, 4,5, and 8 are represented by the triangular form, then n is represented
very many times unless n + 1 has high 3-divisibility.
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THE TRIANGULAR THEOREM OF EIGHT 3

We now turn to more general quadratic polynomials. Let f be a quadratic
polynomial in Q[z1,a,...,2x]; then f is a normalized totally positive quadratic
polynomial if the image of Z* under f consists of nonnegative integers, while f(z) =
0 for some xz € Z*. Note that clearly S, = 2?2 is normalized totally positive, as
is Tp: Ty = 0,7y = 1, T, = 3 are the first of the increasing sequence of triangular
numbers, and T_,, = T,,_1 for positive m.

It turns out that no finiteness theorem will hold in general for normalized totally
positive quadratic polynomials, and moreover that checking no proper subset will
suffice.

Proposition 1.3. Let Z be a subset of the positive integers. For every proper
subset Y C Z there exists a normalized totally positive quadratic polynomial that
represents ) but does not represent Z.

Proposition 1.3 will follow directly from the corresponding result for triangular
sums with cross terms. This class corresponds to integral quadratic forms with
even off-diagonal terms, just as the ordinary triangular sums correspond to diagonal
quadratic forms. We refer to Section 3 for a precise definition of this subclass of
quadratic polynomials.

In Section 4 we construct a ‘norm’ m on this class that restores finite repre-
sentability.

Theorem 1.4. Fix an integer m and a subset Z of the positive integers. Then there
is a finite subset V,, C Z, depending only on m and Z, such that every triangular
sum t with cross terms satisfying m(t) < m represents Z if and only if it represents
Y.

Moreover, for Z equal to the positive integers, we find that max Y, > m?.

It may be of interest to investigate the growth of max ), ; see Remark 4.3.

2. THEOREM OF EIGHT

For background information on quadratic forms and genus theory, a good source
is [9]. We prove Theorem 2.1, by using a standard argument to show that the theo-
rem is equivalent to a statement about (diagonal) quadratic forms, and then prove
the corresponding result for quadratic forms. We will only need some elementary
results about quadratic forms and a theorem of Siegel to show the desired result.
Theorem 1.1 and Corollary 1.2 follow immediately.

We will first introduce some useful notation and definitions. We abbreviate
t(z) = t(z1, 22, ..., 2x) = > b;Ty,, and call it a triangular sum. For a vector b of
length k we define the generating function

F(q) = Fy(q) = D> q"“ = si(n)g",
n=0

TELF

where sp(n) is the number of solutions to ¢(z) = n. We will omit the subscript of
sp(n) when it is clear from the context. We will furthermore use r(n) to denote
the number of representations of n by the corresponding (diagonal) quadratic form
Y b;x? and r,(n) to denote the number of those representations with all x; odd.
For ease of notation, we will denote the triangular sum corresponding to b with
[b1,b2, ..., bx] and the corresponding quadratic form by (b1, ..., b).
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4 WIEB BOSMA AND BEN KANE

The Hurwitz class number for the imaginary quadratic order of discriminant D <
0 will play an important role in our analysis below. We recall the definition here.
For a negative discriminant D, the Hurwitz class number H(D) is the weighted
number of equivalence classes of, not necessarily primitive, positive definite binary
quadratic forms of discriminant D, where the weights are 1 except for classes of
forms equivalent to a multiple of (x2 + y2), which are counted with weight %, and
for classes of forms equivalent to a multiple of (gc2 +xy + y2), which are counted
with weight % Every quadratic form of discriminant D is a multiple of a primitive
form of discriminant D’ = D/f?, and the weights are reciprocal to w(D’)/2, half
the number of units in the unique order of discriminant D’, or, accordingly, to half
the number of representations of the integer 1 by the primitive form. The usual
class numbers h(D) are hence related to the Hurwitz class number by

h(#)
f2
f2|p 3% (j_2)
For an integer n, we will set a,, := h)”g:"a(?—nt_ll)), so that 3vs("+1) = (n 4+ 1) gives the

3-part of n + 1 as a power of n + 1.

Theorem 2.1. Fore > 0, there is an absolute constant c. such that if the triangular
sum t(x) represents 1,2,4,5, and 8, then t(x) represents every nonnegative integer
n at least min{cen%_e, 16n'=} times. In particular, if n is sufficiently large and
an < %, then t(x) represents n at least cenz ¢ times.

Proof. We proceed with escalator lattices as in [1]. Without loss of generality we
have by < by < --- < bg. Fixing b = [by,...,bk_1], we will escalate to [by, ..., bg]
by making all possible choices of by > by_; for which it is possible to represent
the next largest integer not already represented. We will then develop an escalator
tree by forming an edge between b and [by, ..., bg], with 0 as the root. If Y~ 0,7,
represents every integer, then b will be a leaf of our tree.

Since s(1) > 0, it follows that by = 1. We need s(2) > 0, so by = 1 or by = 2.
If by = 1, then we need s(5) > 0, so 1 < bs < 5. For bs = 3, we need s(8) > 0, so
3 < by < 8. Likewise, if by = 2, then 2 < b3 < 4. Therefore, if s(n) > 0 for every
n, then we must have one of the above choices of b; as a sublattice. By showing
that each of these choices of b; satisfies s(n) > 0 for every n, we will see that this
condition is both necessary and sufficient.

All of the cases other than [1,1,3, k] with 3 < k < 8 are covered by Liouville’s
Theorem. However, to obtain the more precise version given in Theorem 2.1, we
will use quadratic form genus theory.

One sees easily that

k . k ) ) 2
qzizl bi F(qs) = Zq im1 bi(27i+1) ,
xT

so that s(n) = 7o (8n—2f:1bi>. For the forms b = [1,1,1], [1,1,4], [1,1,5],
[1,2,2], and [1,2, 4], congruence conditions modulo 8 imply that

" (Sn . zb> - (gn . zb) |
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THE TRIANGULAR THEOREM OF EIGHT 5

Moreover, for each of these choices of b, (by,be,b3) is a genus 1 quadratic form.
Therefore, extending the classification of Jones [9, Theorem 86] to primitive rep-
resentations when the integer is not squarefree, sy 1)(n) = 24H(—(8n + 3)),
sp,a)(n) = 4H(=4(8n + 6)), spo2(n) = 4H(—=4(8n + 5)), and spo4(n) =
2H(—8(8n+T)).

For [1,1,5] we must be slightly more careful since 5 divides the discriminant.
We will explain in some detail how to deal with this complication and then will
henceforth ignore this difficulty when it arises. For 5 ¢ 8n + 7 we have sp; 1 51(n) =
4H(—5(8n + 7)). Hence the only difficulty occurs with high divisibility by 5. For
p # 5 the local densities are equal to those for bounded divisibility. Thus, en-
tirely analogously to the result of Jones we have sp 1 5(n) = ¢, H(=5(8n + 7))
for some constant ¢, > 0 which only depends 5-adically on 8n + 7. We calculate
the cases v5(8n + 7) < 3 by hand. Denote 5-primitive representations of m (i.e.,
5 1 ged(w,y, 2)) by r*(m). Checking locally, for 52 | m := 8n + 7, we will obtain

T:(%ig) = h(ff(zg%gf)m) and then summing to

get r(m) > 4H(—5m). But, since 5 | m, we have % = 5 by the class
number formula (see [5, Corollary 7.28, page 148]) so that this is a quick local check
at the prime 5.

Our proofs for [1,1,2], [1,2,3], and [1,1,3] will be essentially identical. For
[1,1,2], we note that if 22 + y? + 222 = 8n + 4 has a solution with z,y, and z not
all odd, then taking each side modulo 8 leads us to the conclusion that x, y, and z
must all be even. Therefore, the solutions without z, y, and z odd correspond to
solutions of

the result inductively by showing

4a% + 4y? + 822 =8n+4, thatis, of 22+ +222=2n+1.
Using Siegel’s theorem to compare the local density at 2, we see that the average
of the number of representations over the genus is three times as large for 8n + 4 as
2n+1. However, (1, 1,2) is again a genus 1 quadratic form, so 7(8n+4) = 3r(2n+1),
and hence s[11 9(n) = 75(8n +4) = r(8n+4) —7(2n + 1) = 2r(2n + 1). Thus by
Theorem 86 of Jones [9] we have s{; 1 9)(n) = 8H(—8(2n +1)). Similar arguments
show that

s11,2,3 (1) = 76, (1,2,3) (81 4 6) = 7(1,2,3)(8n + 6) — 7(4,2,12)(8n + 6)
= T(11213)(8TL =+ 6) — 7’(112,6)(4TL + 3) = 2T(1,216)(4TL + 3)
Similar to the case [1, 1,5], we have s 2.3(n) > 2H(—12(4n + 3)).
For [1,1, 3] we see analogously that
s(1,1,31(n) = 70,01,1,3)(8n+5) =r(1,1,3)(8n +5) = 7(1,1,12)(8n +5) = r(1,1,12)(8n +5),

and again (1,1,12) is genus 1. We conclude in the case 3 1 (8n + 5) that we have
s11,1,3/(n) = 4H(=3(8n + 5)), and we may henceforth assume that 3 [ 8n +5 (i.e.
n = 2 (mod 3)). Local conditions imply that 327%1(3¢ + 2) is not represented by
(1,1, 3), so we have escalated to [1, 1,3, k] for k such that 3 < k < 8. For 31k, by
choosing x4 = 1 we have sp13,1)(n) > 4H(=3(8(n — k) 4 5)) since 3 1 8(n — k) +5.
For k = 3 we have

511,1,3,3/ (1) = 7(1,1,3,3)(8(n + 1)) +7(4,4,12,12)(8(n 4 1)) = 2r(1,33.4)(8(n 4 1)).

Denoting the usual d-th degeneracy V-operator by V(d) and the usual U-operator
by U(d) (cf. p. 28 of [13]), one may write the difference of the #-series Y, r(8n)q"
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6 WIEB BOSMA AND BEN KANE

for these quadratic forms as

0(1,1,3,3) U (8) + 011,33V (4)|U(8) —26(1.3,34|U(8).

It is easy to conclude that the generating function ¢F'(2) = »7 51,133 (n)gn*1,
with ¢ = €%, is a weight 2 modular form of level 48. Using Sturm’s bound [15] and

checking the first 16 coefficients reveals that ¢F'(z) = 16 27((2;))4:(%6;))4 . The coefficients

are multiplicative, so that if we have the factorization n + 1 = 2¢3f Hp>3pep, then

S[1,1,3,3)(n) = 2e+4 H

p>3

Finally, for £ = 6 we check n < 10 by hand and then note that

8[1)376] (n) = 7"(173)6)(8” + 10) — 7"(273)6) (4n + 5),

while both (1,3,6) and (2,3,6) are genus 1. Hence for n # 2 (mod 3) we have
s11,3,6)(n) > 2H (—4(4n+5)). We then take the remaining variable 24 = 1 to obtain
forn =2 (mod 3) that spy,1,3,6/(n) > 2H(—4(4(n—1)45)), since n—1 # 2 (mod 3).
Having seen that each of our choices of b is indeed a leaf to the tree, we conclude
that representing the integers 1, 2,4, 5, and 8 suffices. [

n+1

ep,+1 1
v > 16 — 16(n + 1)1,

p—1 = 3/

Remark 2.2. The constant ¢, in Theorem 2.1 is ineffective because it relies on
Siegel’s lower bound for the class number, but the bound of cm%_6 may be replaced
with the minimum of finitely many choices of a constant times a Hurwitz class
number of a certain imaginary quadratic order whose discriminant is linear in n.

We have the following example. In this example, instead of considering s;(n),
we normalize the number of representations by

sp(n
shm) 1= 20,
where k is the length of the sequence b. This normalization is made so that
T,, =T_,,_1 appears exactly once and in particular implies that 0 is represented
precisely once. Using this normalization and the explicit bound in terms of the
Hurwitz class number, we obtain for instance that if 1,2,4,5, and 8 are repre-
sented, then the integer 195727301431 is represented at least 270390 times and the
integer 48291403767737750 is necessarily represented at least 90542761 times (here
a, =~ 0.364), while the integer 50031545098999706 = 335 — 1 is only necessarily
represented once. All of the bounds listed in these examples are sharp (i.e., there
exists a triangular sum representing 1, 2,4, 5, and 8 which represents 195727301431
precisely 270390 times).

3. CROSS TERMS

Every quadratic polynomial f in k variables (over Q) can be written uniquely as
f(z) = Q(z) + A(x) + C, where Q(x) is a quadratic form in k variables, A(x) is a
linear form, and C is a constant. We will only consider quadratic polynomials such
that f(z) € Z for every x € Z*. The quadratic form Q(z) is positive definite if and
only if f(z) is bounded from below. As in the introduction, f(z1,xo,...,2) is a
normalized totally positive quadratic polynomial if f is quadratic, and the image
of Z* is contained in the nonnegative integers while it contains 0. Clearly, for every
positive definite quadratic form @Q(z) and linear form A(x) there is a unique C' € Z
such that f(x) = Q(z) + A(x) + C is normalized totally positive.
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THE TRIANGULAR THEOREM OF EIGHT 7

As noted before, 8T, = (2z +1)> —1 = X2 — 1 if we put X = 2z + 1. The
polynomial X? — 1 is normalized totally positive on the odd integers. With Y =
2y + 1, we find 8B,y = 4oy + 22 + 2y = XY — 1, where B, := %(2:103/ +x+4y)is
the polynomial in z,y satisfying B,, = T,. This way

8(aTy, + bT, + cByy) = aX* + bY? + XY — (a+ b+ c).

If C is the unique integer such that a7} + b7y + cByy + C is normalized totally
positive, then aX? +bY 2 +¢cXY + (8C —a—b— c) will be the corresponding shifted
quadratic form that is normalized totally positive on the odd integers.

In order to describe our construction, we will say for simplicity that two quadratic
polynomials f1 and fo are (arithmetically) equivalent if the number of solutions to
f1(x) = n equals the number of solutions to fo(x) = n for every integer n > 0.

We will consider a positive definite integral quadratic form (in k variables) for
which all cross terms in the matrix have even coefficients, so the cross terms of the
quadratic form are 0 mod 4. This restriction is natural if one keeps in mind that
we are interested in the integers oddly represented by forms.

If @ and @ are two equivalent quadratic forms such that the isomorphism pre-
serves the condition that X; is odd, then we shall refer to them as equivalently odd
and denote the equivalence class of such forms as [Q],.

For any positive definite quadratic form with cross terms divisible by four, we

write
Q=a X7+ +aX;+ > 46; X, X;.
i#]
We now define fo = fig), to be the unique normalized totally positive quadratic
polynomial

fQ = alel + -+ akka —+ Z4ClJBw11] =+ C.
i#]
We will refer to fq as a triangular sum with cross terms.

We will show that triangular sums with cross terms do not satisfy any finite-
ness theorem, and hence there is no overarching finiteness theorem for quadratic
polynomials, as stated in Proposition 1.3. To do so, for every positive integer n
we will construct a triangular sum with cross terms f,, which represents precisely
every nonnegative integer other than n.

The following notation will be used. If f and ¢ are polynomials in k£ and ¢
variables, we denote by f @ ¢ the sum of the two as a polynomial in k + ¢ variables
(so f and g are assumed to share no variables).

Theorem 3.1. Let Z be a subset of the positive integers. For every proper sub-
set Y ¢ Z there exists a triangular sum with cross terms representing Y but not
representing Z.

Proof. Let a proper subset Sy of a given subset S of the positive integers be given.
Choose a positive integer n € S\Sy. We will proceed by explicit construction of the
triangular sum with cross terms f,, which represents every integer other than n.
First note that if the smallest positive integer not represented by f is n, then,
since the sum of three triangular numbers represents every nonnegative integer, we
have that f @& (n+1)(T, ®T, ®T.) represents all m # n (mod n+1). But then we
can choose f, == fo (n+1)(T, ®T, ®T,) ®(2n+ 1)T,,. It is therefore equivalent
to construct f for which n is the smallest positive integer not represented by f.
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8 WIEB BOSMA AND BEN KANE

Consider the quadratic form
QWI(X,Y):= NX2+ NY?2 +4XY
and denote the corresponding triangular sum with cross terms by f(N); then
F N (2,y) = NTy + NT, + (2zy + = +y) + 1.

We first show that it is sufficient to determine that the generating function for f(V)
is

(3.1) 2+2q+O(gVN12).

Assuming equation (3.1), the generating function for g, := @, f () js

2" <1+ (T)q—i_ et <Z>qn> +O(gV12).

If we choose N > n + 13, then the first integer not represented by ¢ is n + 1.
Therefore, we can take f,, = g,—1; this also suffices for n = 1 (if we interpret the
empty direct sum go as 0).

We now show that the generating function satisfies (3.1). Note that f(\)(0, —1)=
fN)(=1,0) = 0, while f)(0,0) = fON)(=1,—-1) = 1. Now, without loss of gener-
ality, assume that |x| > |y| and = ¢ {0, —1}. Then,

22y + x +y| < 2[a|* + 2[z] = 4T},
so that
fN(x,y) > NT, — 4T}, + NT,.
When z < —2 it is easy to check that 4T|1| < 12T, so that
NT, — 4T, > (N = 12)T, > N — 12

and when x > 0,
NT, — 4T}y = (N = )T, > N — 4,
since T, > 1 for « ¢ {0, —1}. Since T, > 0, our assertion is verified. O

It is important here to note how the above counterexamples differ from the proof
when we only have diagonal terms, since this observation will lead us to the proof
of Theorem 1.4 when my is bounded.

Call a triangular sum with cross terms fo (and also any corresponding f;;) a
block if the corresponding quadratic form ) has an irreducible matrix. We will
build an escalator lattice by escalating (as a direct sum) by a block at each step.
In Section 2, the breadth each time we escalated was finite, so that the overall tree
was finite. In the above proof, however, there were infinitely many inequivalent
blocks which represent 1, so that the breadth is infinite. What was expressed in the
above proof was that the supremum of these depths went to infinity as we chose N
increasing in terms of n in the proof.

For

k
i=1 1<i<j<k
we will say that f has (cross term) configuration ¢ = (¢;;). Since the matrix of f
is irreducible and hence the corresponding adjacency matrix is connected, we can
assume throughout (by a change of variables) that for each j > 1 there exists i < j
with Cij 75 0.
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THE TRIANGULAR THEOREM OF EIGHT 9

4. BOUNDED NORM

We will now construct a natural norm on fg such that restricting this norm will
again give a finiteness result. Let a positive definite quadratic form with even cross
terms in the corresponding matrix,

k
(41) Q(l‘) = szl'? + Z4Cij$i$j,
i=1 i<j

be given. We define

k
fl@)=fole)=> bTo+ > cyQuatzita)+ > cyuu+zi+a;+1).

i=1 1<j,ci; >0 i<j,cij <0

Remark 4.1. Note that the constant c;; is added every time c¢;; < 0; this may
not seem canonical at first, but notice that if @’ is the equivalent quadratic form
obtained by replacing x; with —z1, then we find that this choice leads to fo = fo.

We next define

M= — min f(z ,
f wGZkf( )

which is added to obtain the unique (up to equivalence) normalized totally positive
quadratic polynomial fg = fo +m 7 corresponding to @) . Thus, we can define the
norm

My, i =M = min |m,—|.

fa (@ Q'eumo| 7ol

In a sense, this norm measures the distance between fy and the closest f& in
the equivalence class, where the distance is merely given by the absolute value of
the normalization factor required. If my is bounded, then we will again find that
checking a finite subset will suffice. We may now state the following more precise
version of Theorem 1.4.

Theorem 4.2. Fizx an integer m and a subset Z of the positive integers. Then there
is a finite subset YV, C Z depending only on m and Z such that every triangular
sum with cross terms f satisfying my < m represents Z if and only if it represents
Y.

Moreover, for Z equal to the positive integers, we find maxY,, > m?2.

Remark 4.3. It may be of interest to investigate the growth of max},, in terms
of m in the case where Z consists of all positive integers. The m = 0 case is
precisely Theorem 1.1. Following the bounds given in the proof of Theorem 1.4,
computational evidence suggests that Vi(Z~¢) equals

{1,2,3,4,5,6,8,9,10, 11, 12, 13,14, 16, 17, 19, 20, 23, 24, 25, 26, 29, 32, 33, 34, 35
38,41,46,47, 48,50, 53, 54, 58, 62, 63, 75, 86, 96, 101, 102, 113, 117, 129, 162, 195,
204, 233}

A proof of the above identity using the techniques of Bhargava and Hanke [2]
developed in the proof of the 290-Theorem may require a careful analysis of a
possible Siegel zero. To exhibit this difficulty, consider the sum g(z,y,2) = T, +
2T, + 6T,. In the construction of Y;(Z~) the computations imply that there are
infinitely many @ with my, =1 for which g & fq represents every positive integer.
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10 WIEB BOSMA AND BEN KANE

Hence we cannot merely check each case individually and must know information
about the integers represented by ¢ independently.

Although it seems that g represents all odd integers, a proof of this appears to
be beyond current techniques due to ineffective lower bounds for the class number
(see [10]). However, since a possible Siegel zero for L(x4,s) would give a lower
bound for the class number when d’ # d (both fundamental), one may be able to
show that g represents at least one of n or n — 1 for every positive integer n, which
would suffice for showing the above identity.

We will first give an overview of the proof; details can be found in the next
section.

Fix a positive integer m. As in the above remark, we will escalate with blocks.
We will first show that when m ¢ < m, the number of blocks that are not dimension
1 in any branch of the escalator tree is bounded and that there are only finitely
many choices for the configuration of each block. We will then proceed by defining
N(My, Ms, ..., My, c) to be the smallest integer not represented by the totally
positive quadratic polynomial corresponding to

k
i=1 i<j,ci;>0 i<j,ci; <0
Our claim is then equivalent to showing that in the escalator tree,
sup  N(My, Ms, ..., My,c)
My,...,Mj,c

is finite. To do so, we will effectively show that with the configurations of blocks of
dimension greater than one fixed, the supremum with M; sufficiently large is finite
and independent of the choice of M;, and then fix M; < m;, and again show that
the resulting supremum is independent of Ma, ..., M}, and so forth. Since there
are only finitely many such choices of ¢, the result comes from taking the maximum
of each of these suprema.

5. PROOF

To prove Theorem 4.2, and hence Theorem 1.4, we begin with a lemma that will
show that there are only finitely many choices of the cross term configuration.

Lemma 5.1. If my < m, then there are only finitely many choices of the cross
term configurations c;; of all blocks of dimension greater than one, up to equivalent
forms.

Proof. First note that m¢q, = my + mgy, so that we can only have at most m
blocks f with my > 0, while we will see that my > 0 unless f is one dimensional
(and hence the block is a constant times T,). It therefore suffices to show that each
block f of dimension greater than one has m; > 0 and those with the restriction
my < m have bounded dimension and bounded coefficients in the configuration.
Fix the configuration ¢ of a block fwith dimension & such that m F=my, namely
a minimal element. We will recursively show a particular choice of x; such that

f(w) < — max{max|e;|, k — 1},
2y

so that the max of the ¢;; is bounded by m, and the dimension is bounded by m+1.
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THE TRIANGULAR THEOREM OF EIGHT 11

First set x; = 0. Since fwis a block, we know at step j that there is some i < j
such that ¢;; # 0. Choose ¢ < j such that |¢;;| is maximal. If z; = 0, then we set
xj = —1if ¢;; > 0 and x; = 0 otherwise. If z; = —1, then we set x; = 0 if ¢;; > 0
and z; = —1 otherwise.

Since all of our choices of z; are 0 or —1 and T = T = 0, the integer represented
is independent of the diagonal terms M;. Now we note that for z;, z; € {0,—1} we
have 2z;x; +x; +x; = 0 if z; = x; and 2x;x; + x; + x; = —1 otherwise. Therefore,
if z; = x;, then from our definition of f, the cross term corresponding to ¢;; adds
0 if ¢;; > 0 and adds —|c;;| otherwise. If ; = 0 and x; = —1, then the cross term
adds —|c;;| if ¢;; > 0 and adds 0 otherwise. Therefore by our construction above,
we know that for |¢;;| maximal, we have added —|c;;| to our sum, and we never
add a positive integer, so the sum is at most —|¢;;|. Moreover, since the block is
connected, we have added at most —1 at each inductive step, so that the sum is at
most —(k — 1). O

For simplicity, in our escalator tree, we will “push” up all of the blocks to the
top of the tree which are not dimension 1. To do so, we will first build the tree
with all possible choices of blocks which are not dimension 1 and then escalate with
only dimension 1 blocks from each of the nodes of the tree, including the root (the
empty set). Thus, every possible form will show up in our representation. This tree
(without the blocks of dimension 1) is depth at most m in the number of blocks,
but is of infinite breadth. Henceforth, we can consider the configuration ¢ to be
fixed, and take the maximum over all choices of c.

We will now see that the subtree from each fixed node is of finite depth. Consider
the corresponding quadratic form . First note that the generating function for @
when all z; are odd is the generating function for @ minus the generating function
with some x; even, and the others arbitrary, which is simply the generating function
for another quadratic form without any restrictions, taking x; — 2x;. Thus, we
have the difference of #-series for finitely many quadratic forms, and hence the
Fourier expansion is a modular form. Now we simply note that any modular form
can be decomposed into an Eisenstein series and a cusp form (cf. [13]). Using
the bounds of Tartakowsky [16] and Deligne [6], as long as the Eisenstein series
is nonzero, the growth of the coefficients of the Eisenstein series can be shown to
grow more quickly than the coefficients of the cusp form whenever the dimension
is greater than or equal to 5, other than finitely many congruence classes for which
the coefficients of both the Eisenstein series and the cusp form are zero.

Therefore, as long as the Eisenstein series is nonzero, there are only finitely many
congruence classes and finitely many “sporadic” integers which are not represented
by the quadratic form. Thus, after dimension 5, there are only finitely many con-
gruence classes and finitely many sporadic integers not represented by the form f.
If at any step of the escalation, any of the integers in these congruence classes is
represented, then we have fewer congruence classes, and only finitely many more
sporadic integers which are not represented, so that the resulting depth is bounded.
For the dimension 1 blocks, it is clear that the breadth of each escalation is finite, so
there are only finitely many escalators coming from this node. Therefore, it suffices
to show that the Eisenstein series is nonzero.

Again using Siegel’s theorem [14], the coefficients of the Eisenstein series are
simply a linear combination of the values given by the local densities of the quadratic
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12 WIEB BOSMA AND BEN KANE

forms from the above linear combination of #-series. At every prime other than p =
2, the local densities of the quadratic forms, of which we are taking the difference of
f-series, are equal, so we only need to show that the difference of the local densities
at p = 2 is positive. However, the difference of the number of local representations
at a fixed 2-power must be positive, since the integer is locally represented with x;
odd, except possibly for finitely many congruence classes if a high 2-power divides
the discriminant. _

Therefore, we can define N (Mj, ..., My, c) to be the maximum of N(Mj,...,
My, My, ..., M, ¢), where M., to M, are the dimension 1 blocks coming from
the (finite) subtree of this node. We will show that N(Ml, ..., My, ¢) is independent
of the choice of M; whenever M; is sufficiently large by showing that the resulting
subtrees are identical. We need the following lemma to obtain this goal. We will
need some notation before we proceed.

For a set T, define ¢7 := Y ¢', a formal power series in ¢. For fixed sets
teT
S, T C N, we will say that a form f(z) := > b;T,, represents S/T if for every s € S

the coefficient of ¢* in ¢Tg(q) is positive, where g(q) is the generating function for
f(z) given by g(q) := Y owezk g’ @,

Lemma 5.2. Let a (diagonal) triangular form f be given. Fixz S, Ty, To C N and
M € N such that min,ep, > M. Define T := Ty UTy. Then there exists a
bound M, s and a finite subset So C S, depending only on T and S such that if
M > My, s, then f represents S/T if and only if f represents Sy/T;.

Proof. We will escalate as in [1] with a slight deviation. At each escalation node,
there is a least element s € S such that S/T3 is not represented by the form f
corresponding to this node. As in [1], we shall refer to s as the truant of f. To
represent {s}/T7, we must have some t; € 17 such that s — ¢; is represented by
f+UT,. Therefore, for each t; < s we escalate with finitely many choices of b, and
there are only finitely many choices of ¢;. Thus, the breadth at each escalation is
finite, and our argument above using modular forms shows that the depth is also
finite, so there are only finitely many choices of s € S which are truants in the
escalation tree. Take Sy to be the set of truants in the escalation tree and define
Mp, s := maxs € Syps + 1. The argument above shows that representing S/T} is
equivalent to representing Sp/77. When following the above process with T instead
of Ty whenever M > My, g, we will have the same subtree and the same truants at
each step, so that representing S/T is equivalent to representing S/T7, and hence
representing S/T is equivalent to representing Sy /7. O

Remark 5.3. Tt is of interest to note that if we replace “(diagonal) triangular form”
with “quadratic form” (without the odd condition), the proof follows verbatim,
since the breadth is also finite, so that this can be considered a generalization of
Bhargava’s result that there is always a finite subset Sy of .S such that the quadratic
form represents S if and only if it represents Sy, since this is obtained by taking
T, =T = {0}.

Now consider X; := {z : z; arbitrary for i < j, x; € {0,—1} otherwise} and
define Tt j == {f(z) :x € X;} and T ; := {f(2) : « ¢ X;}. We will use Lemma 5.2
with Ty = Ty ; and 15 = T ; for each 0 < j < k. To use the lemma cffectively, we
will show the following lemma.
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THE TRIANGULAR THEOREM OF EIGHT 13

Lemma 5.4. There exist bounds M)((ZJ) depending only on My, ..., M;,c such that if

M; > M)(;J) for every i > j, then the smallest element of T5 ; is greater than Mr, v,
where M, n is as defined in Lemma 5.2.

()) = M, ,~ +

6> |ci;|. Noting that for |z;| < |z;| we have |2 (z; — %) x;| < 22, we get the
J

Proof. We will proceed by induction. For j = 0, we will take M )(;

inequality
¢ij(2zizj + mi + x5) = —|ei| (21|, + 2T))-
The case j = 0 then follows from the fact that for 2; ¢ {0, —1} we have T},,| < 3T,.
We now continue by induction on j. For the corresponding quadratic form, we

note that plugging in 1 = _232>71\;1161m gives the minimal value over the reals. The

quadratic form @’ obtained by specializing this value of 21 has rational coefficients

with denominator dividing 2M;. We therefore can consider @ := 4M; - Q’', which
is a quadratic form of the desired type. Thus, we can use the inductive step for (2
But this gives a bound which minimizes @, and hence @', but an arbitrary choice
of z1 must give a value greater than or equal to this, so the result follows. U

Now, by our choice of X, T ; is independent of M; for ¢ > j, since T,, = 0.
Thus, fix ¢ and take M; > M )((13 Then the corresponding subtrees are independent

of the choice of M;, so that sup N(Ml, ..., My, ¢) is the unique largest truant in

the subtree (effectively we may replace M; = oo0). We may now fix M; < M §<lo)’

since there are only finitely many such choices. With this M; fixed, we define T ;
as above, and again find bounds for the other M;. Continuing recursively gives the
desired result, since we know that k < m, so there are only finitely many suprema
that we take.

To show that maxY,,(Zsq) > m?2, we consider again the construction of our

counterexamples. Consider f(x,y) == @i, f™) @ T,. Since T, =3/ _ n, for N

sufficiently large the smallest integer not represented by f is clearly Tj,, 41 —1 > m?2.

ACKNOWLEDGEMENTS

The authors would like to thank W.K. Chan for helpful comments, as well as
the anonymous referee for a detailed and helpful report.

REFERENCES

[1] M. Bhargava, On the Conway-Schneeberger fifteen theorem, Quadratic forms and their appli-
cations (Dublin, 1999), Contemp. Math. 272, Amer. Math. Soc., 2000, 27-37. MR1803359
(2001m:11050)

[2] M. Bhargava, J. Hanke, Universal quadratic forms and the 290-Theorem, Invent. Math., to
appear.

[3] A. Cauchy, Démonstration du théoréme général de Fermat sur les nombres polygones, Mém.
Sci. Math. Phys. Inst. France 14 (1813-1815), 177-220; Oeuvres complétes VI (1905),
320-353.

[4] J.H. Conway, Universal quadratic forms and the fifteen theorem, Contemp. Math. 272, Amer.
Math. Soc., 2000, 23-26. MR1803358 (2001m:11049)

[5] D. Cox, Primes of the form x? + ny?, New York: Wiley, 1989. MR1028322 (90m:11016)

[6] P. Deligne, La Congecture de Weil I, Inst. Hautes Etudes Sci. Publ. Math. 43 (1974), 273-307.
MR0340258 (49:5013)

[7] L.E. Dickson, Quaternary quadratic forms representing all integers, Amer. J. Math. 49
(1927), 39-56. MR1506600

Licensed to University of Cologne. Prepared on Wed Oct 31 20:33:29 EDT 2012 for download from IP 134.95.83.208.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



14

(8]
(9]
(10]
(11]

[12]

WIEB BOSMA AND BEN KANE

W. Duke, Some old problems and new results about quadratic forms, Notices Amer. Math.
Soc. 44 (1997), 190-196. MR1426107 (97i:11035)

B. Jones, The arithmetic theory of quadratic forms, Carcus Monograph Series 10, Math.
Assoc. Amer., Buffalo, NY, 1950. MR0037321 (12:244a)

B. Kane, Representing sets with sums of triangular numbers, Int. Math. Res. Not. 2009
(2009), 3264-3285. MR2534998 (2011c:11055)

J. Liouville, Nouveaux théorémes concernant les mombres triangulaires, Journal de
Mathématiques Pures et Appliquées 8 (1863), 73-84.

M.B. Nathanson, A short proof of Cauchy’s polygonal number theorem, Proc. Amer. Math.
Soc. 99 (1987), 22-24. MR866422 (88d:11023)

[13] K. Ono, Web of Modularity: Arithmetic of the coefficients of modular forms and q-series,

14]

(15]

Amer. Math. Soc., Providence, RI, 2004. MR2020489 (2005¢:11053)

C. Siegel, Uber die analytische Theorie der quadratischen Formen, Ann. of Math. (2) 36
(1935), 527-606. MR1503238

J. Sturm, On the congruence of modular forms, in: Number theory (New York, 1984-1985),
Springer, Berlin, 1987, 275-280. MR894516 (88h:11031)

[16] W. Tartakowsky, Die Gesamtheit der Zahlen, die durch eine quadratische Form

F(z1,22,...,2s), (s > 4) darstellbar sind, Izv. Akad. Nauk SSSR 7 (1929), 111-122, 165-196.

RADBOUD UNIVERSITEIT, HEIJENDAALSEWEG 135, 6525 AJ NIJMEGEN, THE NETHERLANDS
E-mail address: bosma@math.ru.nl

RADBOUD UNIVERSITEIT, HEIJENDAALSEWEG 135, 6525 AJ NIJMEGEN, THE NETHERLANDS
Current address: Mathematical Institute, University of Cologne, Weyertal 86-90, 50931

Cologne, Germany

Licensed to University

E-mail address: bkane@mi.uni-koeln.de

of Cologne. Prepared on Wed Oct 31 20:33:29 EDT 2012 for download from IP 134.95.83.208.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



Kane, B. (2009) “Representing Sets with Sums of Triangular Numbers,”
International Mathematics Research Notices, Vol. 2009, No. 17, pp. 3264-3285
Advance Access publication April 21, 2009

d0i:10.1093/imrn/rnp053

Representing Sets with Sums of Triangular Numbers

Benjamin Kane

Department of Mathematics, Radboud Universiteit, Toernooiveld 1, 6525
AJ, Nijmegen, the Netherlands

Correspondence to be sent to: bkane@science.ru.nl

We investigate here sums of triangular numbers f(x) := > b; Ty, where T}, is the nth trian-

gular number. We show that for a set of positive integers é’ there is a finite subset Sy such
that frepresents Sif and only if f represents Sy. However, computationally determining
So is ineffective for many choices of S. We give an explicit and efficient algorithm to
determine the set Sy under certain generalized Riemann hypotheses, and implement the

algorithm to determine Sy when S is the set of all odd integers.

1 Introduction

In 1638 Fermat wrote that every number is a sum of at most three triangular numbers,
four square numbers, and in general n polygonal numbers of order n. Here the triangular
numbers are Ty := @, where we include x = 0 for simplicity. The claim for four squares
was shown by Lagrange in 1772, while Gauss famously wrote “Eureka, A + A+ A =n"

in his mathematical diary on July 10, 1796.

Theorem (Gauss, 1796). Every positive integer is the sum of three triangular

numbers. .

The first proof of the full assertion of Fermat was given by Cauchy in 1813.
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In 1917, Ramanujan extended the question about four squares to consider which
choices of b = (by, by, bs, ba) satisfy b1 x? + byx; + byx5 + byxZ, representing every positive
integer. We shall refer to such forms as universal diagonal forms. He gives a list of 55
possible choices of b which he then claims are the complete list of universal quarternary
diagonal forms (54 forms actually turned out to be universal).

In 1862 Liouville similarly proved the following generalization of Gauss’
theorem.

Theorem. Leta,b,cbepositiveintegers witha < b < c. Then every n € N can be written

as aTx + bT, + cT, if and only if (a, b, ¢) is one of the following:

(1,1,1),(1,1,2), (1,1,4), (1,1,5), (1,2,2), (1,2,3), (1,2,4). O

In fact, the following simple condition determines whether a fixed set of positive
integers (by, ..., by) gives rise to a sum of triangular numbers Zle by Ty, which represents

every integer as shown by Bosma and the author in [4].

Theorem 1.1. Fix the sequence b; < --- < by € N. Then

1. the sum of triangular numbers

k
fx) = folx) =) biTy,

i=1

represents every positive integer if and only if f; represents the integers 1,
2,4,5, and 8.

2. The corresponding diagonal quadratic form Q(x) = Zle bix? with x; all odd
represents every integer of the form 8n + Zle b; with n > 0 if and only if
it represents 8 4 Zle b;, 16 + ZL b;, 32+ Zle b;, 40 + Zle b;, and 64 +
ZZ'C:I b;. 0

Recently, Conway and Schneeberger proved a very nice similar condition for
positive definite quadratic forms whose corresponding matrix has integer entries, but

without publishing their results.

Theorem (Conway-Schneeberger). A positive definite quadratic form Q(x) = x* Ax,
where A is a positive symmetric matrix with integer coefficients, represents every posi-

tive integer if and only if it represents the integers 1,2, 3,5,6,7, 10, 14, and 15. O
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Bhargava gave an elegant simpler proof of the Conway—Schneeberger 15 theorem
in [2], in addition to showing more generally that for any set S C N, it is always sufficient
to check whether Q represents a finite subset Sy, and showed the set Sy for the two sets
S={2n+1:ne€Z"} and S = {p prime}.

In this paper, we will consider a similar generalization of Theorem 1.1.

Theorem 1.2. Let a set S C N be given. Then there is a finite subset Sy of S such that
f(x) represents S if and only if f represents Sp. O

A simple computer calculation leads us to conjecture a set Sp when S is the set of

all odd integers, for example.

Conjecture 1.3. A sum of triangular numbers f represents all odd integers if and only

if it represents the integers

1,5,7,9,11,13,17,19, 25, 29, 35, 49, 89. ]

Unlike in Bhargava's theorem, however, current techniques are insufficient for
computationally determining a suitable S; for most choices of S, due to ineffective
bounds for the class numbers of imaginary quadratic fields. We shall briefly explain
this complication. Let f(x) = b1 Ty, + b2 Ty, + b3 Ty, be given such that f represents all of
the integers in S, but the corresponding (diagonal) quadratic form is not (spinor) genus
1. Then the corresponding weight 3/2 modular form with x; all odd can be written as an
Eisenstein series plus a cusp form. Siegel has shown that the Fourier coefficients (with
bounded divisibility at the anisotropic primes) of the Eisenstein series grow like the
class number [21]. Siegel has also shown that the class number grows faster than ni=e
[20], but the bound was ineffective because Siegel showed the result by first assuming
a certain Riemann hypothesis and showing the result, and then assuming that the Rie-
mann hypothesis was false, and getting a different constant, depending on the location
of possible zeros. The best known effective bound is given by Oesterle [14], but is only
O(logn). After decomposing the cusp form into g; + g2, where g; is in the space of lifts
of one-dimensional theta series and the Shimura lift of g, is cuspidal, we note that the
coefficients of g, grow slower than nz~2"¢ by the work of Duke [7], and g, is supported
at finitely many square classes with the same growth as the Eisenstein series. Since the
coefficients with bounded divisibility at the anisotropic primes of the Eisenstein series
grow faster than the coefficients of g;, every sufficiently large n with bounded divisibil-

ity by the anisotropic primes and outside of the support of the coefficients of g; must
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be represented. However, we do not know the implied constant from Siegel’s ineffective
bound, so we cannot effectively determine when n is sufficiently large.

Assuming the generalized Riemann hypothesis (GRH) for Dirichlet L-functions
and using Duke’s (effective) bound of O(nz*) [7], we would have an algorithm to deter-
mine whether f represents S or not. However, although Duke's result is effective, the
author is unaware of any paper where the constant is explicitly computed. Even as-
suming that the implied constant was 1, the bound obtained is entirely infeasible with
current computer technology. Using an idea of Ono and Soundararajan [16], and a gener-
alization by the author [13], we will be able to determine an algorithm to determine the
set Sp under the additional generalized Riemann hypothesis for L-functions of weight 2
newforms. For notational ease, we will refer to an integer which is locally represented

at every prime as an eligible integer.

Theorem (Ono-Soundararajan [16]). Assume GRH for Dirichlet L-functions and GRH
for L-functions of weight 2 newforms. Then the eligible integers not represented by

Ramanujan’s ternary quadratic form x? + y? + 1022 are precisely

3,7,21,31,33,43,67,79,87,133, 217,219, 223, 253, 307, 391, 679, 2719. 0

Using the ideas in [16], [13], and [12], we obtain the following result.

Theorem 1.4. Assume GRH for Dirichlet L-functions and GRH for L-functions of weight
2 newforms. Let a set of positive integers S of nonzero density be given. Then there exists
an explicit algorithm to determine the (unique) smallest (finite) set Sy such that a sum of

triangular numbers f represents S if and only if f represents Sy. O

Remark 1.5. It is important to note that this algorithm is computationally feasible
for sets S which contain many small integers. Since many interesting sets (such as odd
integers and primes) are not very sparse in the small integers, the algorithm will be

practical in many cases. O

We also implement the algorithm to prove Conjecture 1.3 under these GRH as-

sumptions.

Theorem 1.6. Assume GRH for Dirichlet L-functions and GRH for L-functions of weight

2 newforms. Then a sum of triangular numbers f represents all odd integers if and only
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if it represents the integers
1,5,7,9,11,13,17,19, 25, 29, 35,49, 89.

Moreover, this is the smallest such set with this property. O

Remark 1.7. We only need to assume GRH specifically for weight 2 newforms that occur
in the decomposition of any f for which, under the GRH assumption we can show, will
generate all integers in S. However, to make our algorithm more efficient, we will make
the GRH assumption in general so that we do not need to check many coefficients of
a large number of weight 2 modular forms (for more information on modular forms,
please see [15]). Thus, we note here that for determining the set Sy when S is all odd
integers, we could have avoided the GRH assumptions except in three cases at the added

disadvantage of more computation. d
We conclude with a curious example in which we obtain an unconditional result.

Example 1.8. Consider the set
S:={n eN:2x*+3y* +4z* = 8n + 9 has a solution}.

Current techniques appear insufficient to determine the set S explicitly, while GRH
predicts S = S:=N\{1,8,31}. Following the algorithm given above, one obtains (uncon-

ditionally)
So =1{2,3,4,5,10,16,17,19, 89},

but we know of no algorithm to compute S, without GRH. This occurs because the only
difficulty coming from ternary quadratic forms in the algorithm to determine Sy and So
occurs for the form 2T, 4 3T}, + 4T,, while this form trivially represents S. Further details
are left to the reader. O

2 Existence of S

We will begin by showing that fixing a subset S of the positive integers and then, indeed,

checking a finite subset Sy will suffice.

Proof of Theorem 1.2. We will follow the basic argument of escalator lattices in
Bhargava’s argument [2] for quadratic forms. Without loss of generality, we will de-

note the triangular form f = f;, simply by the sequence of coefficients, b= [by, ..., bkl
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with b; < by, < --- < bg. Note that we must represent the smallest integer sy € S, so it fol-
lows easily that b; < sy. For each choice of b;, we find the smallest integer sp,; € S which
is not represented by [b;], and conclude that b, < sp,;. We recursively continue to build a
tree of possible choices of by, depending on the previous choices of by, ..., bx_;. Note that
we never need to choose the same integer b; more than three times in one branch, since
this precisely represents every integer congruent to zero modulo b; by Gauss’ theorem.
Whenever b represents all odd integers, we will say that b is a leaf of the tree, since any
arbitrary choice b/, containing b as a subsequence, will automatically represent every
integer in S. For b € T not a leaf, we will denote by s, the smallest s € S not represented

by b, and we will call s, the truant of b. Thus, taking for our tree T
So:={sp:be T}

it follows easily that a triangular form f represents S if and only if it represents S; by
our construction of T. Moreover, such a choice of Sy is smallest possible and unique,

since for the form b, s, is the smallest s € S not represented by b, noting that
by, ...k, sp+ 1,86+ 1,55+ 1,8 +2,5+ 2,8 +2,...,(sp+ 1)(sp +2) — 1]

represents exactly every integer s € S other than s, using Gauss’ theorem that every
integer is the sum of three triangular numbers.

It, therefore, remains to show that Sy is finite. Since at each step there are only
finitely many choices for b, the breadth at each node of the tree is finite, so it suffices
to show that the supremum of the depth is finite. To do so, we will consider all nodes
at depth 5. Since the breadth is finite, there are only finitely many such nodes, and only
finitely many leaves of depth less than or equal to 5. Therefore, it suffices to fix one such
node and show that the depth of the resulting subtree is finite.

Let f be a triangular form of dimension at least 5, and consider Qqqq to be
the corresponding quadratic form with x; odd. Then the nth coefficient of f is equal
to the 8n + Zle brth coefficient of Qqqq. Therefore, the coefficients a f(n) are precisely
the coefficients of the modular form, corresponding to Q.qq. Hence, we may decompose
these coefficients into coefficients of an Eisenstein series plus coefficients of a cusp
form. Since the dimension of fis at least 5, the coefficients of the Eisenstein series grow
faster than the coefficients of the cusp form as long as the Eisenstein series is nonzero.
We note that there are finitely many congruence classes where the coefficients of both
are zero, namely those integers not locally represented by the quadratic form. Hence, as
long as the Eisenstein series is nonzero, there are only finitely many congruence classes

and finitely many “sporadic” integers not represented by f, since the coefficients of the
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Eisenstein series are always positive. It is simple to show that the Eisenstein series must
be nonzero, however, since by Siegel’s local density formula [21], this Eisenstein series
is given by the difference of the local densities with arbitrary x; and the local densities
with x; even for some i. However, a quick check show that when p # 2 the local densities
are the same, and, since the integer 8n + Zle by is locally represented modulo 8 with x;
all odd (namely x; = 1), the local density for x; arbitrary must be greater than when x; is
even except at finitely many congruence classes.

Let one of the nodes of our tree, f € T be given of exactly dimension 5. Then
there are only finitely many congruence classes and finitely many “sporadic” integers not
represented by f, and hence at each step of our escalation, our next choice of s, € S must
be one such integer. We may only escalate finitely many times for the “sporadic” integers,
and each time we escalate to include an element of one of the congruence classes, the
congruence class is replaced with finitely many new “sporadic” integers at the next step.
Therefore, since there are only finitely many congruence classes, we can only add finitely

many new “sporadic” integers overall, and hence the subtree of fis of finite depth. N

3 Determining S

We will describe the algorithm to determine the set Sy. For complete details of how to

compute the bounds obtained given GRH, see [12] and [13].

Proof of Theorem 1.4. From the proof in Section 2, it is clear that Sy is uniquely
determined by the tree T, so this algorithm is equivalent to determining the tree T,
since it is a simple check to determine the smallest s € S which is not represented by
a fixed form f. Constructing the tree as in the proof is also quite simple, so that the
only remaining obstacle is determining whether a node of the tree is a leaf. Our task
is thus equivalent to determining (effectively) which integers are represented by Qoq4q.
If the dimension (and hence the depth in the tree) of f is at least 5, then, using the
trivial bounds for the coefficients of the Eisenstein series and the cusp forms, we may
effectively determine a bound beyond which every integer locally represented is globally
represented as in Tartakowsky's work [22], and local conditions are a simple check at
the primes dividing the discriminant. For depth 4, the wonderful optimal bound for
cusp forms of Deligne [6] and calculation of the anisotropic primes allow us to again
effectively determine the set of integers represented by Q,qq (see Hanke [10]). For forms
of depth 2 or less, we note that Q.qq only represents a set of density zero, so that the

form cannot be a leaf.
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It remains to determine whether a form of dimension 3 is a leaf or not. How-
ever, additional complications arise for ternary quadratic forms. First, note that the

inclusion/exclusion of theta series

QQOdd = QQ(X,Y,Z) - 90(2X,y,z) - 90(X,2y,z) - 90(X,y,22) + 90(2X,2y,z) + GO(ZX,Y,ZZ) + 90(X,2y,22) - 90(2X,2y,22)

has nth coefficient nonzero if and only if Q.qq represents n, where Q is the quadratic

form without the odd restriction. We note that 6 := 6, ,, decomposes as follows:
0=1(— espin) + (espin — 6gen) + (Ogen),

where g is the inclusion/exclusion of the (Siegel) weighted average over the spinor
genus and 6gen is the inclusion/exclusion of the weighted average over the genus. For a
quadratic form Q, it is well known (see [8]) that 85 — Ospin(q) is in the orthogonal com-
plement of U, Ospin(q) — fceni@) € U, and Ogen(o) is the Eisenstein series given by the local
densities in [21].

Firstly, as noted in the introduction, the coefficients of the Eisenstein series
grow like the class number, so that we have made the assumption of GRH for Dirichlet
L-functions. Complications that arise are referred to as anisotropic primes, that is,
primes p for which the nth coefficient of the Eisenstein series does not grow when n
grows with high divisibility by p. Luckily, a local condition allows one to check only
finitely many primes (those dividing 2D, where D is the discriminant of Q) to determine
these anisotropic primes. Additionally, the genus of the quadratic form may be broken
into what are referred to as spinor genera. In each spinor genus, there are finitely many
eligible integers t, called spinor exceptions, for which a certain subset of the square class
t7? is not represented by any form in the spinor genus. This comes from the fact that the
form splits naturally into three parts, namely an Eisenstein series, a cusp form in the
space spanned by lifts of one-dimensional theta series (we will denote this space by U),
and a cusp form in the orthogonal complement of U. The forms in the space spanned by
the lifts of one-dimensional theta series have coefficients which grow like nz in square
classes tZ?, and hence with the same growth as the coefficients of the Eisenstein series.
However, the coefficients of each lift are nonzero exactly at ¢ times a square, and ¢ is
restricted by the level of the corresponding modular form. Schulze-Pillot has given an
explicit algorithm to determine the full set of spinor exceptions for a given quadratic
form [17], so this problem will be resolved by using Schulze-Pillot’s algorithm. If the ¢-th
coefficient of O5pin is nonzero, then the coefficients of 6;pi, grow like the class number in
this square class. Otherwise, by investigating the spinor norm mapping, Schulze-Pillot

determines explicitly the integers m such that the tm?th coefficient of Ogpin is zero and
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those for which the coefficient is equal to a positive constant times the Eisenstein series
(see Schulze-Pillot [18]), for which we can reduce the problem to the case where t is not
a spinor exception for the genus.

Since we can determine the finitely many spinor exceptions, we may then ignore
the part of the decomposition resulting from a cusp form in U, and it remains to give
(effectively) a bound N, such that the nth coefficient of the Eisenstein series is larger
than the nth coefficient of the cusp form in U+ whenever n > Nj.

To do so, we must have effective bounds for the coefficients of both the Eisenstein

series and the cusp form. The nth coefficient of the Eisenstein series is

h(-4D z)
C@ZaDn/dz aC 4Dd)

where Cy may be determined by the local densities in [21], h(—m) is the class number
of the imaginary quadratic field K,, := Q(v/—m), u(m) = #0% , D is the discriminant
divided by the square of the gcd of 2 x 2 minors and ap, /42 is a constant depending only
/dz) [Theorem 86 in 11].

For square-free integers, we will use Dirichlet’s class number formula (see [5]) to

on gcd(n/d?,4D?) and the Kronecker symbol (

rewrite the class number with the special value at s = 1 of the Dirichlet character yx_y,

L 1
h(—N) = \/_ (X N )
For square-free integers, a celebrated result of Waldspurger [23] allows us to rewrite
the square of the absolute value of the coefficient of a Hecke eigenform as the central
value of a twist of the (integral weight 2) Shimura lift [19] of the Hecke eigenform. Hence,
we decompose the cusp form into Hecke eigenforms and then use Schwarz’s inequality,

giving

|t ) < | Y GL(Gi, X X=n 1),

where ¢; is some explicitly computable constant given by a fixed no = n (mod 4D?), G; is
the Shimura lift, x is the Nebentypus (see [15]) of the weight 3/2 cusp form, and L(G;, ¥, 1)
is the central value of G; twisted by .

Hence, rearranging, if n is square free such that the coefficient a4(n) is zero (and

n is not a spinor exception), then

t
1 L(Gi, X X-n, 1)
ant = g L(x-apn, 1)?
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where ¢ is an explicitly computable constant. Thus, it only remains to bound % <

n’ effectively and with the implied constant given explicitly for some § < E' Defining for

g, the conductor of G; twisted by vy

s—1
Fils) i= (ﬁ) L(Gi, ¥, 90Ls) (3.1)
2 L(I//z, L(Iﬁz, —5)

Ono and Soundararajan [16] have shown under GRH how to obtain an explicit bound for

L(G;,y1,1)
L(y,1)?

= F;(1). We shall briefly explain the details necessary to obtain their bound.

We first choose 1 <o < % and X > 0 (Ono and Soundararajan chose o = 7/6 and
gave bounds depending on X in piecewise intervals, while the author [13] gave a formula
in terms of arbitrary ¢ and X). Using the Phragmén-Lindeldf principle along with the

functional equation Fj(s) = F;(1 — s), one obtains
F;(1) < max |F;(o +it)].
teR

Therefore, it suffices to bound L(G;, ¥1,s), L(¥,s), and L(y,2 —s) with Re(s) = o. For
L-series L(s) and ¢ > 0 chosen such that s+ c is in the region of absolute convergence,

consider the integral
ct+ioco 1/
/ —(s+wlNw) X dw.
c—ico L
On the one hand, if L(s) =) -, ¢ n

puted as the sum

Z A(n)a(n) e VX, (3.2)
ns

n=1

using the fact that

ctioo xX\¥ x (=1)™ ;n\m n
/c. F(w)(;) dwzmz: — <}) — e VX,

—100 -0

which follows by shifting the integral Re(w) — —oo and counting the residues at negative
integers. On the other hand, we can shift the original integral to the left and count the
contribution from residues at each of the poles. The contribution from w = 0 gives %(w).
The assumption of GRH allows us to determine the real part of the zeros of L(s + w)
and hence the poles of & (s + w). Collecting all of the residues and rewriting, we obtain
a formula for Lf(s), Wthh we then integrate to obtain log|L(s)| [16, Lemmas 1 and 2].
Most of the resulting terms can then be bounded in terms of FF factors by a careful and
technical analytic analysis, but the terms coming from the zeros of L(s + w) pose a more

formidable challenge. For these, we take advantage of the fact that we have a sum over
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all of the zeros of L and may hence use Hadamard's factorization (see [16, Lemma 3]) to
rewrite this sum in terms of %(s) and FF factors. Rearranging gives the desired bound
for log |L(s)|. The bounds we will use here are given in Theorems 6.1 and 7.1 of [13]. The
statements of these bounds are rather long and will be omitted here, but we note that
after fixing o the remaining constants are calculated in a straightforward manner. We
would like to emphasize one technical detail here which aided Ono and Soundararajan in
obtaining a better bound for Ramanujan'’s ternary quadratic form and will aid us in many
cases. When a prime p divides the conductor of both v, and v, then the coefficient of n*
in formula (3.2) will vanish when p | n, since y;(n) = 0 implies a(n) = 0. Since powers of
small primes contribute significantly to (3.2), this trick for p = 2 and p = 5 allowed Ono
and Soundararajan to obtain a bound many orders of magnitude better [16, p. 451].

For n not square free, the Hecke operators may be used to show an explicit bound
for the square part beyond which integers must be represented, away from the spinor
exceptions. For more details, please see [13, Section 4]. Therefore, we can conclude that
the set of square-free integers not represented by this form may be exactly determined
by checking up to the bound obtained, and hence we may (effectively and efficiently)

determine whether this form is a leaf. [ |

Remark 3.1. In practice, whenever a leaf exists at depth 3, we will determine in general
the set of integers not represented by Q,qq for the nodes at depth 3 (not just the leaves)
and then note which of these integers remain at each step of the escalation, instead of
using the arguments of Tartakowsky [22] at depth at least 5 or the bounds of Deligne [6]
at depth 4. O

We now implement the above algorithm to show that the set Sy given in Conjecture

1.3, when S is the set of all odd integers, is the correct smallest such set under GRH.

Proof of Theorem 1.6. We will proceed by considering each node at depth 3 and deter-
mining the corresponding subtree under these GRH assumptions. For notational ease,

we will refer to the form

f=> bT
i=1

by [b1,...,b/], and the corresponding quadratic form by (b, ..., bx).
The forms [1,1,1], [1,1,2], [1,1,4], [1,1,5], [1,2,2], [1,2,3], and [1, 2, 4] represent

every natural number by Liouville’s theorem. Since [1, 1, 3] is a genus-1 form, the integers
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not represented by [1, 1, 3] are precisely the integers n such that
8n+5=3"1(3¢ +2).

Therefore, we are missing the integer 17, and we must escalate to [1,1, 3, k] for some
k < 17. If n is not represented by [1, 1, 3, k], then it is not represented by [1, 1, 3] either,
so 8n+5 = 32*1(3¢ 4 2), so that n =5 (mod 9) or n = 8 (mod 9), depending on whether
r > 0 or r =0, respectively. But then, taking x, = 1, it follows for n > k that n — k=5
(mod 9) or n — k = 8 (mod 9), and hence it follows that 3 | k. If r > 0 then it follows that
k=0,6 (mod9), and if r = 0 it follows that k = 0,3 (mod 9).

For the case [1,1, 3, 3] we then note that the form Q = (1,1, 3, 3) is genus 1. Our
inclusion/exclusion of theta series gives that n is represented if and only if the 2n + 2-th
coefficient of 6, is positive, and it follows that every n is represented because the local
conditions are always satisfied.

For the cases [1,1, 3, k] with k = 6 or k = 15, we have r > 0, so that we only need
to consider n = 5 (mod 9), or in other words, 8n + 5 = 32+t1(3¢ + 2) with r > 0. We check
the cases n < 3k by hand and for n > 3k, the choice x, = 2 shows that 8(n — 3k) + 5 =
3%'+1(3¢' 4 2), with ' > 0 by congruence conditions modulo 9. Taking the difference and

denoting R = min{r, '}, we have

24k = 8n+5 — (8(n — 3k) + 5) = 37 t1(3¢ + 2) — 32" t1(3¢' + 2)
— 32R+1(32(T—R)+1(3E + 2) _ 32(7‘/—R)+1(3E/ + 2))

But v3(24k) = 2 and 32%*! divides the right-hand side, giving a contradiction since R > 0.

In the case [1, 1, 3, 12] we note that we have the truant 89 and r = 0 from above.
In this case we take x, = 1 to obtain n’ = 8n + 5 = 32" +1(3¢' 4+ 2) + 96 with ' > 0. We then
have either7 = 1 and n’ = 69 (mod 81) orr’ > 1 and n’ = 15 (mod 81). Assume ' > 1 and
set x, = 4 to obtain n’ = 37"+1(3¢” 4 2) + 960. Taking the difference, we get

54 = 864 = 37" *t1(3¢' + 2) — 37"t (3¢" +2) = —3¥"t1(3¢” + 2) (mod 81).

It follows immediately that " = 0 because otherwise the right-hand side would be zero.
But now we have n’ = 3%(3¢” + 2) + 960 = 42 (mod 81), which contradicts the fact that
n’ =15 (mod 81). Hence, we have only the case n’ =69 (mod 81) remaining. We now
escalate to [1,1,3,12,k] for 9 < k < 89 (although we have restricted our coefficients to
be monotone, we include the case k = 9 for usage below). Since [1,1, 3,12] represents
every integer not congruent to 69 modulo 81, we are done when k # 81, and for k = 81
the truant 89 remains. Furthermore, if we escalate further with k = 81 we will never

obtain 89 since [k, k, k] represents precisely kN by Gauss’ theorem. Furthermore, if we
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ever choose k = 81 and then escalate to another integer (such as [1,1,3,12,81, k]), we do
not obtain a new truant because [1, 1, 3,12, k] has no truants. Whenever this situation
occurs, henceforth, we shall say that we are “stuck” at k = 81. Following the above, for
[1,1,3,9] we are stuck at k = 9. This concludes the subtree of [1, 1, 3], and since [1, 1] does
not represent 5, we have included the entire subtree of [1, 1].

Our arguments for [1, 2, 5], [1,2,10], [1, 3,4], and [1, 4, 6] will all be identical and
similar to the cases above, so we will combine them together. We will demonstrate the
argument for [1,2,5] and leave the other cases to the reader. First, we note that the
number of representations of n by [1, 2, 5] is the same as the number of representations
of 8n + 8 by (1, 2,5) minus the number of representations of 8n + 8 by (4, 8, 20), since if
any are even, then all must be even, taking everything modulo 8. For simplicity, we will
denote tp(n) to be the number of times that n is represented by the sum of triangular
numbers corresponding to b, rip)(n) for the number of times the quadratic form represents
n, and rg, (n) for the number of times the quadratic form with all x; odd represents n. So

the above is simply
tn,2,51(n) =71 5581 4 8) = 11,2,5(8n + 8) — ra8,20(87n + 8).

Now, r,8,20(8n + 8) = r1,2,5(2n + 2). However, (1,2, 5) is genus 1, so r( 2 5(m) is given pre-
cisely by the local density [21]. Checking the local densities, we see that r(; 2 5(8n + 8) =
2r41,2,5(2n + 2), since the local densities are clearly equal when p # 2 (taking the isomor-
phisms x; — 27'x;), and for p =2 a simple computation shows exactly twice as many

solutions modulo the same 2 power. Therefore,
tn,2,5(n) = ru,25(02n + 2).

Again, noting that (1, 2,5) is genus 1, we know that n is represented globally if and only
if it is represented locally. The integers not represented locally by (1, 2, 5) are integers of
the form 5% +1(5n + m) where m is a nonsquare modulo 5. Therefore, it follows that if n
is not represented by [1,2,5], then 5 | (n + 1). So [1, 2,5, k] must be a leaf if 5 { k. Since the
truant for [1,2,5] is 19, we only need to check k =5, k = 10, and k = 15. We are stuck at
k = 15, so we only need to show the cases kK = 5 and k = 10.

Let m be smallest such that [1, 2,5, 5] does not represent m. Then 5 | m + 1 from
above and 25’2",112 isnot a square modulo 5, taking x, = 0. If r # 0, then take x, = 2, and note
that 521 (5n+ /1) — 2 x 3 x 5 = 20 (mod 25), so that m — 15 is represented by [1, 2, 5], and

hence m is represented by [1, 2, 5, 5] as long as m > 15, which is as desired. Thus, we only

need to consider r = 0. The nonsquares modulo 5 are 2 and 3. As above, taking x, = 2

when 222 = 2 (mod 5) and %, = 1 when 222 = 3 (mod 5) gives the desired result.
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For k = 10, we again conclude that r # 0 by taking x, = 1. Furthermore, if % =
3 (mod 5), then x, = 1 again gives us the desired conclusion. Hence, only the case % =
2 (mod 5) remains. For [1, 2,5, 10, k], with 5 | k, we may again conclude, by taking x5 =0
and x; = 1, that 25 | k since 2(m + 2) =5(bn + 2) and 2(m + 2 — k) = 5(5n' + 2), so 2k =
25(n — n’). Since 29 is the truant of [1, 2, 5, 10], the result follows when k # 25. But we are
stuck at k = 25, so we have the desired result.

We will leave out the analogous proofs for [1,2,10], [1, 3,4], and [1, 4, 6], but list
the truants from their subtrees for completeness. The truants coming from [1, 2, 10] are
29 and 49 (from [1, 2, 10, 20]). The only truant from the subtree of [1, 3,4] is 11. The truants
from the [1, 4, 6] subtree are 17, 29 (from [1, 4, 6, 12]), and 35 (from [1, 4, 6, 6]).

We will now show the subtree for [1, 4, 4]. While (1,4, 4) is not genus 1, Benham,
Earnest, Hsia, and Hung [1] have shown that it is spinor genus 1. Moreover, they have
shown that (1,4, 16) is spinor genus 1 by showing that the other member of its genus,
namely 4x? + 4y® + 5z% + 4xz, is spinor genus 1. Therefore, the difference r(; 4,4(8n + 9) —
r1.4,16(8n + 9) can be decomposed into coefficients of the Siegel averaging of the genus,
and a cusp form in U which has nonzero coefficients only at finitely many square classes.
Using Schulze-Pillot's classification [17] or the generalization of Earnest, Hsia, and Hung
[9] to determine all ¢ such that the square class tZ? has nonzero coefficients for the
resulting cusp forms in U with these two quadratic forms, we conclude that only ¢t = 1
occurs. Therefore, it follows that if m is not represented by [1,4,4], then 8m + 9 must
be a square. The first truant is m = 35, so we consider [1,4,4, k] for k < 35. Let m not
represented by [1,4, 4, k] be given. Then m — k is also not represented by [1, 4, 4], so that
8m + 9 is a square, say s> and 8m + 9 — 8k is a square, say t2. Therefore, s> — t? = 8k.
But the difference between s? and t? must be at least the difference between s? and
(s — 1)2, which is 2s — 1. Therefore, 2s — 1 < 8k. This restricts the possible choices for s to
a (small) finite set, and hence the possible choices for m. Checking each such choice of s
for each k allows us to determine the integers not represented by [1, 4, 4, k]. We conclude
that we are done for every integer other than k = 15 and k = 33. For k = 15, we represent
exactly every integer other than 2 and 35, so [1,4,4, 15, k'] will represent every integer
except when k' = 33. For k = 33 or k' = 33, we are stuck at 35, and hence we are done
with the [1, 4, 4] subtree.

We will begin to use our GRH assumptions now. We will indicate clearly when we
make these assumptions. The eight cases [1,2,6],[1,2,8],[1,2,9],[1,2,11],[1,4,5],[1,4,8],
[1,4,9], and [1,5, 6] will all follow analogous arguments. The cases [1, 2, 6], [1,2,9], and
[1,4,5] are the three cases where the GRH assumptions were seemingly unavoidable. In

each case, we will be able to decompose the theta series for the corresponding quadratic
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Table 1 Equivalent quadratic forms

Triangular form represents n = Quadratic form represents m
[1,2,6] n (2,4,7,0,0,4) 8n+9
[1,2,8] n (2,4,9,0,0,4) 8n +11
[1,2,9] n (2,3,4,2,0,2) 2n+3
[1,2,11] n (1,6,8,0,0,4) 4n+7
[1,4,5] n (1,4,5,0,0,0) 8n + 10
[1,4,8] n (4,4,9,0,4,0) 8n 413
[1,4,9] n (1,4,9,0,0,0) 8n+ 14
[1,5,6] n (3,3,4,0,2,2) 2n+3

forms with odd conditions into the Eisenstein series plus a Hecke eigenform. The Hecke
eigenform in each case is in the complement of the space spanned by lifts of one -
dimensional theta series. Because of the fact that these are all genus 2 quadratic forms,

we are able to first obtain the following proposition.

Proposition 3.2. Each triangular form [b;, bo, b3] in Table 1 represents n if and only if

the corresponding quadratic form
ax’* + by? + cz* + dxy+ exz + fyz

represents m. Here we do not have the “odd” condition for the quadratic forms. O

Proof. Each of the above assertions follows the same simple argument, which we will
demonstrate explicitly for the form [1,2,11].

First, note that if not all of x, y, and z are odd, then x*> + 2y? + 112> = 8n + 14 has
a solution modulo 8 only if x and z are both even. Therefore, if t;(n) is the number of
solutions of the triangular form represented by b, and rg(m) is the number of solutions
to Q(x) = m, then

t1,2,111(M) = 71,2,11,0,00(87 + 14) — 1(4.2,44.0,0,0(87 + 14)

=701,2,11,00,0 (87 + 14) — 11,2,22.0,0,0/(4n + 7).

Now we note that (1,2,11,0,0,0) is a genus-2 quadratic form. The other representative
of the genus is (2,3,4,0,0,2). If 2x? + 3y? + 4z% + 2yz = 8n + 14 has a solution, then it is

clear that y must be even. Therefore,

:::::
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:::::

the value given by Siegel’s local density formula as in [21]. Using this observation and
the fact that the local densities are equal for (1,2,6,0,0,2) and (2, 3,4,0,0, 2), it follows

The form (1,2,22,0,0,0) is again genus 2, and the other representative of the
genus is (1,6, 8,0,0,4). Therefore, the theta series for Q = (1, 2,22,0,0,0),

GQ(Z) — an(x),
X

satisfies g = Eq + g, where Eq is the Eisenstein series obtained by taking the local
densities and g is a cusp form which is a Hecke eigenform. Siegel’s formula shows for
Q' :=(1,6,8,0,0,4) that

>
alo| +

ba | fa
Eq = 4 2

Therefore, g = Eq — %g. By observing that the local densities for (1,2,11,0,0,0) and
(4,2,44,0,0,0) are the same other than at p = 2, one can easily see by explicitly computing

,,,,,,,,,,

This is precisely what we wanted to show. The other cases follow analogously. [ |

We now proceed by determining which integers in these arithmetic progressions
are represented by these quadratic forms. Since each of these forms is genus 2, as well as
spinor genus 2, we know that 6 = E + g, where g is a Hecke eigenform in the complement
of the space spanned by lifts of one -dimensional theta series. Thus, we will employ the
argument given in [13] in the case where there is precisely one Hecke eigenform.

We will begin by constructing an algorithm that given a nonzero Hecke eigen-
form g, a constant cg depending only on the local densities, such that the Eisenstein
series has coefficients ag(N) = cgh(—mN) for some fixed integer m and N square free,
where h(—D) is the class number, the modulus g such that the corresponding twist from
Waldspurger's theorem [23] of the Shimura lift G of g is of modulus gN?, the integer
m given above in the class number, an integer Dy such that a4(Dg) is nonzero, ay4(Do),

and the character xy that we are twisting by and returning a bound D beyond which

2102 ‘€2 200100 U0 UR0Y gSn . /B1o's[euinolpioxo-uiwiy/:dny woly pepeojumod


http://imrn.oxfordjournals.org/

3280 B. Kane

the coefficients of the theta series are nonzero in the congruence class corresponding
to Dy.

We do so by fixing X := 455, 0 :=1.1573, and o, := 1.3465 and calculating the
bounds given in Theorems 6.1 and 7.1 of [13] for L(xmy, o + it) and L(G, x,o + it), where
G is the Shimura lift of g. The choices of X, o, and o, although arbitrary, were chosen by
doing a binary search for local minima, first in terms of o (due to a heavy dependence on
o in the power of n), then X, and finally o2. One reason why it is difficult to choose these
constants is that choosing ¢ — 1 gives the optimal bound asymptotically in terms of
the power of the conductor, but the implied constant explodes. Therefore, it is desirable
to have flexibility to choose o larger when g is small and to choose o smaller when
q is large (here g is the level of a twist of G). The bounds from [13] rely heavily on
bounds for the logarithmic derivative of I and are rather technical, but the only serious
difficulties occur in the terms contributed by the zeros of L(s), as described briefly
in the paragraph following the definition (3.1) of F;. Most of the constants are then
straightforward to calculate in terms of special values of I'(s) and ¢(s). Although the
bounds exhibit polynomial growth in the variable ¢, one can use the functional equation
of the I'-function to essentially gain an extra factor of ¢* in the denominator at the cost
of shifting the real part to the right by a, and hence deal with this technical difficulty by
using the I'(s) factor from the definition (3.1) of F;. The constants «(X), y(X), and §(X) are
given in terms of the maximum over 0 < y € R of certain functions f(y) = g(y)h(y) with
g(y), defined in terms of a certain factor I'(x + iy), monotone decreasing exponentially with
y and h(y) monotone increasing polynomially. Hence, in the interval y € [y, y1] we have
f(y) < glw)h(y). Breaking up [0, N] into small intervals and using this trick repeatedly,
we obtain a bound for the maximum in [0, N]. For the interval [N, oo) we use the functional
equation of I" to divide by powers of y and, hence, cancel the growth coming from h(y).
Bounding «, 8, v, and § in this manner in Theorem 8.1 of [13], we see with the help of a
computer using MAGMA [3] that

a(X) < 0.089028567932572, B(X) > 0.0886630818642167,
y(X) < 0.249235264918139, §(X) < 0.0963544917482776.

The main technical difficulty which remains is to bound the terms arising from the sums
obtained by (3.2). Based on the uniform shape of these sums, we are able to combine them
as a single sum, allowing us to take advantage of cancellation between terms which would

otherwise be lost when pulling the absolute value inside. We then explicitly compute the
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Table 2 Sufficient bounds under GRH

Triangular form Bound D, for quadratic form Bound Dy for odd squares
[1,2,6] 1.23 x 10° 1.23 x 10°
[1,2,8] 6.0 x 108 6.0 x 108
[1,2,9] 1.68 x 108 6.72 x 10°
[1,2,11] 8.0 x 10* 1.6 x 10°
[1,4,5] 2.6 x 10° 2.6 x 10°
[1,4,8] 5.7 x 108 5.7 x 108
[1,4,9] 1.1 x 10*2 1.1 x 10*2
[1,5,6] 4.55 x 10° 1.82 x 10'°

sum for small n, while for large n we bound against a constant times

o0

Z A(n) o /X
n%log(n)

n=N+1
This sum is then rewritten as an integral, and integration by parts gives us a bound in
terms of Y (x) = >
8.5]).

n<x A(n) and an incomplete I'-function (see [16, Lemma 5] or [13, Lemma

Notice that the bound obtained by this algorithm is valid only in the congruence
class congruent to Do modulo 8 times the square of the determinant of the corresponding
quadratic form, and that for each congruence class the choice of m and x may vary. We,
therefore, will run the algorithm for a choice of Dy in each congruence class which
satisfies the congruence modulo a 2 power given above, and we will merely state the
largest such bound obtained in Table 2.

We then check up to the bound Dj, for odd squares with a computer (using the
fact that it is diagonal to our advantage by splitting off one dimension, as in [12]) and list
the integers not represented by each triangular form. We will list the triangular form,
then the congruence classes not represented locally by the form, and finally the finite list
of “sporadic” integers not represented globally but represented locally by the form. Note
that we have a leaf (and hence GRH seems unavoidable with current techniques) if and
only if there are no congruence classes and no sporadic odd integers, namely the cases
[1,2,6],[1,2,9], and [1, 4, 5].

Given Table 3, it is easy to see that the only truants which arise from all of the
subtrees other than [1,4,9] are 13, 17, 19, and 25. The first odd integer not represented
by [1,4,9] is 11, so we only need to consider [1,4,9, k] for 9 < k < 11. The choice k =9 is
stuck at 11, and k = 10 or k = 11 clearly represent every integer other than 2 and 8, by
taking x, = 0 or x, = 1.
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Table 3 Exceptional integers not represented

Triangular form Congruence classes Sporadic integers
[1,2,6] 9 (ZJ
[1,2,8] ] {4,19,112}
[1,2,9] 9 VJ
[1,2,11] ] {4, 25}
[1,4,5] 7 {2, 26,38}
[1,4,8] @ (2,16,17}
[1,4,9] m=2 mod 9and m =8 mod 9 0
1,5, 6] 0 {2,4,13,35)

The case [1,2,7,k] with 8 <k <11 follows from the above cases and k =7 is
stuck at 11 so we get no new truants. The case [1,4, 7] analogously gives no new truants,
and [1, 3, 3] and [1, 5, 5] will follow similarly after we show the argument for [1, 3, 5] and
[1,5,7]. Thus, it only remains to show the subtrees for [1, 3,5] and [1, 5, 7].

For [1, 3, 5], we will follow a similar argument as above, but we must be slightly

more careful. We note that
tn,35M) =71135000(8n +9) — 1151200087+ 9).

The theta series for (1,3,5,0,0,0) decomposes as E + g;, while the theta series for
(1,5,12,0,0,0) decomposes as %E + g>. In this case, the Shimura lift of g — g, is
%(—G15 + G15|V(2) — 4G,5|V(4)), where G5 is the (unique) newform of weight 2 and level
15 and V(d) is the dth V-operator (see [15, p. 28]). Therefore, since the Hecke operators
commute with the Shimura lift, it follows that g; — g, is a Hecke eigenform, so we may
use the above algorithm with g = g; — g».

When 5 does not divide 8n + 9, our algorithm gives the bound D} = 9.4 x 108.
Checking up to this bound, we find no sporadic integers outside of n = 2 mod 5. There-
fore, all integers other than a subset of n = 2 mod 5 are represented by [1, 3, 5]. However,
since the truant of [1, 3,5] is 7, we only need to consider [1,3,5,k] for 5 <k <7, and 5
is stuck on 7. Hence, using x, =0 or x, = 1, we represent every integer other than 2.
The reason for separating the case of n =2 mod 5 is that the bound obtained by the
algorithm was not computationally feasible and was not needed to obtain the desired
result.

In the case of [1, 5, 7],

:::::
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and both (1,5,7,0,0,0) and (1,5,28,0,0,0) are genus 3 and spinor genus 3. There-
fore, the theta series for (1,5,7,0,0,0) decomposes into E + g; + g» and the theta se-
ries for (1,5, 28,0,0,0) decomposes into %E + g3 + g4, where g1, g2, g3, and g, are Hecke
eigenforms in the complement of the space spanned by lifts of one-dimensional theta
series. Moreover, computation shows that the Shimura lift of g; — g; is 1; ff (G35 +
1 G35|V(2) 4+ ;G35 V(4)), where Gss is the newform of weight 2 and level 35 whose sec-
1+f

ond coefficient is The constants ¢; and ¢, are irrelevant, since we will twist
the Hecke eigenform by x4, killing all of the coefficients divisible by 2, while the
nth coefficient of G|V(d) is zero unless d | n. Moreover, the Shimura lift of g, — g4 is
(1— lz*'ﬁ)(a Gss + 0(c1)o G35|V(2) 4 o (cy)o G3s|V(4)). Here o is the Galois map sending +/17
to —/17.

We could write a separate algorithm from the one above for two (or any arbitrary

number of) eigenforms, but for simplicity we will simply rewrite the above sum as

1
(@E + (g1 — g3)) + ((E — ot) E+ (g2 — 94)>

for some appropriate choice of ¢, and then bound each half separately as above, taking
the maximum of the two bounds, since beyond the corresponding maximum bound Dy,
QuE+igi—gy) > 0, and A\ _w)Et(g,—gs) > O The optimal choice of @ would give equal Dy bounds
for each.

We choose o = 3% here, so that § —a = 5¢. Doing so, whenever 5 does not divide
8n + 13, we get a bound for the part corresponding to g; — g3 of D) =4.53 x 10% and a
bound of Dy’ = 1.65 x 108 for the part corresponding to g» — g4. The only sporadic integer
not congruent to 4 mod 5 is 2. Therefore, we are again done, since [1,5, 7, k] represents
every odd when 8 < k < 9 since n =4 mod 5 is represented by x, = 1, and k = 7 is stuck
at 9. L
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Abstract

We investigate mixed sums of triangular numbers and squares. We resolve a con-
jecture of Z.-W. Sun about representability of sums of this type by proving 6 of the 10
parts and giving counterexamples to the 4 other parts. We also show that the general-
ized Riemann hypothesis implies another conjecture of Z.-W. Sun about which explicit
natural numbers may be represented.
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1. Introduction

Sums of squares and sums of triangular numbers have been studied extensively, going as far
back as Fermat. Fermat asserted that every natural number was the sum of three triangular
numbers, four squares, five pentagonal numbers, etc. Lagrange showed this claim for sums
of four squares in 1770, while Gauss showed the result for three triangular numbers in 1796.
The full assertion was later shown by Cauchy in 1813.
More recently, Sun [18] has considered mixed hybrid sums involving both triangular
numbers and squares. That is, Sun has considered sums of the type
fap(@,y) = ara? + - + amyahy + 01Ty, + - + b, Ty,

mo )

where a; and b; are natural numbers and 7;, = n(n + 1)/2 is the n-th triangular number.

In [18], Sun investigates which sums with three terms represent every integer, so called
universal forms, reducing the possible candidates to a short list which he then conjectured
to be universal. Guo, Pan, and Sun [5] showed that at least all but one of these were indeed
universal, while Sun and Oh [10] showed that every natural number could be written as a
square plus an odd square plus a triangular number to complete the classification.

Theorem 1.1 (Sun and Oh, see [10]). Every natural number has the form

2? + 8T, + Ts.

*E-mail address: bkane @science.ru.nl
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Sun then conjectured the following (cf. [19]).

Conjecture 1.2 (Sun [19]). Let m and n be any nonnegative integers. Then every suffi-
ciently large natural number can be written in any of the following forms:

oMy 42ny? 4T (1.1)
2Mx?  42°T,  +T, (1.2)
2",  +2"T, +T. (1.3)
2 4273y 4T, (1.4)
x? +27.3T, +T. (1.5)
2". 322 42T, +T, (1.6)
2". 3T, 42T, +T. (1.7)
25T, 4T, +T. (1.8)
2T,  +3T,  +4T, (1.9)
222 43y +2T.. (1.10)

We will see first that this conjecture does not hold in general. For formulas (1.2), (1.3),
(1.7), and (1.8) we obtain explicit counterexamples to the conjecture.

Theorem 1.3.
2% + 16T, + T,

does not represent any natural number of the form (p*> — 17)/8, where p is any prime
congruent to 1 or 3 modulo 8, and is hence a counterexample to (1.2).

AT, 4+ AT, + T,

and
8T, + T, + T

represent precisely the natural numbers not of the form (a® — 9)/8 and (a* — 5) /4, respec-
tively, where a is any integer all of whose prime factors are congruent to 1 modulo 4. Hence
both are counterexamples to (1.3).

1927, + 2T, + T,

does not represent any natural number of the form (3p? — 195) /8 with p a prime congruent
to 5 or T modulo 8, and hence it is a counterexample to (1.7).

1607, + Ty + T

does not represent any natural number of the form (5p*>—162) /8 with p is a prime congruent
to 5 or T modulo 8, and hence it is a counterexample to (1.8).

Remark 1.4. After submission, Sun has pointed out that the cases 47, + 47, + 1. and
8T, + T, + T are in fact implied in Oh and Sun’s paper [10], as follows.
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From Oh and Sun [10, Theorem 1.1(ii)],

{neZt:n#(2x+ 1)2+Ty+TZ,$,y,z €7}
= {27}, : m > 0, and all prime divisors of 2m + 1 are congruentto 1 (mod 4)}.
It follows that a nonnegative integer n cannot be represented by 87, + T, + T, if and only

if » has the form 27;,, — 1 where 2m + 1 has no prime divisors congruent to 3 modulo 4.
By Sun [18, Theorem 1(iii)], and Oh-Sun [10, Theorem 2.1(ii)]

(neZt:n#Q2r+1)%+ 2y + T2,y 2 € Z}
= {T,, : m > 0, and all prime divisors of 2m + 1 are congruentto 1 (mod 4)}.

Observe that
n = 4T, + 4T, + T for some x,y,z € Z
— 2n+2 = (2z+1)?+ (2y + 1)* 4 2T, for some z,y, z € Z
— n+1 = (z+y+1)>*+(z—y)?+ T, forsome z,y,z € Z
= n+1 = (2u+1)*+ (2v)* + T, for some u,v, z € Z.

Thus, an integer n cannot be represented by 477, + 47, + T, if and only if n has the form
T, — 1 with 2m + 1 having no prime divisors congruent to 3 modulo 4. Note also that the
“if”” part is equivalent to Oh and Sun [10, Corollary 1.1(i1)].

Although such counterexamples to the conjecture exist, the nature of such counterex-
amples is tractable, and we will prove a revised version of the conjecture, resolving the
conjecture conclusively in each case.

Theorem 1.5. Let m and n be any nonnegative integers. Then for a sufficiently large
natural number r, depending on n and m, the following equations hold

1.
2mx2_~_2ny2+TZ:7,.

omg? 4 2"+ T, =r

whenever 8r + 2™ + 1 is not a square. This condition is empty when n < 3.

2", 4+ 2"y + T, =7
whenever 8r+ 2"+ 2™ +1 is not a square, or whenn = 0 (or, symmetrically, m = 0)
and 8r + 2™ + 2 (8r + 2™ 4 2, respectively) is twice a square.

242" 32+ T, =7

x2+2"-3Ty+TZ:r



78 Ben Kane

2" 32 + 2Ty + T, =7

2" 3T, + 2T, + T, =r

whenever 8r + 3 - 2" + 3 is not 3 times a square.

2" 5, +Ty+ T, =r

whenever 8r + 5 - 2™ + 2 is not 10 times a square.

2T, + 3T, + AT, = r.

10.
20° + 3y + 2T, =r.

Remark 1.6. This result is best possible in the sense that Theorem 1.3 gives forms which
do not represent infinitely many natural numbers r such that 8- + ¢ are in each of the
exceptional square classes ¢Z? listed in Theorem 1.5. In particular, 22 + 167}, + T, does
not represent r if 8 + 17 = p?, whenever p is any prime congruent to 1 or 3 modulo 8,
AT, + 4T, + T, and 8T, + T}, + T, do not represent r if 8r + 9 = a® or 8r + 10 = 2a?,
respectively, whenever all prime divisors of a are congruent to 1 modulo 4, 1927, +2T, +T’,
and 1607}, + T, + T, do not represent 7 if 8 + 195 = 3p? or 8r + 162 = 5p?, respectively,
whenever p is a prime congruent to 5 or 7 modulo 8. It is important to note that for any fixed
m, n our method will be sufficient to determine whether every sufficiently large integer is
represented, or if there are infinitely many natural numbers of the form 87 + ¢ = tZ? which
are not represented.

Sun also makes several concrete observations based on computational evidence for
many of these forms to determine what is “sufficiently large.” However, our proof relies
on a lower bound for the class numbers, and is hence ineffective, so that we cannot deter-
mine an explicit bound on . Under the assumption of the Generalized Riemann Hypothesis
(GRH), we can verify that the list given by Sun is complete. Sun also makes the following
explicit conjecture (Conjecture 3 in [18]).

Conjecture 1.7. Every natural number can be written in the form x? + 2y? + 3T, except
r = 23, in the form x> + 5y + 2T, except r = 19, in the form 2% + 63> + T, except r = 47,
and in the form 22 + 4y? + T, except r = 20.

Although our methods are not sufficient to completely resolve this conjecture, due to the
ineffective nature of our bounds, we are able to obtain a partial result and a conditional proof
of Conjecture 1.7, with the help of a computer, using the method of Ono and Soundararajan
[12] which was used to (conditionally) determine the integers represented by 22 +y2 41022

Theorem 1.8. Every sufficiently large natural number may be written in each of the forms
given in Conjecture 1.7.

Moreover, assuming GRH for Dirichlet L-functions and GRH for the L-functions of
weight 2 new forms, Conjecture 1.7 holds.
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Table 1. Equivalent Quadratic Forms

Mixed Sum f | Exceptional 7 || Quadratic Form @ | Congruence | Exceptional 7’/
2?2 +2y% + 3T, {23} 222 + 3y? + 422 | 3 (mod 8) {187}
22 + 5y + 2T, {19} 22+ 92 +202%2 | 1 (mod 4) {77}

22 4+ 6y + T, {47} 22 +2y% + 1222 | 1 (mod 8) {377}
222 + 4y + T, {20} 22 +4y* + 3222 | 1 (mod 8) {161}

Remark 1.9. In light of Theorem 1.8, there is an elliptic curve E' for each form such that
any counterexample r to Conjecture 1.7 will give a (specific) discriminant D, such that
L(xp,, s) has a Siegel zero or a (specific) discriminant D). such that the L-series of the
D) -th quadratic twist of F contains a Siegel zero. Here D, and D). vary linearly in r as a
constant times 87 + ¢ with ¢ the constant in front of the term 7,

In our proof of Theorem 1.8, we also show that Conjecture 1.7 leads to the following
equivalent statements.

Proposition 1.10. In Table 1, the mixed sum f represents precisely every natural number
other than the exceptional set of v if and only if the quadratic form () represents every
natural number in the given congruence class other than the exceptional set of 1’

Our methods will be based upon the theory of (ternary) quadratic forms and half-integral
weight modular forms. A good reference for quadratic forms is [6] and the survey paper of
Schulze-Pillot [13], while a good reference for modular forms is [11].

2. Representations by Sufficiently Large Integers

In this section we will show our main results, Theorems 1.5 and 1.3. We will first show the
main result and then show how the counterexamples arise naturally from our proof.

Proof of Theorem 1.5. Consider one of the forms of the conjecture written as
fap(@y) = ar@] + -+ am, @, + 01Ty + -+ by Ty,

We first note that (extending the definition of triangular number to 7__, = —z(—z + 1)/2
for symmetry), f,5(x,y) = r if and only if

ms
Qap(7,y) = 8arz]+ - +8am, 20, +b1(2y1 +1)* 4+ -+ by (2ym, +1)% = 87‘—1—2 b;.

2
This is obtained simply by multiplying both sides of the equation by 8 and then adding
> -2 b; to both sides. Therefore, we will consider sums of the type Q, »(x,y). Note that
in each of our cases () = Q4 is a (ternary) quadratic form (which we shall denote Q' for
the quadratic form) with the added condition that the b; terms must be odd.
Consider the associated theta-series

b= YD 09 = Y age

T,Y,2€L reN
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where ag(r) is the number of representations of by (). We may write, using inclu-
sion/exclusion,

9Q($1,$2,y1) = GQ’(fEl,wz,yl) - 9Q’(=’E1,$2,2y1)’ (2.2)

HQ(JCL?JMQ) = te(xlvylle) - HQ’(ILthyz) - 9@’@1,2!172?/2) + GQ’($172y172y2)’ (2.3)
and

HQ(yLyz,ys) = GQ’(yl,yzny) - 9@’(2y1,y2,y3) - HQ’(y1,2y2»y3) - GQ’(yhyz,??JS)

+ HQ/(2y172y2,y3) + 9@’(2y1,y272y3) + HQ’(y1,2y2,2y3) - 9@’(2y1,2y2,2y3)' 2.4)

Thus, 6 is a sum of finitely many modular forms (the theta-series of the above quadratic
forms), and is thus itself a modular form.
The theta-series of a ternary quadratic form decomposes as follows:

O = (0q — Ospn(qr)) + (Ospn(@’) — Oen(@’)) + OGen(q')s

where Ogeq(g/) denotes the weighted average over the genus and g,y denotes the
weighted average over the spinor genus. Moreover, (6o — HSpn(Q’)) is a cuspidal mod-
ular form whose Shimura lift is also cuspidal, (GSPH(Q/) - HGED(Q/)) is a cuspidal modular
form in the space of lifts of one dimensional theta-series, where only ¢Z? coefficients are
supported (all others are equal to zero) for finitely many squarefree integers ¢ dividing the
discriminant (cf. Schulze-Pillot [13], p. 7-9). We will call ta® a (primitive) spinor excep-
tion for Q' if ta? is not (primitively) represented by the spinor genus of @', and we will
call tZ? a spinor exceptional class for @' if t is not represented by one of the spinor genera
in the genus of Q’. The r-th coefficient of the weighted average of the genus grows like
a certain class number (see Jones [6]) when 7 has bounded divisibility by the anisotropic
primes (primes p dividing twice the discriminant in which the number of representations
does not grow locally), and hence the r-th coefficient grows like

Wy (1) > /2

whenever r is locally represented, by Siegel’s (ineffective) lower bound for the class num-
bers [16]. Since the Shimura lift of (GQ/ — Ospn(Q/)) is cuspidal, Duke’s bound [2] gives
agQ/_QSPH(Q/) (7’) < 7a3/7+e7

as observed by Duke and Schulze-Pillot [3]. Therefore, outside of the coefficients which

are supported by (Ospn(or) — Oen(Q)) O (Ospn(Q (2,y,22)) — OGen(Q’ (z,y,22)))» Equation (2.2)
gives in that case

AQ(T) = U501 (a,2) ()~ Wm0y () T O(r?/7*e).

We now investigate the difference

Ugen( /) (") ™ Wen(1 o229 (T)-

Using Siegel’s averaging formula, the coefficients of these forms are given by the product of
the limit of the number of solutions modulo a prime power p™ divided by p™. Since these
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forms are equivalent p-adically for all primes p # 2, it follows that ag_ (@ (wy22) (r) =
Cr6e 00 (o y2)) (r), where ¢, is a constant which only depends on r modulo a fixed power
of 2. Clearly ¢, < 1, since the number of representations of r with 2 arbitrary is less than
or equal to the number of representations with z even. We then note that modulo a fixed
power of 2 this difference of local densities is equal to the number of solutions with z odd.
Moreover, Siegel’s averaging theorem [17] shows that r is represented by one of the forms
in the genus if and only if it is locally represented at all of the primes. Thus, ¢, = 1 if and
only if 7 is not locally represented by @’ with z odd.

Taking ¢ to be the weighted sum of the above ¢, from the inclusion/exclusion, the same
argument as above shows that Equations (2.3) and (2.4) also give

aQ(r) = (1= € )ahg r 0y oy (1) + O TH)
for coefficients not supported by Ospn(g7) — Ogen(qr) for any Q" occuring in the inclu-
sion/exclusion, where 1 — ¢, = 0 if and only if 7 is not locally represented.

Thus, any sufficiently large integer which is locally represented by @) and has bounded
divisibility by the anisotropic primes, other than (possibly) spinor exceptional square
classes tZ2, with t a squarefree divisor of twice the discriminant of @)’, are represented
globally by Q.

We will now proceed to show that each of the forms (1.1), (1.2), (1.3), (1.4), (1.5), (1.6),
(1.7), (1.8), (1.9), and (1.10) give a form (), , which locally represents every integer of the

form
m2
8r + Z b;
i=1

from Equation (2.1). We will then show which possible exceptional square classes may
occur in each case.

We first note that the anisotropic primes must divide twice the discriminant and hence
in each case these can only be 2, 3, or 5. The prime 2 can be ignored, since the congruence
conditions modulo 8 of the integers we would like to represent by (), in each of our
examples automatically implies bounded divisibility at 2. For those cases where 3 and 5
occur in the discriminant we use the fact that 2 is invertible p-adically so that we only need
to check the local conditions at 3 and 5 forn =0 orn = 1 and m = 0 or m = 1, verifying
in each case that 3 and 5 are not anisotropic. Therefore we only need to check p-adically at
each prime for existence of a solution.

It is well known that a solution exists for primes p relatively prime to the discriminant,
so we only need to consider primes which divide the discriminant. For (1.1), (1.2), and
(1.3), the discriminant is a power of 2, so we only need to consider solutions modulo a
sufficiently large power of 2. Checking a fixed power of 2 and applying Hensel’s lemma
shows that the 2-adic conditions are indeed satisfied in each case.

Therefore, other than spinor exceptional square classes, we have the desired result for
these three types of forms. Since the discriminants of each of these forms are a power of 2,
the only possible spinor exceptional classes are Z2 and 272, sot = 1 ort = 2.

For forms of type (1.1) we note that 8 4 1 is never 2 times a square and for a square
(2a + 1)? = 8r + 1 we have the explicit solution z = y = 0 and z = a, so we obtain the
desired statement.
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For forms of type (1.2), 8 4 2™ + 1 is even if and only if n = 0 (and in that case 2
(mod 8)). But in this case we have the solution = 0 and y = 2z = a for 2(2a + 1), so
t = 2 does not appear in our analysis. When n < 3, 8r + 2™ + 1 isnot 1 or 0 mod 8, so
squares do not appear in our analysis when n < 3. The case ¢ = 1 gives the condition of
the theorem.

For forms of type (1.3) 87 + 2" + 2™ 4 1 is even if and only if m > O and n = 0 (up to
symmetry), so we only need to consider twice a square when n = 0. The case ¢t = 1 gives
the other condition of the theorem.

Forms of type (1.4), (1.5), (1.6), (1.7), (1.9) and (1.10) give Q' with discriminant a
power of two times 3. Therefore, for these forms we need to check the local condition at 2
and at 3. The 2-adic argument for forms of type (1.4), (1.5), (1.6), (1.7) follow exactly as
above for the previous 3 types of forms, using Hensel’s Lemma. For the 3-adic argument
we only need to show that there is a solution modulo 9 and then use Hensel’s Lemma. Since
2 is invertible modulo a 3 power, we only need to consider the casesn = Oorn = 1. A
simple check shows that the local conditions are satisfied in this case. The local conditions
for the forms (1.9) and (1.10) follow directly by direct calculation.

Therefore, the result holds outside of the spinor exceptional square classes for these
forms. For (1.9) and (1.10) the genus only has one spinor genus so there are no spinor
exceptional square classes, and these follow immediately. For all others, the only possible
spinor exceptional classes are Z2, 272, 3Z2, and 6Z>. For (1.4), 8r 4+ 1 = ta® only has a
solution modulo 8 if £t; = 1, but in this case we have the solution x = y = 0 and z = a.
For forms of type (1.5) we have

1 ifn>3
ifn =2

8r+3-2"+1= ? ;fzzl (mod 8)
4 ifn=0

Hence we only need to consider the spinor exceptional class with¢ = 1 forn > 3andt = 2
for n = 1. A quick check shows that 272 is not a spinor exceptional class for n = 1 since
the genus equals the spinor genus in this case. Therefore only the case ¢ = 1 is possible.
However, Schulze Pillot [14] gives necessary and sufficient conditions p-adically for ¢ to
be a spinor exception. We will only need here the necessary condition 3-adically (which
is due to Kneser [9]). Earnest, Hsia, and Hung have given an easy determination of when
these conditions are satisfied [4]. They show that the necessary condition implies that if p
is ramified in Q(v/—td) then

Ly = b1a? + 937y + b33°2°

with b; being p-adic units and 0 < r < s. However, we have 3 ramified in Q(v/—3 - 27+3¢)
whenever 3 does not divide ¢, and 7 = 0 in our case, so it follows that 1 cannot be a spinor
exception for 822 + 2"3y? + 22 for any n. But our sum (2.3) only contains quadratic forms
of this type, and the result follows.

For (1.6), the congruence 8 + 3 = 3 (mod 8) implies that only ¢ = 3 may occur, but
r =0,y = z = a gives a solution to 3a2. For (1.7) the congruence condition modulo 8
implies that only ¢ = 6 is possible forn = 0, ¢ = 1 for n = 1, and ¢ = 3 is possible for
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n > 3. A quick check for n = 0 and n = 1 show that these spinor exceptions do not occur,
and we are left with the remaining condition.

Finally we show the result for forms of type (1.8). In this case, the discriminant is a
power of 2 times 5, and the local conditions are shown as above. The only possible spinor
exceptional classes are those with¢t = 1, ¢t = 2, ¢t = 5, and ¢t = 10. We again look at
the congruence conditions modulo 8 to determine that the only possible spinor exceptions
equal to 8 + 5 - 2™ 4 2 are twice a square or 10 times a square when n > 3. As in the case
of (1.5) we then argue 5-adically to show that 5 must be a divisor of ¢, so the case ¢t = 2
cannot occur.

O

We will now show that our counterexamples to the original conjecture are of the excep-
tional type arising from spinor exceptional square classes in the associated quadratic form,
as evidenced in the above proof.

Proof of Theorem 1.3. In light of Theorem 1.5, for each of the counterexamples we will
show that the associated form @ does not represent ta? for infinitely many integers a, with
72 the possible spinor exceptional square class which occurs as a condition in the given
statement.

We will first show the case for 47, + 4T, + T.. The associated form Q'(z,y, z) :=
42?4+ 4y2 + 22 s genus 1. Local conditions (modulo 8) show that the difference of sums to
obtain 8r+9is Q(z,y,2) = Q'(x,y, 2) —Q'(x, 2y, z), since otherwise the local conditions
are not satisfied. However, Q" (z,y, z) := 422 + 16y + 22 is spinor genus 1. Therefore,
0q — Ospn(@) = 0, Ogen(qr) — Ospn(qr) = 0, and Ogr — Ospngry = 0, so that, calculating
the constant in front of O, (/) exactly,

QQ = CeGen(Q’) - (HSpn(Q”) - 9Gen(Q”))>

so that ag (87 + 9) = 2ag (87 +9), where Q" = 4% + 4y* + 52 + 4z is the (unique)
representative of the other spinor genus in the genus of Q”. Therefore, r will be represented
if and only if 8 + 9 is represented by Q’”, which is spinor genus 1 (and satisfies local
conditions), and hence represents every integer of this type except for the spinor exceptions.
However 1 is a spinor exception for Q"”, so it follows from the work of Schulze-Pillot [14]
that if p is a prime which splits in K = Q(v/—16) = Q(i) then Q" will not represent p?,
and hence neither will Q. To determine completely the integers not represented by Q" one
may then follow Schulze-Pillot [14] to see that the integers r not represented are precisely
those for which 8r + 9 is a square which has divisors that all split in Q(¢), which occurs if
and only if every prime divisor of 87 4 9 is congruent to 1 modulo 4.

For 8T, +T',+1T,, we similarly have that 8$2+y2+z2 is genus 1 and that 32x2+y2+22
is spinor regular with 272 a spinor exceptional square class. Again K = Q(v/—8-2) =
Q(7). Therefore, the integers not represented by 877, + T, + T, are precisely those r for
which 8r 4 10 is twice a square a where all of the divisors of a are congruent to 1 modulo
4. We include this case as a second counterexample to (1.3) to show that both conditions
which we have in the theorem are necessary.

For 22 + 16T}, + T, the inclusion/exclusion sum gives Q' (z,y, z) — Q' (z, 2y, ) with
Q' = 8x% 4 16y? + 22, a genus 1 form. Since Z? is a spinor exceptional square class for
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3222 + 1632 + 22 we argue as above to obtain 8r + 17 is not represented by @ if and only
if 8 + 17 is a square with all divisors split in Q(v/—2).

For the other cases, tZ? will be a spinor exceptional square class for both Q’'(z,y, 2)
and Q'(2x,y, z) which is represented by both Q’(x,y, z) and Q’(2z,y, ). Therefore, for
any prime p which is inert in K := Q(v/—td) (Here d is the discriminant of the form,
which is the same up to a square for both quadratic forms), then ¢p? will not be represented
primitively by the spinor genus of Q' (z, y, 2) or Q' (2x, y, z), and hence not by these forms
(see [15], page 352).

For 1927, + 2T, + T, we have the spinor exceptional class from ¢ = 3. Clearly,
Q(z,y, z) does not represent ¢ = 3, because the odd condition dictates that the smallest
integer represented by @ is 192 + 2 + 1 = 195. Therefore, the number of representa-
tions of t = 3 by Q'(z,vy, 2) and Q'(2x,y, z) are equal. Fix an arbitrary prime p inert
in K = Q(v/—2). Since there are no primitive representations of tp? by Q’(z,y, z) and
Q'(2x,y, 2), it follows that the number of representations of tp? by @Q'(x,, z) equals the
number of representation of tp® by Q'(2z, y, ). For 160T, + T, + T, we have t = 10 and
K = Q(i), and the argument follows as above. O

3. GRH and Mixed Sums

In [8], the author considers sums of the type f,; where a = 0. Using the decomposition
given in Equation (2.4), an algorithm is shown to determine, conditional upon GRH, which
integers are represented by fo ;. This is based upon an algorithm described by Ono and
Soundararajan [12] to determine the integers represented by the particular form z2 + 52 +
1022, as generalized to more general forms by the author in [7]. We will briefly explain the
theory behind the algorithm and then use the algorithm to conclude Theorem 1.8.

We start by decomposing the associated quadratic form @’ as described in the previous
section, namely

O = (0q" — Ospn(@)) + (Ospn(@) = OGen(@’)) + OGen(@')-
For (0spn(q/) — OGen(q'))> We use the results of Schulze-Pillot [14] to determine all (prim-
itive) spinor exceptions. Outside of these finitely many square classes, we have a cuspi-
dal weight 3/2 modular form g := (fg/ — Ospn(qr)) Whose Shimura lift is cuspidal plus
Eqr = Ogen(qr)- Since the Shimura lift of g is cuspidal and the Hecke operators commute
with the Shimura lift, we may further decompose g into

m
9=">_bigi,
i=1

where g; are a fixed set of weight 3/2 eigenforms which each lift to weight 2 normalized
eigenforms G; (ag, (1) = 1) under our choice of Shimura lift. One then uses the following
result of Waldspurger [20].

Theorem (Waldspurger). Let a weight 3/2 Hecke eigenform g; of level N with Nebentypus
X whose Shimura lift is G;. Then if r1 /19 € Qf foreveryp | N,

-1\ _ r -1\ _
ag, (r1) L(Gi, <> XX Dx <Tj> ry/? = a3, (r2) L(Gi, <> X~ %,
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where L(G;, X', s) is the L-series of G; twisted by the character Y.

We then find a representative 72 modulo squares in QQ, so that the coefficient a4, (12) # 0
(if one exists). If we define

ag,(r2)

T;/QL(G’D (;1) X_1X7‘27 1)

then for each r; equivalent to o modulo squares, we have

C; =

Ci

2 (1) = — 2 L(Gy, Xy, /2.
agz(rl) X(Tl/r2) ( Xrl )

Now we note that to obtain the theta series for () we are taking the sums and dif-
ferences of finitely many of these theta series for quadratic forms @Q”, and in each case
Egr = cgrEg, where cgr is some constant which only depends modulo squares 2-
adically. But, as shown above, ZQ,, cgr > 0 whenever the integer is represented locally
with the appropriate odd conditions. Thus, taking the sum of each of these from the appro-
priate Equation (2.2), (2.3), or (2.4) we have, for integers represented locally,

o) =)+ 3G

For r square free, the coefficients ag(r) are certain class numbers, so Dirichlet’s class
number formula (cf. [1]) allows us to write

ap(r) = L), D)r'/?,

where L(x”, s) is the L-series of the appropriate character . We then simply note that r is
not represented by @ if and only if ag(r) = 0, and then rearrange and divide by L(x", 1),
bounding the ratios L(G}, x4, 1)/L(x", 1)? using the bounds in [7].

We now use this algorithm to solve the conjecture assuming GRH.

Proof of Theorem 1.8. We first note that in each of these cases we have Q(z,y,z) =
Q'(z,y,2) — Q' (x,y,22) with Q'(z,y,2) = 8ax® + 8by? + cT, for some a,b, with
¢ = 1,2 or 3. Thus there are no solutions to 8 + ¢ = Q'(z,y,2z) (mod 8), so
Q(z,y,2) = Q'(x,y,z). We check the local conditions for ()’ and note that @) does
not have c as a spinor exception (the only one possible because of the congruence condi-
tions modulo 8) in each case (one can merely check trivially that it represents c). Therefore,
every sufficiently large integer is represented by the form.

We now proceed to show Proposition 1.10 and then use our algorithm given above to
determine the integers represented in each case. In each case, the resulting form is genus
two and thus will decompose as E + g, with E the weighted average among the genus and
g a Hecke eigenform (hence, since ¢ has rational coefficients, its lift G will be the L-series
of an elliptic curve). We then in each case use an argument similar to that given in [7] to
determine (unconditionally) that all of the non squarefree integers must be represented by
the form.
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Forr = 2245y 42T, we get Q' (z,y, 2) = 822 +40y*+222. But Q'(z,y, 2) = 8r+2
if and only if
4o +20y% + 22 = 4r + 1.

However, solutions to 22 + 20y3 + 22 = 8r + 1 can only exist if z is even (up to symmetry
of x and z), so we have half the number of solutions to

22 + 20y + 2% = 4r + 1,

giving the assertion of Proposition 1.10. We then use our algorithm to show the integers
(not) represented by 22420y 422 and check which are 1 modulo 4. This form is genus 2, so
the theta series decomposes as F + g with g a Hecke eigenform. Using the algorithm in [8],

all squarefree integers 1 mod 4 greater than 12288 (we get three different bounds depending

—20
4r+1

quick computer check then verifies that the only squarefree integer smaller than 108 which
is 1 modulo 4 and not represented by z? + 20y? + 22 is 77.

For 22 4 2y + 3T, we need to find solutions to 87 + 3 = 822 + 16y + 322. However,
any solution to 223 + 4y3 + 32% = 8r + 3 must have z and y even, so this is equivalent to
222 + 4y% + 322 = 8 + 3 and we get the assertion of Proposition 1.10. The form is genus
2, so the theta series decomposes as £ + g with g a Hecke eigenform. We then use the
algorithm in [8] to show that every squarefree integer which is 3 modulo 8, relatively prime
to 3 and greater than 1.89 x 10 is represented by 2z + 4y? + 322, while those which are
not relatively prime to 3 and greater than 21291 are represented. We then do a quick check
by computer to verify that every natural number less than 5 x 10, other than 187, which
is congruent to 3 modulo 8 is represented by 222 + 4y? + 322,

Next we consider 2 + 63> + T. In this case we have solutions to 87 + 1 = 8z2 +
48y? + z2. But the number of solutions to 222 + 12y + 2% = 8r + 1 equals the number of
solutions to 8 +1 = 82 +48y? + 22, so r is represented if and only if 87+ 1 is represented
by 222 + 12y? + 22, verifying the statement in Proposition 1.10. As above, our algorithm
shows the result for every natural number less than 1.6 x 10%. We then check by computer
to verify that every natural number less than 2 x 107, other than 377, which is congruent to
1 modulo 8 is represented by 222 + 122 + 22.

Finally, for 222 + 4y + T, we need to find solutions to 87 + 1 = 1622 + 32y? + 2.
Similarly to above, the number of solutions to 87 + 1 = 42 + 322 + 22 equals the number
of solutions of 8 + 1 = 1622 +32y% + 22, verifying the statement in Proposition 1.10. Our
algorithm shows the result for every natural number greater than 5.2 x 10%. We then check
by computer to verify that every natural number less than 5 x 10, other than 161, which
is congruent to 1 modulo 8 is represented by 42 + 32y? + 2. O

on the value of ( ) and take the largest one) are represented by x2 4 20y? + 22. A
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ABSTRACT. In 1997 K. Ono and K. Soundararajan [Invent. Math. 130(1997)]
proved that under the generalized Riemann hypothesis any positive odd integer
greater than 2719 can be represented by the famous Ramanujan form z2 +
y2 +1022; equivalently the form 2z2 4 5y2 +4T. represents all integers greater
than 1359, where 7% denotes the triangular number z(z+1)/2. Given positive
integers a, b, ¢ we employ modular forms and the theory of quadratic forms
to determine completely when the general form axz? + by? + ¢T. represents
sufficiently large integers and to establish similar results for the forms az? +
by + T, and aTy + bTy + cT.. Here are some consequences of our main
theorems: (i) All sufficiently large odd numbers have the form 2az? + y2 + 22
if and only if all prime divisors of a are congruent to 1 modulo 4. (ii) The form
ax? +y? + T is almost universal (i.e., it represents sufficiently large integers)
if and only if each odd prime divisor of a is congruent to 1 or 3 modulo 8. (iii)
ax? + T, +T. is almost universal if and only if all odd prime divisors of a are
congruent to 1 modulo 4. (iv) When v2(a) # 3, the form aT» + Ty + T% is
almost universal if and only if all odd prime divisors of a are congruent to 1
modulo 4 and va(a) # 5,7, ..., where va(a) is the 2-adic order of a.

1. INTRODUCTION AND THE MAIN RESULTS

A classical theorem of Lagrange states that any n € N = {0,1,2,...} can be
written as a sum of four squares (of integers). In 1916 S. Ramanujan [22] found
all the finitely many vectors (a,b,c,d) with a,b,c,d € ZT = {1,2,3,...} such
that the form az? + by? + c2? + dw? (with x,y,z,w € 7Z) represents all natural
numbers. Ramanujan also asked for determining those vectors (a,b,c,d) € (Z*1)*
such that the form az? + by? + cz? + dw? represents all sufficiently large integers;
this problem was essentially solved by H. D. Kloosterman [13] with help from the
useful Kloosterman sum, and this work represents a major breakthrough in the
field of quadratic forms.

What about ternary quadratic forms? A well-known theorem of Gauss and
Legendre states that n € N is a sum of three squares if and only if it is not of the
form 4% (81 + 7) with k,1 € N. In general, it is known that for any a,b,c € Z* the
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6426 BEN KANE AND ZHI-WEI SUN

subset {az?+by*+cz? : x,y,2 € Z} of N cannot have asymptotic density 1 because
there is always a congruence class modulo a power of some prime p dividing 2abc
which is not even locally represented by the form ax? + by? + cz2.

For x € Z let T, denote the triangular number x(x + 1)/2. Clearly T,, = T—,,—1
for all n € N. A famous assertion of Fermat states that each n € N can be
expressed as a sum of three triangular numbers, equivalently 8n + 3 is a sum of
three (odd) squares; this follows immediately from the Gauss-Legendre theorem.
Here is another consequence of the Gauss-Legendre theorem observed by Euler:
Each natural number can be written in the form 22 + y? + T, with z,y,2z € Z.
Recently, B. K. Oh and the second author [16] showed that for any n € Z* there
are r,y, 2z € Z such that n = 2% 4+ 2y + 1) + T, i.e., n — 1 = 22 + 8T, + T..

In view of the above, it is natural to study mixed sums of squares and triangular
numbers of the following three types:

ar® + by2 +cT,, az® + bTy + T, aTy + b1, + I,

where a,b,c € ZT = {1,2,3,...}. Let f(z,y,2) be any of the three forms, and
define the exceptional set

E(f):={n e N: f(z,y,z) = n has no integral solution}.
If E(f) =0, then f is said to be universal; if E(f) is finite, then we call f almost
universal. When the set E(f) has asymptotic density zero, i.e.,

. H1<n<N: f(z,y,2) =n for some z,y,z € Z}|
N~1>I<IF100 N o

1,

we say that f is asymptotically universal. In the case ged(a,b,c) > 1, obviously f
is neither almost universal nor asymptotically universal.

In 1862 J. Liouville (cf. [4, p.23]) proved the following result: For positive
integers a < b < ¢, the form aT), + bT} + cT, is universal if and only if (a,b,c) is
among the following vectors:

(1,1,1), (1,1,2), (1,1,4), (1,1,5), (1,2,2), (1,2,3), (1,2,4).
Recently the second author [27] initiated the determination of all universal forms of
the type az? + by? + ¢TI, or ax® + bT, + cT, and the project was finally completed
by combining the results in [27], [9] and [16]. Namely, for a,b,c € ZT with a < b,
the form ax? + by? + T, is universal if and only if (a, b, ¢) is among the following
vectors:
(17171)7 (17 1’2)7 (1727 1)7 (172’2)’ (17274)’
(1,3,1), (1,4,1), (1,4,2), (1,8,1), (2,2,1).
Also, for a,b,c € ZT with b > ¢, the form az? 4+ bT}, + T is universal if and only
if (a,b,c) is among the following vectors:
(1,1,1), (1,2,1), (1,2,2), (1,3,1), (1,4,1), (1,4,2), (1,5,2),
(1,6,1), (1,8,1), (2,1,1), (2,2,1), (2,4,1), (3,2,1), (4,1,1), (4,2,1).
In 1916 Ramanujan (cf. [22] and [19]) conjectured that those positive even
integers not represented by 22 + 12 + 1022 are exactly those of the form 4% (161 + 6)

with k,1 € N and that those positive odd integers not represented by 22 + 12 4 1022
are as follows:

3, 7,21, 31, 33, 43, 67, 79, 87, 133, 217, 219, 223, 253, 307, 391,... .

Licensed to University of Cologne. Prepared on Tue Oct 23 20:34:17 EDT 2012 for download from IP 134.95.82.241.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ALMOST UNIVERSAL MIXED SUMS 6427

In 1927 L. E. Dickson [3] proved Ramanujan’s conjecture about even numbers by
a simple argument. However, Ramanujan’s conjecture about odd numbers is very
difficult. For n € N, clearly

2n+ 1 = 22 4+ y? + 102> for some x,y,2 € Z
<= 2n+ 1= (22)? + 10y* + (22 + 1)? for some z,y,2 € Z
= n = 222 4 5y 4 4T, for some .y, z € Z.

Only in 1990 were W. Duke and R. Schulze-Pillot [6] able to show that sufficiently
large odd integers can be written in the form z2 4 y? + 1022, or equivalently that
the form 22 4 5y? 44T, is almost universal. In 1997 K. Ono and K. Soundararajan
[20] showed further that the generalized Riemann hypothesis implies that the only
positive odd integers not in the form 22 4+ 32 4+ 1022 are those listed by Ramanujan
together with 679 and 2719; in other words E(2z% + 5y* + 4T.,) consists of the
following numbers:

1, 3, 10, 15, 16, 21, 33, 39, 43, 66, 108, 109, 111, 126, 153, 195, 339, 1359.

Motivated by his conjecture on sums of primes and triangular numbers (cf. [29,
Conjecture 1.1]), the second author [28] conjectured that for any k,1 € N the form
2k 22 4 2ly? + T, is almost universal. The first author [12] showed that all of those
forms conjectured to be almost universal in [28] are asymptotically universal and
that many of them are almost universal.

In this paper we aim at determining all asymptotically universal forms and al-
most universal forms of the three types via modular forms and the theory of qua-
dratic forms.

For convenience we introduce some basic notation. We may write a positive
integer a in the form 2"2(a/ with va(a) € N and o’ odd; va(a) is called the 2-adic
order of a (equivalently, 2v2(*)||a), while a’ is said to be the odd part of a. For
a € Z and m € Z*, by a R m we mean that a is quadratic residue modulo m, i.e.,
a is relatively prime to m and the equation 22 = a (mod m) is solvable over Z. For
an integer a and a positive odd integer m, it is well known that a R m if and only
if the Legendre symbol (%) equals 1 for every prime divisor p of m.

Now we state our results on asymptotically universal forms.

Theorem 1.1. Fiz a,b,c € Z with ged(a,b,c) = 1. Then the form
f(xvyv Z) = axQ + by2 + T,
is asymptotically universal if and only if we have the following:

(1) —=2bc R a’, —2ac RV, and —ab R ¢.
(2) Either 41 ¢, or both 4||c and 2||ab.

Theorem 1.2. Fiz a,b,c € Z* with ged(a,b,c) = 1. Then the form
f(z,y,2) = azx? + bTy + T,

is asymptotically universal if and only if we have the following:
(1) =be¢ Ra', —2ac RV, and —2ab R (.
(2) Either 41b or4tec.

Theorem 1.3. Fiz a,b,c € Z+ with ged(a, b, c¢) = 1. Then the form
f(x,y,2) = aly + 0T, + T,
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6428 BEN KANE AND ZHI-WEI SUN

is asymptotically universal if and only if
—bcRa', —ac RV, and —ab R ¢'.

Remark 1.1. For a,b,c € Z*, if the form az? + by? + T, or az? + bT, + T or
aTl, +bT, + T, is asymptotically universal, then a’, b, ¢’ must be pairwise coprime
by Theorems 1.1-1.3.

The law of quadratic reciprocity gives restrictions under which the relations in
the above theorems cannot occur.

Corollary 1.4. Fiz a,b,c € ZT and consider
(1) az® + by? + T, (2) aT, + bT, + cz?, (3) aT, + 0Ty + T,
(4) ax® +bT, + c2?, (5) ax? + bTy + cT.
(i) If ' =V = —¢’ (mod 8), then none of (1)-(5) is asymptotically universal.
(i) If
ad=b=c+4 (mod?38), +a' = -V =c +4 (mod ),
{vg(a) Z va(b) (mod 2) ? {vg(a) =wvy(b) (mod 2),

then none of (1)-(3) is asymptotically universal.

(iii) If
{a’ =b=c+4 (mod?3y), {j:a’ =-V=c+4 (mod38),
v2(a) = wva(b) (mod 2) va(a) Z va(b) (mod 2),

then neither (4) nor (5) is asymptotically universal.

Corollary 1.5. Leta,b,c € ZT with va(b) = va(c) (mod 2). Assume thata' = b =
¢’ (mod 4) fails. Then, either none of the forms ax®+by*+2cT, and ax®+cy?+2bT,
is asymptotically universal or none of the forms ax®+42cy?+bT, and ax+2by>+cT,
is asymptotically universal.

Any n € Z* can be uniquely written in the form a?q with a,q € Z* and ¢
squarefree, and we use SF(n) to denote ¢ = len, 20, (n) P> the squarefree part of
n.

Now we turn to almost universal forms.

Theorem 1.6. Let a,b,c € ZT with ged(a,b,c) = 1 and va(a) > va(b). Suppose
that both (1) and (2) in Theorem 1.1 hold. Then there are infinitely many positive
integers not represented by the form
f(x,y, 2) == ax® 4+ by? + T,
(i.e., f is not almost universal) if and only if we have the following:
(1) 2|a, 4te¢, o =0 (mod 2°7%2(9) and
4+1b= v2(a) = c (mod 2),
2tbc=8|a & 8| (b—rc).

(2) All prime divisors of SF(a'b/d") are congruent to 1 modulo 4 if va(a) =
v2(b) (mod 2), and congruent to 1 or 3 modulo 8 otherwise.
(3) 237209 (az? + by?) + /2% = SF(a'V'¢') has no integral solutions.
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Remark 1.2. When ax? + by? + cT, (with a,b,c € Z*) is asymptotically universal
it is not necessary that (2) in Theorem 1.6 holds. For example, 622 + y? + 10T}, is
asymptotically universal, but we don’t have (2) in Theorem 1.6 with a =6, b =1
and ¢ = 10.

Example 1.1. Consider those forms az?+by?+cT, with a,b,c € ZT and a+b+c <
10. By Theorem 1.6, we find that those asymptotically universal ones are all almost
universal. Below is a complete list of those forms az? + by? 4 cT, with a,b,c € Z*
and a + b + ¢ < 10 which are almost universal but not universal:

2+ 2y2 + 3T, 22% + 4y2 +T., 22+ 5y2 + 2T, 22 + 6y2 + 1T,
22 +y? + 5T, 22° 4+ 3y? + 2T, 22% 4 5y> + To, 322 + 49> + T,
22 + 2y + 6T, z° + 5y + 31, 222 + 2y% + 5T, 222 + 4y° + 31,
4o + dy? + T, 2° 4 4y® + 5T, 22° 4 3y* + 5T.,.
For the four forms in the first row, the second author [27] conjectured that
E(x* 4 2y + 3T,) = {23}, E(22% + 4y* + T.) = {20},
E(x* 4 5y + 2T,) = {19}, B(2? + 6y> + T.) = {47},
which was confirmed by the first author [12] under the generalized Riemann hy-
pothesis. For the form 4z2 + 4y* + T, the second author [29] conjectured that
E(42? 4 4y® + T) consists of the following 19 numbers:
2, 12, 13, 24, 27, 34, 54, 84, 112, 133,
162, 234, 237, 279, 342, 399, 652, 834, 864.

For the ten remaining forms on the above list, our computation via computer sug-
gests the following information:

E(2® +y? +5T,) = {3, 11, 12, 27, 129, 138, 273},

E(222 +3y? +2T,) = {1, 19, 43, 94}, E(22® + 5y° + T.) = {4, 27},

B(3z% +4y* + T.) = {2, 11, 23, 50, 116, 135, 138},

B(z® + 2y? + 6T,) = {5, 13, 46, 161},

E(2® 4 5y° + 3T.) = {2, 11, 26, 37, 40, 53, 62, 142, 220, 425, 692},

max F(2¢% 4 2y* + 5T,) = 2748, max E(2z? + 4y* 4 3T.) = 3185,

max F(z? + 4y* 4 5T,) = 2352, max E(2z% 4 3y* 4 5T.) = 933.
Under the generalized Riemann hypothesis, the argument of Ono and Soundarara-
jan [20] would allow one to use Waldspurger’s theorem [30] (or a Kohnen-Zagier
variant [15] when the corresponding modular form is in Kohnen’s plus space) to
determine effectively a computationally feasible bound beyond which every integer
is represented and hence verify that the above lists (and all lists contained herein)
are indeed complete. This is done by carefully comparing the growth of the class

numbers of imaginary quadratic fields with the growth of coefficients of a particular
cusp form.

Recall that {2 + 2T}, : z,y € Z} = {T, + T, : x,y € Z} as observed by Euler.
(See, e.g., (3.6.3) of [1, p.71], and [27, Lemma 1].) Thus we say that 2 + 2T, is
equivalent to T, + T, and denote this by 22+ 2T, ~ T, +T,.
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Corollary 1.7. Let a,b,c € Z* with ¢ odd. Then,

all sufficiently large odd integers have the form 2ax® 4 2by? + cz*
<= ax? + by? + 4cT, is almost universal
<= 2|jab, —ab R ¢, —2ac RV and —2bc R d’.

In particular,

all sufficiently large odd numbers are represented by 2ax® + c(y® + 2%)

= ax® + 2cy? + 4cT, ~ ax® + 2¢(T, + T.) is almost universal

<= c=1, and all prime divisors of a are congruent to 1 mod 4.
Remark 1.3. In 2005 L. Panaitopol [21] showed that for a,b,c € ZT witha <b < ¢
all positive odd integers can be written in the form ax? +by? + cz? with z,y, 2 € Z,
if and only if the vector (a,b,c) is (1,1,2) or (1,2,3) or (1,2,4). For n € N,
clearly 2n 4+ 1 = 22 4 2y% + 322 for some z,y,z € Z if and only if there are
x,y, 2 € Z such that 2n +1 = (8T}, + 1) + 2y + 3(22)? (i.e., n = 4T, + y*> + 622) or
2n+1= (22)%+2y% +3(8T, + 1) (i.e., n — 1 = 222 + y? + 127%). By Corollary 1.7,
the forms 622 +y?+47, and 222 +%2 +12T, are almost universal. Our computation
suggests that

E(6x2 + 9% +4T,) = {2, 3, 17, 23, 38, 51, 86, 188}

and
E(22* +y* + 12T.) = {5, 7, 10, 26, 35, 65, 92, 127, 322}.

Corollary 1.8. Let a,b € Z* with b odd. If SF(a') or SF(b) has a prime divisor
p =3 (mod 4) (which happens when a' or b is congruent to 3 mod 4), then
az? 4+ by? + 2T is almost universal
<= az? + y? + 2bT., is almost universal
<> —aRband —bRd

and

ax? + 2y* + bT, is almost universal
— ax® + 2by® + T, is almost universal
< —2a Rband —b Rd.
Corollary 1.9. Let a be any positive integer.
(i) The form ax®+y*+T. is almost universal if and only if —2 R a' (i.e., every
odd prime divisor of a is congruent to 1 or 3 modulo 8). Also, ax® + 2y? + 2T, is

almost universal if and only if each prime divisor of a is congruent to 1 or 3 modulo
8.

(i)
az? + 2y + T. is almost universal
= az® +y* + 2T, ~ ax® + T, + T, is almost universal

< —1Rd, ie., every odd prime divisor of a is congruent to 1 mod 4.
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Also,
ax’® 4 2y* + AT, ~ ax® + 2T, + 2T, is almost universal
<= all prime divisors of a are congruent to 1 mod 4
and
ax? 4+ 4y? + 2T, is almost universal

<= a =1 (mod 8) and each prime divisor of a is congruent to 1 mod 4.

Example 1.2. By Corollary 1.9, the form 522 + 4y? 4 2T, is not almost univer-
sal, although it is asymptotically universal. Also, our computation suggests the
following information:

B(11z? +y? +T,) = {8, 34, 348} and E(122% +y* + T.) = {8, 20, 146, 275}.
Corollary 1.10. Leta € ZT. Then

ax® + 3y? 4 T, is almost universal (or asymptotically universal)

<= a=1 (mod 3), and |p/12] is even for any odd prime divisor p of a

and
azx? + y* + 3T, is almost universal (or asymptotically universal)
<= a=2 (mod 3), and |p/12] is even for any odd prime divisor p of a.
Also,
azx® + 2y + 6T, is almost universal (or asymptotically universal)
< a =1 (mod 6), and |p/12] is even for any prime divisor p of a
and

ax? + 6y* + 2T, is almost universal (or asymptotically universal)

<= a =5 (mod 6), and |p/12] is even for any prime divisor p of a.

Corollary 1.11. Let m be a positive integer.

(i) 22 + y? + mT, is almost universal if and only if 4 + m and all odd prime
divisors of m are congruent to 1 mod 4. Also, 222 4+ y? +mT, is almost universal
if and only if 8t m and each odd prime divisor of m is congruent to 1 or 3 mod 8.

(ii) Let k € Z*. Then the form 2% 2% +y? + mT, is almost universal if and only
if4tm, —1 R m’ and

2|lm = m is squarefree.
Also, the form 226122 + 42 T, is almost universal if and only if 4 m, —2Rm’
and
m=1 (mod 8) == m is squarefree.

(iii) Let k,1 € Z* with k > 1. Then 2Fx? +2'9y? +mT, is asymptotically universal

if and only if for each prime divisor p of m we have

p=1 (mod 4) if k=1 (mod 2),
p=1or3 (mod 8) otherwise.

When 2Fx2 4 2'92 + mT, is asymptotically universal, it is almost universal if and
only if m is squarefree, or both 2 | k and | = 1.
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Example 1.3. By Corollary 1.11, the forms 42 + y? + 50T%, 8z% + 3% + 9T,
and 2x2 + 2y? + 25T, are not almost universal, although they are asymptotically
universal. We also have the following observations via computation:

max F(z? + y? + 10T,) = 546, max E (22> + y* + 117%) = 985,
max F(42? + y* + 107T},) = 5496, max E(42* + 2y* + 97.,) = 9555,
max F(2z2 + 2y* + 13T,) = 22176, max F(82° 4 y* + 3T,) = 499.

Corollary 1.12. Let a € Z* be even.

(i) Suppose that va(a) is even and each odd prime divisor of a is congruent to 1
modulo 3. Then ax?+ 216y? + T, is asymptotically universal. Moreover, this form
is not almost universal if and only if every prime divisor of SF(a') is congruent to
1 or 19 modulo 24, and the number of prime divisors congruent to 19 modulo 24 is
odd.

(ii) Assume that ve(a) is odd, ' = £1 (mod 10) and 2 | |p/10]| for every prime
divisor p of a’. Then ax® + 250y% + T, is asymptotically universal. Moreover, this
form is not almost universal if and only if o’ = 21,29 (mod 40) and every prime
divisor of SF(a') is congruent to 1 or 9 modulo 20.

Remark 1.4. Corollary 1.12 implies that the forms 7622 + 216y + 1. and 5822 +
250y2 4+ T are asymptotically universal but not almost universal.

For the form az? + bT), + T, we obtain the following result.

Theorem 1.13. Let a,b,c € ZT with ged(a,b,c) = 1 and va(b) > vo(c). Consider
the form
f(z,y,2) == az® + bT, + T,
and assume that both (1) and (2) in Theorem 1.2 hold.
(i) When va(b) & {3,4}, f is not almost universal if and only if we have the
following:
(1) 44b+c and SF(a't') = (b+¢) (mod 237), where v := va(b+ ¢) < 2.
(2) All prime divisors of SF(a'b/'c’) are congruent to 1 or 3 modulo 8 if SF(abc)
=0b+ ¢ (mod 2) and are congruent to 1 modulo 4 otherwise.
(3) 8ax?+by? + c2? = 2"SF(a'b'c’) has no integral solutions with y and z odd.
(4)
va(b) <1 = va(a) —va(b) € {2,4,6,...},
v2(b) =2 = va(a) € {1,3,5,...},
va(b) € {5,7,...} = (4| a or2]|ec),
va(b) € {6,8,...} = (2| a or a =c (mod 8)).
(ii) In the case v2(b) € {3,4}, if f is not almost universal, then (1) — (3) above
hold and also

ve(b) =3= (4|a or2|c),

va(b) =4 = (2] a ora=c (mod 8)).
Moreover, provided (1) — (3) in part (1) and the condition 2 { va(a), f is not almost
universal if va(b) =4, or va(a) > va(b) =3 and ¥/ = ¢’ (mod 8).

Example 1.4. Consider those forms ax2+bTy+cTz with a, b, c € Z* and a+b+c <
10. By Theorem 1.13, we find that those asymptotically universal ones are almost
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universal. Below is a complete list of those forms axz? 4 bT, + T, with a,b,c € 7+
and a + b + ¢ < 10 which are almost universal but not universal:

502 + Ty + T, ~ 2% + 5y* + 2T, 52% + 2T, + 2T, ~ 22 + 5y* + 4T,
82 + Ty + T, ~ a° + 8y* + 213, 22° + 3T, + 2T, 2* + 4T, + 3T,
222 + 5T, + Ty, 42 + 3T, + T», 32* + 5T, + T, 32* + 4T, + 2T,
42 + AT, + T,, 62* + 2T, + T, 52 + 3T, + 2T, 52 + 4T, + T.
For the above forms from the second line, our computation via computer suggests
the following information:
E(82* + T, + T.) = E(2* 4+ 8y* + 2T.,) = {5, 40, 217},
E(22% 4 3T, + 2T,) = {1, 16}, E(2*® + 4T, + 3T.) = {2, 6, 80},
E(22® + 5T, + T,) = {4}, E(4x® + 3T, + T.) = {2, 11, 27, 38, 86, 93, 188, 323},
E(3z* 45T, +T.) = {2, 7}, B(32® + 4T, + 2T,) = {1, 8, 11, 25},
E(42® + 4T, + T,) = {2, 108}, E(622 + 2T, + T.) = {4},
BE(bx? + 3T, + 2T.) = {1,4,13,19,27,46,73,97, 111,123,151, 168},
E(52 + 4T, + T.) = {2, 16, 31}.
In Corollary 1.9 we determined when az?+ T, + T, or ax? + 2T}, + 2T, is almost
universal. The following corollary deals with two other similar forms.

Corollary 1.14. Leta be a positive integer. Then ax®+2T,+T, is almost universal
if and only if all odd prime divisors of a are congruent to 1 or 3 mod 8. Also,
az® + 4T, + T, is almost universal if and only if all odd prime divisors of a are
congruent to 1 mod 4.

Example 1.5. By means of computation, we believe that
E(92® + 2T, + T,) = {4} and E(112® + 2T, +T,) = {4, 25, 94, 123}.

Corollary 1.15. Let m be any positive integer.

(1) If all odd prime divisors of m are congruent to 1 or 3 mod 8, and m
3 (mod 8) or va(m) # 4,6,..., then 2% + T, + mT, is almost universal. The
converse also holds when vo(m) # 4.

(ii) For k € Z* \ {3,4}, the form 2*(2® + T,) + mT, is almost universal if and
only if k € {1,2} and all prime divisors of m are congruent to 1 or3 mod 8. When
m =1 (mod 8), the form 8(z* 4+ T,) + mT, is not almost universal.

! =

Example 1.6. By Corollary 1.15, the form 822 + 8T} + T, is not almost universal,
although it is asymptotically universal. We also have the following guess based on
our computation:

E(x*+T,+9T.) = {8, 47}, E(2*+T,+11T,) = {8}, E(x*+T,+12T.) = {8, 20}.

Corollary 1.16. Let m be any positive integer.

(i) When va(m) # 3, the form z? + 2T, + mT, ~ T, + T, + mT, is almost
universal if and only if all odd prime divisors of m are congruent to 1 mod 4 and
va(m) #5,7,. ...

(ii) For k € Z* \ {2}, the form 2¥(x? + 2T,) + mT, ~ 28(T, + T,) + mT, is
almost unwersal if and only if k = 1 and all prime divisors of m are congruent to
1 mod 4.
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Remark 1.5. By Corollary 1.16(ii), 82% + 16T, + T, ~ 8(T, + 1) + T is not
almost universal, although it is asymptotically universal. In [29] the second author
conjectured that any integer n > 1029 is either a triangular number or a sum of
two odd squares and a triangular number (i.e., n = (87, + 1) + (87, + 1) + T, for
some x,y, z € 7); in other words,

E(8T, + 8T, + T,) N [1028,+0) C {T},, —2: m € Z*}.

Recently, Oh and the second author [16] showed that T, — 2 € E(8T, + 8T, + 1)
(i.e., T, is not a sum of two odd squares and a triangular number) if and only if
2m + 1 is a prime congruent to 3 mod 4.

Example 1.7. Via computation we make the following observation:
E(2? + 2T, + 10T,) = E(T, + T, + 10T%) = {5, 8},
E(2? + 2T, + 13T,) = E(T, + T, + 13T%) = {5, 8, 32, 53}.

Theorem 1.17. Let a,b,c € Z* with va(a) > va(b) > va(c) = 0. Assume that
—bc R a', —ac RV and —ab R ¢'. Consider the form

flx,y,2) == aT, + 0T, + cT.
i is not almost universal, then we have the following:
Iff I I, th have the foll
(1) 4 f a+ b+ c and SF(a'Vc) = (a+ b+ ¢)' (mod 237Y), where v =
vala+b+c) <2.
(2) All prime divisors of SF(a'b/c’) are congruent to 1 modulo 4 if SF(abc) =

a+ b+ c (mod 2) and are congruent to 1 or 3 modulo 8 otherwise.
(3) ax®+by? + cz? = 2°SF(a'V'c') has no integral solution with x,y, z all odd.

(4)
v9(b) <1 = vy(a) —ve(b) € {3,5,7,...},
v2(b) =2 = va(a) € {2,4,6,...}.
(ii) f is not almost universal under (1)-(3) in part (i), and the following condition
stronger than (4):
v2(b) < 1= va(a) —wv2(b) € {5,7,...},
va(b) € {2,4} = va(a) € {4,6,...},
v2(b) =3 = (v2(a) € {6,8,...} & ¥ =c (mod 8)).
Example 1.8. Consider those forms a7, +bT,+cT, with a,b, ¢ € Z* and a+b+c <

10. By Theorem 1.3, we find the following complete list of those asymptotically
universal forms which are not universal:

T, + AT, + 4T, ~ 42° + 8T, + T,

T, + T, + 8T, ~ z* + 8T, + 2T,

2T, + 2T, + 5T, ~ 22° + 4T, + 5T,

Ty + 2Ty + 6T, 2T, + 3T, + AT., Ty + AT, + 5T..

By Theorem 1.17, the last four forms are in fact almost universal; our computation
via computer suggests the following information:

E(2T, 42T, +5T.) = E(20*+4T,+5T.) ={1,3,10, 16, 28,43, 46, 85,169, 175, 211,223}
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and
E(Ty+2T,+6T.)={4, 50}, E(2T,+3T,+4T.)={1, 8, 31}, E(T,+4T,+5T,)={2}.

As for the first two forms T, + 47T, + 47, and T, + T, + 87, neither Theorem
1.17 nor Theorem 1.13 tells us whether or not they are almost universal. However,
with some special arguments, the first author [12] was able to show that they are
not almost universal, although they are asymptotically universal. By Theorem
1.1(ii) of an earlier paper [16], E(T, + T, + 8T%) actually consists of those 2T, — 1
(m € ZT) with 2m + 1 having no prime divisors congruent to 3 mod 4. Similarly,
by [27, Theorem 1(iii)] and [16, Theorem 2.1(ii)], E(T, + 4T, + 4T) consists of
those Ty, — 1 (m € Z™) with 2m + 1 having no prime divisors congruent to 3 mod

4.

Corollary 1.18. Let a € Z". Then the form oT, + 2T, + T is almost universal if
each odd prime divisor of a is congruent to 1 or 3 mod 8, and either o’ =1 (mod 8)
or va(a) # 4,6,.... We also have the converse when va(a) # 4.

Remark 1.6. In [12] the first author was able to show that the special form 48T, +
2T, + T is not almost universal (though it is asymptotically universal by Theorem
1.3).
Example 1.9. Our computation leads us to make the following observation:
E(9T, + 2T, +T,) = {4, 46}, E(11T, + 2T, + T,) = {4, 25},
E(22T, + 2T, + T%) = {4, 11, 14, 19, 46, 54}.
Our following conjecture is a supplement to Theorems 1.13 and 1.17; its solution

might involve a further investigation of the spinor norm mapping or alternation of
certain coefficients of cusp forms.

Conjecture 1.19. Let a,b, c be positive integers.
(i) In the case v2(b) > va(c) and va(b) € {3,4}, if (1) — (3) in Theorem 1.13 hold
and also

va(b) =4 = (2]a ora=c (mod 8)),

then the form az?® + bT, + T, is not almost universal.
(ii) In the case va(a) > va2(b) > va(c) =0, if (1) — (3) in Theorem 1.17 hold and

va(a) =va(b) =2 or wva(a) =wv2(b) +3 € {3,4} or wva(b) € {3,4},

then the form aT, + bTy + cT’, is not almost universal.

{vg(b)=3¢(4|aor2|0),

In the next section we are going to introduce some further notation and give an
overview of our method. In Section 3 we will deal with asymptotically universal
forms and prove Theorems 1.1-1.3 and Corollaries 1.4-1.5. Section 4 is devoted to
the proofs of the remaining theorems and corollaries concerning almost universal
forms.

2. NOTATION AND BRIEF OVERVIEW

Our arguments will involve the theory of modular forms and spinor exceptional
square classes for quadratic forms. A good introduction to modular forms may
be found in Ono’s book [18], and a good introduction to quadratic forms may
be found in O’Meara’s book [17]. We will first reduce the questions at hand to

Licensed to University of Cologne. Prepared on Tue Oct 23 20:34:17 EDT 2012 for download from IP 134.95.82.241.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



6436 BEN KANE AND ZHI-WEI SUN

questions about certain related (ternary) quadratic forms. Since 87}, + 1 is an odd
square, multiplying by 8 and adding some positive integer will give a form Q(z,y, 2)
which is a sum of squares with the restriction that some of x, y, and z must be
odd. If we take rg(n) to be the number of solutions to Q(x,y,z) = n with the
given restrictions on x,y, 2z € Z, then define

oo

Oo(7) =Y ro(n)g,

n=0
where ¢ = €2™7 with 7 in the upper half plane. Since the number of solutions with z
odd equals the number of solutions with z arbitrary minus the number of solutions
with 2z even and since the form with z even gives another quadratic form, we get
an inclusion /exclusion of theta series of quadratic forms. Let a ternary quadratic
form Q'(x,y, z) be given. Then it is well known that the theta series

O (1) =y 1 (n)g"
n=0

is a modular form of weight 3/2, where rg/(n) is the number of solutions to
Q'(z,y,z) = n with x,y, 2 € Z. The theta series splits naturally into the following
three parts:

O = Ogen(@) + (Bspn(@) = bgen(@)) + (07 = bspn(@n)) -

where the n-th coefficients of 0yc,,(q) and 0, (g are the weighted average of the
number of representations of n by the genus and the spinor genus of @', respec-
tively. Furthermore, 04, (g is an Eisenstein series, 0,0y — Ogen(qr) 18 a cusp
form in the space of 1-dimensional theta series, and g/ — 05pn(qr) is a cusp form
in the orthogonal complement of the space of 1-dimensional theta series. For a
full description, see the survey paper of Schulze-Pillot [23]. We will then use the
argument of Duke and Schulze-Pillot [6].

The coefficients of Ospn(g) — Ogen(qry are supported at finitely many square
classes. If rg,.(n) is the number of solutions to Q'(z,y,2) = n + p*Z with
z,y,2 € Z/p*7Z, then the n-th coefficient of the Eisenstein series was shown by
Siegel (cf. Jones [11]) to be

. rorpr(n)
p prime

An anisotropic prime p is a prime for which the equation Q’(z,y,2) = 0 has no
non-trivial solutions in Z,. Notice that for q # p, rg/ 4 (np?) = g g+ (n), since p
is invertible, and hence we have a bijection between solutions to Q'(z,vy, z) = np?
and Q'(2',y', 2') = n by taking (z,y, z) — p~'(x,v, 2). Because Q' (x,y,2) =0, ifn
has sufficiently large divisibility by p (i.e., the order of n at p is large enough) then
it is easy to check that rg . (np?) = rg: ¢ (n), and hence the np** coefficients of
the Eisenstein series grow like a constant with respect to k.

When n has bounded divisibility at every anisotropic prime (i.e., the orders of n
at anisotropic primes are bounded) equation (2.1), and hence the coefficients of the
Eisenstein series, grow like a certain class number (cf. Jones [11, Theorem 86]), and
hence are (ineffectively) > n'/27¢ by the bound of Siegel [26]. The coefficients of
the cusp forms in the orthogonal complement of 1-dimensional theta series (to which
0q' — Ospn(q) belongs) were < nl/2=1/28+¢ a5 first obtained by Duke [5], extending
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Iwaniec’s result [10] (for coefficients of half integral weight > 5/2 modular forms)
to the case of weight 3/2 modular forms. Better bounds have been obtained by the
amplification method on sums of special values of L-series as in Blomer, Harcos,
and Michel [2], but the bound above is sufficient to guarantee that if n has bounded
divisibility at the anisotropic primes and n is not in one of the finitely many square
classes where the coefficients of 0,0y — 0gen(@r) are supported, the growth of
the coefficients of the Eisenstein series 0gep (g will overwhelm the growth of the
coefficients of the cusp form 0g: — ¢, (), and hence the coefficients of 6, will be
positive for sufficiently large n, with bounded divisibility by the anisotropic primes,
outside of these finitely many square classes. Moreover, if we take a weighted sum

m
> wibly,
=1

(such as the inclusion/exclusion above) of finitely many such g, where 04e,,(q1) =
cl-egen(@) and 27;1 w;c; > 0, then the resulting theta series will be

m
(Z wici) agen(Q’) + fl + f2a
i=1

where f1 = 370 wi0spn(Q) — bgeniqp) and fo = 3370, wilfg; — bspn(qy)- The
bound of Duke [5] given above then shows that outside of the finitely many square
classes where the coefficients of f; are supported, the n-th coefficient of this weighted
average is positive for sufficiently large n with bounded divisibility at the anisotropic
primes. The condition of the bounded divisibility at anisotropic primes will pose
only a minor complication, and we will find in the end that for any asymptotically
universal form the associated quadratic forms will never have an anisotropic prime
p # 2, while conditions modulo 8 will guarantee that the coefficients which we are
interested in automatically have bounded divisibility by 2.

We will thus be interested in determining which square classes of coefficients
17?2 are supported by Ospn(q’) — Ogen(qr)- Kneser [14] gave a necessary condition
and later Schulze-Pillot [24] extended this to give necessary and sufficient condi-
tions. For a quadratic form @', there is an associated bilinear form B(z,y) =
(Q(x+y) —Q'(xr)— Q' (y)) /2. We will call V' a (ternary) quadratic space over Qs
if it is a finite-dimensional vector space over Qo with an associated bilinear form B.
There is a quadratic form (over Q2) associated to V' given by Q'(x) = B(x,x) for
every x € V. Fix a Zy-lattice L. The quadratic form (over Zs) associated to L is
Q'(z) = B(x,x) with 2 € L. In our case, the lattice will always have an orthogonal
basis 21, €2, 23 with B(x;,2;) = 0 when ¢ # j. We will denote the Z,-lattice whose
corresponding quadratic form is ax? + by? + cz? by (a, b, C)y-

We will denote isometries from V to V' by O(V). Let O*(V) be the subgroup
of rotations consisting of isometries with determinant 1. We also use O"(L) to
denote the rotations which fix L. Each rotation is the product of an even number
of symmetries, where the symmetry 7, with v € V is defined by

2B(z,v)
T Wu.
The spinor norm mapping is the mapping 6(c) = Q'(v1) - - -Q’(UW)QQX2 where o =
Toy *** To,,- The set 0(OT (L)) forms a subgroup of Q5 /@;2. For the 2-adic lattice
L = Ly = {a,b,c)s, Earnest and Hsia determined this subgroup explicitly in [7].

Licensed to University of Cologne. Prepared on Tue Oct 23 20:34:17 EDT 2012 for download from IP 134.95.82.241.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



6438 BEN KANE AND ZHI-WEI SUN

Fix an imaginary quadratic field extension K/Q (in our cases, K = Q(i) or
K = Q(v/—2)) and a prime ideal 38 (of the ring Ok of algebraic integers in K)
dividing 2. For convenience, we define

K, = Q(y/—nSF(n)).

We say that o € Q) /QQX2 is a local norm at 2 (from the completion Kz to Qo) if
a = 22 + ny? for some z,y7 € Qy. We will denote the set of local norms at 2 by
N3 (K). Note that

%2

N>(Q(0)) = @ U5Q3* U2Q” U10Q;
and
N2(Q(v=2)) = Q3 U3Q; " U205 U6Q; ™

Using explicit results of Earnest, Hsia, and Hung [8] based on Schulze-Pillot’s
classification of spinor exceptional square classes [24], we will reduce the question
at hand to showing Kneser’s necessary condition at the prime 2. The necessary
condition of Kneser which we will need to show is that §(OT (L)) C No(K) (cf.
[14]). We will use the explicit results of Earnest and Hsia [7] to determine when
the necessary condition is satisfied.

For a,b € QJ, the Hilbert symbol (a,b)s € {+1} takes the value 1 if and only
if ax? 4 by? = 22 for some x,y, 2 € Qy with z,y, z not all zero. We will need the
following theorems.

Theorem 2.1 (Earnest and Hsia [7]). Let U denote the group of units in Zs and
let o € U. Then

{reQy : (v,—2a)2 =1} if r € {1,3},
{yeUQS : (v,—a)p =1}  ifr=2,
Q2 UaQ? UsQF?UsaQl® ifr =4,
Q*UaQ}® if r > 5.

Furthermore, Earnest and Hsia [7, Theorem 2.2] showed that for the lattice
Ly := (c/,27V,2%a")2, we have (O (L)) = Q5 if {r,s —r} N {1,3} # 0 and
{r,s,s —r}n{2,4} #0. If 0 < r < s and the conditions of Theorem 2.2 in [7]
are not satisfied, they proved that (01 (L)) is equal to the union of the spinor
norm restricted to 2-dimensional sublattices, allowing us to use the above theorem.
Moreover, if s > 5 and r € {0, s}, then their argument follows mutatis mutandis
and will also allow us to reduce the problem to 2-dimensional sublattices.

Since our base field is Q2 and K 3/Qs is ramified for K = Q(i) and K = Q(y/—2),
we will only need the following restriction of the 2-adic conditions from Earnest,
Hsia, and Hung’s theorem.

Theorem 2.2 (Earnest, Hsia, and Hung [8]). Let a,b,c € ZT and K = Q(v/—abc).
Let Ly = (¢/,27V,2%a/), with 0 <r <s, and let t € Z*. Assume that §(O" (L)) C
No(K), and define

I {<2T_20’, 20, 2%"), if r+s=wa(t) (mod 2),

0(0F((1,27a),)) =

<2T*30’, 2T 25a’>2 otherwise.

Consider the necessary and sufficient conditions given by Schulze-Pillot [24] for ¢
to be a primitive spinor exception for the genus of the quadratic form Q(x,y,z) =
ax® + by? + c22.
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(1) Set L" .= (2"¢/, 2", 2%a'),. When r+s = va(t) (mod 2), the Schulze-Pillot
conditions are not satisfied if and only if one of the following holds:
(a) 7 is odd and va(t) > r — 3.
(b) r is even, 0(OT (L)) € No(K), and

(
(r#s&wva(t) >r—2) or (r=s& vat) >r).
(

(c) 7 is even, 0(OT(L")) C Nao(K), 0(OT(L")) & Nao(K) and va(t) > r.

(d) r is even, O(OT(L")) C No(K), 0(OT(L")) C No(K) and v (t) > s.
(2) When r + s # vo(t) (mod 2), we have 0 < r < s, and the Schulze-Pillot

conditions are not satisfied if and only if one of the following holds:

(a) r is even and va(t) > r — 4.

(b) r is odd, (O (L") € No(K) and va(t) > r — 3.

(c) ris odd, (0T (L)) C No(K) and vo(t) > s — 2.

3. ON ASYMPTOTICALLY UNIVERSAL FORMS

In this section, we will show which forms are asymptotically universal, proving
Theorems 1.1, 1.2, and 1.3. We will first need the following lemma.

Lemma 3.1. Fiz a,b,c € ZT with ged(a,b,¢) = 1. Then

Q(z,y, 2) = ax® + by* + c2?
represents every integer p-adically for each odd prime p if and only if we have
(3.1) —ab R, —ac RV, and —bc R d’.

Proof. Tt is well known that @) represents every integer p-adically for any odd prime
p not dividing abe.

Let p be an odd prime divisor of abc. Without loss of generality, we assume that
p | e If p|ab, then @ clearly only represents all squares or all non-squares modulo
p. Therefore, p 1t ab.

Let a unit u € Z, be given. Suppose that there are x,y € Z, such that az?+by? =
pu. If x € pZ, , then we have y € pZ, and hence u € pZ,, which contradicts the
fact that u is a unit. Therefore both x and y must be units. Taking the Legendre
symbol of both sides yields that

()-(5)-(52)-5)-5)

Now assume that (_Tab) # 1. Let a unit u € Z, be given. From the above,

we know that az? + by?> = up does not have a solution. Suppose that there are
z,y, z € Zy such that az? + by? + ¢z = up. Then

azr® + by? = <u — E22>p.
p

2 is also a unit, and it follows that up is not represented. In

If p? | ¢, then u — £z
the case p||c, without loss of generality we assume that the unit % is a square. If

2 must also be a unit, and it follows that up is not

u is not a square, then u — I%z
represented.

By the above, (3.1) is a necessary condition.

If n € Z, is represented, then so is np?. Thus we only need to show that

(‘Tab) =1 implies that those n € Z, with v,(n) € {0, 1} are p-adically represented.
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We have already shown that (77‘“’) =1 if and only if those n € Z, with v,(n) =1
are represented, so we only need to prove that every unit is represented. Hence,
it suffices to show that at least one square and one non-square are represented by
Q. We will prove that az? + by? represents every integer p-adically. If —1 is not a

Square, then
bl

and hence both squares and non-squares are represented. So we may assume that
—1 is a square. For any unit u € Z,, the form ax? + by? represents every integer
p-adically if and only if uax? +uby? represents every integer p-adically. So, without
loss of generality we may suppose that

5)-)-

Since —1 is a square and we represent all squares by ax? (and also by?), we must
represent —1. We now argue inductively by noting that if —m is a square, then
—m — 1 is represented by az? + by? via taking az? = —m and by? = —1. If
—m — 1 is a non-square, then we are done; if —m — 1 is a square, then we can
continue the induction. Hence we must also represent a non-square, and the proof
is concluded. (]

We are now ready to prove Theorems 1.1, 1.2, and 1.3.

Proof of Theorem 1.1. Since 8T, + 1 = (2x + 1)2, the representation of n by
fz,y,2)

= ax? + by? + T is equivalent to the representation of 8n + ¢ by
Q(z,y,2) = 8ax? + 8by? + cz?

with z odd. The number of the latter representations equals the number of solu-
tions with z arbitrary minus those with z even. As described in Section 2, every
sufficiently large integer locally represented with bounded divisibility at the (finitely
many) anisotropic primes of Q' = Q or Q'(z,y,2z) are represented, outside of the
finitely many spinor exceptional square classes for Q'(x,y, z) or Q'(x,y,2z). Thus,
if the local conditions are satisfied, then

(32) {8n+c:neE(f)}C U U {n;p** s €N} | U (U tiZQ) ,

j=1p anisotropic

where p runs over the (finitely many) anisotropic primes, n1, ..., n, are the finitely
many “sporadic” natural numbers not represented by Q, and t,Z2,...,t,,Z? are
finitely many spinor exceptional square classes which may not be represented. Thus,
E(f) is a subset of a union of finitely many square classes, and hence its asymptotic
density is zero.

We then see that the local conditions at any odd prime p are equivalent to those
given in the theorem by Lemma 3.1 for Q. We will use the original form f to
investigate the local condition at p = 2. A quick check shows that T, represents
every integer modulo 8, and Hensel’s lemma then shows that T, represents every
integer 2-adically. Therefore, if ¢ is odd, then ¢T, represents every integer 2-adically.
If vo(c) = 1, then ¢T, represents every even integer. Since ged(a,b,c) = 1, either
a or b is odd, hence every integer is 2-adically represented. If ve(c) = 2, then (T,
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represents every integer congruent to 4 mod 8. Hence, we must represent 1, 2, and
3 modulo 4 with az? + by?. Without loss of generality, we assume that b is odd.
Then, b is congruent to 1 or 3 modulo 4, and so is by? whenever y is odd. If a
is odd, then either @ = b (mod 4), in which case —b (mod 4) is not represented,
or a = —b (mod 4), in which case 2 (mod 4) is not represented. Therefore, one
sees @ = 2 (mod 4), which is equivalent to ve(a) = 1. Finally, if va(c) > 3, then
ax? +by? cannot represent every integer modulo 8 because an odd square is always
congruent to 1 mod 8, so the local conditions are not satisfied. d

Proof of Theorem 1.2. In this case the number of solutions to n = f(z,y,2) =
az? + bT, + ¢TI, equals the number of representations of 8n + b+ ¢ by

Q(z,y, 2) = 8ax? + by? + cz*
with y and z odd. Thus, we again only need to show that every integer is locally
represented. The conditions given in the theorem for the odd primes are precisely
those given by Lemma 3.1. For p = 2 we again use the fact that T, and T,
represent every integer 2-adically. Note that if va(b) < 1 or va(c) < 1, then every

2-adic integer is represented because at least one of a,b, ¢ must be odd. Also, if
2 < wy(e) < v2(b), then not every integer is represented modulo 4. O

Proof of Theorem 1.3. Clearly, f(z,y,z) = aT, + b1y, + ¢T, represents the integer
n if and only if

Q(z,y, 2) = ax® +by* + c2?
represents 8n + a + b+ ¢ with z,y, z all odd. Again the local conditions at the odd
primes are given by Lemma 3.1. For the 2-adic conditions, we simply note that one
of a,b, cis odd, so every 2-adic integer is represented. O

Proof of Corollary 1.4. We first note that if b R a, then (%) = 1. Thus, if the
conditions given in Theorems 1.1, 1.2, or 1.3 hold, then (by the multiplicative
property of Jacobi symbols) we have

s = () (59) (57) () (57) (3%).

where r, s,t are certain natural numbers.
By the law of quadratic reciprocity for Jacobi symbols,

() (7)) ()
) (0)6) () (2) () )

a/fl 71 < a—lb—l u.f c’l o’
=(-1)*3 (1) e
n+1.b+1.r+1_a—1'h, 1.1
_(— ) P pl 2 .
/ ’ ’
Observe that “TH - I’Qi . % and “Tfl . bel - =1 have opposite parity if and only

if o/ = = ¢ (mod 4). So the product of three Jacobi symbols is 1 if and only if
a =b = (mod 4).
We finally deal with the 2-power part. If o’ =0 = —¢’ (mod 8), then

() -(2)- ()
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which concludes the first statement. We now note that if £a’ = ¢/ +4 (mod 8),
then (2) = —(2). Therefore, in the cases @’ = V' = ¢/ + 4 (mod 8) or +a’ =
—b' = ¢’ +4 (mod 8) the Jacobi symbol from the 2-power part is (—1)" ¢, where
r and t are as in equation (3.3). For (1), (4), and (5), we have r = vs(a) + 1,
while 7 = wvy(a) in the cases (2) and (3). For (1), we have ¢ = wvy(b) + 1, and
otherwise t = wo(b). Thus for (1)-(3) we have (—1)"tt = (=1)v2(@)+v2(®) and for
(4)-(5) we have (—1)"+ = —(—1)v2(@)+v2() from which we conclude the remaining
two statements. g

Proof of Corollary 1.5. By Theorem 1.1, if ax? + by? + 2cT%, or ax? + cy? + 20T,
is asymptotically universal, then we have (3.1). Similarly, if ax?® + 2cy® + b7, or
ax? + 2by? + T, is asymptotically universal, then we have
(34) ~bc Ra', —2ac RV, —2ab R ¢.

Now assume that both (3.1) and (3.4) hold. We want to deduce a contradiction.

(3.1) and (3.4) imply that 2 R b’ and 2 R ¢’. Recall that v2(b) = va(c) (mod 2).
So we have

(3.5) -V Rd, —dd RV, —d'V R(.

It follows that
Y —dc N
()= (57)- (=)~

Since @/ =’ = ¢’ (mod 4) fails, as in the proof of Corollary 1.4 we have

—b'c —a'd —a't!
() (55) (%)~

So a contradiction occurs. O

The following lemma gives a sufficient condition for a form not to be asymptot-
ically universal. It will be helpful for our proofs in the next section.

Lemma 3.2. Let a,b,c € ZT. For
fx,y, 2) = ax® +by* + T, ax® + 0Ty + T, aTy + 0Ty + T,

we define vy = va(c),va(b+ ¢),va(a + b+ c), respectively. If vy > 3, then f is not
asymptotically universal.

Proof. Assume that vy > 3 and [ is asymptotically universal. We want to deduce
a contradiction.

In the case f = ax?+by? + T, by Theorem 1.1 we have 8 { ¢, which contradicts
vy > 3.

Now suppose that f = az? + bT}, + ¢T,. Since 4 1 b or 4 { ¢ by Theorem 1.2,
(up to symmetry) the vector (b, ¢) modulo 8 is one of (2,6), (5,3), or (1,7). In
the first case a must be odd, while in the remaining two cases we have bc = 7

(mod 8) and hence () = 1. Therefore, Theorem 1.2 and equation (3.3) imply

that (_“,b,) (_alc/> (_brc,) = 1. However, the calculation from Corollary 1.4

c’ b’ a’

shows that
—a't —a'c -b'd
(=) () (&) -

if and only if o/ =0 = ¢ (mod 4). Since & =1 (mod 4) and ¢’ = 3 (mod 4), we
are led to a contradiction.

Licensed to University of Cologne. Prepared on Tue Oct 23 20:34:17 EDT 2012 for download from IP 134.95.82.241.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ALMOST UNIVERSAL MIXED SUMS 6443

Finally we handle the case f = a7, +b1}, +cT’.. By Theorem 1.3 and vy > 3, the
vector (a, b, ¢) modulo 8is one of (8,1,7), (8,3,5), (2,5,1), (2,3,3), (2,7,7), (6,1,1),
(6,5,5), (6,3,7), (4,1,3), (4,5,7). The cases (8,1,7) and (8, 3,5) are covered above.
For the cases (2,3,3), (2,7,7), (4,1,3), (4,5,7), (6,1,1), (6,5,5) we have

—a't —a'd b QU2 (a)
() () )= () =2

while in the cases (2,5,1) and (6, 3,7) we have

—a'b _ql A N
(=) () (5) =1 ma () =
c 4 a’ b'c!

In view of (3.3), we get a contradiction. g

4. ON ALMOST UNIVERSAL FORMS

In this section we investigate almost universal forms. We will determine when
asymptotically universal forms are not almost universal. We first consider sums
with two squares.

Proof of Theorem 1.6. Assume the conditions of Theorem 1.1. Recall that n is
represented by f(z,y, z) = ax? + by? + cT, if and only 8n + c is represented by

Q(z,y, 2) = 8ax? + 8by* + c2?

with z odd. Since v2(c) < 2 there are no representations of 8n + ¢ by Q(z,y,2z2)
due to congruence conditions modulo 8; thus the odd condition can be removed.
Therefore,

n—=c

1) BH) ={

: n=c (mod 8), Q(z,y,2) = n has no integral solution} :

Let tZ? be a spinor exceptional square class for the genus of @ such that ¢ is
squarefree and tax? = ¢ (mod 8) for some integer x. We will see below that K =
Q(v/—tabc) will always be Q(i) or Q(v/—2). Thus by the results of Earnest, Hsia,
and Hung [8] ¢ is a spinor exception for the genus because tx? satisfying the Schulze-
Pillot conditions will imply that ¢ satisfies the Schulze-Pillot conditions.

When ¢ is not represented by the spinor genus of @, Schulze-Pillot [24] showed
that for every prime p splitting in K we have that ¢p? is not represented by the
spinor genus of @, and hence not by @ (see [25] for a full list of such properties).
If t is represented by the spinor genus of ), then for each prime p inert in K we
have that tp? is not primitively represented by the spinor genus of Q [25]. Here
a primitive representation means that ged(z,y, z) = 1. Thus, for any squarefree ¢
represented by the spinor genus of () but not represented by @, ¢tp? is not represented
when p is inert in K, as the number of representations of tp? equals the number
of (primitive) representations of ¢ plus the number of primitive representations of
tp?, and both of these are zero. Hence, in either case we have seen that there are
infinitely many integers in tZ? not represented by Q so that F(f) is infinite if such
a t exists.
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Next we show that if no such ¢ exists, then E(f) is finite. By equations (3.2)
and (4.1), if there is no such ¢ with tz? = ¢ (mod 8) for some z € Z, then

{8n+c:neE(f)} C U U {n;p** s €N} |,
j=1p anisotropic
where n1,...,n, are “sporadic” exceptions. Note that if every integer is represented
p-adically by the quadratic form 8az?+8by?+cz2, then p is not anisotropic. Assume
p | ¢ and fix an integer n. Clearly, any p-adic solution to Q(x,y,z) = n gives a
solution to Q(px,py,pz) = np?. Since Q satisfies the condition of Lemma 3.1
and for any fixed y € Z relatively prime to p the equation az? = np? — by? has
a solution with x relatively prime to p, there are more solutions to the equation
Q(z,y, z) = np? than to the equation Q(z,y, z) = n; hence p is not anisotropic.
Thus, the only possible anisotropic prime is p = 2, and hence

{8n+c:neE(f)} C U{anQS :s € N}
j=1
As v9(c) < 2, we have

{8n+c:neE(f)} < J{n; 2 s € {0,1,2}},
j=1
which shows that F(f) is finite.

We now use Schulze-Pillot’s classification [24] to determine the spinor exceptional
square classes t;Z2. Let a spinor exceptional square class tZ? be given. Earnest,
Hsia, and Hung showed that if an odd prime p is ramified in K = Q(v/—td), then
Qp = (uy, usp”, ugp®) with w; units in Z, and 0 < r < s (cf. [8, Theorem 1(b)]).
However, since p divides at most one of a, b, ¢, this cannot occur. It follows that p
is unramified in K, hence K = K. or K = Kogpe.

Recall that SF(a’b'c’) is the odd squarefree part of abc. Assume that a prime
p dividing SF(a’t’'c’) is not split in K. Then, by Theorem 1(a) of Earnest, Hsia,
and Hung [8], we have Q) = <u1,u2p2r, u3p25> from the necessary condition given
by Kneser [14]. But this would contradict the fact that v,(abc) is odd. Conversely,
when p is split in K, Earnest, Hsia and Hung showed that the local conditions
for ¢ to be a spinor exception are satisfied (cf. [8]). If p is odd and wvy,(abc) is
even, then [8, Theorem 1(a)] shows that ¢ #Z 0 (mod p) satisfies the necessary and
sufficient conditions. Thus, the only possible spinor exceptional square classes are
given by t = SF(a'V'c') or t = 28F(a't'c’). If t # 27*%¢ (mod 8) for some s € N
with 2s < wy(c), then this spinor exceptional square class will not occur in our
consideration. Hence we conclude that ¢ = SF(a'b'c). Since tabe times a suitable
square equals aa'bb'c?, we have K = Kgper.

From the above we see that every p | SF(a'b'c’) must be split in K, which
gives condition (2). If Q represents ¢, then @ also represents tZ* (not necessarily
primitively), and hence condition (3) is necessary.

We finally deal with the 2-adic conditions. Let 8 be a prime ideal of Ok dividing
2. Since K = Q(i) or K = Q(v/=2), the 2-adic completion K 5/Qs is ramified. After
division by common powers of 2, we get

QQ = <c,72rb/328a,>3
where 3 — va(c) + v2(b) =r < s =3 —v2(c) + v2(a).
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We now separate into cases depending on wvy(c). First we consider the case
where va(c) = 2. In this case, we divide the equation Q(x,y,z) = 8n + ¢ by 4
to find that representation of n by f is equivalent to representation of 2n + 1 by
Q'(z,y,2) = 2ax?® + 2by* + ¢’22. We recall by the conditions of Theorem 1.1 that
va(a) = 1 and va(b) = 0. Thus, Lo = (¢/,2V,4a’). Since r < 3 and s < 2, the
conditions of Theorem 2.2 are always satisfied for vy(4¢) = 2. Therefore every
sufficiently large integer is always represented in this case.

For the remaining case SF(a'b'c) = t = ¢ (mod 8), we conclude that a'b’ =1
(mod 23-v2(9)). Hence o’ = ' (mod 23~ "2(¢)) which gives the first assertion of
condition (1). Assume first that ¢ is odd. When r > 5, Earnest and Hsia [7] showed
that

(07 ((a,b,c),)) = 0(O ™ ({ac, be),)).

Since @’ =0’ (mod 8) and scaling does not affect the spinor norm, the lattice on the
right-hand side is equivalent to (1,257 ")y. If s = r, then this is precisely No(Q(7)),
as desired. Checking each case of Theorem 2.1 shows that (O™ ((1,257"),)) C
Ny (K), since K = Q(i) if s—r is even, and K = Q(v/=2) if s—7 is odd. Theorem 2.2
indicates that when » > 5, the sufficient conditions are also satisfied. Hence, if 4 | b,
then ¢ is a spinor exception. For 2|b we have 5 € 6(O*((c,27V'),)) ¢ Na(Q(v/=2));
it follows that K = Q(¢) and hence s is even. But, when r and s have the same
parity, none of the conditions of Theorem 2.2(1) is satisfied when r > 4; therefore ¢
is a spinor exception. For 7 = 3, Theorem 2.1 implies that K = Q(v/—2) and b = ¢
(mod 8), and hence s is even. If s = 4, then Theorem 2.2 of Earnest and Hsia [7]
shows that 6(O*((a,b,c),)) = Q5. Therefore, va(a) > 3 is odd and 8 | (b —¢) in
this case. But then Theorem 2.2(2)(c) is not satisfied since s > 2, so it follows that
t is a spinor exception.

In the case 2 | ¢, we have 2 1 b. Thus we get (¢/,4b’,2%a’)5 after division by 2. In
view of the sublattice (¢, 4b’)s, we have K = Q(i), and hence 2 | s. If s = 2, then
taking the product of symmetries 0 = Toz, foytasTe, gives 0(c) =4(c +b +a')c ¢
N2 (Q(4)) because each of o/, ¢’ must be congruent to 1 mod 4 by condition
(2). Therefore vy(a) > 0 is even so that 2 | a and ve(a) = ¢ (mod 2). In this case
L' = (', 4',2%a’)5 where L' is as defined in Theorem 2.2(1), so §(OF(L’) C No(K).
None of the conditions in Theorem 2.2(1)(c)-(d) can be satisfied, so ¢ is a spinor
exception. (I

Proof of Corollary 1.7. For any n € N we have

2n 4+ 1 = 2ax? + 2by® + ¢z for some z,y,z € Z
= 2n + 1 = 2ax? 4 2by® + ¢(22 + 1)? for some z,y,2 € Z

c—1

= n— = az® + by? + 4T, for some .y, z € Z.

By Theorem 1.6 and Theorem 1.1,

az? + by? + 4¢T, is almost universal
<= az? + by® + 4¢T, is asymptotically universal
<= 2|lab, —8bc R a’, —8ac RV, and —ab R c.

So the first part of Corollary 1.7 follows.
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When n € N, clearly
2n + 1 = 2az® + c(y? + 2?) for some x,y,2 € Z
<= 20+ 1 = 2az? + 4cy® + c2? for some 2,7y, 2 € Z.
In the case b = 2¢,
2||ab, —2bc R a', —2ac RV, and —ab R c
<c=1, 2ta, and — 1Rad’.
So we also have the second part of Corollary 1.7. (]
Proof of Corollary 1.8. In light of Theorem 1.1,
ax? 4+ by? + 2T, is asymptotically universal
< —bRad and —a RD
<« az? +y? + 2bT, is asymptotically universal
and
az? + 2y* + bT, is asymptotically universal
< —bRda and —2a Rb
<= az? + 2by? + T, is asymptotically universal

Now assume that —a R b and —b R a’. Then both az?+by?+ 27, and ax?+y> +
20T, are asymptotically universal. Recall that SF(a’b) = SF(a’)SF(b) has a prime
divisor p = 3 (mod 4). Whether va(a) is even or odd, we cannot have both (1) and
(2) of Theorem 1.6 for either of the two forms. It follows that axz? + by? + 2T, and
ax? + y% 4 2bT, are almost universal.

Suppose that —2a R band —b R a’. Then both ax?+2y?+bT. and ax?+2by>+T,
are asymptotically universal. As 2b =2 # 0 (mod 4) and not all prime divisors of
SF(a’b) are congruent to 3 mod 4, we cannot have both (1) and (2) of Theorem
1.6 for either of the two forms. So ax? + 2y? + bT, and ax? + 2by? + T, must be
almost universal. We are done. (]

Proof of Corollary 1.9. (i) By Theorem 1.1,
az? 4+ y? + T, is asymptotically universal

—2
< —2Rd, ie, <—> = 1 for each prime divisor p of a’
p

<= all odd prime divisors of a are congruent to 1 or 3 mod 8.
Similarly,
ax? + 2% + 2T, is asymptotically universal
<= all prime divisors of a are congruent to 1 or 3 mod 8.

Now suppose that —2 R a’. As each prime p = 1,3 (mod 8) can be written in
the form 2 + 2y? with z,y € Z, and
(21 + 27) (23 + 293) = (2122 — 25192)* + 2(z1y2 + 2291)°,

we can write SF(a’) in the form 2 4 2y2 with zo, yo € Z since all prime divisors of
a' are congruent to 1 or 3 modulo 8. If ' =1 (mod 8), then SF(a’) =1 (mod 8)
and hence yo must be even, so the equation 8(az? + y?) + 22 = SF(da’) has a
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solution (z,y, z) = (0,v0/2, o), which violates (3) in Theorem 1.6 with b = ¢ = 1.
If ' = 3 (mod 8), then we don’t have (1) in Theorem 1.6 with b = ¢ = 1. Therefore,
by Theorem 1.6, az? + y? + T, must be almost universal. When « is odd, we have
4t a and v5(2) # 2 (mod 2); therefore ax? + 2y? + 2T, is almost universal by
Theorem 1.6 with ¢ = 2.

(ii) By Theorem 1.1,

ax® 4 2y* + T, (or az® + y? + 2T.) is asymptotically universal

<~ —1Rd, ie., <—> =1 for each prime divisor p of a’
p

<= all odd prime divisors of a are congruent to 1 mod 4.
Similarly,
az? 4+ 4y 4 2T, (or az? + 2y + 4T,) is asymptotically universal
<= all prime divisors of a are congruent to 1 mod 4.

Below we assume that —1 R a’. It is well known that each prime p =1 (mod 4)

is a sum of two squares (of integers) and
(21 +7) (23 + 43) = (w122 — y1y2)? + (2192 + 2291)°

So we can write SF(a’) in the form x3 +y2 with 2o odd and yg even (since all prime
divisors of a’ are congruent to 1 mod 4). Thus the equation 4(az?+y?)+2% = SF(a')
has a solution (z,y, z) = (0,v0/2, xo), which violates (3) in Theorem 1.6 with b = 1
and ¢ = 2. So azx?+4y? + 2T, is almost universal. If a’ = 1 (mod 8), then SF(a') =
a' # 5 (mod 8) and hence 4 | yo, so the equation 8(az? + 2y?) + 22 = SF(a’) has
an integral solution (x,y, z) = (0,yo/4,x0), which violates (3) in Theorem 1.6 for
the form az?+2y? +T,. If a’ # 1 (mod 8), then we don’t have (1) in Theorem 1.6
for the form ax? + 2y% + T,. Thus, in view of Theorem 1.6, az? + 2y% + T, is also
almost universal.

Now we also assume that a is odd. Note that the equation 2(az? + 2y2) +
22 = SF(a') has an integral solution (z,y,2) = (0,y0/2,20). Also, v(4) =
vz(a) (mod 2),

a=S8F(a)=1 (mod 8) = 4(a0?® + 4y?) + 2* = SF(a) for some y, z € Z,
and
a=8F(a) =5 (mod 8) = 4(azx? + 4y*) + 2* = SF(a) for no x,y,z € Z.

Thus, by Theorem 1.6, the form ax? + 2y? + 47T, is almost universal, and az? +
4y? + 2T, is almost universal if and only if a = 1 (mod 8).
The proof of is Corollary 1.9 is now complete. g

Proof of Corollary 1.10. By Theorem 1.1, ax? + 3y? + T, (resp., ax? + y? + 3Ty,
ax?® + 2y% + 6T, ax? + 6y? + 2T,) is asymptotically universal if and only if both
—6 Ra’ and a =1 (mod 3) (resp., a =2 (mod 3), a =1 (mod 6), a =5 (mod 6)).
Observe that —6 R a’ if and only if for each odd prime divisor p of a we have

2\ (3 _(py . _
<§) = < 5 ) = (3), ie,p=1,5"711 (mod 24).

For odd positive integers b and ¢ not satisfying ' = b = ¢ (mod 8), by Theorem
1.6 the form az? + bT), + cT, is almost universal if and only if it is asymptotically
universal. Thus az? + 3y + T, (or az? + y? + 3T.) is almost universal if and only
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if it is asymptotically universal. If @ is odd, then 4 f @ and v3(2) = v2(6) = 1 £ 6 =
2 (mod 2); thus by Theorem 1.6 the form az?® + 2T}, + 67 (or az?® + 6y* + 2T%) is
almost universal if and only if it is asymptotically universal.

Combining the above, we have completed the proof of Corollary 1.10. (|

Proof of Corollary 1.11. Let k,1 € N with k > [. By Theorem 1.1, the form 2F22 +
2ly? 4 mT, is asymptotically universal if and only if —2**! R m/ and
44m or (4m& k=1&1=0).
Assume that 2¢22 + 2'9y% + mT, is asymptotically universal. As vo(m) < 3 and
2+ SF(m'), the equation
237v2(m)(2kx2 4 2ly2) + m/ZQ — Sf(ml)

has no integral solution if and only if m' is not squarefree (i.e., SF(m') < m’).
Thus, by Theorem 1.6, the form 2¢z2 + 2!y + mT, is not almost universal if and
only if £ > 0 and 4 1 m and

1<1 = k=m (mod 2),

I=0&2fm = k>3&m=1 (mod 8).

In view of the above, we have the desired results in Corollary 1.11. g

Proof of Corollary 1.12. By Theorem 1.1,
az? 4 63y? + T, is asymptotically universal

— 2133 Rd and —2a R 33

<> —3Rd and —2a R3
-3

<= a=1 (mod 3) and (g) = <—) =1 for each prime divisor p of a’
p

<= all prime divisors of a’ are congruent to 1 mod 3, and 2 | vo(a).

Also,
az® + 2 - 5%y% + T, is asymptotically universal
= —2253 Ra' and —2a R 5°
< —5Rd and —2a R5

<= a = +2 (mod 5) and (—5) =1 for each prime divisor p of a'.
p

For an odd prime p, clearly

(75) —1 — (71) - (g) > p=1,3,7,9 (mod 20) < 2| H%J'

(i) Under the supposition, az? + 216y? + T, is asymptotically universal by the
above. If 8(ax? + 216y?) + 22 = SF(3%a’) = 3SF(a’) for some z,y,z € Z, then
we must have © = 0 (since 8a > 3a) and 3 | z, which contradicts the fact that
31SF(a'). So the equation 8(ax?+216y?)+2% = SF(3%a’) has no integral solutions.
Applying Theorem 1.6 we find that az? + 216y% + T, is not almost universal if and
only if a’ = 3% (mod 8) and all prime divisors of SF(33a’) = 3SF(a’) are congruent
to 1 or 3mod 8. Since SF(a') = a’ (mod 8) and each prime divisor of ¢’ is congruent
to 1 mod 3, the desired result follows.
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(ii) Under the assumption, a = 2¥2(*)¢’ = £2 (mod 5), and hence az? 4 250y> +
T, is asymptotically universal. Note that the equation 8(ax? + 250y%) + 22 =
SF(5%a') = 5SF(a’) has no integral solutions. In view of Theorem 1.6, az? +
250y% + T, is not almost universal if and only if @’ = 53 = 5 (mod 8) and all prime
divisors of SF(5%a’) = 5SF(a’) are congruent to 1 mod 4. Since a’ = £1 (mod 10)
and each prime divisor of a’ is congruent to one of 1, 3, 7, 9 modulo 20, we finally
obtain the desired result. (]

Proof of Theorem 1.13. As in Theorem 1.6, f will not be almost universal only if
there is a relevant anisotropic prime or a spinor exceptional square class with the
correct congruence conditions modulo 8 for one of the quadratic forms occuring in
the inclusion/exclusion of theta series

00(z,y,2) = 00/ (2,y,2) = 0Q/(x,2y,2) = 0 (2,9,22) T 0/ (2,24,22),

where Q'(z,y, z) = 8ax? + by? + cz2. We will first show that there are no relevant
anisotropic primes. The conditions given by Theorem 1.2 imply that every odd
prime p is not anisotropic. By Lemma 3.2, the prime 2 is never relevant because
the congruence condition implies that the 2-adic order is at most two.

Also as in Theorem 1.6, the local conditions at each odd prime imply that the
only possible spinor exceptional square classes are tZ? with t = SF(a't'c’) or t =
28 F(a'b'¢"). Moreover, the sufficient local conditions for the odd primes are satisfied
if and only if every prime divisor of SF(a'b’'c’) is split in K = Q(+/—2abct).

If ¢ is a spinor exception for the genus of Q'(z,y, z), then t is a spinor exception
for the genus of Q' (x, 2y, z) and condition (3) implies that ¢ is represented the same
number of times by each quadratic form. If ¢ is not represented by the spinor genus
of @', then tp? is also not (primitively) represented, where p is an odd prime split
in K. If t is represented by the spinor genus of @', then ¢p? is not primitively
represented, where p is an inert prime. In either case tp? will also clearly not be
primitively represented by Q'(z,2y, ), so tp? is not represented by Q. Also, if ¢ is
not a spinor exception for Q' (z,y, z) or Q'(x,2y, z), then E(f) is finite. Therefore,
for E(f) to be infinite, it is sufficient that ¢ is a spinor exception for the genus of
@', while it is necessary that ¢ is a spinor exception for the genus of Q'(x, 2y, z).

We now break into cases depending on vo(b+c). Since vo(b+¢) < 3 by Lemma 3.2,
we begin with the case 4||b+c. Without loss of generality we assume vs(c) < va(b).
Since va(c) < 2 by local conditions, congruence conditions imply in this case that
va(b) = va(c) < 1. If va(c) = wva(b) = 1, then a is odd, and after division by
common 2-powers we get L = (¢, ', 4a’)s, so Theorem 2.2(1) is not satisfied because
va(4t) = 2 > s. If va(b) = v2(c) = 0, then congruence conditions, without loss of
generality, give (b = 1 (mod 8) & ¢ = 3 (mod 8)) or (b =5 (mod 8) & ¢ =7
(mod 8)). In the second case not all prime divisors of SF(a'b'c’) split in K. In the
first case we must have K = Q(y/—2), and hence s is odd. But then v, (2°t) is odd
and Theorem 2.2(2) implies that 0 = v2(b) > 0, thus ¢ is not a spinor exception.

For the remaining cases we note that t = b+¢ (mod 8), so we must have vy (t) =
va(b + ¢). Conditions (1), (2), and (3) now follow immediately. First consider
va(b) > 50dd. Then g = 0qr(2,y,2) =00 (2,2y,2), Where Q'(x,y, z) = Sax?+by?+c22.
If ¢ is even, then we have Ly = (¢/,4a’,2"7'0'), and K = Q(i). In this case, Earnest
and Hsia proved that the spinor norm can be considered only on 2 x 2 sublattices.
Since r — 1 is even, Theorem 2.1 shows that §(OT(Ly)) € Na(K). Moreover,
Theorem 2.2(1)(c)-(d) cannot be satisfied, so ¢ is a spinor exception. If ¢ is odd and
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4| a, then r > 5, so the spinor norm again equals the spinor norm on 2-dimensional
sublattices. Since SF(a'b'c’) = (b+¢)’ = ¢’ (mod 8), we have ¢/ = b’ (mod 8).
Therefore, Theorem 2.1 shows that the spinor norm on each sublattice gives a
subset of Ny(K). Since r > 5 none of the conditions of Theorem 2.2 is satisfied,
and hence ¢ is a spinor exception. For r = va(a) + 3 < 5, we have (¢, 2"a’,25b')s.
Applying Theorem 2.1 to the the sublattice (¢/,2"a’)s, we get K = Q(1/—2"), and
it follows that s must be even. Therefore ¢ is not a spinor exception for Q'(z,y, 2)
or Q'(z,2y, 2).

For v3(b) > 6 even and ¢ even, in view of the sublattice (2¢/,8a)2 and Theorem
2.1, we have K = Q(i), which implies that vy(b) must be odd. For wvy(b) > 6
even and ¢ odd, Earnest and Hsia showed that we may reduce the problem to
2-dimensional sublattices. If a is odd, then the sublattice (c,8a)2 gives the set
{7 : (v, —2ac)y = 1}, which is a subgroup of Na(Q(y/—2)) if and only if a = ¢
(mod 8). Theorem 2.2(2)(c) shows that ¢ is a spinor exception in this case, as
s > 2. When a is even, we again note that ' = o' (mod 8) by condition (1) and
that Theorem 2.1 implies that 6(OT({8a, b, c)2)) C Na(K).

For wa(b) < 3, inclusion/exclusion gives g = 0¢/. For b odd, the sublattice
(1,bc)s gives the spinor norm Q(z1 + 222)Q(z1)Q%° = 5Q%2 ¢ Ny(Q(v=2)), so
K = Q(7) and vy(a) is even. We then note that condition (1) gives 1 = SF(a'b/'¢’) =
(b+ ¢)' (mod 4), so that b = ¢ (mod 8). For s = 3+ va(a) > 5, the problem
is now reduced to considering 2-dimensional sublattices, and we are done since
(0T ((1,1)2)) = No(Q(i)) and a’ = 1 (mod 4) by condition (2). In this case
L" = Ly and (OF(L')) € N2(K), where L' and L” are as in Theorem 2.2(1),
so that condition (1)(d) is not satisfied and ¢ is a spinor exception. When s = 3,
Theorem 2.1 shows that §(O™((8a,b,c)2)) € Na(Q(i)). For va(b) = 1 Theorem 2.1
implies that (O ((2V,)2)) C K if and only if K = Q(v/=2) and b’ = ¢’ (mod 8).
K = Q(v/=2) is equivalent to 2 { vy(a) (which implies that s € {4,6,...}), while
b = ¢ (mod 8) follows from 20" + ¢ = SF(a'b'¢’) (mod 8), as each of o', b, ¢ is
congruent to 1 or 3 mod 8. For s > 4 we are led to 2-dimensional lattices and
Theorem 2.1 implies that (O ((8a,b,c)2)) € N2(Q(v/—2)) while one sees that
none of the conditions of Theorem 2.2(2) can be satisfied, so t is a spinor exception.
For s = 4, Theorem 2.2(2)(a) is satisfied, so ¢ cannot be a spinor exception.

When vy(b) = 2, Theorem 2.1 implies that K = Q(i) and hence v(a) is odd,
and Earnest and Hsia [7] showed that we may again consider the spinor norm on
2-dimensional sublattices to get 6(O7({8a,b,c)2)) C Ny(K). The conditions in
Theorem 2.2(1)(c)-(d) are not satisfied and L' = Lo, so t is a spinor exception.

For wy(b) = 3, if ¢ is a spinor exception for Q'(x,vy, z), then Theorem 2.1 for
the sublattice (1,8b'¢)y implies that K = Q(v/—2) and &’ = ¢ (mod 8). Hence
va(a) must be odd. If vo(a) = 1, then Theorem 2.2 of Earnest and Hsia [7] implies
that (0% ((8a,b,c)2)) = Q). For va(a) > 1 odd we may again consider only 2-
dimensional sublattices and Theorem 2.2(2)(c) is satisfied, so ¢ is a spinor exception
for Q'(z,y,z). Finally, the property that ¢ is a spinor exception for Q'(x,2y, z) is
equivalent to the case where » = 5, which was covered above.

For vy (b) = 4, if t is a spinor exception for Q'(x,y, z), then Theorem 2.1 implies
that K = Q(¢), and hence vs(a) is odd. Since SF(a’t'c’) = (b+¢)' = ¢’ (mod 8),
we have o/ = ' (mod 8) by condition (1), and thus 8(O*((8a,b,c),)) C No(K).
Moreover, none of the conditions of Theorem 2.2(1) is satisfied, so ¢ is a spinor
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exception. Finally, the property that ¢ is a spinor exception for Q’(z,2y,z) is
equivalent to the case where r = 6, which was covered above. [

Proof of Corollary 1.14. (i) By Theorem 1.2, the form ax? 4+ 2T}, + T, is asymptot-
ically universal if and only if —2 R «’, i.e., each prime divisor of a’ is congruent to
1 or 3 mod 8.

Now assume that —2 R a/. As we mentioned before, SF(a’) = 2y? + 22 for some
Y,z € Z. Clearly z is odd. If SF(a’) =2+ 1 (mod 23), then y must be odd. Thus
we cannot have both (1) and (3) in Theorem 1.13 with b = 2 and ¢ = 1. Therefore
az® 4+ 2T, + T, is almost universal.

(ii) By Theorem 1.2, the form az? + 4T, + T, is asymptotically universal if and
only if —1 R d’, i.e., each prime divisor of a’ is congruent to 1 mod 4.

Now assume that —1 R a’. Then SF(a') = 4y + z? for some y,z € Z. If
SF(a') =4+ 1 (mod 23), then y must be odd. So we cannot have both (1) and
(3) in Theorem 1.13 with b = 4 and ¢ = 1. It follows that az? + 4T}, + T is almost
universal. We are done. ]

Proof of Corollary 1.15. Set fi.(z,y,2) = 28 (22 + T,) + mT, for k=0,1,2,.... By
Theorem 1.2, the form f; is asymptotically universal if and only if —2 R m/, and
2¢m when k > 0.

Assume that fj, is asymptotically universal. Then all prime divisors of m’ are
congruent to 1 or 3 mod 8; thus m’ = 1,3 (mod 8). Note that the equation

8 x 2822 + 2%y 4 m2? = 21’2(2k;+m)8.7-"(m’)

has no integral solutions with yz odd, since the right-hand side of the equation is
smaller than 2% 4+ m.

Case 1. k =0. When a = ¢ =1 and b = m, we obviously have va(a) = 0, 2 1 ac and
a = c¢ (mod 8). Thus, if va(m) # 4,6, ..., then fy is almost universal by Theorem
1.13 for the form z2 + mT, +T..

Now suppose va(m) € {4,6,...}. Then SF(m) =m~+1 (mod 2). Also, 4 | m+1,
vi=ve(m+1)=0,m =SF(m') (mod 8) and (m+1)) =m+1=1 (mod 8). By
Theorem 1.13 for the form z? +mT, + T, fo is almost universal if m’ = 3 (mod 8),
and fo is not almost universal if m’ =1 (mod 8) and va(m) # 4.

Case 2. k > 0. In this case, m is odd. If k € {1,2}, then f; is almost universal
since (4) in Theorem 1.13 does not hold for @ = b = 2¥ and ¢ = m. For k > 3,
clearly 4 1 28 + 1 and SF(m/) = SF(m) = m = 2F + m = (2¥ + m)’ (mod 8).
Applying Theorem 1.13; we find that fj is not almost universal if £ > 5, or k = 3
and m =1 (mod 8).

Combining the above, we have completed the proof. O

Proof of Corollary 1.16. Define gi(x,y,2) = 2¥(2? + 2T,) + mT, for k € N. By

Theorem 1.2, the form g, is asymptotically universal if and only if —1 R m’ (i.e.,

all prime divisors of m’ are congruent to 1 mod 4), and 2 {m when k > 0.
Suppose that —1 R m’. Clearly the equation

(2k+1

8 x 2k x2 4 ok H1y2 4 a2 = 9w TS F(m')

has no integral solutions with y and z odd (since the right-hand side of the equation
is smaller than 2571 +m). Note also that if 2 { m or 2 { vy(m), then SF(2F2k+1m) =
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SF(2m) # 281 + m (mod 2), and hence, (2) in Theorem 1.13 holds for the form
9k-

Case 1. k= 0. Since va(1) — v2(2) # 2,4,6,..., if va(m) < va(2) =1 (i.e, 4t m),
then z2 + 2T, + mT, is almost universal by Theorem 1.13. For a = 1, b = m and
¢ =2, clearly vo(a) # 1,3,5,..., and 2t a and a Z ¢ (mod 8). So, by Theorem 1.13
for the form z?+mT,+2T, fo is also almost universal when vo(m) € {2,4,6,...}. In
the case vo(m) € {3,5,...}, clearly SF(m') =m’/ =1 =m/2+1 = (m+2)’ (mod 4),
and hence we have (1)-(4) in Theorem 1.13 for the form z2+mT,+2T,. So Theorem
1.13 implies that go is not almost universal if vy(m) € {5,7,...}.

Case 2. k = 1. Asva(m +4) = 0 and SF(24'm') = SF(m) = m £ (m +
4)" (mod 23), g1(z,y, z) = 22% + 4T, + mT, is almost universal by Theorem 1.13.

Case 3. k > 2. In this case, we have (1)-(3) in Theorem 1.13 with a = 2%, b = 2k+1
and ¢ =m. Note also that 4 | 2% So, by Theorem 1.13, g;, is not almost universal
if k> 2.

In view of the above, we have proved both (i) and (ii) in Corollary 1.16. O
Now we turn to the proof of Theorem 1.17.

Proof of Theorem 1.17. We again start by considering anisotropic primes, again
arriving at the fact that only p = 2 is possible. However, Lemma 3.2 implies
bounded divisibility at p = 2 by the congruence conditions, so there are no relevant
anisotropic primes.

We now determine when ¢ = SF(a'b'd’) or t = 28F (a’b'¢’) is a spinor exception.
For E(f) to be infinite, it is sufficient that ¢ is a spinor exception for Q'(z,y, 2),
while it is necessary that ¢ is a spinor exception for one of the quadratic forms in
the inclusion/exclusion.

We will break into cases depending on v := va(a+b+c). For v = 2 and va(a) < 3
we have 0 = 0 and vo(4t) = 2 > s = va(a), so none of the conditions of Theorem
2.2 is satisfied and ¢ is not a spinor exception. When v = 2 and vs(a) > 3, we have
4| b+c. But then, we may assume that b = 3 (mod 4) without loss of generality, as
b and ¢ are both odd. Thus K = Q(v/=2) since every prime divisor of b must split
in K, and hence vy(tabe) is odd. However, Theorem 2.2(2) implies that ve(tabc)
must be even because r = v5(b) = 0.

We now must have v < 1, t = 2'SF(a'b'¢’) = (a+ b+ ¢) (mod 8), and K =
Koo ape. This gives conditions (1), (2), and (3).

For vy (b) > 5 we have SF(a'b'¢’) = (a+b+c¢) = (mod 8),s0a =1 (mod 8).
Again we are led to 2-dimensional sublattices, and it follows that O ({a,b,c)s) C
N»(K), while none of the conditions of Theorem 2.2 is satisfied, so ¢ is a spinor
exception.

For wa(b) < 3 we have 0 = 0q(2,y.2) — 00/(22,y,2)- For b odd the sublattice
(b, ¢)2 gives b =c¢ (mod 8) and K = Q(i), so that vs(a) is odd. But b = ¢ (mod 8)
automatically by condition (1). If s = vz(a) < 3, then Theorem 2.2 of Earnest
and Hsia [7] implies that (O™ ({(a, b,c)2)) = Q4 so that ¢ is not a spinor exception
for Q'. For s > 5 Earnest and Hsia showed that we may reduce to 2-dimensional
sublattices, so that 8(O"({a,b,c)2)) € No(K). We then verify with Theorem 2.1
that the Kneser condition is satisfied for L’ and L as defined in Theorem 2.2(1). In
this case condition (1)(d) of Theorem 2.2 is not satisfied, so ¢ is a spinor exception
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for Q'. For s = 3 and x even, the situation is similar to the case s = 5, thus the
above argument shows that ¢ is a spinor exception for Q'(2z,y, 2).

When vs(b) = 1, Theorem 2.1 for the sublattice (c,2b')y implies that K =
Q(v/-2) and b’ = ¢’ (mod 8) (which is already satisfied by (1)). Thus, s is even. If
s < 4, then Theorem 2.1 for the sublattice (c,2%a’)2 gives 5 € 8(OT({a, b, c)2)), so
t is not a spinor exception. For s > 4 we again split into 2-dimensional sublattices,
and the Kneser condition is satisfied by Theorem 2.1. The Kneser condition for L’
as defined in Theorem 2.2(2) is satisfied and condition 2(c) is not satisfied, so t is
a spinor exception. Again when s = 4 we have s’ = 6 for Q'(2z,y, 2).

When vg(b) = 2, Theorem 2.1 for the sublattice (¢, 4b)o implies that K = Q(z),
and hence s > 2 is even. For s > 4 we may reduce to 2-dimensional sublattices, and
the Kneser condition is satisfied by Theorem 2.1. Theorem 2.2(1)(c)-(d) are not
satisfied, so t is a spinor exception. For s = 2 we have Q(2z1+x2+23)Q(x1)/4 =3
(mod 4), so that we don’t have a spinor exception for @’ in this case. However, in
the case s = 2, for Q'(2z,y, z), it follows that y is even by congruence considerations
and ' = ¢’ = 4. As we will show later, Q'(2z,y, z) has the spinor exception ¢ in
this case.

When vy(b) = 3, by Theorem 2.1 for the sublattice (c,8b')2, we have K =
Q(v/—2) and hence 2 | s, as well as b’ = ¢’ (mod 8). For s = 4, Theorem 2.2 of
Earnest and Hsia [7] implies that 0(O7(Ly)) = QJ, so ¢ is not a spinor exception.
When s > 6 we may again consider only 2-dimensional sublattices, and the Kneser
condition is satisfied by Theorem 2.1. Theorem 2.2(2)(c) is not satisfied, so ¢ is a
spinor exception. For s = 4 and x even we get a form with s’ = 6 and argue as
above. For z,y even we get ' = va(b) + 2 > 5, so that ¢ is a spinor exception.

Finally we deal with the case vy(b) = 4. For x,y even, we have ' > 5, so ¢ is a
spinor exception for Q'(2x,2y, z). Theorem 2.1 for the sublattice (c, 16b')2 implies
that K = Q(4), and hence 2 | s. But condition (1) implies that ¢/ = (mod 8), so
we find that for s even, (O ({(a,b,c)2)) € No(K). Since r = 4 and s > 4 is even,
none of the conditions of Theorem 2.2(1) is satisfied, and ¢ is a spinor exception for

Q' (z,y, 2). O

Proof of Corollary 1.18. By Theorem 1.3, the form axz?+2T,+7T, is asymptotically
universal if and only if —2 R a/, i.e., each odd prime divisor of a is congruent to 1
or 3 modulo 8.

Below we assume that —2 R a’. As min{vs(a),v2(2)} <1, (4) in Theorem 1.17
for the form az? 4 2y? + T, just says that va(a) — v2(2) € {3,5,...}.

Now suppose that va(a) € {4,6,...}. Then v:=wvy(a+241) =0 and

SF(a'2'1") = (a+3)' (mod 8) <= a' =a+3 =3 (mod ).

Also, SF(2a) = 28F(a’) Za+2+1 (mod 2), and for any odd integers z,y, z we
have az? + 2y* + 22 > a > SF(a'2'1").

In view of the above, (1)-(4) in Theorem 1.17 for the form az? + 2y? + T, are all
valid if and only if va(a) € {4,6,...} and '’ = 3 (mod 8). Thus, by Theorem 1.17,
if az? + 2y* + T, is not almost universal, then we must have o’ = 3 (mod 8) and
va(a) € {4,6,...}; when va(a) # 4 (i.e., va(a) — v2(2) # 3) the converse also holds.

Combining the above we finally obtain the desired result. O
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Abstract We prove new equidistribution results for Galois orbits of Heegner points
with respect to single reduction maps at inert primes. The arguments are based on
two different techniques: primitive representations of integers by quadratic forms and
distribution relations for Heegner points. Our results generalize an equidistribution
result with respect to a single reduction map established by Cornut and Vatsal in the
sense that we allow both the fundamental discriminant and the conductor to grow.
Moreover, for fixed fundamental discriminant and variable conductor, we deduce an
effective surjectivity theorem for the reduction map from Heegner points to supersin-
gular points at a fixed inert prime. Our results are applicable to the setting considered
by Kolyvagin in the construction of the Heegner points Euler system.
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1 Introduction

Uniform distribution of Galois orbits of Heegner points with respect to reduction
maps was the key step in the argument of Cornut and Vatsal for the proof of Mazur’s
conjecture on the non-triviality of Heegner points over the p-adic anticyclotomic
tower (see [24] for the statement; [3,36,37] and [5] for the proofs). Both Cornut and
Vatsal used ergodic theory techniques based on Ratner’s theorem for unipotent flows
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502 D. Jetchev, B. Kane

on p-adic Lie groups (see [31]) in order to prove the results for simultaneous reduction
maps (i.e., maps that reduce simultaneously n-tuples of Galois conjugates of Heegner
points modulo a fixed inert prime £). Due to the p-adic nature of the ergodic techniques,
one needs to fix the fundamental discriminant and vary the conductor p-adically.

This paper proves a more general equidistribution result in the case of a single
reduction map, in the sense that both the fundamental discriminant and the conductor
are allowed to vary and the only assumption on the conductor is that it is prime to
the level of the modular curve. Our arguments are based on equidistribution of prim-
itive representations of integers by quadratic forms in genera, as well as distribution
relations of Heegner points and Hecke eigenvalue bounds.

Similar results have been established by Michel [25], Harcos—Michel [19] (see
also [11, Thm. 4.6]) using subconvexity results for Rankin—Selberg L-functions of
automorphic forms twisted by ring class characters.

Our method naturally leads to effective surjectivity results for sufficiently large
Galois orbits with respect to reduction maps in the case when the fundamental dis-
criminant is fixed and the conductor varies.

1.1 Motivation

Let N > 1 be an integer and let Xo(N) /g be the modular curve associated to the
congruence subgroup I'g(N) of SLy(Z). Let € be a prime such that (¢, N) = 1 and let
Dy be the set of all fundamental discriminants D < 0 such that every prime factor of
N is splitin Kp = Q(«/B) and such that ¢ is inert in Kp. Let Qp be the set of all
pairs (D, c), where D € Dy and (c, N) = 1.

Fix an embedding ¢ : Q < Q; (i.e., a prime in Q lying above £). Let (D, ¢) € Qy
and let Op . be the order of conductor ¢ in the quadratic imaginary field Kp =
QD). Fix an ideal np C Op,1 for which Op 1/np = Z/NZ. For (¢, N) = 1,
np. :=npNOp . isaninvertible ideal of Op .. Consider the point x, = [C/Op . —
(C/ng?c] € Xo(N)(Q). By the theory of complex multiplication, it is defined over the
ring class field Kp[c] of conductor ¢ for Kp. We refer to that point as the higher
Heegner point of conductor c. Let I'p . := {ox. : 0 € Gal(Kp[c]/Kp)} be the
corresponding Galois orbit. The fixed embedding ¢ gives us a prime in K p[c] above £.
The choice of the embedding defines a reduction map

red : Xo(N)(Kplcl) = Xo(N)(Kplcle) = Xo(N)(Okpiele) %% Xo(N)(Fy)

where Ok (¢, is the ring of integers of the completion Kp[c], (the equality in the
middle follows from the valuative criterion of properness). Moreover, since £ is inert
in K p, then CM points for K p reduce to supersingular points modulo ¢ (see [7]). Let
Xo(N )7’% be the set of supersingular points on X (/N) modulo £. It is well-known that
these poirelts are defined over IF 2. We will prove an equidistribution theorem according
to which as d,. := —Dc? — o0, every s € Xo(N )%}S‘-@z will have the same number of

preimages in I'p . under redy.
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Equidistribution of Heegner points and ternary quadratic forms 503

1.2 Qutline of the proof techniques

Before we state our result rigorously in terms of probability measures on the finite
set Xo(N )?I[S, ,» we will outline the three main steps of the proof. The first one is a
4

theorem of Cornut and the first author establishing a natural correspondence between

the set of Heegner points of conductor ¢ on X (N) reducing to a given supersingular

point s € Xo(N )%IS, R and the set of conjugacy classes of optimal embeddings of the
4

quadratic order that is isomorphic to the endomorphism ring of these Heegner points
into the Eichler order that is the endomorphism ring of the supersingular point s. We
state the precise correspondence in Sect. 2 and interpret the adelic result in our context.

The second step consists of establishing a precise correspondence between such
optimal embeddings and primitive representations of the non-fundamental discrim-
inant d. = —Dc? by a certain ternary quadratic form Q; associated to the point
s € Xo(N )?IE‘[Z. More precisely, Q; is the form determined by the reduced norm

on a free Z-module of rank 3 that is a submodule of the trace 0 submodule of the
endomorphism ring End(s) (see Sect. 4.1 for details).

The third and the most technical step is related to equidistribution of primitive rep-
resentations within the genus of the quadratic form Q. The genus subdivides further
into classes (the spinor genera) for which such an equidistribution is known due to
the previous work of Schulze-Pillot and Duke—Schulze-Pillot. The difficulty of our
argument lies in deducing equidistribution within the genus from the equidistribution
within the spinor genera. The key idea is to analyze the Fourier coefficients of two
theta series—one that is associated to the genus of O, and another one, associated
to the spinor genus of Qg. Our key Proposition 4.7 establishes the equality of the
genus and the spinor genus masses away from primes dividing £ and the level N. The
proof is based on a combination of arguments using known results about these theta
series, Vatsal’s equidistribution result [36, Thm. 1.5] (for single reduction maps and
p-adically growing conductor that is established using the theory of random walks
and that uses no ergodic theory methods) and the analytic class number formula.
Finally, we deduce our desired equidistribution from known bounds on Fourier coef-
ficients of cuspidal forms of half-integral weight originally proved by Iwaniec and
extended by Duke to the case of weight 3/2. This then establishes equidistribution of
optimal embeddings (Theorem 1.2) which via the correspondence from the first step
translates into an equidistribution of Heegner points (Theorem 1.1). In order to state
these theorems formally, we will now define the necessary probability measure on
XO(N)j’%e.

1.3 A canonical measure on Xo(N )?%
4

Lets € Xo(N )?1157 R be a supersingular point. Then s is represented by a pair (E, C)
4
of a supersingular elliptic curve E /F, and a cyclic subgroup C of E of order N.

Following [32, Sect. 3], we refer to the pair E = (E , C ) as an enhanced elliptic curve
over IFy>. Homomorphisms of enhanced elliptic curves are defined in the obvious way.
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504 D. Jetchev, B. Kane

In particular, one could talk about endomorphisms and automorphisms of enhanced
elliptic curves.

Let E = (E, C) be an enhanced elliptic curve representing the point s. The endo-
morphism algebra End(E) ® Q is isomorphic to the unique quaternion algebra By~
ramified precisely at £ and co. The endomorphism ring End(E) is a maximal order in
By.~ and the ring End(E) is an Eichler order of level N. Indeed, if A : E— E / C
is the quotlent map, then End(E / C ) can be viewed as a subring of By« via the map
o€ End(E / C ) > A~ o A. Then End(E) is the intersection of the two maximal orders
End(E ) and End(E / C ). Let R, denote this Eichler order and let wy := #R . We can
use w; to define a canonical measure ftcan on Xo(N )%%Zz by

1/wg
Zs’eXo(N)%?ﬂ 1wy

Mean(s) 1=

1.4 Main results
1.4.1 Equidistribution of Heegner points

We can now state the main result of the paper. For (D, ¢) € Qp, define a measure
D¢ on the finite set X()(N)/]F ,

_ #{x ep,:rede(x) = s} ss
ID.c(s) i= T S E€Xo(N)R, -

Theorem 1.1 The weak-* limit lim_DCz_)oo, UD,c exists and equals [Lcan.
(D,c)eQy

Remark 1 To say that the weak-* limit of a sequence of measures {u,} on a finite set
X exists and converges to a measure i on X means that for each function f : X — R,
the limit lim, oo [y fdu, exists and equals [y fdu.

1.4.2 Equidistribution of Gross points on the definite quaternion algebra By ~

The curve Xo(N),q can be viewed as a Shimura curve for the quaternion algebra
M>(Q), and thus, Heegner points can be regarded as CM points on the indefinite
quaternion algebra M>(Q). In the case of a totally definite quaternion algebra (e.g.,
By.~), the analogues of Heegner points (also known as Gross points) were studied in
detail by Gross [15].

Let G’ be the algebraic group associated to Bz o> let R be an Eichler order of
By o of level N and let Iy, ..., I, be left ideals representmg the left ideal clas-
ses (corresponding to the double quotient G’'(Q)\G'(Ay)/ R* ). Let Ry, ..., Ry be
the associated Eichler orders. Given a conductor ¢, the points of conductor ¢ are
simply pairs (f : O, < R; /x> Ri) of one of these orders R; and an R-conju-
gacy classes of optimal embedéings f : O - R;. Recall that f : O, — R is
optimal if f(K) N R = O, (we have extended f to an embedding f : K — By o).
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Equidistribution of Heegner points and ternary quadratic forms 505

Let fip ([1;]) be the number of Gross points (f, R;) of conductor ¢ divided by the
total number of Gross points of conductor ¢. Then fip  is a probability measure on
G'(Q\G'(Ay)/R*. There is a canonical measure on G'(Q)\G'(A s)/R* defined as

1/wi
S 1w

Theorem 1.2 The weak-* limit lim_p, >, D exists and equals fican.
(D,c)eQy

fean([Ik]) =

Remark 2 A similar statement (for trivial conductor ¢ = 1) has already been estab-
lished by Michel [25, Thm.3] using subconvexity bounds for L-functions and inde-
pendently by Elkies, Ono, and Yang [12, Theorem 1.2].

Remark 3 Both Theorems 1.1 and 1.2 hold in greater generality for CM points on
indefinite and totally definite quaternion algebras, respectively, with respect to more
general reduction maps at several primes. The more general statements will be the
subject of a forthcoming paper.

Remark 4 We will see in Sect. 2.5 that the canonical measures ftcan and fican indeed
coincide.

1.4.3 Congruences for Hilbert class polynomials under the U-operator

Recall that for a function with Fourier expansion f(z) = > ,.a(n)gq" the operator
U (¢) is defined by f(2)|U () := Y ,.,a(tn)q". Elkies, Ono and Yang were inter-
ested in the equidistribution of Heegner points with respect to reduction maps which
they used to study a certain congruence for the Hilbert class polynomial under the
U -operator. In particular, combining the case N = 1 of Theorem 1.1 with [12, Thm. 2.3
(1)] gives the following immediate corollary (the case ¢ = 1 is [12, Thm. 1.1]):

Corollary 1.3 Let Hp . € Z[x] be the polynomial whose roots are precisely the
J-invariants of those elliptic curves with CM by Op .. Let £ be a prime which is non-
split in Op . Then for d. = —Dc? sufficiently large (depending on €) there exists a
polynomial Pp . ¢ € Z[x] such that

Hp,c(j@)IU®) = Ppce(j(z)) (mod £).
1.4.4 Effective surjectivity of redy

One consequence of both Theorems 1.1 and 1.2 is the fact that for sufficiently large
discriminant d, = —Dc?, the reduction map from CM points of conductor ¢ to
supersingular points is surjective. It is natural to ask whether this theorem can be
made effective. The ineffectiveness of one of the ingredients used in our argument,
Siegel’s lower bound on the class number, prevents us from establishing an effective
result when both D and c vary. Yet, fixing the fundamental discriminant D and varying
the conductor ¢, one can establish effective surjectivity theorems (see Theorem 6.1
and Lemma 6.2).
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506 D. Jetchev, B. Kane

2 Heegner points and optimal embeddings

Lets € Xo(N )%?‘ R be a supersingular point modulo £. In this section we will establish
4
a one-to-one correspondence between

Heegner points x on X((N) of conductor ¢
reducing to s € XO(N)?%
4

R — conjugacy classes of conjugate pairs of
[ optimal embeddings Op . — R; .1
For ¢ = 1, the above correspondence is known as Deuring lifting theorem (see

[7]) and has been subsequently refined (as a correspondence) by Gross and Zagier
[16, Prop. 2.7]. We will deduce the correspondence from a recent result of the first
author and Cornut [2].

2.1 Galois orbits of Heegner points

We start by proving that there are exactly 2"N) Galois orbits of Heegner points of
conductor ¢, where v(N) is the number of distinct prime divisors of N.

Lemma 2.1 Suppose that (¢, N) = 1. Then there are exactly 2°N) Galois orbits of
Heegner points of conductor ¢ on Xo(N) and each of these orbits has size # Pic(Op ).

Proof Consider the set of all Heegner points of conductor ¢ on Xo(N). They could
be described as pairs ([a], n) of an ideal class [a] and an ideal n C Og with the
property that Og /n = Z/NZ. The last property is equivalent to the fact that n is
primitive of norm N (n being primitive means that there is no rational prime number
dividing n). Equivalently, if N = p{' ... pi" are the distinct prime divisors of N, we
wantn = p{' ... p;", where p; is one of the primes of Ok above p; (indeed, if both p;
and p; occur then n would be divisible by p; and hence, would not be primitive). O

2.2 Modular curves and Shimura curves

We recall some basic facts that link modular and Shimura curves:

2.2.1 Modular curves as adelic quotients of SLo(A r)

Let U be a compact open subgroup of SL2(A ) and let I' = SL(Q) N U. It is known
that I" is a general congruence subgroup of SL,(Z). Conversely, if I" is a general
congruence subgroup, let U = U(I") be the closure of I in SL2(A ¢). The group
SL;(Q) admits a left action on h by linear fractional transformations and a left action
on SL;(Ar) by left multiplication. Thus, SL>(Q) acts on the left on h x SLy(A ).
Moreover, U has a right action on f x SL(A f) by acting trivially on f and by right
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multiplication on SL; (A ). Strong approximation (see [38, p.81]) gives a homeomor-
phism

Y(T) :=T\h = SLo(@\b x SLa(Af)/U, z+> [z, 1]
This allows us to identify Y (I') with a double adelic quotient of SL»(A f).

2.2.2 Transition from SLo (A r) to GLo(A r)

Let H be a compact open subgroup of GL2(A ). We start from the observation that
the double quotient

Q*\{£1} x A;/det(H)

is compact and discrete, and hence, finite. Here, Q* acts on {41} and A 7 on the left
and det(H) acts on A s on the right. Next, GL,(R) acts on C — R = hbT U h~ in an
analogous way to the action of SL> (R) on f. Thus, we can consider the adelic quotient

Shy = GL2(@Q\(C - R) x GL2(Ay)/H
and the map
GL2(Q\(C = R) x GLa(Ay)/H — Q*\{£1} x A%/ det(H)

that sends ¢ : [z, g] — [sgn(Im(z)), det(g)]. The fiber of that map over [+1, 1] is
isomorphic to

SLa(@\b x SLa(Ay)/(H N SLa(Ay)),

which is precisely the modular curve Y (I"), where I' = H N SLy(Q). Moreover, we
can also describe the entire curve Shy in terms of modular curves. Let by, ..., b, be
representatives of Q>O\A; in A?. Letay, ..., a, be elements of GL;(A r) such that

det(a;) = b;. ThenI'; = SLp(Q) Na; Ka;~ Visa congruence subgroup. Moreover, the
maps

Fi\b — GL2(Q\(C —R) x GL2(Ay)/H

given by [h;] > [h;, a;] define a homeomorphism

[]Ti\b = GLy(@\(C — R) x GLa(Af)/H =: Shy.
i=1
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2.3 Adelic description of CM points
2.3.1 CM points on the Shimura curve Shy

Fix an embedding K < M>(Q). This gives us an embedding 7 < GL,, where
T := Resg @ K*. Consider the set CM(GL2, H) of all points of the form [g, ] €
Shy whose stabilizer is a torus isomorphic to K *. It is easy to verify that an element
z € C\Risin K if and only if Stabgy, (@) (z) is isomorphic to Resg ;9 K* = T. This
allows us to conclude that CM(GL;, H) admits an adelic description as the double
quotient 7(Q)\ GL2(A y)/H. Indeed, a point in CM(GL,, H) is represented by a pair
[z, gl, where z € C\R is in K and g € GLy(Ay). Since all z € K are GL»(Q)-
conjugates and since the stabilizer of each z in GL7(Q) is isomorphic to 7 (Q), we
obtain

CM(GL,, H) = T(Q)\ GLZ(Af)/H.
2.3.2 Conductors of CM points
Here, we assume that R = (R’, R”) is an oriented Eichler order of M;(Q) of level

N (i.e., R’ and R” are maximal orders and R = R’ N R”) and consider the Shimura
curve Shy, where H = R*. Consider the two degeneracy maps

8" : CM(GLy, H) — T(Q)\ GLa(A;)/R"”
and
8" : CM(GLy, H) — T(Q)\ GLy(A)/R"".
Given a CM point x € T((@)\G(Af)/ﬁ>< such that x = [g], let x’ and x” be the
images of x in T(Q)\G(Af)/ii’\/X and T(Q)\G(Af)/ﬁ * ,respectively. The stabilizer
Stabg (x') = K*NgR™g ' = 6()5\/)><

for some order O(x") € Ok. Let c(x”) be the conductor of that order. Similarly, we
obtain an integer c(x"") for R”. The conductor ¢(x) is then defined as

c(x) :=lem(c(x), c(x")).

Remark 5 Note that if g is a prime that divides one of ¢(x’) and c¢(x”), but not the
other one, then ¢ necessarily divides N. This shows that if (¢, N) = 1, all CM points
of conductor ¢ will be in fact Heegner points (i.e., c(x") = c(x")).

Remark 6 ForI' = I'h(N), i.e., for the modular curve X(y(N), these degeneracy maps
correspond precisely to the two degeneracy maps 81, 5y : Xo(N) — X (1) that map
[E, C]to [E] and [E/C], respectively.
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Remark 7 If X = Xo(N), a CM point [t] € ['g(N)\h would correspond to the pair
of N-isogenous CM elliptic curves E' = C/(1, t) and E” = C/{1, Nt). Then O’ =
End(E’) and O” = End(E") are both orders in K = Q(+/—D). Let ¢’ and ¢” be their
conductors, respectively. The conductor of the point [E’, E”] is then ¢([E’, E"]) =
Iem(c’, ¢”).

2.4 Optimal embeddings and Gross points

Let By~ be the unique quaternion algebra ramified precisely at £ and oo and let
G = BZOO be the corresponding algebraic group. Let Ry, ..., R; be the Eichler
orders of level N defined in Sect. 1.4.

Lemma 2.2 The set of pairs (f : O — R,'/R.x, [Ri]) of an ideal class [R;] of
G’((@)\G’(Af)/i?\>< and a R -conjugacy class of optimal embeddings f : O —
R; JR* for some quadratic order O in K is in one-to-one correspondence with the
double adelic quotient

T(@Q\G'(Af)/R*.

Proof Given an order R; representing an ideal class [R;], the set of R-conjugacy
classes of optimal embeddings f : O < R; is in bijection with T (Q)\G'(Q) (since
all the embeddings of K into By o are conjugate). Therefore, the set of the desired
pairs is in bijection with

T(Q\G'(Q x G'(Q\G'(Ap)/R* = T(Q\G'(Ap)/R*.
Remark 8 1f H' = R* then we can view the set
CM(G’, H') := T(Q)\G/(Af)/H/

as the analogue of set of CM points for the pair (G’, H').

2.5 Adelic description of supersingular points

The set Xo(N )%IST , is in bijection with the double quotient X(G', H") := G'(Q)\
4

G'(Ap)/ R where H = R’ for R being an Eichler order of level N for
By, that is the ring of endomorphisms of a fixed enhanced supersingular elliptic
curve By = (Eg, Cp). We briefly summarize the bijection and refer the reader to
[32, Prop. 3.3] for the details.

Let E be any enhanced elliptic curve and take an endomorphism A € Hom(E, Eg) ®
Q (here, we use the fact that there is a single isogeny class of supersingular elliptic
curves). One could use A to identify the adelic Tate module f(]E) with a sublattice of

V(Eo). This means that there is a unique element g € G'(A / R’ that sends this
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510 D. Jetchev, B. Kane

sublattice to f(Eo). Since g is dependent on the choice of A, it makes sense only in
G/((@)\G/(Af)/R’X. This gives us a bijection

0 Xo(z\/)ﬁgl2 — X(G',H') := G'(Q\G'(As)/R”™.

2.6 Heegner points on definite and indefinite quaternion algebras

The probability measures 1. are defined in terms of the cardinalities | red[1 $)NTp.cl-
Lets € XO(N)?[? R be a supersingular point and let #(Op ., Ry) be the number of
4

R -conjugacy classes of optimal embeddings Op . — R;.

Let R be an Eichler order of B of level N. As explained in [2], there is an Eichler
order R’ of By« associated to R. Let H = R* C GL>(Ay) and let H' = R c
G'(Ay). For the reduction map red,: CM(GL>, H) — X(G’, H'), Cornut and the
first author [2, Sect. 2] construct a Galois and Hecke-equivariant lifting 6y of the
reduction map red, making the following diagram commutative:

CM(G', H")
o _ -7 l
— T
-7 redy
CM(GLy, H) —— X(G', H').
One can then look at the following diagram:
CM(G', H")
-

ln

CM(GL,, H) — X(G', H')

The correspondence between CM points on the definite and the indefinite algebras is
the following theorem that is an easy consequence of [2, Thm. 3.1]:

Theorem 2.3 (Cornut-Jetchev) Let ¢ be integer satisfying (c, N¢) = 1 and let
s € X(G', H') be a supersingular point. Then 0, induces a bijection on the set
clon redzl(s) onto the set of conjugacy pairs of optimal embeddings inside
I leynals). In particular,

2[el @ nred; )| = | nx ).

We will apply the above theorem together with the above adelic interpretations
of CM points, optimal embeddings and supersingular points to deduce the following
corollary:

@ Springer



Equidistribution of Heegner points and ternary quadratic forms 511

Corollary 2.4 We have
h(Op.e, Ry) = 2" [{x e Tp ot rede(x) = s} .

Proof By Theorem 2.3 and the adelic interpretation of CM points on the definite and
the indefinite algebras as well as the adelic desciption of the supersingular points,
the subset of CM points on X((N) of conductor ¢ reducing to a fixed supersingular
point s is in bijection with the R -conjugacy classes of conjugacy pairs of optimal
embeddings f : O, < R;. Since (¢, N) = 1, all CM points on Xo(N) are Heegner
points and by Lemma 2.1 there are exactly 2" such orbits.

The corollary shows that

|{x €lp.c: rede(x) = s}‘ _ h(Op ¢, Rs)
fod 500 [he@p]

me(s) =

In Sect. 4, the number h(Op ., Ry) will be related to primitive representations of
d. = —Dc? by a certain quadratic form associated to R;.

3 Modular forms of half-integral weight and Shimura correspondence

Let A be a non-negative integer and consider the space M, 1 (T'o(4M), x) of mod-
ular forms of weight A + % Let SA+% (To(4M), x) be the space of cusp forms. Let

g := ¢*™% and ¥ be an odd Dirichlet character of conductor (). We will refer to
the form

hyi(2) = D Y myme?™ =y mymg™ € S3p@r ()Y x-a)
m>1 m>1

3.1

as a one-dimensional theta series. Due to the exceptional behaviour of these forms,
we will often decompose S3,2(4M) into the subspace spanned by one-dimensional
theta series and the orthogonal complement of this space under the Petersson inner
product, and then investigate each separately.

Suppose that g(z) € S, | 1 (T'o(4M), x). Let t be a positive square-free integer and

let
—I\* (1t
wor=rn(2) (2)
n n

Suppose that the complex numbers A;(n) are defined by

00 A o0 2
SAW s a1y S 2D
n=1 n n=1 "
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512 D. Jetchev, B. Kane

Shimura then proved that the tth Shimura correspondence S; ) (g(z)) := z;’lil A (n)q"
is a modular form in My, (C'o(2N), X2) of weight 2.
Kohnen then defined a subspace S)'\: , (To(4M)), referred to as Kohnen’s plus space,
2

consisting of forms g(z) of weight A + % on ['g(4 M) with Fourier coefficients of the
form

g(z) = Z b(n)q".

(=D*n=0,1 mod 4

In this space Kohnen extended the definition of the Shimura correspondence S; ; to
' := (=1)*D where D is a fundamental discriminant. For D = 1 (mod 4) we take
Sy 1= S;,) as previously defined and for D = 0 (mod 4) we take Sy, := S; 1 |U (4).
Kohnen’s plus space decomposes into new and old subspaces as follows:

5,1 (Co@M)) = 81 (Co(4M)) & S, (Co(4M)).

Kohnen used this decomposition and the Shimura correspondences

Spr. Sffr‘”%(l“o(4M)) — S (To(N))

to prove that there exists a finite linear combination of S,/ ;’s which provides an iso-
morphism

S S;iw%(r‘o@M)) — 52.(I'o(N)) (3.2)

that is Hecke equivariant. The image of a half-integral weight Kohnen newform in
S;‘iw% (To(4M)) is a newform in S35 (I'g(M)) whose Hecke eigenvalues are the same.

4 Equidistribution and ternary quadratic forms

In order to prove the main theorem, we establish the correspondence between opti-
mal embeddings and primitive representations in Sect. 4.1 by associating a quadratic
form Qj to the Eichler order R;. We then compute the discriminant of that quadratic
form. We introduce the theta series 6, associated to Qy, as well as the series Ogen(g;)
and Ospn(g,) associated to the genus gen(Qy) and the spinor genus spn(Q;) of Q,
respectively. Finally, using that the form Ogen(g,) — Ospn(g,) 18 in the space spanned
by one-dimensional theta series, we are able to prove that the coefficients of gen(Qy)
and spn(Qy) coincide away from the primes dividing N¢. We use bounds on Fourier
coefficients of modular forms of half-integral weight that lie in the the orthogonal
complement (under the Petersson inner product) of the space spanned by one-dimen-
sional theta series (due to Iwaniec and Duke) to conclude the proof of Theorems 1.1
and 1.2.
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Equidistribution of Heegner points and ternary quadratic forms 513

4.1 Optimal embeddings and primitive representations by ternary quadratic forms

Lets € Xo(N )?I?‘ R and let R := End(s) be the ring of endomorphisms of s. Recall
4

the notation wy := #R and up . :== #Op ..
4.1.1 A ternary quadratic form associated to an Eichler order
Let V C R be the set of elements of trace zero. Following [15, pp. 171-172] define
G;:=QRQR; +7Z)N V.
The Z-module G is free of rank 3. Define a quadratic form Q; : Gy — Q by
Qs (b) :=nr(b).
4.1.2 Correspondence between optimal embeddings and primitive representations

Let f : Op. <> R, be an embedding (not necessarily optimal) and let 8 :=
f(V/—d.). Notice that Tr(8) = 0 and nr(8) = d.. We claim that § € Gy. Indeed,
since Op,¢ = Z+ =7, it follows that 2f (4= ) = d. + B.ie.

B =—d. mod 2R;.

Therefore, § € (Z +2R;) NV = Gy, i.e., Qs(B) = d. is a representation.
Conversely, suppose that § € G and Qs(8) = d.. We claim that § = —d,
mod 2R;. Indeed, let 8 = y + 2r for some y € Z and r € Ry. Then

de=Qs(B) =nr(B) = B = —p> = —(y +2r)> = —y*> mod 4R,. (4.1)
Thus,
B=y+2r=@y+y)H—y*=d =—d. mod2R;.

Now, we can define an embedding f : Op . <> R, by

€ R;.

f(dc+J—_c&) _de+B
2 2

We next show under the established correspondence that optimal embeddings cor-
respond to primitive representations.

Lemma 4.1 The embedding f is optimal if and only if the representation Qs(8) = d.
is primitive.
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514 D. Jetchev, B. Kane

Proof Suppose that the representation Q(8) = d. is non-primitive. We will show
that f is not an optimal embedding. Indeed, let 8 = ka for some k € Z and o € Gy.
Then nr(a) = Z—g. Letd = Z—g. Consider the element y = d%. We claim that

y € f(Kp) N Rs,but y ¢ f(Op,.) which would imply that f is a non-optimal
embedding. First, y = klzf (%) € f(Ope)®@Q. Leta =a+2rfora e Z

andr € R;. Thend = nr(e) = —a? = —a? mod 2R,. Thus, @ = a + 2r = —a? =
d = —d mod 2Ry, i.e., y € R,. Next, we show that y ¢ f(Op ). If k # 2 then
y =4 - w Since d. + 8 =2f(w) ¢ kf (Op.c)theny ¢ f(Op.c). If
k=2 then y = %22 Since d. +  — 2d = fQw —2d) ¢ 4f(Op,c) we obtain
the same statement. Thus v € f(Kp)NRg,buty ¢ f(Op.), i.e., the embedding is
not optimal.

Conversely, suppose that f : Op . < R; is a non-optimal embedding. Let O =
(f(Op.c) ® Q)N R. It follows that O = Op .+, where ¢ = k¢’ for some k > 1. Now,
we can choose a € (20 +Z) NV, such that Qs () = —Dc’2. Since (Z+20)NV is
a free Z-module of rank 1, we obtain 8 = ka, i.e., the representation Q(8) = —Dc?
is not primitive. This proves the lemma.

Thus, we have proved the following:

Proposition 4.2

tations of the integer d, = —Dc2 by Qg and optimal embeddings f : Op.. — Rj.

4.2 The discriminant of Qg

For what follows, we will need the discriminant of the quadratic form Q.
Lemma 4.3 The discriminant D, of the quadratic form Qy is equal to 4N 242,

Proof Let p # £ be a prime and let v,(N) =: n. Since Ry is an Eichler order of
level N, we know that Ry ® Z,, is an Eichler order of level p” of two-by-two matrices
over Zjp. In particular (up to conjugation) we have

Z, Z
Ry ®Z) = (p"%p Zi).

Therefore,

7 7 2b
GsQZLy= [2(17”217 Z£)+ij|ﬁV: [(21[71”0 —a) :a,b,ceZp].
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But then the local quadratic form Qy , := Oy ® Z, is given by

Q‘Y,])(a’ b’ C) == ‘ 2;:710 2b - _(12 — 4pan.

—a

The corresponding matrix for the quadratic form Qy , is then

-1 0 0
0o 0 —2p]. 4.2)
0 —2p" 0

The determinant of this matrix is —4 p>". Therefore, if p # 2 then 4 is a unit and the
contribution to the determinant of Q; is p>", while if p = 2 the contribution is 4 p>".

Now consider the case p = £ # 2. In this case, we have Ry ® Z, is the unique
maximal order of the unique division algebra, with Z,-basis (1, o, B8, y) satisfying
a?>=—p,p?>=—landy = af = —Ba. But then G, ® Z, has basis (2a, 28, 2y).
We obtain the quadratic form

Q5. p(aa +2bB + 2cy) = 4pa® + 4b* + 4pc?, (4.3)
which is diagonal with discriminant 64 p2, contributing p? to the discriminant.

For p = £ = 2 we note that since the Eichler order is locally isomorphic to the
(unique) maximal order, Gross [15, p. 177] has shown that for a? = ,32 = y2 =—1
with y = aff = —fa,

Gs ®Zy,={ac+ (a+2b)B+ (a+2)y :a,b,c €y}
Thus the p-adic quadratic form is given by

Os.p(a, b, c) = —(3a” + 4ab + dac + 4b* + 4c?),

with corresponding matrix

(4.4)

NN W
[e=>IESN ]
~ O

The determinant of this matrix is 16, and hence contributes 16 = 4¢2 to the discrimi-
nant.

4.3 The theta series associated to Q

Consider the theta series

b0, = > 4% = aid)g”.

BeGy d>1
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Since —Q(B) =0, 1 mod 4, we obtain that a;(d) 7# 0 only if —d is a discriminant,
i.e., —d = 0,1 mod 4. Thus,

0o, = Z qu(ﬁ) = Z as(d)qd-

BeGy —d=0,1 mod 4

Recall the definition of Kohnen’s plus space M3Jr/2(F0(4M )) from Sect. 3.

Lemma 4.4 We have 6o, € My, (To(4N¢)).

Proof Let A be the matrix corresponding to Qy. It is well known that 0p, €
M3+/2(Fo (4M)), where M is the minimal positive integer, such that 4 M A~! has coef-
ficients that are even integers (see [10, p. 39]). Since A~ has rational coefficients, it
suffices to check that each coefficient of 4M A~! has non-negative p-adic valuation
for each p. We then explicitly compute the inverse of Egs. (4.2—4.4) to check that it
has even integral coefficients when we multiply by 4pvrVO. O

4.4 The theta series associated to the genus and the spinor genus of Qg

Let Q be a ternary quadratic form. Let gen(Q) be the genus of Q and let spn(Q) be
the spinor genus of Q (see [28, Ch. X] for the definitions). Let loc(Q) be the set of all
integers n that are everywhere locally represented by Q. Let r(Q, n) (resp. r*(Q, n))
be the number of representations (resp. primitive representations) of n by Q. Let wg
be the number of automorphs of Q (see [22] for the definition).

4.4.1 Theta series associated to gen(Q)
Let

ZQ’ggen(Q) r(Q/7 n)/wQ,

riEen(0). ) = e

(4.5)

Similarly, define

ZQ/egen(Q) r*(Q/v n)/wQ/
2 0'cgen(@) 1/ Wor

r*(gen(Q). n) =

We define the theta series associated to gen(Q) as
Ogen(0) = Zr(gen(Q), n)q".
n>1

By calculating local densities, Jones [22, Thm. 86] has shown that for d. = —Dc?

h(_Adc)

UAD,c

r*(gen(Qy). de) = C (4.6)
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Here, A denotes the discriminant Dy of Q, divided by the square of the greatest com-

mon divisor of the determinants of all two-by-two minors of the matrix corresponding

to Oy, and C only depends on the Legendre symbol ( Ddé‘ -). One can calculate A p-adi-

cally using Egs. (4.2—4.4) to show that the greatest common divisor of the determinants
of all two-by-two minors is precisely \/Dg,. Thus, A = 1.

4.4.2 Theta series associated to spn(Q)
We define the theta series associated to the spinor genus in a similar way. First, let

ZQ’espn(Q) r(Q/, n)/wQ/
2 oespnio) [/ wor

r(spn(Q), n) := “4.7)

Similarly, let

ZQ’espn(Q) r*(Q’, n)/wg

r¥(spn(Q), n) := 5 g
Q'espn(Q) '

We also define

Ospn) = D, r(spn(Q), m)q".

n>1

The theta series Ogen(g) and Ospn(p) are in the same space as 6p (by (4.5) and
(4.7) and the fact that 6 are in the same space as Q for all Q" € gen(Q); see also
[17, p. 366]).

4.5 Equidistribution in terms of quadratic forms

In light of the correspondence obtained in Proposition 4.2, the required equidistribution
results (Theorems 1.1 and 1.2) are equivalent to showing that

r*(QSv dc)MD,c

1m Y v i T —
(D,eyey 2VMHIHT,
dp.— 00

= Wy hcan(s). (4.3)

This result will be equivalent to showing that the limit

r*(Qs, do)up,c

= 4.9
S) (D.0)eQy #I'p.¢ 49)
de—>00
exists and is independent of the supersingular point s. Here, recall that d. := —Dc?.

First, note that 0, —0Ospn(@,) is amodular form of weight 3 /2 thatlies in the orthogo-
nal complement of the space of one-dimensional theta series under the Petersson inner
product [35]. Duke’s bound for the Fourier coefficients of such forms [9], extending
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the work of Iwaniec [20] to forms of weight 3/2, combined with M&bius inversion,
implies that

B
F*(spn(Qy). do) — r*(Qs. de) = 0> ).

Siegel’s lower bound for the class number [34] (see also [4, p. 149]) implies that
1
#Tpe>d? ,s0
r*(Qsa dc)uD,c V*(SPH(Qs), dc)uD,c

= o,
#Tp.c #Tp.c + 0

1
78+€

). (4.10)

Thus, we only need to show independence and convergence of the limit for each
spinor genus. Since r*(gen(Qy), n) is independent of s by definition, it will be natu-
ral to compare r*(gen(Qjy), n) with r*(spn(Qy), n) in order to determine the desired
independence.

In particular, we have the following.

Lemma 4.5 The limit

_ r*(gen(Qy), —Dp*up i
lim
k— 00 #FD,pk

exists and is independent of p and s.

Proof The independence on s is clear from the definition of gen(Q;). We will apply
“4.6)ton = —Dp2k. First, recall (see [4, Cor. 7.28, p. 148]) that for any discriminant
Dy < 0 and any prime p we have

1 —D() MD , k
h(—Dop*) = Ccp* (1 - (—)) - 20" h(—Dy). 4.11)
p V4 UDy,1

Equation (4.11) with Dy = D allows us to express r*(gen(Q;), —Dp**) and #Tp
as

cph(—Dp?)
F*(gen(Qy), —Dp*y = LD
MD,pk
1 (=D\\ h(—D
— cgCpt (1 1 (—)) ED
p Up,1
4T | [—D\\ #I
LI (1 - (—)) Dl (4.13)
Up, pk AN 4 up.1
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Hence, for £ > 1 we obtain

r*(gen(Qs), —Dp*)up _ . heD)
#T ) P %o

(4.14)

The result follows since the right-hand side of (4.14) is independent of k and p.

We now define the restricted limit

r"(Qs. =Dp*up i P (spn(Q.). —Dp™ iy i
fp,p(s) == lim s PUD P pn(Qy P,
s k—o00 #FD,pk k—00 #FD,pk

(4.15)

The equidistribution result of Vatsal [36, Thm. 1.5] combined with Proposition 4.2
states the following:

Lemma 4.6 (Vatsal) For everys € Xo(N )?f; . fundamental discriminant D < 0 and
14
p 1 NL we have

fD,p(S) = Wy can(s). (4.16)

We will now use Eq. (4.16) to rewrite r*(spn(Qy), n) in terms of r*(gen(Qy), n) and
then use Eq. (4.10) to show that f(s) exists and is independent of s.

Proposition 4.7 Lets € Xo(N )%fi X andn = —Dc?, where D < Oisa fundamental
2

discriminant. Assume that (¢, N¢) = 1. Then

r*(gen(Qy), n) = r*(spn(Qy), n).

Let a,, := r(gen(Qy), m) — r(spn(Qy), m). According to a result of Schulze-Pillot
[35] as well as Flicker [13], Niwa [26], Cipra [1] and others, Ogen(g, ) — Ospn(0,) belongs
to the subspace of cuspidal forms of weight 3/2 spanned by the one-dimensional theta
series (see also [18]). Note that the Fourier coefficients of the one-dimensional theta
series hy ;(z) defined in Eq. (3.1) vanish outside the square class 172, Let

Ogen(Q,) — Ospn(Q,) = Z cyihy.s. (4.17)
vt

Let iy, be one of the one-dimensional theta series in (4.17) and let 4M = 4N { be
the level of Ogen(g,) — Ospn(g;)- The transformation law for modular forms of level 4M
with Nebentypus x implies that ¥ (mn) = ¥ (n) x;(m) for every (m, M) = 1, where
Xt (m) = x(m) (_7’) (see [35, p. 285]). In addition, if iy ; # O then 4¢ | M (see, e.g.,
[35, Kor. 2)).

Lemma 4.8 Let —d > 0 be the smallest positive integer satisfying the following two
conditions:
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1. Ifd = Dc? where D < 0 is a fundamental discriminant then c is prime to N{;
2. a—q #0.

Then ¢ = 1 and d = D is a fundamental discriminant.

Proof Tt follows from (4.17) and Lemma 4.4 [since (m, M) = 1] that r(m) = x;(m).
Hence,

aa= D cpWmm= D x(mmD cy,#0.
14

—d:tmz,xlf —d=tm?

Hence there exists ¢ satisfying Zw ¢y, 7 0. Choose the minimal # with this property
and observe that a; = > 2 2oy Cy ¥ (m)m = 3, ¢y # 0. Hence, t = —d
and

a_qg = Z Cyihy = chp,_dhw’_d # 0.
—d=tm? 2

Now, if the conductor ¢ of d were not equal to 1, it would have divided M and hence
would not have been prime to N£. Thus, the only possibility is that c = 1 andd = D

is a fundamental discriminant.

Lemma 4.9 Let D < 0 be the fundamental discriminant from Lemma 4.8 and
(¢, NO) = 1. If Dy, is the discriminant of the quadratic form Qj then

In particular, for ¢ = p* we have

k
DD
%

Proof Note that a_pe> = 3. p2_y2.y €y, ¥ (m)m. We know that if 1 = —D(c)?
for some ¢’ > 1 then h, y = 0 (since (¢/, M) = 1). Hence,

DD
a_pea =Y ey pye)e=cxple) Y cyp=c ( cgs)a_D.
14 14

Proof of Proposition 4.7 We will prove the statement by contradiction. Assume the
contrary and let n be the smallest integer whose square part is prime to N¢ and such
that r(gen(Qy), n) # r(spn(Qy), n). Lemma 4.8 implies that if —n = Dc? for a fun-
damental discriminant D and a conductor ¢ thenc = 1 andn = —D. Let pf N{ be a

prime for which (%) = —1. We will show that under these assumptions the limit
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f—Dp,p(s) does not exist, contradicting Lemma 4.6. Using Lemma 4.9 and equation
(4.13), we have

_ (r*(spn(Qs), —Dp*) — r*(gen(Qs), —Dp*)) up i
f=p,p(s) = lim
k— 00 #FD)pk
* -D 2k
r (gen(Qs)a P )uD,pk
+
#FD,pk
L o r*(gen(Qy), —Dp*)up i
k—o00 #FD,pk/uD,[Jk #FD,[Jk
k (PPo, )" * 2%
lim a-pp ( I ) r*(gen(Qy), —Dp )”D,pk
= 1 _
ool pk (1= 5 (L)) #0p.1/ua #Tp,pt
. a_p(—DF r*(gen(Qy), —Dp*)up i
k— o0 (1 _ % (%)) #FD,I/MD,I #FD,pk

However, the limit

r*(gen(Qy), —Dp*)up i
k— 00 #FD’pk

exists by Lemma 4.5. Therefore, if the limit f_p_,(s) exists, then the limit

) a_p(—1)k
khm — D
— 00 _ 1 o4
(1 » (p))#FD,l/“D,l

must also exist. But a_p # 0 and the only dependence on k is the term (—1)*, leading
to a contradiction.

Remark 9 After submission, Schulze-Pillot has noticed that one may use the explicit
calculations in Sect. 4 to establish that the spinor norm is trivial away from the prime
£. A further analysis leads to the conclusion that the spinor norm is trivial globally,
and hence there is only one spinor genera, explaining the equality established in Prop-
osition 4.7 for the genera and the spinor genera of this wide class of ternary quadratic
forms.
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4.6 Proof of the main theorem

We are now ready to prove Theorems 1.1 and 1.2. Let D < 0 be a fundamental
discriminant and let ¢ be an integer with (¢, N£) = 1. Define

r*(Qs’ _DCZ)MD,C
#I'p ¢

gp,c(s) ==

and

r*(gen(Qy), =Dc)up .
#FD,C )

hD,c =
Note that &1 p . is independent of 5. Proposition 4.7 combined with Eq. (4.10) gives
1
§0.c(5) = hp,c + O (=D ™).

We now divide by wy and sum over all s € Xo(N )%% - Recall from Proposition 4.2
2
that

gD,C(S/)#FD,C _ Up,.c

Wy’

r*(Qy, —Dc 2)

is the number of optimal embeddings of Op . into Ry. Summing over all s’ €
XO(N)%S, , thus gives #I'p .. Hence, we have
4

1= 2 Mﬂmc > %+0((—Dc2)*i+€). (4.18)

s’ s
s EXO(N)/]F 2 K GX()(N)/]F 2

Therefore

1
ZX/EXO(N)%S:ZZ 1/wy

0 ((—Dcz)—%“) .

hD,c =

Thus the limit lim_p, 2_, o, A p, €xists, and we obtain

f@ = Jim gpe)=lm [hpe()+0 (D) 5)]
—Dce—>00 — C —> 00
! ()
= = WsMcan(s).
ZS/EXO(N)?ES“KZ l/lUs/

But this is precisely Eq. (4.8), and hence we obtain Theorem 1.1.
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Remark 10 Due to dependence on Siegel’s lower bound for the class number, The-
orem 1.1 is ineffective. However, if we fix a fundamental discriminant D < 0 and
only vary the conductor c, then this result becomes effective due to known growth of
the class number in a fixed square class. Moreover, in a fixed square class the —Dth
Shimura correspondence implies that the difference

ac(s) ;== gD,c(S) - hD,c

are coefficients of a weight 2 cusp form. Using Deligne’s optimal bound, the error
term can be improved to O (c’l/ 2Jrf). Therefore, the error can be written as

O((—D)~F+ecm1t),

5 Distribution relations method

In this section, we establish equidistribution when the fundamental discriminant D < 0
is fixed and the conductor varies using an alternative argument based on the distribution
relations for Heegner points and Hecke eigenvalue bounds.

5.1 An easier equidistribution theorem

Here, we only consider a special infinite set of conductors ¢ and a fixed fundamental
discriminant D < 0. Let P be the set of all primes r t N, such that r is inert in K.
Let 7 be the set of all integers that are square-free products of primes in P. Note that
A C Z. Under the same hypothesis as before, we will prove the following statement:

Theorem 5.1 Givena GaloisorbitT p . let up . be the measure on X (N)%IST , defined
4

as in Theorem 1.1. Then 1iIIlc—>oIo, UD.c = Hcan-
ce

Remark 11 The assumption that ¢ € Z is not necessary and the argument in the more
general case is exactly the same, except for the more technical form of the distribu-
tion relations. Here, we prove only the less technical statement where the distribution
relations are easier to work with (see Sect. 5.2).

5.2 Distribution relations

Let X, € Div(Xo(N)) be defined as X, := ZUGG&I(K[C]/K)()C?). We will prove the
following distribution relation:

Lemma 5.2 For any prime number £ which is inert in K and any positive integer ¢
coprime to ¥, the following distribution relation holds:

Xee =To X,
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Proof Let S be aset of coset representatives for Gal(K[c£€]/ K [c])/ Gal(K[c]/K). The
distribution relation for Heegner points [14, §6] is the following equality of divisors
of degree £ 4+ 1 on Xo(N):

Trirec/ ki (xS) = Te(x7), o € Gal(K[cl]/K),

ie.,

> ) =T, o €Gal(K[ct)/K).
teGal(K|[cl]/K]c])

Hence,

> > @) =D T(x7). o€ Gal(K[ct]/K),

oeS teGal(K[cl]/K[c]) oeS
which implies

Xeoe =T Xe.

5.3 Proof of the main theorem

Proof of Theorem 5.1 First, we note that the reduction map red, : Xo(N),o —
Xo(N),F, defined in Sect. 1 is Hecke equivariant. Thus,

rede(Xer) = T, redg(Xe).

Next, red;(X,,) and redy(X.) belong to the subgroup DivSS(X((N) /m) of divisors
supported on the supersingular points of X(N) Ty The Hecke algebra Ty, acts on

the vector space Vss = DivSS(Xo(N) /E) ® Q via its £-new quotient Tf\,}new (see [30]
or [33]). Let

Vss = VEis @ @ Vy
r

be the eigenspace decomposition of V, where f ranges over all normalized eigenforms
f €8 To(N D)),

Vi ={v e Vss : T,v=a,(f)v for all primes r},
and

Viis = {v € Vss : T,v = (r + 1)v for all primes r}.

Here, a, (f) denotes the rth Fourier coefficient of the eigenform f.
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LetY, = redg(X.) € Vss. Itis easy to see that ¥, = ZseXo(N)?H% . e(s) -
£

1
#Pic(O,)
(s). We can write the decomposition of Y, as

Yo =Y, gis + ZYc,f, Yo r € Vy, Yeris € VEis.
f

The distribution relation from Lemma 5.2 implies that # Pic(O.,) Y., =# Pic(O,) T, Y.
Since #Pic(O) = (r + D#Pic(O,) then

1
Yo = —TYe.

ar(f)

We use this equality to obtain Y, gis = Ye Eis and Yer, p = S5

ized eigenform f € 57"V (Io(NL)).
The Ramanujan—Petersson conjecture then implies that

Y.,y for any normal-

ar(f) _2r'?
r+1 " r+1

2
= A2
Thus, we obtain by induction on the number of prime divisors of ¢ that
Ye = Yigis + O(c™'/?).

This means that limc—oo, Y, = Y1 Eis.

cel
Finally, one uses the result from Sect. 5.4 to conclude that Y7 gjs is equal to the
divisor associated to the canonical measure ficap.

5.4 The divisor Y| Eis

Let

Dy = D, Iean(s) - (s) € Vss.
seXg(N)?%ez

Itis well-known (see, e.g., [36, Lem. 2.5]) that the divisor D, is Eisenstein. In other
words,

TrDMcan = (V + 1)D#can

for every prime (r, N) = 1. Next, we verify that D,__ is the same as the Eisenstein

part Y1 gjs of Yi:

Mcan

Lemma 5.3 We have

Dﬂcan = Yl,EiS'
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Proof First, note that deg(D,,,) = 1 = deg(Y;). Furthermore, a divisor D €
DiV(Xo(N)%SF 2) ® Qis cuspidal if and only if it has degree zero (see e.g., [33]).
12
Thus, deg(Y1, cusp) = 0 and hence, deg(Y1 gis) = 1.
Next, consider the exact sequence

d
0 Div’(Xo(M)*%) — Div (Xo(W)$E ) =5 Z - 0,

and look at the divisor D = D, — Y1 gis.- We know that deg(D) = 0 and hence,
D is cuspidal. At the same time, D is Eisenstein. If D # 0 then one would obtain a
contradiction using the Hecke eigenvalue bounds for cusp forms. Thus, D = 0 and
hence, Y1 gis = Dy, -

6 Effective surjectivity results

We have seen in Theorem 1.1 that up . — ftcan as d¢ := —Dc? — oo. In partic-
ular, for sufficiently large d. we have up .(s) > O for every s € Xo(N )‘;’H% ) giving
4

surjectivity of the reduction red, from I'p . to Xo(N )?]g . Here, we discuss effective
4

versions of this surjectivity result.
Recall that the proof of Theorem 1.1 uses Siegel’s lower bound on the class number

[see (4.10)]. Siegel’s bound #I'p » . D 7 is ineffective due to the fact that Siegel
proved this result by first assuming the truth of GRH for Dirichlet L-functions and then
proved the bound again with a different implied constant depending on the location
of a possible Siegel zero [34]. The best known effective results are due to Oesterlé
[27], but the growth obtained is only logarithmic in D. Hence, the surjectivity will be
ineffective whenever we allow the fundamental discriminant to vary.

Thus, we fix a fundamental discriminant D < 0. Given a supersingular point
s € X()(N)%%v[z, decompose O, as

,
00, = Ospnco,) = D, bigi, (6.1)

i=1

where b; € C and {gy, ..., g/} is a fixed set of cuspidal Hecke eigenforms in the
orthogonal complement (under the Petersson inner product) of the space spanned by
one-dimensional theta series of weight 3/2. We will denote the dth coefficient of g;
by ag; (d) and the —Dth Shimura correspondence (recall the extended definition in
Sect. 3 given by Kohnen for fundamental discriminants) by G; := S_p,1(g;). Denote
the number of distinct prime divisors of ¢ by v(c).

The following theorem establishes an effective bound for ¢ [depending on the
decomposition (6.1) and the fundamental discriminant —D] beyond which the
preimage red[l(s) is non-empty. Taking the maximum occurring bound over all
s € Xo(N )%E‘S}z gives a bound depending only on N, £ and D beyond which sur-

jectivity must hold.
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Theorem 6.1 Letc > 2 be an integer prime to N{ that satisfies the following inequal-
ity

cl? 1

up.1 :
, bid..(—D 1 ’
()(Z|< >|) S

i=l s'eXo(N)jR
14

Then the reduction map red; : I'p . — XO(N)%? s satisfies red[1 (s) # 2.
¢

Proof For the 6-series 0, we have the decomposition

0o,(2) = E(2) + H(z) + f(2),

where E(z) is an Eisenstein series, H(z) is in the space spanned by one-dimen-
sional theta series of weight 3/2, and f(z) is a cusp form in the orthogonal com-
plement of the space spanned by one-dimensional theta series (see [18, p. 156]).
Moreover, from the work of Schulze-Pillot [35], we know that E(z) = gen(g,)(z) and
H(z) = espn(Qs)(Z) - Qgen(Qs)(Z)'

Let a(n) := r(Qg, n) — r(spn(Qs), n) be the nth Fourier coefficient of the form
f(z) and let a*(n) := r*(Qs, n) — r*(spn(Q;), n). Let n > 0 be an integer satisfy-
ing (n, N¢) = 1. We know by Proposition 4.7 that r(gen(Qy), n) = r(spn(Qy), n).
Therefore,

r(Qs,n) =r(gen(Qy), n) + (r(Qs, n) —r(gen(Qy), n)) = r(gen(Qy), n) + a(n).

Next, if n = tc? where ¢ is square-free, Mobius inversion gives us

PH(Qs,m) = D u(c)r(Qs, nfe’?) = r*(gen(Qy), n) + D pu(ca(n/c?).  (6.2)
cle ce
By Proposition 4.2, we know that s € XO(N)%S; R is in the image of red, : I'p . —
14
XO(N)?HS, 2 if and only if Q; primitively represents d. = —Dc?2. Thus, s is not in the
4

image of the reduction map if and only if r*(Qs, d.) = 0, i.e., if and only if

r*(gen(Qy). de) = — > p(calde /). 6.3)

e

The left-hand side can be computed using Jones’ formula and [4, Cor. 7.28, p. 148] as
it was applied previously for (4.12). We obtain

#p,c (DY ¢\ #Tp,
PEen(0).d) > 1wy = —2€ = ZMC)(g)ﬁ D1

/
Up.c Cc up,i
5'€Xo(N)SS ¢

e
/Fp2

(6.4)
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For the right-hand side of (6.3), we would like to express the Fourier coefficient
a(d,;) in terms of a(— D). This cannot be done directly for an arbitrary cusp form f
in the orthogonal complement of the space of one-dimensional theta series, but could
be achieved if f were an eigenform (due to the recurrence relations of the Hecke
operators). In order to get such a relation, we write

f@) = bigi(2),
i=1

where g;’s are Hecke eigenforms of weight 3/2 whose images G; under the —Dth
Shimura correspondence S_p ; are normalized Hecke eigenforms.
Decomposing 6g, — Ogen(g,) gives

a*(de) =D bi p u(chag (deer) (6.5)
i=1

cle

If g := g; is aHecke eigenform, the — Dth Shimura correspondence G := S_p 1(g) €
S$2(Co(N¥)) is also a Hecke eigenform. Assume further that G is normalized so that
ag(l) = 1. By the multiplicity one theorem for forms of weight 2, there exists a
newform G € S>(To(M)) for some M | N{ such that G = Zd|% CdélV(d) for
some constants Cy (with C; = 1). Here, the operator V (d) corresponds to one of the
degeneracy maps (see e.g., [29, p. 28] for the definition). Notice that for (¢, N¢) = 1,
the cth coefficient of G corresponds to the cth coefficient of the newform G. Since c is
relatively prime to the level, the cth coefficient of G is determined by the eigenvalues
under the Hecke operators.

Using this connection and the definition of the — Dth Shimura correspondence to
evaluate the coefficients of G (using the fact that Gis normalized), the second author
[23, equation (4.2)] has shown for ¢ = p™ relatively prime to FNZ,

m -D m—1
ag(der) = ag(dr) (aG(p ) — (7) ag(p ))
-D
= agy(dr) Z n(c’) (7) ag (g) .
clc

Here we have rewritten the right hand side so that extending by multiplicativity, it
follows that

it T (2o )

ce

Substituting this in equation (6.5) gives the identity

o) = 3 b ) 3 3 e (CB) a, (57). 66

S ) C
c\cc|C,
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Thus we have established that the supersingular point s € Xo(N )%@ . is not in the
4
image of red; from I'p . if and only if

#I'
g Z“(c)( )C’ m

2 "eXo(N)3E e Up,1

= —Zbag, @ > ule )u(c”)( ) (z7)  ©D

e C//l

Now consider the Euler ¢-function ¢(c) := #{m < ¢ : (m,c) = 1}. Then

Zu(c)( ,)—, > ¢(c),

e

since the inequality holds for ¢ being a prime power and both functions are multi-
plicative. We can then use the explicit elementary bound ¢(c) > % i o;c forc > 2
(cf. [21, p. 9]).

We next pull the absolute value inside the sum on the right hand side of (6.7) and

use Deligne’s optimal bound [6] for integer weight cusp forms from the proof of the

Weil conjectures, namely |ag, ()] < oo(n)n?. Since #{c' | ¢ : u(c') # 0} = 29©
and o (c") < og(c) for ¢’ | ¢, we have

,
. 1
la*(de)] < 22" Pop(c)c? D biag (D), (6.8)
i=1
giving the assertion.
In the case when #Xo(N )?IE , = 2 we obtain an explicit bound independent of D
£

beyond which surjectivity holds. Let my; = max (1, ls}—:’)

Lemma 6.2 If#Xo(N)%% , = 2 then the inequality
£

0(c) > m22Ogp(c)e? (6.9)

implies that the reduction redy on I p . is surjective for any fundamental discriminant
D < 0.

Proof Let XO(N)%BS‘ , = {s, s'}. Recall that
¢

1 1
; _ w0ty 0%,
gen(Qs) = 1/u}A + 1/w_y/ .
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By Siegel’s theorem (see [8, Thm. 2(ii)]) there is a Hecke eigenform g such that 6y, =
Ogen(0,)+gandbg , = Ggen(Qs —ﬂg Sincer(Qy, |D|) = 0andr(Qy, |D]) > 0, we
have |ay (| D])| < max(1, )r(gen(Qs) | D). The lemma then follows immediately
by combining Egs. (6.4) and (6.8) with b1 g1 = g after canceling r(gen(Qy), |D|) on
both sides.

Let G = S_p,1(g) be the — Dth Shimura correspondence of g as defined in Sect. 3.
Define

e () (FR) &

Fe 1= ,

z /|(, /’L(C ) z //‘ M(C//) ( ) (c/c//)

where we take . = 0o by convention if the denominator is zero, and

o

Ib

~ . p(c)
| P - 71-
22v@ g (c)c2

By Egs. (6.7) and (6.8) if r, > mg or 7. > my then s is in the image of redy. Note that
both r. and 7, are multiplicative and r. > 7. For ¢ = p™ we have

')
T 4m+ )

For p > 5, 7. is increasing as a function of m, whereas for p < 5 it is increasing for
m > 2. For a constant a and m = 1 the inequality 7. > a is satisfied for

2
p (4a+v16a2+4)
p>P = ——— ] .
2

For p < P, we use the fact that 7 is increasing exponentially as a function of m to
obtain a bound M, , such that m > M, , implies that 7. > a. Therefore, there are
only finitely many choices for the pair (p, m) with m > 1 for which r,m < a. Let

Co={(p,m): rpm < aj.

Computing r,m explicitly for m < M, , allows us to explicitly calculate C,.
We first follow the above argument with @ = 1 to show that

Fmin ‘= H min rpm
m=>0

is well deﬁned and satisfies rL > rmln for every c. We will now use the above bounds
with a : . < my. Write ¢ = p™c’ with

(p,c ) = 1. By multiplicativity we have

Mg = Fe =T Tpm = I'minfpm.
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Therefore, rpm < a, so (p, m) € C,4, and it follows that

c | H p".

(p,m)eCq
We can refine this argument by recursively computing
Sy i={c:v(c) =v,r. < mg}.

For ¢’ € S,, consider

s ip.ey=1 minp=o rpm
=a .
Vel

Then for ¢ = p™c’ with (p, c) = 1, r. € Sy1 if and only if (p, m) € C,. Construct-
ing the resulting tree in this manner allows us to terminate the depth-first search when
C, is empty.

Proceeding in this manner, we obtain for £ = 11 and N = 1 exactly 116 possible
values of ¢ in the union of all §,, the largest of which is 5,124. For £ = 17and N = 1
there are 93 possible values of ¢, the largest of which is 3,990, and for £ = 19 and
N =1 there are 165 possible values of c, the largest of which is 8,502.
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LOCALLY HARMONIC MAASS FORMS AND THE KERNEL OF THE
SHINTANI LIFT

KATHRIN BRINGMANN, BEN KANE, AND WINFRIED KOHNEN

In memory of Marvin Knopp

ABSTRACT. In this paper we define a new type of modular object and construct explicit exam-
ples of such functions. Our functions are closely related to cusp forms constructed by Zagier
[29] which played an important role in the construction by Kohnen and Zagier [22] of a ker-
nel function for the Shimura and Shintani lifts between half-integral and integral weight cusp
forms. Although our functions share many properties in common with harmonic weak Maass
forms, they also have some properties which strikingly contrast those exhibited by harmonic
weak Maass forms. As a first application of the new theory developed in this paper, one obtains
a new proof of the fact that the even periods of Zagier’s cusp forms are rational as an easy
corollary.

1. INTRODUCTION AND STATEMENT OF RESULTS

For an integer £ > 1 and a discriminant D > 0, define

Dk —k
(11) fk7D (T) = e N Z (aT2 +bT+C) s
(k—l )W a,b,c€Z
b2 —4ac=D

where 7 € H. This function was introduced by Zagier [29] in connection with the Doi-Naganuma
lift (between modular forms and Hilbert modular forms) and lies in the space Sy of (classical,
holomorphic) cusp forms of weight 2k for I'y := SLy(Z). One may also realize fj p as a certain
linear combination of hyperbolic Poincaré series whose construction is due to Petersson [25].
The functions fi p (and certain variations of them) play an important role in the theory of
modular forms of half-integral weight. Indeed, as shown in [22] and later in [21], they are the
Fourier coefficients of holomorphic kernel functions for the Shimura [27] (resp. Shintani [28])
lifts between half-integral and integral weight cusp forms. More precisely, for 7, z € H, define

(1.2) Q(r,z2) = Z fop () 2™D2

0<D=0,1 (mod 4)

Then € is a modular form of weight 2k in the variable 7 and weight k£ + % in the variable z.

Furthermore, integrating 2 against a cusp form f of weight 2k (resp. k + %) with respect to the
first (resp. second) variable is the Shintani (resp. Shimura) lift of f.
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Key words and phrases. hyperbolic Poincaré series, harmonic weak Maass forms, cusp forms, lifting maps,
Shimura lift, Shintani lift, rational periods, wall crossing.
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the Krupp Foundation.
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In a different way, they also give important examples of modular forms with rational periods,
as studied in [23]. In this paper, we construct a new type of modular object which both closely
resembles and is connected to fi p through differential operators which naturally occur in the
theory of harmonic weak Maass forms (see Theorem [[.2]). The resulting functions also give a
new explanation and a new proof of the rationality of the even periods of fi p for k even (see
Theorem [I.4]). We expect that these new objects will have further important applications to the
theory of modular forms.

Before introducing these new modular objects, we first recall that a weight 2 — 2k harmonic
weak Maass form is a real analytic function F which satisfies weight 2 — 2k modularity, is
annihilated by the weight 2 — 2k hyperbolic Laplacian

2 2
Ag_ogp i= —y° (% + 88—y2> +i(2—2k)y <(% + z(%)

and has at most exponential growth at 700. Here and throughout 7 € H is written as 7 = x + iy,
x,y € R with y > 0. The theory of harmonic weak Maass forms has proven useful in many areas
including combinatorics, number theory, physics, Lie theory, probability theory, and knot theory.
To name a few examples, harmonic weak Maass forms have played a role in understanding
Ramanujan’s mock theta functions [32], in proving asymptotics and congruences in partition
theory [0, 8], in relating character formulas of Kac and Wakimoto [I7] to automorphic forms [7],
in the study of metastability thresholds for bootstrap percolation models |2 4], in the quantum
theory of black holes [12], in studying the elliptic genera of K3 surfaces [16], and in the study
of central values of L-series and their derivatives [10].

Bruinier and Funke [9] have shown that for every f € Sy, there exists a weight 2 — 2k
harmonic weak Maass form F which is related to f through the anti-holomorphic operator

&g _op 1= 2iy2_2k% by &9 (F) = f. Such an F may be constructed via parabolic Poincaré
series [5]. In particular, although we therefore know that such a lift of fi p exists, it would
be desirable to constuct a particular lift which resembles the shape (1) and is also related to
hyperbolic Poincaré series. The construction of such a function analogous to (LI]) leads to a
new class of automorphic objects which are the topic of this paper. To describe the resulting
object, we first require some notation. Let

(13) V)= 5p (v;k - %)

be a special value of the incomplete S-function, which is defined for s,w € C satisfying Re (s),
Re (w) > 0 by B (v;s,w) := fov us (1 — u)w_l du (for some properties, see p. 263 and p. 944
of [1]). The function ¢ may be written in a variety of forms, but we choose this representation
because it generalizes to other weights (see ([B.8]) for another useful representation). Denote the
set of integral binary quadratic forms [a,b,c](X,Y) := aX? + bXY + c¢Y? of discriminant D by
Qp = {la,b,c] : ¥* — dac = D, a,b,c € Z}. For some technical reasons, we will restrict in the
following to the case where D is a non-square discriminant. For 7 € H we set

D%_k 9 b1 ( Dy2 )
(14 Frani=2 an (a4 be 4 o) Q0w (22 ).
oep ()= ey 2 (bt br s e) @ QP

Remark. After presenting the results of this paper, Zagier has informed us that he has indepen-
dently investigated (in unpublished work) examples similar to (L4]) for some small £ (in cases
where there are no cusp forms in Ss). In these cases, as we will see in Theorem [[.3] the func-
tion (I4) is locally equal to a polynomial. Zagier’s investigation of these functions was initiated
by a question posed by physicists. It would be interesting to investigate what our new theory
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yields in physics. After viewing a preliminary version of this paper, Bruinier pointed out to the
authors that his Ph.D. student Martin Hovel is also studying a related function in his upcoming
thesis. Hovel’s construction appears to have connections to the case when k =1 (i.e., weight 0)
which is excluded in our study, while his ongoing work does not include the case k > 1 which is
investigated in this paper.

Before relating Fi_j p and fi p, we investigate the functions F;_j p themselves a bit closer.
We put

(1.5) Ep = {T:x+iy€H:E|a,b,c€Z, b2 —dac = D, a|7‘|2+b$+c:0}.

The group I'; acts on this set, and Ep is a union of closed geodesics (Heegner cycles) projecting
down to finitely many on the compact modular curve. The set Ep naturally partitions H into
(open) connected components (see Lemma [5.1)). Owing to the sign in the definition of F;_y, p,
the functions Fj_j p exhibit discontinuities when crossing from one connected component to
another, with the value of the limits from either side differing by a polynomial. The functions
Fi—k,p hence exhibit what is known as wall crossing behavior. Wall crossing behavior has
recently been extensively studied due to its appearance in the quantum theory of black holes
in physics (see e.g. [12]). Although Fi_j p is not a harmonic weak Maass form, it exhibits
many similar properties. Outside of the exceptional set Ep, the functions Fi_j; p are locally
annihilated by Ao_o; and satisfy weight 2 — 2k modularity. We hence call them locally harmonic
Maass forms with exceptional set Ep (see Section [2] for a full definition).

Theorem 1.1. For k > 1 and D > 0 a non-square discriminant, the function Fi_j p s a weight
2 — 2k locally harmonic Maass form with exceptional set Ep.

Although Fi_j p exhibits some behavior which is similar to harmonic weak Maass forms, it
also has some other surprising properties. The differential operator D?¢~1 (where D := ﬁd%)
also plays a central role in the theory of harmonic weak Maass forms (see e.g., [I1]). However, a
harmonic weak Maass form cannot map to a cusp form under both &_o; and D?*71 as is well
known. Due to discontinuities along the exceptional set Ep, our function Fj_j p is actually

allowed to (locally) map to a constant multiple of f; p under both operators.

Theorem 1.2. Suppose that k > 1 and D > 0 is a non-square discriminant. Then for every
T € H\ Ep, the function Fi_j p satisfies

§a—ok (Fi—k,p) (1) = D%_kfk,D (1),
D* N (Figp) (1) = (k=) ;k%)fD%_kfk,D (1)
(4m)

The aforementioned discontinuities of F1_j p along Ep are captured by very simple functions,
which are given piecewise as polynomials. The functions Fi_j p are formed by adding these
(piecewise) polynomials to real analytic functions which induce the image of F;_j p under the
operators £5_op, and D?*~! given in Theorem Indeed, in the theory of harmonic weak Maass
forms, the function fj p has a natural (real analytic) preimage under {;_g, (resp. D?k=1) called
the non-holomorphic (resp. holomorphic) Eichler integral. To be more precise, as in [31], for
F(7) =300 ang™ € Sar. (¢ = €*™™) we define the non-holomorphic Eichler integral of f by

(1.6) F(r) = (2i)1_2k e FO2) (2 + 7_)2k—2 dz,

-7
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where f¢(7) := f(—7) is the cusp form whose Fourier coefficients are the conjugates of the
coefficients of f. We likewise define the (holomorphic) Fichler integral of f by

00 an .
(1.7) Er(r) =) o A

n=1

Hence, combining Theorem with the wall crossing behavior mentioned earlier in the intro-
duction, we are able to obtain a certain type of expansion for Fi_j p.

Theorem 1.3. Suppose that k > 1, D > 0 is a non-square discriminant, and C is one of the
connected components partitioned by Ep. Then there exists a polynomial Pe of degree at most
2k — 2 such that for all T € C,

1 1 k—2)!
Fioen (7) = Pe(r) + DI * 5 () - Drkiﬂ%% ().

Remark. According to [20], one can obtain an exact formula for the coefficients of fj p in terms
of infinite sums involving Salié sums and J-Bessel functions. For more details of the proof, see
Theorem 3.1 of [24].

The polynomials Pe occurring in Theorem [[3] lead to a new proof of the rationality of the
even periods of fi p. Denoting the even part of the period polynomial of f € Soi, by rt (f; X)
(see Section [8 for a full definition), we provide a new proof of the following result of the third
author and Zagier [23].

Theorem 1.4. Suppose that D > 0 is a non-square discriminant and k > 1 is even. Then the
even part of the period polynomial of fi. p satisfies

(1.8) " (frp; X) =2 Z (aX? +bX + c)k_l (mod (sz_Q — 1>> :
[CL,b,C]EQD
a<0<c
Remarks.

(1) By the congruence we mean that the left and right hand sides differ by a constant
multiple of X2*=2 — 1. The theorem of the third author and Zagier explicitly supplies
the implied constant, which is a ratio of Bernoulli numbers times a certain class number.
We also note that the sum in (L8] is finite, which follows from reduction theory.

(2) The period polynomials in (L8] also appear in Theorem 3 of [I4] as the error to modu-
larity of certain holomorphic functions. Instead of being defined in terms of hyperbolic
Poincaré series, these functions are defined coefficient-wise by cycle integrals. It would
be interesting to further investigate this relation.

The Hecke algebra naturally decomposes Sy into one dimensional simultaneous eigenspaces
for all Hecke operators. The action of the Hecke operators on fi p is easily computed and
particularly simple, namely, for a prime p

(D _
fop| Tp= frpp+p"" <—> fep+p* 7 o,
2k P ' p2

where T, is the p-th Hecke operator acting on translation invariant functions (see (O.I) for
a definition). Note that the right hand side of the above formula reflects the action of the
half-integral weight Hecke operator T,» (when the subscript D is taken to denote the D-th
coefficient). This is no accident, owing to the fact that fi p is the D-th Fourier coefficient of
the kernel function €2 (defined in ([2])) in the z variable and the Hecke operators commute with
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the Shimura and Shintani lifts. This connection between the integral and half-integral weight
Hecke operators on the functions f; p extends to the functions Fi_j p.

Theorem 1.5. Suppose that k > 1, D > 0 is a non-square discriminant, and p is a prime.
Then

(D _
(1.9) Fi-kD Tpy=Fi pppz+p " <—> Fikp+p"*F,_, b,
2—2k p 1p2

where Fy_j b =0 if p? 1 D.
P

Remark. The fact that the right hand side of (L.9) looks like the formula for the half-integral
weight % — k Hecke operator hints towards a connection between integral weight 2 — 2k and
half-integral weight % — k objects, mirroring the behavior for weight 2k and k + % cusp forms
coming from the Shintani and Shimura lifts. In light of this, there could be some relation with
the results in [I3] in the case k = 1, which is not considered in this paper.

The paper is organized as follows. In Section 2] we give some background and a formal
definition of locally harmonic Maass forms. In Section [3] we explain the interpretation of F;_j p
as a (linear combination of) hyperbolic Poincaré series. We next show compact convergence
in Section Ml Section [0 is devoted to a discussion about the exceptional set Ep. Section [@l is
devoted to proving Theorem The expansion given in Theorem [[.3]is proven in Section [7l
Combining this with the results of the previous sections, we conclude Theorem [I.Jl In Section
[ we connect the polynomials FPr from Theorem [I.3]to the period polynomial of fj p in order to
prove Theorem [[.41 We conclude the paper with the proof of Theorem in Section [@
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2. HARMONIC WEAK MAASS FORMS AND LOCALLY HARMONIC MAASS FORMS

In this section, we recall the definition of harmonic weak Maass forms and introduce a formal
definition of locally harmonic Maass forms. A good background reference for harmonic weak
Maass forms is [9]. As usual, we let |9 denote the weight 2k € 27 slash-operator, defined for
f:H—Cand~vy= (‘;g) el'; by

f(%’y (r) = (cr +d) > f (v7),

where y7 1= Z::Z is the action by fractional linear transformations.
For k € N, a harmonic weak Maass form F : H — C of weight 2 — 2k for I'y is a real analytic

function satisfying:

(1) Fla—aky (1) = F (7) for every v € I'y,

(2) Ag_gi (F) =0,

(3) F has at most linear exponential growth at ioco.
As noted in the introduction, the differential operators £;_op and Dp2k—1 naturally occur in the
theory of harmonic weak Maass forms. More precisely, for a harmonic weak Maass form F,
one has &, (F), D1 (F) € M), the space of weight 2k weakly holomorphic modular forms
(i.e., those meromorphic modular forms whose poles occur only at the cusps). It is well known
that the operator £s_of commutes with the group action of SLg (R). Moreover, by Bol’s identity
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([26], see also [15] or [I1], for a more modern usage), the operator D?*~! also commutes with
the group action of SLs (R). Furthermore, a direct calculation shows that

(2.1) Ag_op = —Eobo—2k-

Each harmonic weak Maass form JF naturally splits into a holomorphic part and a non-
holomorphic part. Indeed, in the special case that {;_o (F) = f € Soi (which is the only case
relevant to this paper), one can show that F — f* is holomorphic on H, where f* was defined
in (L6). We hence call f* the non-holomorphic part of F and F — f* the holomorphic part.
While the holomorphic part is obviously annihilated by &;_ok, an easy calculation shows that
the non-holomorphic part is annihilated by D?*~!. From this one also immediately sees that
D=1 (F) = D?~1 (F — f*) is holomorphic.

We next define the new automorphic objects which we investigate in this paper. A weight
2—2k locally harmonic Maass form for 'y with exceptional set Ep (defined in (ILH))) is a function
F : H — C satisfying:

(1) For every v € I'y, ]:‘2_%7 =F.

(2) For every 7 € H\ Ep, there is a neighborhood N of 7 in which F is real analytic and
Ay gy (F) = 0.

(3) For 7 € Ep one has

f(T):% lim (F(r+iw)+ F(r—iw))  (w€R).

w—0t+
(4) For 7 — ioo, F (1) is bounded.

Since the theory of harmonic weak Maass forms has proven so fruitful, it might be interesting
to further investigate the properties of functions in the space of locally harmonic Maass forms.

3. LOCALLY HARMONIC MAASS FORMS AND HYPERBOLIC POINCARE SERIES

In this section, we define Petersson’s more general hyperbolic Poincaré series [25], which span
the space Soi, and describe their connection to (L.1). In addition, we define a weight 2—2k locally
harmonic hyperbolic Poincaré series which basically maps to Petersson’s hyperbolic Poincaré
series under both &;_o and D1 (see Proposition [6.1]).

Suppose that D > 0 is a non-square discriminant and A C Qp is a narrow equivalence class
of integral binary quadratic forms (that is, there exists Qo € Qp such that A =: [Qg] consists
of precisely those Q € Qp which are I'j;-equivalent to @Qp). One defines

1)t pr-d _
(3.1) fk,D,_A(T) ::% Z (CLT2+bT+C) kESQk.
(k—l )77 [a,b,c]€A
In the spirit of (I4)), we define

(~)*p:* 2 k-1 ( Dy’ )
3.2 f —RK,l/, = N + b + Q ’1 ¢ 10 (D2 ’
(3.2) Fik,p,ua(T) (2:_12)77 Q:[gb,:c]e/l sen <a 7| v C> 1) 1Q (, 1)‘2

where ¢ was given in (L3]). We shall see in Theorem [7.4] that F1_; p 4 is a locally harmonic
Maass form with exceptional set Ep.

As alluded to in the introduction, ([B1) is not the definition given by Petersson (in fact, the
definition (B.I) was given in [21, 22]). Since we make use of Petersson’s definition repeatedly
throughout the paper, we now describe Petersson’s construction and give the link between the
two definitions. Let 7,7 be real conjugate hyperbolic fized points of SLg (R) (that is, there exists
a matrix v € SLg (R) fixing 7 and n). We call such a pair of points a hyperbolic pair. Denote the
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group of matrices in I'y fixing n and " by I'. The group I,/ {£I} is an infinite cyclic subgroup
of I'1/ {£I} and is generated by
t+bu
cu
In = + < 2 m) )
2

—au

where n = =bEvbi—dac Vzlf_‘lac and t,u € N give the smallest solution to the Pell equation > — Du? = 4.
For @ = [a, b, c], the subgroup I';, furthermore preserves the geodesic

(3.3) Sg = {TEHZ&|T|2+bRe(T)+C:0},

which is important in our study since the exceptional set Ep (defined in (LLH)) decomposes as
Ep = UQEQD Sq. These semi-circles have played an important role in the interrelation between
integral and half-integral weight modular forms [21] [2§].

Let A € SLy (R) satisfy An = oo and An’ = 0. We note that one may choose

4 1 1 -1
(3.4) A=A, =+ T <_ sen(n— o) sen(n o) n) € SL, (R).

Since g, preserves the semi-circle Sq, A,gy A4, 1'is a scaling matrix (g Cgl) for some ¢ € R.

For hy, (1) := 77F (the constant term of the hyperbolic expansion of a modular form), we now
define Petersson’s classical hyperbolic Poincaré series [25]

(3.5) P ()= 7 I, Ay (7).,

YETH\T'1

which converges compactly for k > 1. By construction, Py , satisfies weight 2k modularity and
is holomorphic. Petersson proved that indeed P, is a cusp form and it was later shown that

2k — 2 1-k
(3.6) Pon= (3 2 1) 0% b

for A = [Qo], where Q¢ has roots n, ' [18].
We move on to our construction of a weight 2 — 2k hyperbolic Poincaré series. Define

(3.7 ¢ (v) = / sin (u)?" 2 du.
0
Noting that
2 2 2 2 2
‘CLT +b7’+c‘ = Dy* + <a|7'| —|—b:n—|—c> ,

. vV Dy
arcsin | ———— | = arctan
laT2 4 b1 + |

we see that
__VDy
alt]> +bx +c

Therefore, using the fact that cos () > 0 for 0 < 6 < 7, the change of variables u = sin ((9)2 in
the definition of the incomplete S-function yields (recall definition (L3]))

Dy? 1 Dy? 11
3.8 7 |\l=8(—= )= "
( ) dj(‘Q(T,l)F) 2/8<’CLT2—|-Z)T—|—C‘2’ 279 @ | arctan
where we understand the arctangent to be equal to 7 if a |7'|2 +bxr+c=0.
Following our construction in the introduction, we set

(3.9) (1) :=71F"Lsgn ()¢ <arctan ‘%D .

VDy

alt]> +bx+c
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We now define the weight 2 — 2k locally harmonic hyperbolic Poincaré series by

(3.10) Py (r)i= D> @ Av(r),

We show in Proposition .1l that P;_y,,, converges compactly for k£ > 1.
We want to show that Py_j, and Fi_; p 4 are connected in a way which is similar to the

relation (B.6)) between P, ,, and fi p 4. For a hyperbolic pair ,7" € R with generator g, = <f; ? >

of ', chosen so that sgn (y) = sgn (n — '), we define
Qn (T, w) =72 + (§ — @) Tw — Bw?.

Conversely, for Q = [a,b,c] € Qp, we choose the roots ng = _b;a‘/ﬁ, n’Q =

the fact that @ = @y, to obtain a correspondence. Note that sgn(ng — ng) = sgn(a). We
furthermore define Ag := A;,, where A, was defined in ([3.4). For Q@ € Qp, we denote the
action of v € I'y on @ by @Q o~. We first need to relate A,y and Ag.

—b—vD

and use

Lemma 3.1. For a hyperbolic pair n,n', v = (‘; fl) € I'1, and Q = @, 07, there exists a constant
r € RT so that

r 0
(3.11) Apy = <\0f L) Ag
Jr
and hence in particular
arg (A,y7) = arg (AgT) and sgn (Re (A,v7)) = sgn (Re (AgT)) .
Moreover,
_Q (7—7 1)
(3.12) | A () = T‘_ZAQ (1) =—"5=
Proof. A direct calculation, using ([B.4]), yields
/ -1,/
3.13 Ay = _) (I )
(3.13) n YT =50 — 1) —— o \ T

Denote @, = [, 3,6] and @ = [ag, bg, c¢g) and recall that we have chosen @, (resp. ng) such
that sgn (a) = sgn (n — ') (vesp. sgn(ng — ng) = sgn(aq)). Hence n —n’ = @
concludes the second identity of ([3.I2]) after noting that
. sgn (n — 1)
J(Ag,7) = F=—F—=-(7
Vin=1'|
and applying (3.13)) with » = ng and v = I. Since Q = @, o 7, 7 sends the roots of @Q to
the roots of (), and hence either v~y = ng or v~ = ng. Since 77@’77&2 are ordered by

and one now

—n).

sgn(ng — 1g) = sgn(agq), the identity v~y = ng is verified by
sem (aq) = 50 (Qn (a,)) = sm () sen ((a — en) (a — o))

- n—1n R .

and comparing (B.I3]) with the definition ([B:4) of Ag yields

a—cn’
a—cn

Denoting r :=

Ay =rAgT.
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One concludes (B.II) from the fact that A,y and Ag both have determinant 1. Since 7 is
invariant by slashing with a scaling matrix in weight —2, the second identity of ([B.12) follows,
completing the proof. O

We now use Lemma 3.1 to show that under the natural correspondence between narrow classes
A C Qp and hyperbolic pairs 7,7" € R given above, one has:

Lemma 3.2. For every hyperbolic pair n,n and A= [Q,] C Qp, one has

2k — 2 k
Proky = < >7TD2fl—k,D,A-

k—1
Proof. By Lemma [3.1] (B.1I0) may be rewritten as
—1)k-1 _ Im (AgT
(3.14) Piy (1) = % Z sgn (Re (A7) Q (1,1)F ! ¢ ( arctan Im (Ag7) .
T Oea Re (AqT)

We first note that a # 0 (since D is not a square, by assumption). From BI3]) with n = ng and
v = I, one concludes

yvVD

alt]? +bx +c B
lal |- + |

lal |=7 +nq|*’

;Zgiz:g ' Using (B.8)), it follows that (3.14)) equals (3.2). O

(3.15) Re (AgT) = Im (AgT)

This allows one to rewrite arctan

4. CONVERGENCE OF Fi_ p A

In this section we prove the convergence needed to show Theorem [T We need the following
simple property of arctan |z| for z € C:

(4.1) arctan |z| < min {\z] , g} .

For a convergence estimate, we will also employ the following formula of Zagier ([30], Prop.
3). For a discriminant 0 < D = Af? with A a fundamental discriminant and Re(s) > 1, one
has

an X Y o= S e s @i n (§).

aeN 0<b<2a d|f
b>=D (mod 4a)

where La(s) := L (s, xa) is the Dirichlet L-series associated to the quadratic character xa(n) :=
(%), u is the Mobius function, and o4(n) := de ds.

Proposition 4.1. For k > 1, Fi_j p 4 converges compactly on H.

Proof. Assume that 7 = x + iy is contained in a compact subset ¥ C H. We note that although
we unjustifiably reorder the summation multiple times before showing convergence, in the end we
show that the resulting sum converges absolutely, hence validating the legality of this reordering.

Taking the absolute value of each term in ([B.2]) and extending the sum to all Q C Qp, we

obtain (noting (B.8])
D3>k

k=17 Q=labeQp

__ YDy
alt]? +bx+c

Q(r, D1y (arctan
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We may assume that a > 0, since the case a < 0 is treated by changing Q — —@Q. We next
rewrite b as b+ 2an with 0 < b < 2a and n € Z and then split the sum into those summands
with |n| “large” and those with |n| “small.”

We first consider the case of large n, i.e., |n| > 8 <|7’| + \/5) and denote the corresponding
sum by Gj. One easily sees that

(4.3) 1Q (7,1)] < an?,

where here and throughout the implied constant depends only on k unless otherwise noted. By
|7

estimating |z| < |7] < 'g* and b < 2a, one obtains (noting that |n| > 8)

2
alrf? + b+ 2am) @ + ¢| = Je — |(b+2an) al —a|rf* = || = T (Inl + 1) In] - T

However, ¢ = %, so that the bounds |n| > 8 and D < 76’—; yield
2
n 3
> 12— > Zap?
lel 2 a(ln] =1)" = 5o > Jan
Therefore
(4.4) ‘a\ﬂz + (b+2an)x+c‘ > an?,

and hence by (1)) one concludes

VDy
alr* + (b+2an) z + ¢
Using (37)) and (B.8), one obtains the estimate

VDy

alr* + (b+2an) z + ¢

VDy

an?’

arctan < <

arctan’ a\7\2f:x+c . 2k—2 af2y . 2k—2
/ sin(u)*" " “du <</ |sin(w)] du.
0 0

Since [sin(u)| < u for u > 0, we conclude that

VDBy Dy — \ 2k—1
an an 1 D
(4.5) / |sin ()2 du < / u?2du = ( y> .

0 0 2]{3 —1 an2

Combining (4.3]) and (4.5]) and noting that all bounds are independent of b yields
(4.6)

2k—1
_ _1 _ _ yv D

gT<<2k1Dk; ok n2k<<7 <ypl,

YORY > ¥ > ) e

aeN 0<b<2a n>8(|7\+\/5
b’=D (mod 4a)

where we have estimated the inner sum against the corresponding integral and evaluated the
outer two sums with ([£2]). Since y (resp. |7|) may be bounded from above (resp. below) by a
constant depending only on %, it follows that G; converges uniformly on % .

We now move on to the case when |n| < 8 <|T| + \/5) and denote the corresponding sum by

Go. As in the case for n large, one easily estimates

(4.7) 1Q(1,1)] < a (m + \/5)2 <¢.p a.
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We further split the sum over a € N. For a > ? we have

) b\> D
ay” +a x+n+% T la

2

(4.8) ‘a!7[2+(b+2an)x+c‘ = > ay”.

Hence for the terms a > \/—yﬁ, we use (4J) to obtain

arctan vD 2k-1
a 1 D
(4.9) / sin(u) 2 2du <</ T p— <£> .
0 0
Vv Dy

2k—1\ ay
For a < ? we simply note that by (1) we may trivially bound arctan PP v < 3 and,

since sin(u) > 0 for 0 < u < 7, we may trivially estimate the remaining terms by the constant

uy

(4.10) /2 sin(u)?*~2du.
0
Bounding the sum over n trivially and using (£7), (£9), and (£I0Q) yields

(4.11) Gy (1) K <|T| + \/5>2k_1 Z Z okl

o< YD 0<b<2a
~ ¥ =D (mod 4a)

2k—1 k41
_1 (|| +VD _ 2k=1 D 2
e (LV) S0y ate (VD) 2
y us YD 0<b<2a Yy
Y p2=D (mod 4a)

vV Dy
a\7\2+bz+c

s

Here we have employed (£.2]) for large a and used trivial estimates for all other sums, completing
the proof. 0

5. VALUES AT EXCEPTIONAL POINTS

In this section, we describe the behavior of Fi_j p 4 along the circles of discontinuity Ep
(defined in (L5])). For each @, Sg (defined in ([B.3])) partitions H \ Sg into two open connected
components (one “above” and one “below” Sg), which, for € = +, we denote by
(5.1) CH = {TGH:ssgn (

bl_vD) _,
2al | "
For each T € H, we further define

2a
(5.2) B = Brp = {Qe QD:TESQ}.

In order for the second condition in the definition of locally harmonic Maass forms to be mean-
ingful, it is first necessary to show that the set Ep is nowhere dense in H and hence Fp partitions
H \ Ep into (open) connected components.

T —

Lemma 5.1. Suppose that D > 0 is a non-square discriminant. For every 19 = xg + iy € H,
the following hold:

(1) For all but finitely many Q € Qp, we have that 7y € Cg. In particular, %, is finite.
(2) There exists a neighborhood N of 1o so that for every [a,b,c] ¢ B, and T =z +iy € N,

sgn (a I7|* + bz + c) = sgn (a 70]% + bxo + c) # 0.
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Proof. (1) We define the open set

Ny = {T:$+iy€H:|$—xo|<1,y>%}.

If |a| > % and 7 € Ny, then the inequality

Yo VD
— | > > > —
T 2| =Y 72 7 Y

implies that 7 € Ca Moreover, for

b > 2la] max { |z — 1], |20 + 1| } + VD,

we have
bl [2am—b| bl —2alle]  2lal (max{leo—11,lz0+ 1] } ~lal) + VD
T— > > > :
2a 2a 2|al 2lal|
One immediately concludes that
(5.3) N ccd

for all but finitely many @ € Qp. In particular, this proves the first statement.
(2) In order to prove the second statement, for a,b,c € Z, we define

Nope = {T =x+iy € Ny :sgn (a ]7\2 + bx + c) = sgn (a ]7'0\2 + bxg + c>} .
We denote the intersection of these open sets by

N =Ng:= (1 Nabe
[a,b,c]€ QD \Pr,

which we now prove is a neighborhood of 7y satisfying the second statement of the lemma. A
short calculation shows that

b

"2

- 2a

)

(5.4) sgn <a I7|? + bz + c) = sgn (a) sgn (

so that Nyp. = N1 N Cé with € chosen such that 79 € CZ)' Hence by (5.3, we conclude that
Ngpe = Ny for all but finitely many [a,b,¢] € Qp. Therefore N is the intersection of finitely
many N, p .. Hence N is open and every T € NN satisfies the conditions of the second statement,
completing the proof. O

We are now ready to describe the value Fi_j p 4 (7) whenever 7 € Sg for some @ € QOp.

Proposition 5.2. If 7 € Ep, then

1 . . .
Fiok,p,ua(T) = 3 Jg{; (Fiek,p,4 (T +iw) + Fi_p p,a (T — iw)).

Proof. We first split the sum (3.2]) defining 71— p 4 into Q € A, and Q ¢ A, (defined in (5.2))).
Due to local uniform convergence, we may interchange the limit w — 07 with the sum. Since
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15} (t; k — %, %) is continuous as a function of 0 < ¢ < 1, one obtains

1 . . .
(5.5) B lim (fl—k,D,.A (T—l—lw) + Fi—k,D,A (1 —iw))

w—0t

—1)f pak 5
= ( z)k_z - Z sgn (a ]7\2 + bx + c) Q (T, 1)1”3_1 % (arctan 2\/_—y )
(o) —labcldB, alr|”+br+c
Q=lab,c¢
)k pi-
+ ()7_2 Z lim | sgn <a |7+ eiw|2 + bx + c) Q (7 + ciw, 1)"“1
27T(2k 2) w—0t
k-1 QR=[a,b,c]le B~
ee{t}
D
X | arctan \/_(y2—|—€w) .
a|r + ciw|” + bz +c

For each @ = [a,b,c] € B; and 0 < w < y, one concludes, since % is real, that

(5.6) ' b vD < b VD 0<|T+1 b vD
. T—w— — | — < |T——| - — = THIWw— —| — —.
2a| 2]al 2a| 2]al 2a| 2|a|
It follows from (5.4]) that the + terms on the right hand side of (5.5]) have opposite signs. Since
 is continuous, one concludes that the sum over @ € %, vanishes, completing the proof. O

6. ACTION OF &_o, AND DZF1

In this section, we determine the action of the operators & _op, and D1 on Fi—k,p,A (and
Fi—k,p). We prove the following proposition, which immediately implies Theorem

Proposition 6.1. Suppose that k > 1, D > 0 is a non-square discriminant, and A C Qp is a
narrow class of binary quadratic forms. Then for every T € H\ Ep, the function Fi_i p satisfies

&o—ok (Fi—k,p,4) (1) = D2 e p.a(T),

2k —2)!
D2k—1 (-Fl—k,D,A) (7_) — _D%—k( )

Wfk,D,A (7).

In particular, we have that
(6.1) Ag_op (Fi-k,p,4) (1) = 0.

Proof. Assume that 7 € H \ Ep. By Lemma [B.] there is a neighborhood containing 7 for
which (32 is continuous and real differentiable. Inside this neighborhood, we use Lemma
to rewrite Fi_j p 4 in terms of P;_y , for some hyperbolic pair 7, 1’ and then act by &_ox and
D?~1 termwise on the expansion ([3.10). However, the operator &y_gy, (resp. D?71) commutes
with the group action of SLy (R), so it suffices to compute the action of &_ox (resp. D?*~1) on
© (defined in (39)). By Lemma Bl and (B.I5]), the assumption that 7 € H\ Ep is equivalent
to the restriction that x # 0 before slashing by A~.
For x # 0, we use

|y

(6.2) sin <arctan ‘%D =

to evaluate

2%k—2
(6.3) &9_oi (P) (1) = iy* % sgn(x)7* L sin (arctan ‘%D (— Z:/Ezgi(yxz) - zxngi(;)) =7k,
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Using Lemma B2l and (B.6), on H \ Ep it follows that

k k

D2 D™z 1_

&o-ak (Fik,p,4) = 55822k (P1ky) = —57—5— Py = D2 * fr.p.a-
() (k1)

Since £2-9k (F1—k,p,.4) is holomorphic in some neighborhood of 7, one immediately obtains (G.1])

after using (2.1)) to rewrite Ag_of.

We next consider D%~ We first show that for n > 0 and z =% 0 we have

(6.4) (2m)" D" () () = 1 I (k) B (2,y)

k—1— y
A sgn(x)T e <arctan ‘ED + 1

where P, (z,y) is the homogeneous polynomial of degree 2k —2 defined inductively by Py(x,y) :=
0 and

—i (k) oo

(65 Pat (09) = 5 st 7 (Pa(09) = P (22)

dr

for n > 0. The statement for n = 0 is simply definition (3.9]) of ¢. We then use induction and

apply (6.2)) to establish (6.4]) for n > 0.
In particular, for n = 2k — 1 the first term in (6.4]) vanishes and thus we have

I Pop—1 (2,y)
oh—1 o 2k—1 (T, Y
D (@) (1) = (27_‘_2.)2/%—17_214—1?16—1'

However, in some neighborhood of 7, (6.I)) implies that @ is harmonic and hence D=1 () is
holomorphic. Thus

Py (,y) =7 'P (1)

for some polynomial P € C[X]. However, since Py (x,y) is homogeneous of degree 2k — 2, it
follows that

P2k—1 (x,y) _ C |7_|2k—2 _ Cilf2k_2 + Oy <$2k_3)
for some constant C' € C. In order to compute the constant, we note that, by (6.5]), one easily
inductively shows that for n > 1

P ( )_ __Z nd_n 2k—2 +0 ( n—l)
n+1$,y—2$d7_ny y \ T :

We use this with n = 2k — 2 to obtain that

oo () e

Hence it follows that

k=1 [ (2k—2)! 4
D*1 () (T)Z—WT
Therefore, using Lemma, and (3.6) to rewrite Pi_j,, and Py ,, we complete the proof with

2k — 2)!
DY (Fikp.a) (1) = —D%_k%fk,z),/l (7).

(4m)



LOCALLY HARMONIC MAASS FORMS 15

7. THE EXPANSION OF Fi_j p A

In this section we investigate the “shape” of Fi_, p 4. We are then able to prove that
Fi—k,D,A is a locally harmonic Maass form, completing the proof of Theorem [[.Il To describe
the expansion of Fi_j p 4, we first need some notation. Recall that for Re (s),Re (w) > 0, we
have (for example, see (6.2.2) of [1])

1
I'(s)T
(7.1) B(s,w):= B (1;s,w) = /0 w1 —w) e = %

In particular, by the duplication formula, one has

(7.2) 3 <k: - % %) W = <2kk__ f) 922k,

For a > 0, b € Z, and a narrow equivalence class A C Qp, denote

(14 (-1 i [ b, =D }eAand [—a,—b,—b;f’] € A,
1 if [ b, b2 } € A and [—a,—b,—b24_aD] ¢ A,
(=1 if [a b, b = } ¢ A and [—a,—b,—bil_aD] €A,

0 ot herw1se .

Tap (A) ==

We define the constants

(7.3)  coo (A) = 7 > ah > Tap (A),

22k 2 (Zk (k 1 aeN b (mod 2a)
b>=D (mod 4a)
Coo = — — p(d)xa (d)d oo | = ),

where D = Af? and A is a fundamental discriminant. They play an important role in the
expansions of Fi_i p 4 and Fi_j p, respectively. For a connected component C of H \ Ep, we
also define

Bc:Bch::{QGA:TGCéforallTEC},

where Cg, was given in (510). The set Be consists of precisely those @ € A for which Sg (defined
in (33])) circumscribes C and it is finite by Lemma [EIl Furthermore, abusing notation, for
a € QU{ioo}, the (unique) connected component containing « on its boundary will be denoted
by C,. This connected component is unique because the set

D
{T:x+iy6H:y>§}QCiw

and «a = y (ico) for some v € I';. Before we state the theorem, we refer the reader back to the
definitions of f; 5 4 and &y, |, ,, given in (L6) and (L), respectively.

Theorem 7.1. Suppose that k > 1, D > 0 is a non-square discriminant, and A C QOp is a
narrow equivalence class. Then, for every connected component C of H '\ UQe 45q, there exists
a polynomial Pe s € C[X] of degree at most 2k — 2 such that

(74) fl—k,D,A (7-) — D%_kf]z:D7A (T) . D__k (2](3 — 2)

ngkDA( )+ Pea(r)
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for every 7 € C. This polynomial is explicitly given by

(7.5) Pea(T) = coo (A) = (~1)F227%D27F N~ sen(a) Q (r, 1)
Q=[a,b,c]eBc

Remark. In particular, for every 7 € H with y > \/—?, Fi—k,D,A has the Fourier expansion

b 1_,(2k —2)!
(7.6) Fikp.A(T)=D> kfk,D,A (1) — Dé kwgfk,D,A (7) + oo (A).

One now concludes Theorem [[.3] immediately by summing over all narrow classes A C Qp.

Before proving Theorem [T.1] we note an immediate corollary which will prove useful in com-
puting the periods of fi p.

Corollary 7.2. Suppose that k is even. Then for every T € Cy,

1_ g . 1. (2k —2)!
Fi,p (1) = D2 kfk,D (r) — Dz k§4ﬂ_)7—)15fk,D,A (1) + Pey (1)
where
(7.7) Poy (1) = coo + 227 %D37F N Q(r, )R
Q=l[a,b,c]€eQp
a<0<c

A key step in determining the constant term of (7.5)) lies in computing the integral

oo k—1
Topk (y) == a(w+iy)* — D ¢ | arctan 5 \/ﬁzy —5 | | dw
—00 da a(w?+9y?%) - 4

which is defined for y > 0, a € N, k € N, and D > 0 a non-square discriminant.

Lemma 7.3. For a € N, D a non-square discriminant, and k > 1, we have
Dh—3
.
ak22k=2 (2k — 1)

Due to the technical nature of the proof of Lemma [[.3] we first assume its statement and
move its proof to the end of the section.

Proof of Theorem [7.1. Suppose that 7 € C. As described when defining f* in (@), we have

Topi (y) = (1)

(7.8) ook (fiip.a) (T) = frp,.a(7),

(7.9) D*7 (fip.a) (1) = 0.

Since D (¢") = nq™, one easily computes

(7.10) D* 1 (Ep ) (1) = fop,a(T),

where & (f € Sai) was defined in (LT)). Moreover, since £y, ,, , is holomorphic,
(711) 52—2]6 (5fk,D,A) (T) = 0.

From (7.8)), (711]), and Proposition [6.1], it follows that

1_p oy 1, (2k —2)!
ook <-7:1—k,D,A — D2 fip 4+ D2 ki4ﬂ_)7—)lgfk,D,A> (1) =0,
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and hence

1y (2k = 2)!
(47T)2k 1

is holomorphic in C. However, from (79)), (Z10), and Proposition [6:I] we conclude that
'D2k_1 (PC,A) =0.

It follows that Pr 4 defines a polynomial of degree at most 2k — 2 inside C, establishing (7.4)).
We move on to the specific form of F¢ 4. Since B¢ is finite, we may prove the claim by
induction on #B¢. We begin with the case #B¢ = O Which is precisely the case that C = C,oo

Note that for 7 = z 4 iy, the equation a |7|* + bz + =2 = 0 gives the circle centered at — 2 of
Ve

radius ] < g Hence every 7 € H with Im (7) > @ is in the same connected component

1k px
}hAﬁ%:fﬂhﬂA“)_DzkhﬂA()+D Fopoa (T)

Cico- It follows that Fe, 4 is fixed under translations and hence is a constant which we now
show agrees with ¢y (A).

For y > ‘F , we use Poisson summation on ([3.2)). One may restrict to a > 0 by the change of
variables a —> —a and b — —b. Rewrite b as b+ 2an and note that

b+2an) — D 2 — D
bt2an) =D P b(atn)+

a|r*> + (b+ 2an) x +

4q da '’
b+ 2an)? — D b2 — D
a7'2+(b+2cm)7'+—( + UZZL) =a(r+n)’+b(r+n)+ 1

and that the sgn term in ([B.2)) is always positive for y > ‘F Hence (B.2]) becomes

Finalr) =" (% 5)2_ S Y WY Qe )

k—1 aeN b (mod 2a) nez
b2= (mod 4a)
Q [ b’b24aD:|
VDy
X @ | arctan 5 ||
a|lt+n|"+b(x+n)+ I

Applying Poisson summation to the inner sum and using the change of variables w — w —

% + 1y, the associated constant term becomes

co+1y \/ﬁy
w, 1 k-l arctan dw =1, .
/—oo—l—in( e ( <a|w|2+bRe (w) —|—c>> 2

We immediately conclude (Z.6]) by Lemma [Z.3] establishing the case when B¢ = ().

Next suppose that #B¢ = n > 0 and choose Q9 € B¢. Since two circles intersect at most
twice and B¢ is finite by Lemma [B.] it follows that there exists an (open) neighborhood N
containing an arc along the geodesic Sg, (defined in (3.3])) which does not intersect any other
geodesics Sg for Q € Qp. In other words, there exists 79 € Sg, and a neighborhood N of g for
which

Ni:=NnNnEp CSQO.

Thus N; is on the boundary of precisely two connected components, C and another connected
component, which we denote C;. Then C; contains those 7 € N for which 7 = 71 + iw for some
71 € N1 and w > 0 and C contains those for which 7 = 71 —iw. Our goal is to show (the analytic
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continuation of) identity (7.5 for every 7 € Nj, hence concluding the result by the identity
theorem. One sees immediately that Be, C B, since @ ¢ Be,. Hence by induction, we have

(7.12) Py a(7) = oo (A) = (-1)F 222Dz N sen(a)Q (r, 1)
Q:[a7b7c}€BC1
Since each summand in (4] is piecewise continuous, for 7 € Nj, we have

liDg+ (Fior,p,A(T —iw) — F1_gp A (T +iw)) = Pea(T) — Pe, a (7).

w—

However, arguing as in (5.5]) and (5.6]), we may rewrite the limit to obtain, for every 7 € Ny,

(7.13) PC,.A (T) — PC1,.A (T) = wh—>H01+ (fl—k,D,.A (T — iw) - fl—k,D,A (7’ + zw))

_ (ot k-1 < Dy? k_ll)
= (2kk:12)7T Q:[ag}: %TAsgn(a)Q (r, )" B G 55 )

where #; 4 == {Q € A: 1€ Sg}. By the definition of N7, we know that 937,4 C {Qo, —Qo},
because Sg = S if and only if Q= Q or Q =—Q. Moreover, Q (T, )] = Dy? for every

T € Np. Since Bc = Be, U ({£Qo} N A), we may hence combine definition (TI) of 8 (k — 3, 3)
with (CI3]) and (I2]) to obtain (for every 7 € Ny)

1ok
Pe(r) = e (4) - CUDEE (k- 53) X sea(@@r

(k 1) 22 QEBe
The result follows by (7.2]). O
Proof of Corollary[7.2 The polynomial Fg, is obtained by
Fe, = Z Fey,a,
A

where the sum runs over all narrow classes of discriminant D. However, each Q € Qp is
contained in precisely one narrow class A, and hence, plugging in (7.5]), one obtains

Fey (7 Z Peya (1) =Y oo (A) — 2272 D27k > sgn (a) Q (r,1)" !
A Q:[a,b,C]EUA BCO,A
Comparing (73]) (with &k even) and (£2), we have

Zcoo (A) = Coo,
A

and it remains to compute | J 4 B¢, 4. This set consists of precisely those Q = [a,b,c] € Qp for
which one root is positive and one root is negative, or in other words, sgn (ac) = —1. By the
change of variables () — —(@Q, we may assume that a < 0 < c¢. The corollary now follows. O

Proof of Lemma [7.3, We first set y := %y and make the change of variables u = j%w from

which we obtain

pk-1% 00 s k—1 2y
Tapk (y) = T /_OO <(u +1y)” — 1) ¥ <arctan <m>> du.
Now define

(7.14) T (7) = /_C: ((u +ag)? - 1>k_1 o <arctan (#;_1» du.
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We next show that Zj (y) is independent of y¥ > 1 (or equivalently y > g) Note that, for
a € N and b (mod 2a) (b> = D (mod 4a)) fixed, either every Q = [a,b, | is an element of A
or none of them are, because translations always give two equivalent quadratic forms. Recall
that ok (Fi—k.p,4) = fr,p,4 and D2k—1 (Fi—k,p,4) = ¢fr.D,4, for some constant ¢ € C, were
shown termwise. Hence, arguing as before, but with a fixed, the polynomial in the connected

component including ioco must be constant and hence we get independence of y > g, because

no djscontinuities exist for y > g. ThES, ([T14) is constant for y > 1. Since ([7.I4]) is continuous
for y > 0, (although only constant for y > 1) for any y > 1 we have that (.14]) agrees with

lim Ty () = Ze (1) = / <(u i) 1)k_1 ¢ (arctan (%)) du.

—00

o0

It hence suffices to prove

L 1kl 2
(7.15) T =T (1) = (1) TR
We first expand
(7.16) (u+i)*—1= (u — \/548‘1) (u - \/5<§3> ;
where (, := e%'. Now rewrite
2k—2 ok 9
1 . 2k—2 _ _ 1 k22—2k - _1)ym i(2m—(2k—2))u‘
(7.17) sin (u) (1) mZ:O (DT

We may then explicitly integrate (ZI7)) as in definition [B7)) of ¢, yielding

o [ (25 -2 o ) D™ omraakye
(,D('U):—(—l)k22 2k (k_1>(_1)k 1’[)—1 Z (2m—22_2k (6(2 +2—2k) _1)
m#£k—1

We then use € = cos () + isin (f) and (6.2) to expand

(7.18) ¢ <arctan <%>> ~ 22,% ((2:__12> arctan <%> + (=D Y %

m#k—1

(o o (2)) e (3)) )

1 (k=2 2 K CE2) ()™ (a4 20\ E
_22'@—2((1@—1)”“”(?)+(_1) DD g ol Gy ’

m#k—1

since the sum involving —1 vanishes. We now note that

2%—2 .\ m+l—k
( m ) (=)™ (22 +2i\"™
12m+2—2/<; 22 — 24

F@) =i (1 i)
mh—

is a meromorphic function in z with no poles in the lower half plane (because the poles at \/§Cg_ !

_3 2 k-1
and v/2(g® are cancelled by the zeros of order k — 1 of ((z +14)° — 1) from (Z16)).
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In order to evaluate Zj, for R > 0 we let Cr denote the path from —R to R followed by the
semi-circle in the lower half plane from R to —R. Define

). b 2= V2!
g (2):= 2log <Z_\/§<_§tg>7

where log (2) is the principal branch. One easily checks that the branch cuts for g% are the the

lines connecting Cétl and Cétg and the branch cuts for log (i;;g;

the point 0 to \/§C82j -1 (1 < j <4). Hence the sum of the logarithms equals the logarithm of
the product for every z € Cg by the identity theorem (since they agree when the parameter is
real). Therefore, for all z € Cr, we have (see (4.4.31) of [1])

; 2 : 2
-2 2
g* (2) =g (») = %log <;7+22> = arccot <%> = arctan <;> .

2

We may henceforth interchange between the original definition of ¢ (arccot (%)) and that

> are those lines radially from

involving logarithms (in particular, in (7.I8])). We hence evaluate

/CR <f(2) 4 2272 <2:__12> ((z Lo 1) k-1 (g% (2) — g~ (z))) s,

Using (6.2)), for those z on the semi-circle, one easily obtains

(42 =1) " (arecot (5))

Hence the integral along the semi-circle vanishes for R — co. Therefore

7, = lim . <f(z) 4 9272 (2:__12> ((z +i)? — 1)16_1 (97 (z)—g~ (z))> dz.

< R .

R—o00

k—1
Since f(z) and ((z +i)? — 1) g" (2) are holomorphic in the lower half plane, the Residue
Theorem yields

I e [t

Using integration by parts, one obtains

@19 [ (G -1)T @ =g [ (1) (%) &

_ —%LR </OZ ((u+i)2— 1)k_1dU> <z—\i§C8_1 - Z_\}?nga) dz.

Applying the Residue Theorem to (I9) (noting simple poles and a minus sign from taking the
integral clockwise) and recalling the identity ([I]), we obtain

2% — 2\ [VEs' k-1
Ik:22_2k7r<:_1>/ - ((u+z’)2—1> du
V25 ?

- ) B (—1)k1
= 2m (~1)F! <2:_ f) /0 (u (1= u)* " du = 27 (-1)* (2:_ f)ﬁ (08 = T

where u — 2u + v/2(g > in the second identity. This is the desired equality (ZI5). O
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We are finally ready to prove Theorem [Tl By taking linear combinations of the Fi_j p 4, it
suffices to show the following.

Theorem 7.4. For k > 1, D a non-square discriminant, and A C Qp a narrow class, the
function Fi_j p 4 s a weight 2 — 2k locally harmonic Maass form with exceptional set Ep.

Proof. Suppose that 7, € I'1. By Lemma [3.2, we may choose a hyperbolic pair 1,1’ so that
Y nn

k k

D5 D>
fl—k,D,A‘ m= Wpl—kﬂ?‘ N = e D ‘E‘ A
29k (k_l )7r 2-2k (k—l )7T ~ET,\Ty 22k

Due to the absolute convergence proven in Proposition Il we may rearrange the sum, from
which we conclude weight 2 — 2k modularity. The local harmonicity of Fi_j p 4 was shown in
(61). Condition 3 is precisely Proposition The functions &, , , and f,; D.A decay towards
ico. Thus, using (H) with C = Cje, (Z4) implies that Fi_ p 4 is bounded towards ioco. O

8. RELATIONS TO PERIOD POLYNOMIALS

The main goal of this section is to use Corollary to supply a new proof of Theorem [I.4]
i.e., the fact that the even periods of fj p are rational. We begin by giving a formal definition
of periods and period polynomials. For f € Sy, and 0 < n < 2k — 2, the n-th period of f is
defined by (see Section 1.1 of [23])

(8.1) T () = /OOO Fit)tdt =nl (27) " L(fon+ 1),

where L (f,s) is the L-series associated to f. These can be nicely packaged into a period
polynomial

r(EX) = FEX )P = Y i

ico %2 <2k —2
0

2k—2—n
St ()

and we denote the even part of the period polynomial by

rt(f; X) = Z (—1)% <2k‘n— 2> v (f) X26-277,

0<n<2k—2
n even

We note that a theory of period polynomials for weakly holomorphic modular forms has also
been developed (see [3]).

We now describe how the polynomials P 4 in Theorem [I.T] are related to period polynomials.
We note that while neither f,’; D,.A hor Efi.p 4 satisty modularity, up to the constant term they are
the non-holomorphic and holomorphic parts of certain harmonic weak Maass forms, respectively.
This follows because the operator £;_gy, is surjective by work of Bruinier and Funke [9] and D?+~1
is surjective by work of Bruinier, Ono, and Rhoades [11]]. For v € Ty, fI:,D,A and &, ,, , satisfy

(:2) fipa|, () = Fipatry (),

2—2k

(8.3) V(1) =Eppa + By (7)
for certain period polynomials r, and R, (each is of degree at most 2k — 2). However, it is
known that there exists C' € C such that

(2k — 2)!

84 T e (M= (M+C (7 (™2 = 1),

Efep.a ‘2—21@
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where P¢ € C[X] is the polynomial whose coefficients are the complex conjugates of the coef-
ficients of P € C[X] [3, [19]. The following proposition relates the period polynomials to the
polynomials Fe 4 from the previous section.

Proposition 8.1. Suppose that D > 0 is a non-square discriminant, A C Qp is a narrow class,
C is a connected component of H\ Ep, 7 € C, and v € I'y. Then

%—k (2k — 2)'R (7') + P»yC,.A (’YT)j (77 T)

A 2k—2
(47T)2k—1 g

Pea(r)=D2%r (r)—D
In particular, if vC = Ciso, then

(85) PQA (T) = D%_kr,y (7-) — D%_k%R’y (T) + oo (A)j(’Y,T)2k_2 )

Proof. By the modularity of Fi_j p 4, we have
0= i-kpa|, V()= Fi-ppa(r).

However, plugging in (7.4]) and definitions (8.2)) and (8.3]) of the period polynomials, this becomes

1 1, (2k — 2)! ) _
0= D3k (1) - DY D gy b (v G ()R Pea(r).

4
This yields the first statement of t}(le p)roposition. The second statement simply follows from the
fact that Pe, 4 = ¢ (A) by ([Z5). O
Proof of Theorem[1.7] In order to get information about the even periods, we first show that
(8.6) v (fu.0;7) = 7 (frp; 7) = 2ir™ (fa,p;7) -
To see this, note that fi p (iy) is real because the change of variables b — —b yields

Yoo (matigb+o) = > (—a+igh+e)

Q:[CL’b’c]EQD Q:[CL’b’c]EQD

The integral (81]) defining 7, (f) is hence also real, from which (8.6]) follows.
Plugging v = S into (83]) and summing over all narrow classes, we obtain

1 14 (26— 2)! B
(8.7) Fey (1) = Dz Frg (1) — D2 ki((zlﬂ)k_z Rg () + coo?72,
where Fg, was defined in (7). However, it can be proven (see (1.13) of [3]) that
(27i) 2+
Rg (1) = —mr(fkpﬂ')-

Hence by (84) and (86]), we may rewrite (87 as
Pe, (1) = —9l=2k;ip3—k (=7 (fe,p;7) + 7 (fr,p;7)) +C <T2k_2 - 1) + ook 2
— 92-2k py—kp+ (fep;7)+C <7'2k_2 — 1) + oo k2
for some constant C'. We now use Corollary to rewrite the left hand side, obtaining

Coo + 93-2k 3=k Z Q (, 1)k_1 — 922k py—ky+ (fe,p;7)+C (Tk_2 — 1) + CooTF 2,

Q:[(I,b,c] EQD
a<0<c

Rearranging yields (L.8]), completing the proof. O
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Remark. We note that the above method may also be applied to reprove the rationality of the
even periods of fi p 4+ fr,p,—a (cf. Theorem 5 of [23]). Note that a symmetrization is made
here so that a statement similar to (8.6]) holds. Without this symmetrization, one would only
obtain rationality for the imaginary part of the periods of fi p 4.

9. HECKE OPERATORS

In this section, we investigate the action of the Hecke operators on F;_j p, proving Theorem
For a prime p, recall that the weight 2 —2k Hecke operator T, acts on a translation invariant
function f: H — C by

22k P

(91) A, o= et Y (T,
)

r (mod p

In order to prove Theorem [L.5] we first compute the action of T}, on the intermediary function

1—-k
D= _ D2
Gikp(T) = Z sgn <a 17> + bx + c) Q(r, D 1y <7y2> 7
( k-1 )77 Q=[a,b,cJeQ’, 1Q (7,1)]
where Q, denotes the set of primitive Q = [a,b,c] € Qp (i.e., those with (a,b,c) = 1).

Proof of Theorem [I.3. We first prove that

p*G _ppp2+pF <1 + (%)) G1—k,D if p? 1 D,

(9.2) gl—k,D‘ T, = 2 )
2—2k p—’fgl_kapz —|—p_k <p — (Dép )) gl_,ﬁp% if p2 | D.

We define the multiset
B:= {[apQ,bp,c] , [a,bp+2ar,ar2 +bp7‘+cp2} 0<r<p—-1,a>0, [a,b,c| € Q’D}
and for g € N, we define the set
B(g) == {[A,B,C] € Qpj2 : (A,B,C) = g}.

We first note that all @ € B have discriminant Dp?. A direct calculation yields

_ 2 k-1 vV Dy
Gi-k.D 2_%Tp (1) = nggsgn (a |T|” + bz + c) Q(r,1)" "¢ (arctan alrPtbate
€

).

In determining the action of the Hecke operators on the classical hyperbolic Poincaré series, Par-
son [24] determined precisely how many choices of primitive [a, b, c] € Qp yield a representation
of each [A,B,C] € B(g) with g € {1,p,p2}. Then (@.2)) follows from this enumeration and the
fact that each summand in (4] is homogeneous of degree k — 1 in the variables a, b, c.

Denote D = Af? with A a fundamental discriminant. We make use of the identity

_k
Fiokp=D"2> Gi_pag
glf
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apply ([@.2)) to Gy_j ag2- This yields

_k
(9.3) fl_hDL_%Tp = D72 Z gl_mgg‘ T,

e 22k
= (Dp) 2 Y <gl—k7A(gp>2 + <1 + (ATf» gl_mgz>
glf, plg
+ (Dp2)_§ Z 91 kA T <p— (A(gT/p)z)) gl—k,A(%f

glf, plg

We next combine

and

SIS

Fi—k,Dp?

Z (gl—k,A(g:v)2 T gl_kﬁgz) + Z NG i Zgl—kvﬁgz = (Dp?)
qlf, plg plglf glfp

> QI_M<Q>2 = Dgp_kfl_k,p%
glf, plg P

to rewrite the right hand side of ([@.3)) as

1-2k k- k Ag? _ A(g/p)2>
F1-k.pp? P fl—k,;Dg tp Dz Z < P >g1_kvA92 Z ( P gl—kA(g)Q

If p

glf, plg glf, plg

t f, then (L9) follows by noting that (ATfQ> = (%92) for every g | f. If p | f, then we

2
note that (%) = 0 unless pl||g. In this case, the two remaining sums cancel by making the

change of variables ¢ — gp in the last sum. Hence when p | f one obtains

fl—k,D‘
2

_ 1—2k
_2kTp = fl—k,DpZ +p fl_k,p%,

from which ([9]) follows because (%) = 0. This completes the proof.

(1]

(8]
(9]
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THETA LIFTS AND LOCAL MAASS FORMS

KATHRIN BRINGMANN, BEN KANE, AND MARYNA VIAZOVSKA

ABSTRACT. The first two authors and Kohnen have recently introduced a new class of modular
objects called locally harmonic Maass forms, which are annihilated almost everywhere by the
hyperbolic Laplacian operator. In this paper, we realize these locally harmonic Maass forms as
theta lifts of harmonic weak Maass forms. Using the theory of theta lifts, we then construct ex-
amples of (non-harmonic) local Maass forms, which are instead eigenfunctions of the hyperbolic
Laplacian almost everywhere.

1. INTRODUCTION AND STATEMENT OF RESULTS

In [7], a new class of modular objects was introduced. These functions, known as locally har-
monic Maass forms, satisfy negative weight modularity and are annihilated almost everywhere
by the hyperbolic Laplacian (see Section [2] for the relevant definitions), mirroring harmonic
weak Maass forms. Recent interest in harmonic weak Maass forms initiated with their system-
atic treatment by Bruinier and Funke [13]. Following their appearance in the theory of mock
theta functions due to Zwegers [34], it has been shown that harmonic weak Maass forms have
applications ranging from partition theory (for example [2, 4 [6, 9] 11]) and Zagier’s duality [33]
relating “modular objects” of different weights (for example [10]) to derivatives of L-functions
(for example [14] 15]). They also arise in mathematical physics, as recently evidenced in Eguchi,
Ooguri, and Tachikawa’s [16] investigation of moonshine for the largest Mathieu group Msy. The
main difference between locally harmonic Maass forms and harmonic weak Maass forms is that
there are certain geodesics along which locally harmonic weak Maass forms are not necessarily
real analytic and may even exhibit discontinuities.

In this paper, we realize the locally harmonic Maass forms studied in [7] as theta lifts of
harmonic weak Maass forms. Theta lifts form connections between different types of modular
objects and the regularization of Harvey—Moore [19] and Borcherds [3] allow one to extend
their definitions to previously divergent theta integrals. In particular, the Shimura lift [26]
was realized as a theta lift by Niwa [24]. Borcherds [3] later placed this into the framework
of a larger family of theta lifts. Following his work, theta lifts have more recently appeared
in a variety of applications including generalized Kac—-Moody algebras [18] and the arithmetic
of Shimura varieties [I5]. To expound upon one example, Katok and Sarnak [21] used theta
lifts to relate the central value of the L-series of a Maass cusp form to the Fourier coefficients
of corresponding Maass cusp forms under the Shimura lift. This extended a famous result of
Waldspurger [30] proving that the central value of the L-function of an integral weight Hecke
eigenform is proportional to the square of a coefficient of its half-integral weight counterpart
under the Shintani lift. Tunnell [28] later exploited this link to express the central value of the
L-function of an elliptic curve in terms of the coefficients of a theta function associated to a
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2010 Mathematics Subject Classification. 11F37, 11F27, 11F11, 11F25, 11E16.
Key words and phrases. theta lifts, harmonic weak Maass forms, locally harmonic Maass forms, local Maass
forms, modular forms.
The research of the first author was supported by the Alfried Krupp Prize for Young University Teachers of
the Krupp Foundation.
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ternary quadratic form. Tunnell’s Theorem gives a solution to the ancient congruent number
problem (conditional on the Birch and Swinnerton-Dyer conjecture).

Following Bruinier’s [12] application of Borcherds lifts to harmonic weak Maass forms, Bru-
inier and Funke [13] extended theta lifts to harmonic weak Maass forms. Due to the theory built
around theta lifts, one may naturally extend the definition of locally harmonic Maass forms to
include local Maass forms, i.e., functions with the above properties of locally harmonic Maass
forms except that instead of being annihilated by the hyperbolic Laplacian, they are eigenfunc-
tions. The locally harmonic Maass forms investigated in [7] have a natural connection to the
Shimura [26] and Shintani [27] lifts, which we next describe.

For k € 2N and a discriminant D > 0, Zagier [31] defined the functions

b3
(1.1) fep() = o 3 Qs 1),
(k—l)” Qedp

where Qp denotes the set of binary quadratic forms of discriminant D € Z. Zagier showed that
frx.p € Sai, the space of weight 2k cusp forms for SLy (Z) and it was later noticed that the
fr.p could be naturally realized as (linear combinations of) hyperbolic Poincaré series defined
by Petersson [25]. The functions f; p reappeared in the (holomorphic) kernel function for the
Shimura and Shintani lifts

Qz,7) = > fep(2)e”™PT
0<D=0,1 (mod 4)

between Sy, and Slj+ ;1 (Kohnen’s plus space of weight k + % modular forms), which was defined
2

by Kohnen and Zagier [23]. For g € S]':Jr ,, the Petersson inner product (g,(—%,-)) equals
2

(—1)k/ 2923k times the Shimura lift of g. Kohnen and Zagier used Q to explicitly compute the
constant of proportionality in Waldspurger’s result, in turn proving nonnegativity of the central
L-values of Hecke eigenforms.

As indicated above, the functions f; p may be interpreted in terms of theta lifts. To describe
this, we define Shintani’s [27] non-holomorphic kernel function. Throughout we write 7 =
u+iv € H, z =z + iy € H, and denote for Q = [a,b,c|] € Qp

1
Q. = ” (alz]* + bz +c).

Using this notation, Shintani’s theta function projected into Kohnen’s plus space equals

(1.2) O(z,7) == y‘zkv% Z Q(z, 1)ke_4”Q§”e2mDT.

DeZ

Q€Qp

The function © (=%, 7) transforms like a modular form of weight k + % in 7 and weight 2k

in z (see Proposition (1)). Integrating the D-th weight k + 3 (holomorphic) Poincaré series
against © yields fi p. One can use Borcherds’s [3] aforementioned regularized version (f, g)"*® of
the Petersson inner product (see Section [2l for a definition) to extend the utility of the Shimura
lift (realized as Niwa’s [24] theta lift) to weak Maass forms. To be more precise, for a weight
k+ % weak Maass form H with eigenvalue

ko1 ko1

41, we define the theta lift
2

O (H)(2) = (H,0 (2,))"*.
2

under the hyperbolic Laplacian A



By choosing an appropriate input, this lift leads to the natural generalization

) e o)k (DY
(1.3) fr,s,p(2) : QEQ:DQ( 1) s (]Q(z, 1)‘2>

of fr.p. Here, for 0 < w < 1 and Re(s) > g—i— %, using the usual o} notation for Gauss’s
hypergeometric function, we define
k1
I'(s+%4-1)D2ta k1 ko1
s(w) = Lts =) — w2 TR <3+__—=3————;2s;w>,
6I(2s) (4r)2 "7 2 4 2 4

which is easily seen to be a constant when s = % + %. Note that for Re(s) > % + %, the Euler
integral representation of the o Fy (see (d3])) yields

Ead

I‘(S—I—% — %) DEFiys=5-1 1
s(w) = k1 k1 5= /

6L (s+5+3) T (s—5—%) @dm)2"1Jo
In order to obtain the functions fj s p, we apply the theta lift ®; to the D-th Poincaré series
Pk+%7S’D (see (ZI2)) of weight k + % with eigenvalue A, under Ak+% in Kohnen’s plus space. In

the special case that s = % + %, this Poincaré series is precisely the classical cuspidal Poincaré

series and fk’ Eylp is essentially fi p because ¢ kgl is a constant. We next show that in general

3 k_5
2

(1— ) 2155 (L —wt) "2 dt,

the functions fj s p are local Maass forms with exceptional set given by the closed geodesics
(1.4) Ep = {z:x—l—iyeH:Ela,b,ceZ, b2 — dac = D, a\z\2+bx+c=o}.

Theorem 1.1. Suppose that s € C satisfies Re(s) > % + i and D > 0 is a discriminant. Then
the following hold.

(1) The function fisp is a local Maass form of weight 2k and eigenvalue 4\ under Aoy
with exceptional set Ep. Moreover,
22k—3

NI
Mk

(1.5) fokyrip= 3k 1) (4rD)*"2 fi,p,

which is a cusp form.
(2) The theta lift Py, maps weight k + % weak Maass forms with eigenvalue A\s under A, 1
2

to weight 2k local Maass forms with eigenvalue 4)\s under Aog. In particular, the image
of the D-th Poincaré series under the theta lift ® equals

Py, (PH%@,D) = fr,s,D-

Remark. The function fj, s p is continuous for every Re(s) > % + %, but whenever A; # 0 there
exist points along Ep along which f, ¢ p is not differentiable. In particular, one should note the
astonishing fact that while the functions are not differentiable for A; # 0, the case Ay = 0 yields
a (holomorphic) cusp form by (L3).

We now investigate the general properties of the theta lift. Let 7}, and sz denote the Hecke
operators of integral and half-integral weight, respectively (see (23] and (2.4])). We next show
that the theta lift commutes with the Hecke operators.

Theorem 1.2.
(1) For every weight k + % weak Maass form H with eigenvalue g with Re(s) > % + %

CIJk(H)‘%Tp — @, (H(H%sz> .

3



2) If Re(s) > &+ 1 and s # & + 1. then the lift Dy, is injective on the space of weak Maass
271 2T 1
forms with eigenvalue A\s under Ay 1

We next describe a theta lift which parallels the construction of Shintani [27] and Niwa [24]
in negative weight. Define the following theta function

47 z,1 211
(1.6) O*(z,7) :=oF Z Q.Q(z, 1) te” ‘Q(yg ! e 2mibT
DeZ
Qe9p
The function ©* transforms like a modular form of weight % —k in 7 and weight 2 — 2k in z (see
Proposition (2)). Similar to the positive weight case, for a weak Maass form H of weight
5 — k, we define the theta lift by

1-k(H)(2) == (H,0" (=2,))"*.
Since the space of weak Maass forms is spanned by the Poincaré series P% —ks.D (defined in
([2:12)), it suffices to consider their image under the theta lifting. This leads to the definition

) o P k=1 =« __fzgi__
(17) fl—k,S,D( ) QgQ:D g (Qz) Q( 71) Ps <‘Q(27 1)‘2>7

where, for 0 < w <1 and s € C with Re(s) > % — 2, we define

k

3
I(s+4&—-1)@rD)i2 ko3, E 1 k3
* p— S F o _ ___2 . .
(ps(w) 12\/7F(2S) w2 2471 S 2+478+2 47 S7w

The Euler integral representation (IE{D again implies that

k_ 1 ) 1
Lot oD UmDT L setes [ sl it ot
D T TS

In the special case that s = % —|— , a change of variables yields the locally harmonic Maass form

P (w) =

Froin (@)= — 2 amD) it Y s (@ Qe )y [ 2
TR 12001 - QGDP )

investigated in [7]. Here

¢@w:;5(mk-;;)

is a special value of the incomplete S-function, which is defined for r,s € C satisfying Re (r),
Re(s) > 0 by B(v;s,r) = [ju"t(1 —u)"'du. In [7], the first two authors and Kohnen
introduced the functions Fi_; p and showed that they transform like weight 2 — 2k modular
forms and are locally harmonic in every neighborhood of H which does not intersect Ep. More
generally, the functions Fi_j s p are local Maass forms with exceptional set Ep.

Theorem 1.3. Suppose that k is even, D > 0 is a discriminant, and s € C satisfies Re(s) >
% — %. Then the following hold.

(1) The function Fi_js.p is a local Maass form of weight 2 — 2k with eigenvalue 4\s under
Ao_op and exceptional set Ep.
4



(2) The theta lift ®_, maps weight %— k weak Maass forms with eigenvalue As under As_,

2
to weight 2 — 2k local Maass forms with eigenvalue 4\s under Ao_op. In particular, the
image of P%_k’&D under the theta lift is

(1.8) o7y (P%—k,s,D> = Flkys,D-

Remarks.

(1) The functions Fi_j s p are never continuous. That is to say, for every s and D satisfying
the conditions of Theorem [[.3] there exist points along Ep for which Fi_j s p exhibits
discontinuities.

(2) Although Fi_j p is never continuous, one may add a piecewise polynomial function to
obtain a real analytic function. The polynomial in question is related to the period
polynomial of fj, p and was thoroughly investigated in [7].

(3) In the omitted case k = 1 and Ay = 0, Hovel [20] has constructed locally harmonic Maass
forms via a theta lift. The relationship with the Shimura and Shintani lifts as well as its
geometric interpretation were further investigated there.

(4) The regularized theta lifts considered here should also have a geometric interpretation.
One expects that their images represent cohomology classes of geodesic cycles as currents.

We again turn to the general properties of this theta lift. In particular, it also commutes with
the Hecke operators.

Theorem 1.4. Suppose that s € C satisfies Re(s) > % — %. The following hold.

(1) For every weak Maass form H of weight % — k in Kohnen’s plus space with eigenvalue
As under As_,., one has
2
7 ) |

(2) The lift ®7_, is injective on the space of weak Maass forms with eigenvalue \s under
As_,.
2

1.9 T (H T, = d] H
(19) L), 1= oi

Remark. In [7], it was shown that the functions Fi_j, p satisfy relations under the Hecke oper-
ators which seemed to imply a natural connection to weight % — k objects. This is explained by
the relation (L9]) between integral and half-integral weight Hecke operators.

The images Fi_j s p and fi s p under the two theta lifts considered in this paper are related
through the antiholomorphic differential operator &, := Ziy“%.
Theorem 1.5. Suppose that k > 0 is an even integer, D is a positive discriminant, and s € C
satisfies Re(s) > % + 1.

(1) For every z ¢ Ep, we have that

(1.10) oo (F1-k,s,0(2)) =2 <§ - z + g) frz0(2)
(2) For z ¢ Ep, we have that
(111 o (w2 =2 (5~ £~ 1) ko).
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Theorem states that for s > % + % the following commutative diagram holds:

Pg_hs,p R Fl—ks,D
fg,k E2—2k
(5= 3+%) Pop ——— 2(s—4+4) fusn
EH% Eak
_)‘SP%—k,s,D i _4>\s]:1—k,s,D

Denote the d-th Shimura [26] lift by /3 and P, p := P,_ & 41 p- In the special case that s = %—F%
K 2 4 9
(see Corollary 9 of [23] for the constant multiple of .#}), the diagram becomes the following:

e
Ps_yp Fl-k,D
f%fk €22k
2P 2k—3 3_k
1 k 2 2_k
(k—3) Pevip P, — (4mD)372 fr p

Remarks.

(1) The above diagram extends work of Bruinier and Funke [13] and Hével [20] in the case
of O(2,1) to higher weight.

(2) By applying (6.1) (used to obtain (II0))) to s-derivatives of weak Maass forms, one could
also obtain links between modular objects known as sesquiharmonic forms [5]. These
functions map to weakly holomorphic modular forms under the hyperbolic Laplacian.

The paper is organized as follows. In Section [2, we recall the theory of weak Maass forms
and give a formal definition of local Maass forms. Section 2] is devoted to the properties of
the regularized inner product. The modularity properties of the theta functions are enunciated
in Section [B] where we derive a number of interrelations between the theta functions through
differential operators. The image of @ (Theorem [Tl (2)) is determined in Section [ while
Section [l is devoted to the image of ®;_, (Theorem [L3] (2)) and the injectivity of the lift
(Theorem [I.4] (2)). In Section [6], Theorem [[L5lis established and the relationship between fy s p
and Fi_j s p is then used to conclude Theorems [l (1) and [[3] (1). Finally, Section [7 concludes
the paper with a discussion of the Hecke operators and the injectivity of ®; (Theorems and
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2. BASIC FACTS ON WEAK AND LOCAL MAASS FORMS

In this section, we recall the basic definitions necessary to describe the modular objects and
the theta lifts used in this paper. We first define the regularized inner product used in the
definitions of ® and ®*. In order to understand the relationship between lifts in different spaces,
we then define the Hecke operators, which act formally on any translation invariant function.
We then recall Kohnen’s plus space and weak Maass forms, upon which we apply our theta lifts.
The next subsection is devoted to constructing Poincaré series which span these spaces of weak
Maass forms. Following this, we give the definition of local Maass forms, which are the focus of
this paper.

Thoughout this section, x € 3Z and we set I := SLy(Z) whenever « € Z, while I := I'g(4) if
K E€LZ\ L.

2.1. Regularized inner products and Hecke operators. For T' > 0, denote the truncated
fundamental domain for SLy(Z) by

1
(2.1) Fr = {TEHZ|U|§§,|T|21,’U§T}.
For a finite index subgroup I' C SLy(Z) we further define
Frt)y= |J 7
v€T\ SL2(Z)

In particular, we set Fr(4) := Fr([o(4)). For two functions G and H satisfying weight
modularity for the group I', we define, whenever the limit exists, the regularized inner product

1 dudv
G H = — i / G(r)Hr)o Y
(G H) [SLa(Z) : T] 150 J 7.y (MHT) =5

We use the following lemma, which follows by standard arguments using Stokes’s Theorem.

Lemma 2.1. Suppose that F, G : H — C are real analytic functions that satisfy Flo—xy = F
and G|,y =G for all vy € T'. Then
(2.2)

/ € (F(7)) G(r) v" 2 dudv + / £ (G(r)) F(r) v " dudv = — / F(r)G(r) d7.
Fr(r) Fr(D) OFr(r)

A number of important operators are Hermitian with respect to the regularized inner product.
One such class of operators is the Hecke operators. Suppose that F'is a function satisfying weight
+ modularity and write its Fourier expansion as

F(r) = Z ay(n)e?™m,
nez

If Kk € Z (resp. k € %Z \ Z), then for a prime p, the Hecke operator T}, (resp. T)2) is defined by

29 F50=3 (om0 (1) ) e

We apply the regularized inner product to (half-integral weight) weak Maass forms, which we
define in the following subsection.
7



2.2. Weak Maass forms. When x € %Z\Z, we are interested in weight « real analytic modular
forms on I in Kohnen'’s plus space. This means that the Fourier expansions are supported on the
coefficients n satisfying (—1)“_%71 =0,1 (mod 4). We use pr to denote the projection operator
(see Section 2.3 of [22]) into Kohnen’s plus space. It is useful to recall that if F' is modular in
Kohnen’s plus space for I'; then its Fourier expansions at the cusps 0 and % are determined by
the expansion at ico (see [22] for a proof in the holomorphic case). Like the Hecke operators,
the projection operator pr is Hermitian with respect to the regularized inner product, i.e.,

(2.5) <G‘ pr,H>reg = <G,H‘ pr>reg

The real analytic modular forms of particular interest for this paper are weak Maass forms.
A good background reference for weak Maass forms is [I3]. Recall that we write 7 = u + iv
throughout. For k € %Z, the weight x hyperbolic Laplacian is defined by

0? 0? . 0 0
Agi=Ag 7= —0 <8u2 + B 2> + ikv <(9_ —H%)

It is related to the operator &, = & r 1= 2@'21“% through
Ali = _62—I€ o Sn'
In order to define weak Maass forms, we require
(2.6) M (8) 1= 1175 My g o (1)

where M, .1 is the usual M-Whittaker function. For Re (s £ p) > 0 and v > 0, we have the
¥
integral representation

I'(2s)
F(s+p)I(s—

In the special case that © = s, we have

(27) Mp,s—%(’u) = ’Use%

1
ts-l—,u—l(l _ t)s—,u—le—vtdt‘
1t) /0

(2.8) MMS_%(’U) = e 20%.

Furthermore, as v — oo, the Whittaker function satisfies the following asymptotic behavior for

p# st

(2.9) Muvs_%(v) ~ %e%v_ﬂ.

We move on to the definition of weak Maass forms. For s € C a weak Maass form F : H — C

of weight x for I' with eigenvalue \ = (s — —) (1 —s— g) is a real analytic function satisfying:

(1) For every v € I', one has F|,y = F, where |,; denotes the usual weight x slash-operator.
(2) One has Ay (F) = A\F.
(3) There exist ay,...,ay € C for which

N
F(T) - Z amM,.;,s (47T sgn(,{)mv) e2m’msgn(n)u -0 <U1_RC(S)_%> ‘

m=1

There are analogous conditions at the other cusps of I.
8



2.3. Poincaré series. One builds explicit examples of weak Maass forms by constructing
Poincaré series [17]. For m € Z \ {0}, the function

Y (5:7) := (dw|m]) 2 T(28) "L M,  (dmmu) e2mime
is an eigenfunction for A, with eigenvalue (S — %) (1 — 85— %) Thus, one concludes that for
Re(s) > 1 the Poincaré series

(210) Pn,s,F,m(T) = Z ¢sgn(n)m,n (S; 7_) "i/%
YET o \I'
where T'oo := {£ (1) :n € Z}, is also an eigenfunction under A, with the same eigenvalue.

Moreover, the space of weight x weak Maass forms with this eigenvalue is spanned by such
Poincaré series. The Poincaré series satisfies the growth condition

(2.11) P s om(T) = Ysgn(ym (87) = O (vl_Re(s)—%> )

In the case that k € %Z \ Z, we then project the Poincaré series into Kohnen’s plus space,
defining

(212) Pn,s,m = PH78,F0(4),77’1‘ pr.

In the special cases that s = 1 — § or s = &, the resulting Poincaré series is harmonic. For

D # 0, the positive and negative weight Poincaré series are related to each other via
_ K
(2.13) & (Pr,s,0) = (S - 5) Py rs,D-

2.4. Local Maass forms. Mirroring the definition of weak Maass forms, for k € 2Z, A € C,
and a measure zero set F, we call a function F a weight & local Maass form with eigenvalue A
and exceptional set F if F satisfies the following:

(1) For every 7 € SLg(Z), one has Fl|yy = F

(2) For every T ¢ E there exists a neighborhood around 7 for which F is real analytic and

Ay (F)(1) = AF (7).
(3) For 7 € E one has

F(r) =5 lim (F(r+ir) + F (7~ ir)).

(4) The function F exhibits at most polynomial growth as v — oco.

Examples of locally harmonic Maass forms (those with eigenvalue 0) are given in [7] as “quadratic
form Poincaré series.” In this paper, we give further examples of local Maass forms via theta
lifts.

3. INDEFINITE THETA FUNCTIONS

In this section we collect several important properties of the theta functions (L2)) and (LG).
The modularity properties of these indefinite theta functions follow by a result of Vignéras [29].
To state these, we define the Euler operator E := Y7 | wiaiwi. As usual, we denote the Gram
matrix associated to a nondegenerate quadratic form g on R™ by A. The Laplacian associated
to ¢ is then defined by A := <%, A_1%>. Here (-, -) denotes the usual inner product on R"™.

Theorem 3.1 (Vignéras). Suppose that n € N, ¢ is a nondegenerate quadratic form on R™,
L C R" is a lattice on which q takes integer values, and p : R™ — C 1is a function satisfying the
following conditions:
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(i) The function f(w) := p(w)e 2"1") times any polynomial of degree at most 2 and all
partial derivatives of f of order at most 2 are elements of L (R™) N L' (R™).
(ii) For some X € Z, the function p satisfies

<E — %) P = Ap.
Then the indefinite theta function
b2 S p (wy/o) et
weL
is modular of weight X\ + 5 for T'o(N) and character x - X/l4; where N and x are the level and
character of ¢ and x_4 is the unique primitive Dirichlet character of conductor 4.

Remark. Note that the definition of the character given in Vignéras [29] differs to that given by
Shimura [26] by a factor of x*,. We adopt Shimura’s notation here.

Applying Theorem Bl to © and ©* yields their modularity properties (see [8] for details).

Proposition 3.2.
(1) The function © (=%, T) transforms like a modular form of weight k +% in Kohnen’s plus
space on I'g(4) in 7 and weight 2k on SLy(Z) in z.
(2) The function ©* transforms like a modular form of weight % — k in Kohnen’s plus space
on I'g(4) in 7 and weight 2 — 2k on SLy(Z) in z.

The following lemma is the key relation needed to establish a link between the functions f; s p
and Fi_j s p. The correspondence is formed through a relation betwen the respective differential
operators in 7 and z on © and ©*, mirroring an important connection formed in [13].

Lemma 3.3. For every integer k > 1, one has

0
(.1 01, (0 (2,7)) = —ig? 0" (-%,7),
(3:2) €31 (07 (-2,7) =~ 50 (2,7).

Proof: We first prove (8I]). We compute that %@* (—z,7) equals
_4mv — 2 . = 1 2
Z Q(_z, 1)k_1e y2 |Q(=z,1)] e—27T2D7‘ <2Q—E o 47TQ_E’U£ <’Q( 2, )‘ >> .

2
e 0z 0z Y
Qelp
We then use
(3.3) Q(z,1)|* = Q%y* + Dy’
and 9 )
2 ¢ -
a3 Y-z =3 - 71
V5@ 5@(=%1)
to obtain

0 1 o
_Z'y2—2k_@* (_27 7_) — _y—2k,uk Z Q(_§7 1)ke—4wQ%Eve—27r2DT (1 - 87’(’@2_3?)) )
0z 2
DeZ
Qe9p
We similarly compute the action of &, 1, 0n ©. A straightforward calculation yields

1 o
§k+%77 (©(z,71)) = §y_2kvk Z Q(z, 1)k€_4ﬂQ§U€_2MDT (1 - 8#@21}) .
DeZ
QeQp
10



Equation (8.0 now follows immediately by the change of variables Q = [a,b,c|] — [a, b, ] =:
Q € 9p, noting that
(34) QV (27 1) =Q (_27 1) and @z = Q=

We move on to proving (8.:2). Since @, € R, a direct calculation, mirroring the proof of (3.])
and using (3.4]), yields

* 1 1Q2v _2miDT 4o
o ©27) =0 Y Qe e (1= g ).
DeZ
QeQp

We next obtain (3.2]) by showing that —z’y%%@ (z,7) equals

_ ’L'U%y2 Z Q(Z, 1)k—1e—47erve2m'DT (k’% (y_2Q (z’ 1)) _ 871'sz_2@ (Z, 1) U%Qz)
523%

% Z Q.0 Z 1)k 1 —47rQ2v 27rzD7-< dmv ]Q(z 1)’ >

DeZ
Q€EQp

where in the last line we have used
0 1 0
2— = = > 1 2— —2 1 =7 2z
y'5,Q:=5QE1)  and  yio- (¥y%Q (2,1)) =iQ
O

The following lemma relates the regularized inner products in positive and negative weight
through the £-operator.

Lemma 3.4. Suppose that D > 0 is a discriminant and z ¢ Ep. Then for every s with
Re(s) > & + % one has

(35) (Ges (Pirgon) 0" (9) " = ~(Prgom &g O (%)
and
(36) (640 (Prosen) 060)™ = Py romrors O™

Proof: Note that all of the regularized integrals exist, as will be shown in the proofs of Theorem
LT (2) and 3] (2). We begin with the proof of (3.5]) and abbreviate P := Piy1sp- By Lemma
2.1 we have

reg reg 1 BN Ar T =
¢ 1 (P),0" —z,-> +<P,§§_ 0" (—3, - > — —Z lim P10 (==, 7)dT,
(641 (P),0" (-7,) WCHER) L SV OL Ry
provided that the limit exists. Hence our goal is to show that the limit on the right hand side
is zero. A standard argument reduces this claim to showing that

1
(3.7) lim P(u+iT)O" (—Z,u+iT)du =0
T—o00 0
as well as vanishing of similar integrals around the other cusps of I'y(4). However, since both
P and ©* are in Kohnen’s plus space, the vanishing of the corresponding integrals at the other
cusps may be reduced to showing that (3.7]) vanishes.
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In order to prove ([B.1), we first recall the growth condition (ZI1]) and note that ©* (—z,u + iT")
decays exponentially as T — co. Indeed, using (B8.3]), one can show that for fixed z € H the
quadratic form

2|Q(z, 1)

Q(@be):=D~-—=5—-=-D+ 202

is positive definite on the lattice of all binary quadratic forms @ = [a, b, ] € Qp. After evaluating
the integral over u, one reduces (3.7) to showing that

lim Rp =0

7o L ’

where
K poy —AIQERET
Rr := M1, (4nDT)T > Q-7 1) e 7 2T,
QeQp
However, the asymptotic behavior for the Whittaker function coming from (2.8)) and (2.9) yields

k-1
Mk—i—%,s (47TDT) <Lk,s,D 2 T k 2.
Using (3.3]), we may hence bound
Ry <50 T_% Z Q_zQ(-7z, 1)k_16_47TQ%?T.
Qelp

Since z ¢ Ep (and hence —z ¢ Ep), Q*, > 0 for every Q € Qp and hence Ry exhibits
exponential decay as T" — oo. This concludes ([B.7), yielding (B.5]). The proof of (B.6]) follows
analogously.

]

4. IMAGE OF THE THETA LIFT ®;

In this section, we introduce a spectral parameter in the classical Shintani lift.

Proof of Theorem [1.7] (2): In order to compute the regularized inner product, we use a
method of Zagier [32]. He defined a regularization which he used for functions which grow
at most polynomially, but the method may be extended to the functions of interest here, as we
now describe. We first define

Hr:= |J +Fr= (J +7r(®).

~v€SL2(Z) ~v€lo(4)
We first use (2.5) together with the fact that © = ©| pr to compute

(4.1) <Pk+%,s,D’ O(z, ‘)>reg = <Pk+%,s,Fo(4),D‘ pr, O(z, ')>reg = <Pk+%,s,Fo(4),D7 O(z, ')>reg-

Then the usual unfolding argument yields

reg 1 .. [
<Pk+%757D,®(z,-)> = Jim. . Up it (5:7)O (1)

ket 4 dudv
2

v

We now rewrite

Hy = {T c H‘Im(T) < T}\ U s:(7),
c>1
a€Z
(a,c)=1

where Sa (T') is the disc of radius tangent to the real axis at %. Hence, we have

_1
2c¢2T

reg .
(Piiyop©()) = lim (I(T) + (1)),
12



where

1 T rl
:_/ /%Hl(s;ﬂ@(z,f)vk%wv

:__Z Z / ¢Dk+ (1) O (z,m)v ’“+1d7;§lv

c>1 a (mod c)
(ac) 1

We first consider I1(7"). Evaluating the integral over v and using (3.3]), we obtain

(42)  lim L(T) =

_ Dy? >
2 )1 <7 ,
QY i
where for 0 < w < 1 we define
w) = / Mk+% S(v)e%e_”wilvk_ldv.
0 b

In the case that s # % + %, we insert the definition (Z6) of M, 41 s(v) and then substitute

the integral representation (Z7) of the M-Whittaker function when Re(s) > 4. The change of
variables t — 1 — ¢t yields

1 5 [ 5 -
Iw) = s [ttt [Tt e gy
T(s+E+Dr(s—k— 0

i

4

E_ L1y sts-1 1

STy eI et il gy
F(s+5+3)T(s—5—3)Jo

We then rewrite the integral using the Euler integral representation for o} (see (15.3.1) in [I]),
given for Re(C') > Re(B) > 0 and |w| < 1 by

1
(4.3) 2F1 (A, B; Ciw) = %/0 tB-1(1 — )C-B=1(1 — wt)~Adt.
Thus

B Eoo1\ k1 E 1 k1
I(w)—l“<s+§—1>w 2 42F1<s+§—1,s—§ 4,23,w>.

Inserting this into (£2)) shows that limy_,oc I1(T) = fis.D-
For s = & + 1 inserting (28) into [@2) yields

. D3*ir(k) Lk
4.4 | IL(T) = 1 = Jp k1 .
(4.4) Jim 11(T) o) T (ke 1) QEZQ:DQ(Z ) Friv1n(2)

To conclude (L.8)]), it remains to show that I»(7") vanishes as T — oo. We first assume that
4| ¢ and choose vy = (2Y) € Ty (4). A direct calculation shows that

ySg:{TGH‘UZT}.
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Hence, the change of variables 7 — ~7, together with the modularity of © in Proposition B.2]
yields

6T —00

Using the facts that Im (y7) =

rewritten as

lwi i and O is translation invariant, the integral may be

1 n 1 dudv
__/ /@ Z ¢Dk+ 37')‘k+1 <0 1>Uk+2 w2

n=—oo

Taking the sum over all a,c with 4 | ¢ > 0, the inner sum precisely evaluates as

Pidsro),p ~ Yppid (557)
Comparing the polynomial growth in (Z.I1]) with the exponential decay of © (—Z, 7) towards ico,
one concludes that the limit T" — oo vanishes. A similar argument shows that the contribution
to Io(T) coming from 4 1 ¢ also vanishes as T'— oo. This yields (LS).

O

5. IMAGE OF THE THETA LIFT ®7_,
We next compute the image of ®;_, with the method from Section [l

Proof of Theorem [I.3] (2): Following the argument in the proof of Theorem [L.1] (2), we may
reduce the theorem to evaluating

_ 3 _ . dudv
(51) ¢ Jim / [ g T
1 ———— 3, dudv
— 2 ) O (=7, ryui Y
G D /s e

Using the argument from before, the second summand vanishes. We use ([B.3]) to rewrite the
exponential in the theta series as

(b2 — 4ac) u + i (2@2_5 + (b2 — 4ac)) .

Therefore, evaluating the integral over u and then making the change of variables () — @ (as
defined before ([3.4])), it suffices to compute

1 1k 1 k-1 Dy?
(5.2) 5 (4nD)i™ 3T (2) QEZQ: Q-Q(z,1) I<7‘Q(271)‘2 :
D
where
Z(w) = Mg—ks( v)ezw 2 e~ gy
0 k)



Inserting the definition (Z6) of Ms_, . and the integral representation (27)) of the M-
2 k)
Whittaker function, we evaluate

(5.3)
I'(2s) b oyk_7 k1 [0 ks —v(t-1+w?)
Z(w) = /ts+2 1(1—t)"" 2 4/ v$T2"ae dvdt
P(s—5+HT(s+5-12) Jo 0
r@2s)l(s+5-1)

BRC EE N
We again employ the Euler integral representation (4.3]) to show that
Z(w) =T <s+ g - i) WL <s+ g - i,s— g + 2;23;11)) .
We then rewrite the hypergeometric function by using the Euler transform
oFy (A, B;Ciw) = (1 —w) B ,F (C— A,C - B;C;w)
to yield

k1 - k1 k3
Z(w) =T <3+ 5 Z) (1—w) 2wt 1, <S —ytpstgo Z;Qs;w) .

Finally, we conclude that (5:2]) equals (L&) by using B3] to rewrite |Q,| in terms of %.
O
We next establish the injectivity of the lift.
Proof of Theorem [1.4] (2): Since the Poincaré series P%_ k.s.p Span the space of weak Maass

forms and are linearly independent (which can be seen by comparing their principal parts), it is
enough to show that the functions Fi_j s p are linearly independent. This follows by proving
that any linear combination

n
JFo= Z ajF1—k,s,D;

j=1
with a; not all zero exhibits discontinuities and is hence nonzero. Comparing the sets Ep,; of
geodesics defined in (I.4)) implies the result. O

6. RELATION BETWEEN POSITIVE AND NEGATIVE WEIGHT LOCAL MAASS FORMS

In this section we relate fi s p and Fi_j s p.
Proof of Theorem We prove (ILI0) by establishing that for P := P%_k’&D and z ¢ Ep,
one has
(6.1) &-on (P14 (P) () = 20 (&3_,(P)) (2).
We first use (B.6]) and then (B.I) to obtain for z ¢ Ep

reg

(62) @4 (¢54(P) (2) = (€3_(P),©(2,)) = ~(P&.1 (B(2,))

b reg Z'y2—2k o reg s dudv
e _ 022k~ _QO* (_= . — i * (= 2 _k
(Pt o) == [ P -z ui
0
— .22k P O (—7. )\
- )
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Since

(6.3) £.(G(2)) = 2" 2T,

0z
we conclude (6.1) from (6.2)).
We now apply Theorem [I.3] (2), (€.1]), (2.13]), and finally Theorem [I.T] (2) to yield

ook (F1-k,5,0(2)) = a—2k <<I>T_k <Pg_k,s,p> (Z)> = 2Py, (ﬁg_k <Pg_k,s,D>) (2)

3k 3k
— 9 <§ - 5) o, <Pk+%7§’D) (2) =2 (5 -5 5) Fesn(2).

This concludes the proof of (LI0).
We next prove (LII]). Denoting P := Pk+%7s’D, we use (3.0) to conclude that for z ¢ Ep

Teg

(6.4) k(61 (P) () = (601 (P),07 (-7,) " = ~(P&y_ (6°(-%,))
We then employ ([B.2]) and (6.3]) to obtain

ok 0 e e L
(6.5) ok (602 (P)) (2) = g™ TP O (2] = San (@k(P)(2))
Combining this with Theorem [[L3] (2), (2.13]), and Theorem [L.1] (2) yields

k1 N R A
(s -5~ Z) Fi-kzp(z) = <S 2 Z) ok (P%_kvgvD) (2)

= o7, <€k+% (PH%@,D)) () = %5% <‘I>k <Pk+%78,1:)> (Z)) = %5% (fr,5,0(2)) -

We are now ready to prove Theorem [T (1) and Theorem [I.3] (1).
Proof of Theorem [1.7] (1): Note that

O(z,7) =0 (—%,-7).

Hence f} s, p is modular of weight 2k by Proposition
The functions f; s p are continuous since for Re(C') > Re(A+ B), the hypergeometric function
oI (A, B; C;w), and hence ¢g(w), is continuous for w < 1. This implies condition (3).

For z ¢ Ep, (L1I) and (LI0) imply that
Ao (fr,s,0(2)) = —Eaak (o (fr,s,0(2))) = 4Xs fr,s,0(2)-
A straightforward calculation shows that fj s p(z) grows at most polynomially as y — occ.

Finally, one uses (£4)) and the duplication formula for the I'-function to conclude (LH).
O

Remark. The non-differentiability of fj s p follows by using (LII) and then proving that the
functions Fi_j s p are not continuous. Computational evidence indicates that fj s p(z) decays
exponentially as y — oo.

Proof of Theorem [1.3] (1): Noting that
0* (-z,7) = 0" (2, -7),

Proposition implies that F1_j s p is modular of weight 2 — 2k.
The proof that Fi_, s p is an eigenfunction under Ay_g;, with eigenvalue 4\, follows by (LI0)

and (LII)) precisely as in the proof of Theorem [I1] (1).
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In order to show condition (3) in the definition of local Maass forms, we first note that ¢} (w)
is continuous for 0 < w < 1. The locally uniform convergence of the sum allows us to pull the
limit » — 07 of Fy_g s p(z £ ir) into each term. Define

%. = {Q € Qp|Q. = 0}.
By Lemma 5.1 of [7], there are only finitely many @ € Z%.. Note that
sgn (Q:) = sgn (Qzir)
for r sufficiently small and @ ¢ %,, while for Q € £, one has
sgn (Qz-i—ir) = —sgn (Qz—ir) .
Hence, since the terms of Fi_j s p(2) with Q € %, vanish,

1 . . . k—1 Dy?
3 Tl_l)%l+ (Fi-k,s,0(2 +ir) + Figs,p(z —ir)) = Z sgn (Q:) Q(z, 1) g (W
Q¢
= Fi—k,sp(2).
A direct calculation shows that Fj_j s p(2) grows at most polynomially as y — oo. g

Remark. To show that Fi_j s p exhibits discontinuities along the set Ep, one computes

lim (Fi_gs.p(z+ir) — Fi_psp(z —ir))

r—0+
similarly as in the proof of Theorem [[3] (1). It is shown to be nonzero by using Gauss’s
summation formula to conclude that ¢}(1) # 0.

If D is not a square and Re(s) > % + i, then computational evidence indicates that F1_j s p
is bounded as y — oo.

7. HECKE OPERATORS

In this section, we consider the action of the Hecke operators on the theta lifts.

Proof of Theorem [1.4] (1): Since the Poincaré series span the space of weight % — k weak
Maass forms, it suffices to compute the action of the Hecke operators on Poincaré series. As in
the proof of Theorem 1.5 of [7], one can show that

k(D _
fl—k,s,D‘ Tp = fl—k,S7Dp2 +p k <—> -Fl—k,s,D + p1 %fl_k <D
2—2k p ) 71)2

Hence by Theorem [L3] (1), equation (L9]) follows by the easily verified identity

Ps
$—k,s,D 5

D
. —k 1-2k
T2 =Ps_pspp tP <§> Ps hsp P TP o

3_
2
O
We now move on to the positive weight case.
Proof of Theorem We first prove Theorem (1). Let H be a weight 2k local Maass
form with exceptional set Ep which is continuous everywhere. Since continuity is preserved by
the Hecke operators, one easily checks that H|y,T), is a local Maass form. To determine the
exceptional set for H, recall that the weight 2k Hecke operator may be written as

T (7) — p2k—1 -1 Ty
H| T () =p" " Hpr) +p7 Y H< >

r (mod p)

T;}"‘, one concludes that #|9,T}, has

By computing the image of Fp under 7 — p7 and 7 —

exceptional set E := Ep,2 D Ep. Hence it suffices to prove the statement for z ¢ E.
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Suppose that H is a weak Maass form of weight k + % with eigenvalue A\s; under A, 1. Since
2
13 s surjects onto the space of weak Maass forms of weight k + 1 with eigenvalue A, (see [13]),

we may choose such a weight % — k weak Maass form G such that & 8 «(G) = H. But then by
(C9), ([GI), and the fact that the Hecke operators commute with ;_of, for z ¢ E, we have that

732 = oo (04 (6) |, 1y62) = gam (914 (6], 730) (1)

We now use (6.5) and the fact that & s, commutes with the Hecke operators to obtain

oo (94 (6], 1) @) =20 (5 (6], 1) ) ) =2 (1], 1) 0

as desired.
We move on to Theorem (2). Assume that ®;(F) = 0 for a weak Maass form F' with
eigenvalue \; # 0. Writing G := —(4)\3)_1£k+%(F), by (6.I) we have that

0= & o (PT_4(G)) -

Since ®7_,(G) is an eigenfunction under Ay_o;, with eigenvalue 4\, # 0, we have

0= — (40e) " bt (€21 (BT_(@))) = B]_(G).
Since ®]_, is injective, we conclude that G'= 0. However,
g%—k(G) = F7
and hence F' = 0. O

Dy (H)‘

2k 2k
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