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1. INTRODUCTION

For any smooth family 7 : X — S of curves and a vector bundle F
on X, A. Beilinson and V. Schechtman defined in [2] (see also [3]) a
so-called trace complex " A% on X, together with an algebra structure
on it, such that R%r,("A%) is canonically isomorphic to the Atiyah
algebra A,, of the determinant bundle A\ = det Rm.E of the family
(See Proposition 3.3 for details). It is generalized by Y.-L. Tong and
the second author ([13]) to the families 7 : X — S of stable curves. On
the other hand, in his fundamental article [7], N. Hitchin constructed a
projective connection on the relative sections of the determinant bundle
on the moduli of bundles with trivial determinant on curves of fixed
genus. In this paper, we present a construction of Hitchin’s connection
and its logarithmic extension within the framework of [2] and [13]. Note
that studying the behaviour of spaces of generalized theta functions
under degeneration of the curves was already suggested in [1] and [7].

Let M be the moduli stack of smooth curves of genus g > 2 and
C — M be the universal curve. Let f : S — M be the family of
moduli spaces of stable bundles of rank r > 2 with a fixed determi-
nant. Let 7 : X = C xS — S, E a universal bundle on X and
E := End’(E). In view of identification of tangent bundle T/ with
R, (E), it seems natural to ask whether there exists an analogous
theory for the side of differential operators, namely for an identifica-
tion of sheaves of differential operators (with values in the determinant
bundle) with certain cohomology groups. The trace complex of [2] pro-
vides the identification, but we found unfortunately it hard to work
with the trace complex in a direct way. To tackle this difficulty we
find that there exist canonical (locally free) sheaves Gg, S(Gr) whose
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relative cohomology coincides with that of the trace complex (at least
in the moduli situation). Thus we have canonical identifications

¢ : Rlﬂ'*(gE) =D S/M(/\IEI) QZ) : Rlﬂ-* (gE) <1()\]E)

(cf. Theorem 2.5). This part is of independent interest in itself.

Let © be the theta line bundle on S and, for any k, write ©% = X% for
some p € Q. Using the above identifications and taking cohomology
for some short exact sequences, we get the commutative diagram

S/M(Gk) - DS/M(@k)

! !

DF'(6) — Sy, (6"

.| |

[ T\ LN ST/ pm

where the two vertical sequences are short exact sequences and dy, on
are the connecting maps. dy is in fact an alternative of Hitchin’s symbol
map (cf. [10], Section 4).

As nicely explained in [6], Hitchin’s construction of the connection on
the vector bundle Vj, = f,(©F) consists in defining, for any v € T (U)
(= FTu(f1(U))), a heat operator H(v) € HO(f~1(U), D5*(6%)) such
that its symbolic part is dg(v). With help of above diagram, we are
able to compare the obstruction classes to lift oy (v) to D§/2M(@k) and

to SQDE/IM(@’“) (cf. Proposion 2.7). Then we get a lifting H(v). The
uniqueness of H(v) follows from the vanishing of f,Ts/r¢. It is impor-
tant that we do not use the vanishing of R'f,Og, so that our method
can be extended to some stable curves, where such a vanishing may
not hold.

Let M C M be the open set consisting of irreducible stable curves
and reducible curves with only one node. Let C — M be the universal
curve (extended C — M), and /S — M be the family of moduli
spaces of stable bundles with fixed determinant (cf. Notation 2.10).
Then, in the context of log-geometry the similar formulation for 7 :
X = C x5z S — 8, via an appropriate generalization of the trace

complex ( cf. [13]), can be achieved equally well. Thus another result
of this paper is that there is a logarithmic projective connection on

f*(@k) We remark that le*(’)g = 0 may not hold, but f.T s =0

remains true since S is dense in S (cf. Notation 2.10). The family
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f: S — M is not proper. However, we can prove that ﬁ(@k) is a
coherent sheaf on M (cf. Theorem 4.10). We believe that the coherent

property remains true on M, of all stable curves; this is not, however,
proved in the present paper.

Basically our approach works equally well for both of the general
case [7] (g > 3) and special cases (e.g. g = 2 and r = 2) [6], with the
difference arising from the fact that in ¢ = r = 2 case our approach
shall work with a Quot scheme R** which has a good quotient R*® —
S where S is the family of moduli spaces of S-equivalence classes of
semistable vector bundles. As this will introduce additional details, we
leave the case g = r = 2 to future discussions.

In Section 2, we construct Hitchin’s connection and its logarithmic
extension under assumption of Theorem 2.5, Lemma 2.4 and Theorem
2.13. It is enough to read this section for a reader who is only interested
in Hitchin’s connection. Section 3 is devoted to the proof of Theorem
2.5 and Lemma 2.4. In Section 4, we indicate the modifications of
arguments in Section 3 to prove Theorem 2.13. Most of Section 4 is
devoted to prove the coherence of f,.(©F) on M.

Remark that some ideas closely related to Section 3 of this paper
were briefly discussed in Sections 9, 10 of [5] where the subject matter
is considered for moduli space of (stable) G-bundles, with G being
complex semisimple, connected and simply-connected.
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numerous discussions with her in an earlier stage of this work, either
directly allow us to grasp several key ideas, or contribute in an essential
way to shaping ourselves towards the present approach. This joint
work was initiated while both of us were visiting Essen (though a few
topics involved in this work had already been studied by three of us
independently). We wish to thank heartily Hélene Esnault and Eckart
Viehweg for their warm hospitality and the excellent working conditions
of Essen, that made our visit and this work possible.

2. HEAT OPERATORS AND COHOMOLOGY OF SHEAVES

As in Introduction, M (resp. //\/\l/g) denotes the moduli stack of
smooth (resp. stable) curves of genus ¢ > 2, and C — M (resp.

C— /\/;l;) denotes the universal curve respectively. By moduli stack in
this article, we mean that we are working on the fine moduli spaces.
In particular, we assume that both the moduli spaces M, M, and the

universal curves C, C are smooth. Fix a line bundle A of relative degree



4 XTAOTAO SUN AND I-HSUN TSAI

donC — /\//\l/g, let f: S — M be the family of moduli spaces of stable
bundles of rank r with fixed determinant N, := Nl¢, (b € M) on C,.
Let m: X =C xS — S be the pull-back of C — M via f: S — M.

Remark 2.1. If (d,r) = 1, there exists a universal bundle £ on X.
In general S is a good quotient of a Hilbert quotient scheme, denoted
by R?, such that there is a universal bundle £ on Xgzs := C X R®.
E may not descend to X, but objects such as End’(E), G, " A%, (and
other relevant constructions that will be discussed later in this section)
do descend. Recall that a sheaf 7 on Xgs descends to X if the action,
of scalar automorphisms of E (relative to R®), on F is trivial, e.g. [8].

Without the danger of confusion we will henceforth be working as if
a universal bundle E exists on X.
Let © be the theta line bundle on S. For a sheaf F on X,

\p = @ det Rz, F(-1*

q=>0

denotes the Knudsen-Mumford determinant bundle on S. As usual Ty,
Kg denote tangent bundle, canonical bundle; Ts/rq, Kg/a denote the
relative counterparts. Assume that Kg/u = O, Let Dg'(©%) be the
sheaf of differential operators on ©F of order < 4, and by ¢ the symbol
map of differential operators. Let W(6F) := Dg'(6F) +D§/2M(6k), one
has an exact sequence

(2.1) 0 — D5/, (0%) = W(O") % f*Ty — 0.

Definition 2.2. (cf. [6], 2.3.2.) A heat operator H on ©F is an Og-

map f*T LN W(©*) which, while composed with o above, is the
identity. A projective heat operator is H : Thy — fWV(OF) /Oy such
that any local lifting is a heat operator. The symbol map of H is
eoH : f*Tny — S?Ts/m. A heat operator H induces an Oj-map,
denoted by the same H, Thy — f,WW(O*) The heat operator and the
preceding induced map will be used interchangeably throughout. A
(projective) heat operator on ©F determines a (projective) connection
VH on f,0F in a natural way [6].

We recall firstly a general result (forget moduli) of G. Faltings (cf.
[4]). Let Z — S be smooth and K = Kj/g. For any line bundle L,
consider

0— D;}S(ﬁ) — D;ﬁs(ﬁ) 2 S*Tzs — 0

0— Dt

5)s(L) = §*D3 (L) = §*Ty5 — 0.
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For any p € HY(Z,5%Tys), let a(L,p), b(L,p) be the obstruction
classes to lift p to H(Z, D;?S(E)) and to H°(Z, SQDE/IS(E)) respec-
tively. Then

Proposition 2.3. Under D;}S(Ek) = D;}S(ﬁ), one has

i) b(LF, p) = kb(L, p) for any k € Q.

i) a(Oz,p) € H(Oz) & H' (Tzs) has zero projection in H'(Oy).

ii) There is a class c(K, p) € H'(Oy), independent of L, such that

2a(L, p) = b(L,p) + DL @K, p) + (K, p).
We come back to construct the projective connection. Recall that
X=CxpyS —~— S
]
C — M.
For simplicity, we assume that there exists a universal bundle £ on X,

let E = End’(E). We will arrive at a subsheaf G C " AL (see [2] for
details of " A" fitting into an exact sequence

(22) O—>wX/g—>gEﬁ>E—>O,

which induces, by taking 2-th symmetric tensor, the exact sequence

Sym?(res)®id

0— Gp — S*(Gr) ® Tx/s S*(E) ® Tx/s — 0.
Define S(Gr) := (Sym*(res) ® id) "' (id ® Tx/s), which fits into
(2.3) 0—Gr = S(Gr) L Tx/s — 0,
where ¢ = Sym?(res) ® id, t(a) = Sym?(a ® dt) @ 9, locally. Let
(2.4) 0 — R'm.(wx/s) = R'm.(Gr) = R'1.(E) = 0

(2.5) 0 — R'7m,.(Gp) = R'm.S(Gp) > R'm.(Txs) — 0

be the exact sequences induced by (2.2), (2.3). Let A C X xg X be
the diagonal, consider the induced diagram

0 — GgXGg —— GgXRGp(A) —— G Gr(A)Ja —— 0

l | |

0 — ENE —— ENEQA) —— EREA)a —— 0

on X xg X (EXE denotes piE @ p5E). All vertical maps are induced
by G —» E — 0, thus (2.3) is a sub-sequence of the rightmost vertical
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map above. Let F; C Gg X Gp(A), Fo € EXE(A) be subsheaves
satisfying

0 — GpXGp Fi S(Gep) —— 0
l L
0 — EXE fz Tx/s — 0.

Taking direct images, considering the connecting maps, we have

R'7,.S(GE) L, S?R'm.(GEg)
ql SQ(Tes)l
R'm,(Tx)s) —— S2R'm,(E)
which induces the commutative diagram

R'7.(Gp) —2— R'7.(Gs)

o
S(Gp) —— S*R'm.(Gr)

ql sam@
R'm,(Tx)s) —— S2R'm,(E)

where 0; is defined such that the diagram is commutative, the first
vertical exact sequence is (2.5), the second vertical exact sequence is
induced by taking 2-th symmetric tensor of (2.4) (note that Og =
R7,(wx/s)). For Sym® see Remark 2.6.

Lemma 2.4. The map 6, : R'7.(Gr) — R'7.(Gg) is the identity map.
Proof. See Lemma 3.18. U

Theorem 2.5. i) There is an isomorhism ¢ : R'm,(Gg) = DS/M()\]E)
such that the following diagram is commutative

0 — Os=R'mwyxs —— R'm.(Gs) —— R'm.(E) — 0
(2r)-idJ( ¢>l ﬂl
0 — Os = R'mwy/s[l] — D5 (Ae) —— Ty —— 0

where ¥ 1s Kodaira-Spencer type identification.
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i) For any affine covering {M;}icr of M, on each S; :== f~(M;),
there is an isomorphism ¢; : R'1,.S(Gg) = D' (\e) such that

0 — R'7.(Gr) —— R'T.S(Gr) —— R'm.(Tx/5) —— 0

| N !

g

0 — DS/M(AE) — D) 22— Ty —— 0
is commutative on S;. Moreover, {¢; — ¢;} define a class in H'(2,).

Proof. See Theorem 3.7, Corollary 3.12 and Remark 3.17. O

By the above theorem, on each S;, we get commutative diagram

Dgjm(Ae) L R'm.(Gp) —"— R'n(Gp) —% Dg/a(Ae)
21 Sym?
DS'0s) 2 R'mS(Gr) —— S$°R'm(Gr) -2, T $2pEl ()
o q 3261

FTv  —— R'm(Txss) —— S*R'm,(E) ——  S2Tg/um.

Remark 2.6. i) For a precise definition of Sym?* above we refer to

proof of Lemma 3.18; ii) The insertion of 2r in 2r - ¢ in the 1st row is
due to Theorem 2.5 i) combined with the definition of Sym?.

The above diagram gives the following commutaive diagram on 5;

g

S/M()\]E) — Di'() —— fTu —— 0

| s .l

0 —— D5 (e) —— S°D5 () Fa, S?Tsjpg — 0

0 —— D

where Oy, SIZ{ are defined in a clear way such that each Sﬁ induces an
identity map on D?}M(AE).

Proposition 2.7. For any p = du(v) € H°(S,5?Ts/pm), where v €
HO(S, f*Tr) and M is replaces by its affine open set, one has

i) 2a(L, p) = b(L, p) + B(LT @ Ks/um, p)-

ii) When L = Kg/M, where p € Q and p # 1, one has

2u—1
(K p) = =5 =K )
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Proof. To prove i), by Proposition 2.3 iii), it is enough to show that
c(K,p) = 0. The class is independent of £. Thus, by taking £ = Og
and using Proposition 2.3 ii), it is enough to show that

'K, p) € H'(Dg),(0s)) = H'(Os) & H'(Tsypa)

has trivial projection in H'(Og) where K = Kg/p. We have (noting
K= Ag)

D5 jm(K) == D5),(K)

| l

DE'(K) o S*D5)y(K)

| -

f*TM 6—H> S2TS/M.

Let {U; }ies be an affine covering of S and v; € Ts(U;) be local liftings of
v € [*Ti(S). Let {d; € D' (K)(U)}icr be such that € (d;) = v; (i €
I). Then, by above diagram, b(K, p) = {d; — d; € DS/M(/C)(U,- NU;)}.
Thus the class 'b(K,p) € HY(D S/M((’)g)) = HY(Os) ® H (Tsjm) is
defined by the cocycle { *d; — d;}, where 'd; := A;—v; € D5 (Og)(Us).
Thus the projection of b(KC, p) in H'(Og) is defined by {A;— A, }, which
is a trivial class.

To show ii), we remark that for any nonzero 1 € Q, through canonical
isomorphisms v, : DSH(K) = D=}(KH), the above diagram induces

Dg/lM(’C“) o DS/M(]CM)

| J

DS (kr) s $2DEl (K

| |

FTu  —2 82Ty

where Sﬁ = 5%, 0 oy o w;l. Using the above diagram, we can compute
(K p). Let {d; € D' (K'*)(U:)}ier be such that e (d;) = v;
(i € I). Then b(K'™#, p) = (1 — p){d; — d;}, which implies that

DK, p) = (1= p){"d; — "d;}.



HITCHIN’S CONNECTION AND 2ND ORDER OPERATORS 9

On the other hand, {—'d; € Dg"(K*)(U;)}ier are local liftings of v,
which means that b(K*, p) = —p{'d; — 'd;} = .25 *o(K'*, p). Thus

2u—1
B — iz
a(KH, p) o b(K*, p).
O

Theorem 2.8. Replace M by its affine open sets, let {U;}ic; be an
affine open covering of S. Then, for any v € f*T\(S), there are

ds € DE (KM, diypg € DENKMUs),  Dsjng € D2y (K9 W),
where K 1= Kg/p, such that

2
{H(v)i = dy = dg g+ Q#DQ/M € D<2(IC“)(L{)}
form a global section H(v) € H°(S, Dg*(K*)) with

P(H@) = v, ef() = - _22M<5H(v).

Proof. Let {d € Dg" (K*)(U;)}ier be such that o(dk) = v|y,. Then
{u(ds — db) € DF/ (K" U N Uy)}
defines the class b(K*, dg(v)) € H'(S, Dg/lM(IC“)) which is the obstruc-
tion for lifting oy (v) € H°(S, S*Ts/am) to HO(S, S2DS/M(IC“)). Let
{Ds/pm € DS/M(IC”)(Ui)}iez

be local liftings of g (v). Then, by Proposition 2.7,

2
{ds —dy} = . 71 {Psm = Dyyudd

as cohomology classes. Thus there are {d,,, € DS/M(IC Y(Us) Yier
satisfying the requirements in the theorem. U

i€l

Corollary 2.9. There exists uniquely a projective heat operator,
H: Ty — fV(OF)/ O
such that (feea) - H: Ty — f*SQTS/M coincides with f.0y.

Proof. For any open set U C M and v € Ty(U), by Theorem 2.8, we
can construct a H(v) € f,W(OF)(U). If H(v)' is another such operator,
H(v) — H(v)’ must have symbol in H°(f~*(U), Ts/m) = 0, so

H(v) —H(v)' € H'(f'(U),0s) = f.0s(U) = Om(U).
Hence a unique map Thy — fV(0F)/O 0. O
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Now we construct the logarithmic extension of above operator. Let

C — M be the family in Introduction. Let 2(r,d) — M be the family
of moduli spaces of semistable (for canonical polarization) torsion free

sheaves of rank r and degree d. Fix a line bundle N on C of relative
degree d, let f : S — M be the family of moduli spaces of stable
bundles of rank r with fixed determinant Nc ([C] € M).

Notation 2.10. Let fz: Z — M be defined as the Zariski closure of
SinU(r,d) and fr: T — M be the open set of Z consisting of locally
free sheaves. Let f S C T — M be the open set of stable bundles.
Then f : 5 — M is smooth (cf. Lemma 4.4).

Let E be the unversal bundle on X , where X is defined by

X=CxyS " §

| 7
G g
Let D C X be the divisor of singular curves. Then we have

Gr C " AL (logD)

fitting into the exact sequence

(2.6) 0—wgs— e % E = End (E) — 0.
Similarly, there is a sheaf S(Gz) C Sym?(Gg) ® w”/s fitting into
(2.7) 0—Gp > S(Gp) & w;(}g — 0.

They induce the following exact sequences

(2.8) 0— R T (wg/5) — R'7.(Ge) =% R'7.(E) — 0,

(29) 0= R'm(Gp) = R'm.S(Gr) - R'm(wis) — 0.

Let A € X Xg X := P be the diagonal and O(A) be the dual of
its ideal sheaf. Then 0 — wp5 — wp/5(A) — Eatp(O,wpg) — 0,
one checks that the relative dualizing sheaf w, /518 W5 Xwg /& and

Extp(Ox, wp /5) is the relative dualizing sheaf of A/S. Thus we have

A -1
(2.10) 0—>(9—>(’)(A)—>w)~(/§—>0,
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which similarly induces the commutative diagram

R'1.(Gr) —2— R'7.(Gr)

Ll Symﬂ

R'7.5(Gs) —>— S?R'r.(Gp)

(Il SQ(res)J(

_ 5
R'r, (w)?}§) —— S?R'7,(E)

where d; denote the map induced by 5 , the first vertical exact sequence
is (2.9), the second vertical exact sequence is induced by taking 2-th
symmetric tensor of (2.8) (note that Og = le*(w)?/g)).

Let B=M\ M and W = f~(B) c S. Consider
af 7
0—>T§/A7—>T§—>fTA7—>O,
0— D3 (L) = DIHL) = [T — 0.
Notation 2.11. Let T5(B) C Ty be the subsheaf of vector fields

that preserve B. Let Tg(logW) C T, D?(ﬁ)(log W) C D?(ﬁ) be
the subsheaves such that the following are exact sequences

(2.11) 0 — Tg 5 — Ts(log W) L FT(B) — 0,
(2.12) 0— Dg/lﬂ(c) — DEY(L)(log W) & f*Tiz(B) — 0.

Lemma 2.12. The map 6, : R'7.(Gg) — R'7.(Gg) is identity.

Proof. Since S C S is dense in S by definition (cf. Notation 2.10), the
lemma follows from Lemma 2.4. O

Theorem 2.13. 1) There is an isomorhism ¢ : R'm,(Gg) = Dg/lﬂ()\]g)

such that the following diagram is commutative
0 — (9§:R17r*w)~(/§ —— R'7,(Gp) —— R'1,(E) —— 0

o] |

0 — Oz = R'mwg3[l] — Dg/lﬂ(/\]g) — Tom — 0.
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ii) For any affine covering {/\71-}1-61 of /\7, on each S; := ]7—1(./\71.);
there is an isomorphism ¢; : R'7,S(Gg) = Dél(/\E)(log W) such that

20

0 — R'm(Gp) —— R'mS(Gs) —— R'm(wgls) —
¢>l ¢>zi ) l
0 — D o(e) — D<1()\E)(log W) —— fTy(B) —

is commutative on S;, and {¢; — ¢;} define a class in H'(Q (log B)).
Proof. See Proposition 4.5 and Theorem 4.8. U

Similarly, we have the commutative diagram on each S;

0 —— D5 () —— D5 (As)(logW) —"— [*T(B) — 0

| i .|

S2¢;
0 — D~ ) —— S2D§/1A7()\]E) S*Tg 5y — O.

Proposition 2.14. For any p = éu(v) € H(S, ST Ts 51), where M is
replaced by its affine open sets and v € H°(S ,f*TM( )), one has
i) 2a(L, p) = (L, p) + DL @ Kg, 57, ).
ii) When L = K I where p € Q and p # 1, one has

(K o) = LT )
Proof. Note that we still have K = Kg/fv(v = Mg, the proof is the same
as that of Proposition 2.7. We just remark two points: (1) for any op-
erator d of D?(ﬁ)(log W) C Dgl(ﬁ), its adjoint operator ‘d is still
in D?(ﬁ_l ® K)(logW). (2) for any nonzero 1 € Q, the canon-
ical isomorphism 1, : D' (K) = g(IC“) induces an isomorphism

D (K)(logW) = D' (K* i(log W). O

S/M

Theorem 2.15. Replace M by ils affine open set, let {Z/I }ier be an
affine open covering of S. Then, for any v € f* T (B )(S) there are

3 <1 7 <1
d € DE (K" (og W)U, df 5 € D5/ (K (Wh),

and D’S/M € D;/QM(IC“)(Z/Q) such that

. i i 2 % §2
{H(v)i = dy = dy g+ T Dy © g(lC“)(Uz-)}el
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form a global section H(v) € H°(S, D?(IC“)) with

2
1_ 2/1,5H(U>

Proof. Let {d € D?(IC“)(log W)(Us) }ier be such that o(dy) = v
Then

o(H(v)) =v, e(H(v)) =

Ui
{uld — d2) € DL (k") 0 1 )}

defines the class b(K*,du(v)) € HY(S, Dg/lﬂ(lC“)), which is the ob-

struction for lifting 0y (v) € HO(S, S*T5,5) to HO(S, S2D§/1A~4(IC“). Let

{D§, 5 € D5 5 (K") U Yier

be local liftings of dy(v). Then, by Proposition 2.5,
A . 9 A .
7 7 ? J
{dg_d§}_ _1{D§/A7_D§//\7}
as cohomology classes. Thus there are {d% — € D' _(K*)(U)}ies

S/M S/M
satisfying the requirements in the theorem. 0

Corollary 2.16. There exists uniquely a projective heat operator
H: Ty(B) — £.D5(0)5/0x

such that (fuey) -H: T w(B) — [ SQTS/M coincides with f.6n. More-
over, f (©F) is a coherent sheaf on M.

Proof. The coherence of f.(6%) follows from Theorem 4.10. Since
f S/ = = 0 is still true, the rest follows the same proof of Corollary

2.9 if f, (’)S = O We will prove (cf. Proposition 4. 9) that the fibres
of f S — M is dense in the fibres of fz:72 — M. Thus Z\S has
codimension at least 2. By passmg to the normalization ¢ : Z — Z,
,~1(S) =2 S and codim(Z\¢1(S)) > 2 since S is the open set of smooth
points of Z and ¢ is finite. We have f*Og = (fz-1):0z = Oz d

3. FIRST ORDER DIFFERENTIAL OPERATORS OF THE
DETERMINANT BUNDLE

We give at first a short review of what we need from [2]. Let
™ : X — S be a smooth proper morphism of relative dimension 1
between smooth varieties in characteristic 0. We write Kx /g or wx/s
interchangeably for the dualizing sheaf. One has an exact sequence

(3.1) 0— Tx/s — Tx T 7T — 0.
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As in [2], one defines the subsheaf 71Ty C 7*Ts and its preimage
T, = dn~'T, C Tx, defining the exact sequence

3.2 0—>TXS—>Tﬂd—W>7T71T5—>O.
/

Let E be a vector bundle on X, and A\g = det Rm, E be its determinant
bundle. The Atiyah algebra Ag is the subalgebra of the sheaf of first
order differential operators on F with symbolic part in (id® 7Ty ) = Tx.
The relative Atiyah algebra Ap,g C Ag consists of those differential
operators with symbolic part in Tx/s, and Ag,. C Ag with symbolic
part in T;. Let " A" be the subquotient of the sheaf defined in [2]

EWo, (E" @ wxys)(28)/ENo, (E* @ wxys)(—A)

where A C X Xg X denotes the diagonal, which fits into an exact
sequence

(3.3) 0— wx/s — "Ap = Apjs — 0.

The trace complex is defined by

d res
(3.4) TAS Ox =LA I Ap
with Apg . in degree 0. One has

Proposition 3.1. " A%, carries an algebra structure for which R, (" A%;)
is canonically isomorphic to Ay, ([2], 2.5.1, see also [3]).

For the purpose of this paper it is more convenient to define the trace

complex concentrated only on ¢ = —1 and ¢ = 0 of the original trace

complex. This modified trace complex is still denoted by A% whose

0-th direct image is easily seen to be the same as that of the original
one. With the modified trace complex, one has now an exact sequence

(3.5) 0 — wxys[l] = "Ay — A, — 0,
where the complex A% - is defined by

(3.6) A%t Agys — Apr,

and thus is quasi-isomorphic to 7 17%.

Notation 3.2. Let 7 : X — S be as before, and f : S — M be a
smooth morphism where M is a smooth variety. Denote by

Apam C Agx, Trojm CTxyjpm C T
the pullback of 7 'Ts/p C 7 'Tg. Let

i ;E/M = (”AEI — AE,TA’/M)) A;E,w//\/l = (.AE/S — AEJT/M)'
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Proposition 3.3. The exact sequences

0— wxys[l] = "Ay — AL, — 0

0 — wx/s[l] — tTAfE/M — Ay — 0
have 0-th direct images (via ) isomorphic to
0— Og — D' (A\g) — Ts — 0
0 — Os — D5, (Ag) — Tsynr — 0.
Furthermore, we need to review the description of " A% in terms of

local coordinates, [2], p. 660. Let ¢ be a local coordinate (along the
fiber), and a trivilization O% = E; s a local coordinate on S. Note

t naturally induces local coordinates (t;,?2) around the diagonal of
X Xg X. One has isomorphisms

(3.7) Ox ® Mat,(Ox) ® Ox = " ALY
x(t1) B(t)
(2 —11)>  (ta —t1)
T, ® Mat,(Ox) = " A% = A (1, A) — 7(t,8)0; + p(s)0s + A.

(x,B,v) — + v(ty) | dt;

For different choices of coordinates and trivializations, there are formu-
las for transition functions, namely the gauge change and coordinate
change formulas, where g € GL,(Ox) and y = y(t),

(3.8) (1,A) = (1, —7(9)g™" + gAg™");
(x, B,v) g,
_ _ 1 _ _ _
(X, —xg'9" +9Bg Tr( = 5xg"g " +x(d'g7')* = Bg'g) + u);
(x, B,v) M
_ 1" 1 "2 14"
1—1 Yy Yy Yy /
<X?/ 7B’TX(6F_ZF) +§?T1"B+Vy).

The main result of this section is Theorem 3.7 which enables us to
take care of Theorem 2.5. Follow the notation of Section 2, let

p: X=CxpyS—C
be the projection.
Definition 3.4. End(E)™! :=res ' (End(E)) C " AL', and
Gr :=res (E) C End(E)™*
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where End(E) = E & Ox with its trace free part E := End’(E) and
the trivial bundle Ox. There are exact sequences

0— wy/s — Gp —> E — 0;
0 — wy/s — End(E)™" == End(E) — 0.
Consider the natural morphism
S*(Gr) ®oy Tx/s L S%(E) @0, Tx/s — 0

induced by Gr > E. Denote the kernel of ¢ by K. There is a canonical
isomorphism ¢ : G = K, that is «(s) = Sym?*(dt ® s) ® d; locally.
Definition 3.5. ¢7'(id ® Tx/s) := S(Gg) where id € S*(E) is the
identity element. It follows that we have the exact sequence

Locally, for choosen coordinate and trivilization (cf. (3.7)), any local
section s € S(Gg) is of the form

XZOJa,o (0, J,,0) +Zua0Ja,0) (0,0,1)

5 = ® 0O
+Zua (0,0,1) ® (0, J,,0) + w(0,0,1) ® (0,0,1)

where J, is a (local) basis of E (which we assume to be orthonormal
under Trace(-)) such that > J, ® J, =id.

We will need the Kodaira-Spencer maps
(3.10) KSs: Ts — R'm.AYs,  Aljs = Aps/Ox;
KSp @ f*Tim — R'm.Txs
They fit into the following commutative diagram
0 — R'T.(E) — R'm.A}Y s —— R'mTxis —— 0
KST KSST KSMT
0 — Tsm —— Ts — [Ty —— 0.

Remark 3.6. One way to see KSg of (3.10) is via the natural map
(with cohomology) Aj, . — A g[1] from (3.6); similarly KSy is via
(Teypm — Tx) — Teym[1] (with cohomology) combined with its pullback
via f 1 S — M. The diagram (3.10) via natural maps Ts — f*T\¢ and
R'r, A% /s R'm,Ty/s, for Kodaira-Spencer maps commute.
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Theorem 3.7. i) If the Kodaira-Spencer map KS : Tsjp — R'm,(E)
1s an isomorphism, then there exists a canonical isomorphism

¢ : R'm(Gp) = R'm(End(E) ™" — Agxjm) = RO, " Af a4

ii) If KSg is an isomorphism and shrink M enough, then the above ¢
extends to an isomorphism

¢=¢ 9 : R'm.S(Gr) 2 RO ("Az' — Ag.,).
(The R.H.S. of i), i) are canonically identified with Dg/lM()\E), D' (\g)
respectively, cf. Proposition 3.3.)

Remark 3.8. R'1.(End(E)™! — Ag/m) = RO (End(E) ™! — Ag )
holds under Ag r/a« — Ag,r, cf. the proof of i) of Proposition 4.5.

Corollary 3.9. Assumptions being as in i) of Theorem 3.7, suppose
Mg 2O (A\=2r). For k € Z one has an isomorphism denoted by

¢« R'm.S(Gr) = D5'(OF),
extending Theorem 3.7. (If k = —\, write ¢ for ¢_y.)

Proposition 3.10. i) The morphism E — &End(E) induced by the
adjoint representation extends naturally to a canonical morphism ad :
Ag — Ag (preserving algebra structures). ii) The morphism ad has a

natural lifting ad : Gg — Gg, which induces (2r) - id on wx/s.

Proof. i) For any D € Ag, L € E, ad(D)(L) := DoL — Lo D is
a section of E (note that Tr(D o L — Lo D) = ¢ (D)Tr(L)). Thus
ad(D) defines a map E — [E, which is a differential operator since
ad(D)(A\- L) =X-ad(D)(L) + e (D)(A) - L.

ii) This can be proved via the local formulas given in (3.7) Namely, a
local element of Gg is expressed as (0, B,v) (with B € Mat,(Ox) and
v € Ox). Define a lifting by sending (0, B, v) to (0,adB, 2rv). We will
show by using formulas in (3.8) that the above lifting is in fact globally
defined. Using x =0, TrB = 0 and Tr(adB) = 0 in (3.8), we have

(0, B,v) == (0,9Bg ™", Te(=Bg~'¢') +v);
(0.B.0) “% (0, B.vy):
(0,adB,v) -4 (O, ad(gBg~'), Tr( —adBad(g'g')) + 1/);

(0,adB, v) v, (0,adB, vy').

If change the trivilization of E by g, the induced trivilization of End(E)
will be changed by e, : M, (Ox) — M,(Ox), where ¢,(B) = gBg~*.
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It is easy to check that e;le’g = ad(g~'¢’), thus we obtain the term
Tr( —adBad(g™'¢')) in the 3rd row above. One knows that

(3.11) Tr(adM adN) = 2rTr(M N)

for traceless matrices M, N of rank r. Let (¢ '¢')o be the trace-
less compoment of g~'¢’. Note TrB = 0, ad(¢'¢’) = ad((¢7'¢)o),
and Tr(Bg~'¢') = Tr(B(9'¢')o) etc. Tt follows that the morphism
(0,B,v) — (0,adB, 2rv) as given is well-defined (globally). O
Lemma 3.11. R'n, Ag . = Og and R°m, A}, . = 0 provided KSg being
injective, where Ay, = Ap./Ox.

Proof. Tt suffices to prove, by using an exact sequence similar to (3.2)
(with T, replaced by A,), that i) m,7 Ty — Rlﬂ'*.AE/S is injective
and ii) T.Ap/s = Og. But the map in i) composed with R'm, Ag/g —
Rim,Aj; g is nothing but KSg, hence i). ii) is from m.Tx/s = 0 (genus
> 2) and m.End(E) = Og (F is fiberwise stable). O

We are ready to give a proof of i) of Theorem 3.7.

Proof. Firstly, we remark that morphisms in Proposition 3.10 make the
following diagram of complexes commutative

("Ag' = Agajm) —— (Arss — Agz/m)

n I

G — Apgzjm) —— (AOE/S — AOE,TI’/M)'

Secondly, we observe that the commutative diagram

00— B —— A\ —— Do —— 0
0 E AYys —— Txjs — 0

induces a commutative diagram

—— T Lr/m SN R'm.(E) —— le*AQE,W/M

T | T

0 —— R'm(E) — R'mAY

Ts/m

Thus R'm.(E) vanishes in R'm. Ay, since KS is an isomorphism.
We construct ¢ for any affine open set U* C S. Let {U;, Xl}

be an affine covering of 7~ 1(U?), let U; = U; N X;. For any Cech

cocycle 1y € Ge(U;) in CY(Gg), the class [res(rp.)] € R'm.(E)(U")
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vanishes in RIW*AOEJ/M(Ui). Thus there exists'TXi € A%J/M(Xi),
Ty, € A%J/M(Ui) such that 7y — 7y, = resry on U;. For given 1, the
choice of 75 and 7y, is unique (by Lemma 3.11). Then

(3.12) {ad(ry, ), ad(v;); ad(ry, )}

is a Cech cocycle in C°(Gg — Ag ) (cf. [2], p. 673). It is easily
checked that the assignment

(313)  §irg, — fad(rg).ad(m)iad(rg)} € OO Al
preserves the respective coboundaries. Hence it descends to a map

¢ R'm(Gp) — R'm. " AR 0y
By the same way, we construct 9 : R, (E) — 11%071,(./4]%77r M such that

0 — Rmwy)s —— R'm(Gs) —— RW.(E) —— 0

o] | |

0 — ROW*WX/SD] - ROTI'* tr IT;/M res ROW*A]TE,w/M —— 0

is commutative. The map 9 is the composition of
KS™: R'm.(E) — Tsm = ROF*(.A%/S — .A%,ﬂ/M)
and the map ROm. (A} ¢ — A} ) — RO AL\, which is induced

by the qusi-isomorphism of complexes at the begining of our proof.
Thus 9 is an isomorphism, then ¢ has to be an isomorphism. 0

Both R'7(Gp) and ROm.(End(E)™" — Agqjm) = ROm " AR\ de-
fine extension classes in H'(.S, Qg/0¢). One has (by the preceding proof
combined with proof of Proposition 3.10 for the constant 2r)

Corollary 3.12. The extension classes (e.c.[e]| for short) satisfy

e.c.|R'7,(Gp)] = %e.c. [D?}M (Ag)]

in H'(S, Qs/m), where D§/1M()\E) = R (End(E) ™" — Ag rjam).
For ii) of the theorem, our proof will need the following result.
Proposition 3.13. There exisits res : S(Gg) — A(})z/s such that

0 — wx/s —— S(Gk) SREN A%/S — 0

| H !

0 — Gp —— S(Gg) — Tx/s —— 0



20 XTAOTAO SUN AND I-HSUN TSAI

is commutative. If KSg in (3.10) is an isomorphism, then
0— Og — R'7,S(Gg) — Ts — 0.

Proof. For any local section s € S(Gg) in Definition 3.5, we define

N 1

res(s) = (x0, 5 Z(ua + Vo) Ja),
which is independent of the choice of {J,}, thus well-defined locally.
To show it well-defined globally, we need to check the invariance under
gauge and coordinate changes. The invariance under local coordinate
changes is straightforward. Under the gauge change g € GL,(Ox), the
section s becomes into s, ® J;, where s, is

XZ (0,9Jag ™", 0)% + Z pta — XTr(Jag~'9"))(0, gJag™",0) © (0,0,1)

+ Z XTI‘ ad g ))(Oa 0, 1) ® (OagJagi 70)

+ (x D Ty ') = D (a+ va) Tr(ag ') + w) (0,0,1)%?

Then 1e8(sy ® 0;) = (X0, 5 2 (Ha + Vo — 2XTt(Jug™"9'))gJug™") coin-
cides with (X0, —x(9)g ' +3 >, (HtatVa)gJag™") in AOE/S = Ap/s/Ox
since x9(9)gt = xg'g' = >, XTr(Jug d'))gJag™" modulo Ox.
Thus res is gauge invariant and defined globally. Then the rest of
this proposition is obvious. 0

Remark 3.14. i) Sym®(a®b) = 1(a®b+b®a) for a,b € Gg. ii) Using
Proposition 3.13 and assuming R!'f,Og = 0 one has a quick interpre-
tation of ii) of Theorem 3.7. Note both R'r,S(Gg) and Rr, " A$ =
D5'(A\g) contain a subsheaf R'T,(Gp) = D;;M()\E). Given two ex-
tensions F, F' of Ts by Og suppose their subsheafs with symbolic
part in Tg/n are isomorphic, then F = F’ (non-canonically) pro-
vided R'f,Os = 0 (since H'(S,Qs) — H'(S,Qs/am) is injective if
R'f,0g =0 (and M is affine)). The ii) of Theorem 3.7 just proves an
isomorphism of this kind without reference to R! f,Og = 0.

In what follows, for simplicity, we will cover C by two affine open sets
V and C (shrink M if necessary). Then we choose and fix the local
coordinates (along the fibre) on V and C. Let U = p~'(V), X = p~'(C)
and {U’}; be an affine covering of S. Let U; := U Nx~'(U?) and X; =
XNa~'(U?). Then it is important that on each U; (resp. X;) we use the
local coordinate pulling back from V' (resp. €). Thus any construction
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on U (resp. X) using the local description (3.7) only depends on the
trivialization of E over U; (resp. X;). We start with the construction
of 180 1 S(Gp)lv — "Ag'|u (resp. g x : S(Ge)lx — "Ag'lx) such
that the following diagram (%) is commutative over U (resp. over X)

0 — wx/s —— ”Ail = AE/S — 0

r-idT ’YIE,UT adT

ITV

0 —— wxss —— S(0x) —= Ay —— 0

l H l

0 —— Gg —>SQE)—>TX/S—>0

where ad : A, /s ™ Ag/s is induced by the morphism in Proposition
3.10 i) that maps Ox to zero. Note that, except yeu (resp. g x),
other morphisms in the diagram are well defined over the global M
(i.e. need not shrink M).

On each U;, fix a trivilization of E on U; and use the pullback co-
ordinate of V', we define the morphism by using the local description
(3.7). For any local section

XZOJa,O ® (0, J,,0) +ZuaOJa,0) (0,0,1)

o = ®at
+Z”a (0,0,1) ® (0, J,,0) + w(0,0,1) ® (0,0,1)

one defines that (with r the rank of F)

(3.14) e (@) = (X, E Z(ua + va)adJ,, rw) € AL (D).

2

Lemma 3.15. The assignment o — g () constructed above is gauge-
invariant (it is not, however, independent of the choice of coordinate
on V). Equivalently, under another choice of trivialization of E (on
Ui), such that J, — gJ.g~" and o — «, the assignment remains un-
changed, i.e. ygu(oy) is obtained as the eg-transformation of gy (),
where ey is the gauge of E induced by g (cf. Proposition 3.10).

Proof. As in the proof of Proposition 3.13, ay = s, ® 0;. Then

1 B _
Yeu(ag) = (= > (Ha + va — 2xTr(Jag™"g))ad(gJug ™),

2
rx Y Tr(Jag g =1 > (e + va) Tr(Jag ™ g) + rw).

a
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The e,-transformation vg (a)? of yg () is

X> —X€ye, 14 - Zua+1/a)egad(J) ey, Tw+

1 _ _ 1 _
Tr(—éxefq'eg Y x(epe, ) - 5 Z(ua + vo)ad(J,)e, 'e))

a

Recall that e, : M, (Ox) — M, (Ox) means e,(B) = gBg~!, we have
egad(Jo)e, ' = ad(gJag™"). Thus the second components of yeu(ay)
and g (o) will c01n(31de if epe, Z Tr(J, ag lg"Yad(gJ,g7 1), which
is true since eje; " = ad(g'g 1), e, e, =ad(g~"'g'). To finish the proof,

g
we will show that their third components Coincide. Since

% Z(ua + vo)Tr(ad(Jy)e, 'e) =7 Z(ua +va)Tr(Jag™ '),

a

it will be done if one can show the following identity

1
(3.15) 7“z:Tr(Jag_1g’)2 = Tr((eje,")* — 56;’6;1).

Write efe, !t = (eje; ') — el (e;h) = (ehe, ') + eye,tele,t, then

Tr(ege, ') = Tr((ege,')?) = Tr(ad(g’g " )ad(g'g ™))

(using (ege, ') = 0 and Tr((ele,')) = Tr(eje,') = 0 here). Let
(¢'g7")o be the traceless part of g g_l. Then R.H.S of (3.15) equals to

1 _ _ _ _
5 Tr(ad(g'gad(g'g™") = rTr((g'g™ )o(g'g ™" )o)-
By the choice of {J,},, we have (g g )0 = >, Tr( ag_lg’)Ja. Then

L.H.S of (3.15) equals to rTr((97'g")og™'g") = 7Tr((97'9")o(97"9')o)-
Thus (3.15) is true since g(g7'¢")og™ = (¢'g)o. We are done. O

We have constructed vgy (the construction of v y is similar) such

that the above diagram (%) is commutative over U (resp. over X).

1

It is also easy to see that ygy, v x induce (through ¢) 5 - ad (where

ad : Gg — Gg is the map in (ii) of Proposition 3.10). However, v, :=
Ve — Vg.x May not vanish on S(Gg)|; (but vanishes on Gg|;), which
defines a morphism 7, : S(Gg)|; — wx/s|y that induces 7, : Tx/sly —
wx/sli, i-e., a section

Vo € Hom(Tx/S,wx/S)(U) = W?(/S(Pfl(v))
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where V := VNC. [§;] defines a class of HI(C,p*wg(/S) = H!(C, wg/M),
which vanishes since we assume M affine. Thus there exist

b € Hom(Tx/s,wx/s)(U), g € Hom(Txs,wx/s)(X)
such that 7, = {/;U — {/; . Let Yy, ¥y denote the induced morphisms

Yy S(Ge)|lv — S(Gr)/Gelv = Tx/slu Yo, wx/slu

~ Y
Ui 1 S(Gr)lx — S(Gr)/GElx = Tx/slx — wxsslx-
Then it is easy to see that vy = Yev — Vg x = Yv — ¥x. Let
Bv ==y —Yu, Bx = TE X — Vx-
Thus, by shrinking M, we have proved the following

Proposition 3.16. The By and (35 define a morphism
B:8(Gr) — A,

which induces (through t) %;& on Gg, such that the following diagram
15 commutative

0 — wys —— "Agt —— Ag;g —— 0

] -

0 —— wyys —— S(Gr) —To ALs —— 0

l H l

0 — Gg —— S(Gg) — Tx;s —— 0
We shall now prove ii) of Theorem 3.7.

Proof. The proof is similar to that of i) of the theorem. By
(3.16) 0— Ayg— Ap, =71 'Ts — 0

and by identifying its connecting map Ts — R'm, A%, /s with the Kodaira-
Spencer map KSg (which will be treated more generally for log D
in Proposition 4.5), we see that R'm,. A% /s vanishes in R'm, A, . if
KSg is an isomorphism. Thus, for any a € S(Gg)(U;), there exist
Tx, € A%J(Xi) and 1y, € A% (U;) such that 74 — 7y, = rés(a). Then,
by Proposition 3.16, we see that res(f(a)) = ad(res(«)). Thus

b(a) == {ad(ry,), ad(70,); B(a)}
is a cocycle in CO( " Ag ' AIOEJ). It is clear that 5 induces a morphism

¢: R'm.S(Gp) — Rom (" Ayt — AR ) = ROm, " AL,
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Similarly, we can construct
9 leAE/S — RO’/T*(.AE/S — A} ) — R'm AL,
which is an isomorphism such that the following diagram

0 — Rmwys —— R'7mS(Gr) —— RimAfg —— 0

] ! |
0 — R'mwys[l] — R'm Ay —— R'm Ay, —— 0
is commutaive. Thus ¢ must be an isomorphism. U
Remark 3.17. The ¢ in Theorem 3.7 i) is defined globally over M,
but the one in Theorem 3.7 ii) is defined only over an open set of M.
More precisely, there is an affine covering { M, };c;r of M such that on
each C x f71(M;) we can choose a 3; : S(Gg) — "Ag' as the 3
in Proposition 3.16. Then, by using ; and Theorem 3.7 ii), we get
the isomorphism ¢; : R'7,S(Gp) — Rom, " A% = D' (\g) on f~1(M,).

For another choice {f3}icr, the map 3; — 3 : S(Gg) — wx/s induces
¢; — ¢« R'1,.S(Gp) — Roﬂ'*wx/g[l] = Oy
on f~1(M;), which vanishes on R'm,(Gg), thus (¢; — ¢;) € Q3 (M,).
Similarly, on f~*(M;NM;), ¢i; == ¢i—¢; induces ¢;; € QO (M;NM;).
Thus {¢;;} defines a class in H' (M, Q},).
To conclude this section, we describe the connecting maps 5 and
prove Lemma 2.4 (cf. Lemma 3.18).

Lemma 3.18. The map & induces the identity map on R'7.(Gg). More
precisely, 6 o 1(e) = Sym*((e) @ 1).
Proof. 1t is known (see Proposition 4.2 of [10]) that the connecting map
0 : R'm.(Gp R Gp(A)|a) — R x 7).(Gr K Gp)

is dual (under Serre duality) to the restriction map

ri(mx ) (G XNGE @wyx/s Mwy/s) = m(G ® G ® wQA/S).
Working locally on S, we can assume that X is covered by affine open
sets U and X. Let w € wX/S(U) be a base of wx/s on U UNX and
w* € Tx/s(U) be its dual base. Then, for any a € Gp(U),

1 *
—[(a®@w+w®a)w.

la]) = [Sym*(a @ w) @ w'] = 5

We use the following identification

(m x m) (G N GE @ wx/s Mwx/s) = m.(Gr @ wx/s) @ T(Gp ® wx/s).
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For any 3 € m.(G5 ® wxys) (i = 1,2), let G|, = s ® w, where
s; € GE(U) (i=1,2). Then r(81 @ o)y = 51 ® $2 ® w @ w. Thus

(317) < d(u[a))), B ® By >= %[(81(04)82(10) + s1(w)sz(a)) - w].

By R'mwy/s = Og, let [f -w] =1 € Og (f € Ox(U)), we have

(3.18) < Sym*([o] ® [f - w]), B ® B2 >

= %([81(04) ~w][fsa(w) - w] + [fs1(w) - w][s2(a) - w]).

Note that s;(w) = G|y (w ® w*) (i = 1,2), we can see that s;(w) =
Bi(id)|;, where the (global) section id is the image of 1 under Ox —
Gp ® wy,g. Thus s;(w) € Og since f3; (i = 1,2) are global sections

of (G ® wy/s)". Then [s1(a)ss(w) - w] = [s1(a) - w][fsa(w) - w] and
[s9()s1(w) - w]| = [sa(a) - w]|[fs1(w) - w], which means that

< 0(([a]),® >=< Sym?([o] @ 1), > .

4. THE GENERALIZATION TO SINGULAR CASES

Letm: X — Shea proper morphism of relative dimension 1 between
smooth varieties in characteristic 0 such that each fiber has at most
ordinary double points as singularities. Let f S — M be a smooth
morphism where M is a smooth variety. Let B = M \ M and W =

F7Y(B) such that D = 7~L(W) consists precisely of singular fibres. As
before let wy /g be the relative dualizing sheaf (which is locally free as

is well known). Let T'w;(B) C Ty; be the subalgebra of vector fields
that preserve B (cf. [2], Section 6).

Notation 4.1. In the notation of Section 3, define the following
Ti(log D) = d(f o) ((f o m) ' Tiz(B)) C Tx;
Ty(log D) = Tj(log D) Ndn (7~ 'Tg) C Tk;
Ts(logW) = dr(Tx(log D)) C Tg;
T)}/g(log D) = T)?/g N Tﬂ(log D)
Notation 4.2. Let E be a vector bundle on X. Define the following
Ag.r(log D) = e T, (log D) C Ag;
AE/g(log D) = E_IT)?/g(log D) C AE;
Ay (logW) = e 'Ts(log W) C Ay,
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where “€” denotes symbol maps.

The " A;' in Section 3 admits a generalization " A.'(log D) (cf.
[13], p. 593) such that

(4.1) 0—wg/s— " A (log D) — A 5(log D) — 0,

is exact. Furthermore with A%, in Section 3 replaced by A% (log D)
(with Ag . (log D) in degree 0), one has

Proposition 4.3. (cf. [13]) There is a canonical isomorphism
Rz A3, (log D) = Ay, (log W)
that extends Proposition 3.1.

Now we come back to moduli situation. Recall Notation 2.10 and
the Kodaira-Spencer map (cf. [14], Remark 3.2.7)

(4.2) KS : f*Ti(B) — R'm.T 5(log D).

As the same as the situation of smooth curves, we have

Lemma 4.4. The morphism f: S — M is smooth and
v R'm,End’(E).

Proof. When C' is irreducible, its fibre f~*([C]) is the moduli space
of stable bundles with fixed determinant N|c. When C is reducible,

F7H[C]) have a few disjoint irreducible components and each compo-
nent consists of bundles with a fixed determinant that coincides with
N|c outside the node of C' (cf. [11]). O

Proposition 4.5.
i) Assume the Kodaira-Spencer map KS (4.2) is injective. Then

Rm (End(E) ™' — Ag.(log D)) — R, (End(E) — Ag(log D)) — 0
18 canonically isomorphic to
<1
D§/A71()\E) — Tg/ﬂ — 0.
ii) Assume that the KS (4.2) is an isomorphism. Then
Rlﬂ*.A?E/g(log D) = Ts(log W)

canonically, where A?E/g(log D) = Ay 5(log D)/Ox.

The following is left to the reader.
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Lemma 4.6.
(Ap/s(log D) — Apr(log D)) =qi. (Tk,3(log D) — Tx(log D))
Zqi. 7T_1T§(10g W)
as quasi-isomorphisms.
We prove now Proposition 4.5.
Proof. i) From the exact sequence
0 — (End(E)™" — Ap,(log D)) — " Ay (log D) — T 5(log D)[1] — 0,
and passage to cohomology
0 — Rm.(End(E)™" — Ag.(log D)) — Ay, (logW) =
ROW*T;{/g(log D)1 — .-,

one has, via the injectivity of KS, that ¢ 1(0) has symbolic part in

T, 51~ This gives one of the isomorphisms in i) (the one with Dg/lﬂ()\ B))-

Further, by
0 — wg5l1] = (End(E)™" — Ag(log D)) — (End(E) — Ap(log D)) — 0
and R'mwyg (1] = Og it follows
Rm.(End(E) ™' — Agp.(log D)) — R°m.(End(E) — Ag . (log D))
is nothing but the symbol map, completing the asserted isomorphisms.

ii) Write B*(log D) for (End(E) — Agr(log D)) and A% (log D) for
L.H.S. of Lemma 4.6. The following exact sequence

(4.3) 0 — B*(log D) — A}, (log D) — T)?/g(log D)[1] — 0
projects to

(4.4) 0 — End’(E)[1] — A?E/g(log D)[1] — T)}/g(log D)[1] =0

Computing direct images of (4.3) and (4.4), by i) just proved and
Lemma 4.6, yields that R, of (4.4) should be isomorphic to

0—Tg/ 5 — T5(logW) — f*T(B) — 0,
implying the assertion. 0

Remark 4.7. 1) R'm.(Gp) = R'm.(End(E) ™" — Agx(log D)) = D5 - (As)

—~

holds, cf. Theorem 3.7 and Remark 3.8. ii) For the family C — M
there is a Kodaira-Spencer map (cf. [14], 3.1-2)

(4.5) Pb: valv,b — EXt}Qéb (ng, Ogb), be M
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The family ¢ — M is a local universal family if p, is an isomorphism
at each b € M. If C — M is a local universal family (cf. [14],
Theorem 3.1.5 for the existence of such a family), then KS (4.2) is an
isomorphism (cf. [14], Theorem 3.2.6).

Combining the above with the 2nd half of Section 2, we are now
ready to generalize Theorem 3.7 in the context of log geometry.

Theorem 4.8. Suppose KS in (4.2) is an isomorphism (cf. i) of
Remark 4.7). Then, over any affine open set U; of M, there is an
1somorphism

¢ : R'm.5(Gr) = D5 (Ag)(log W).

Proof. Note the above assumption for KS is, via ii) of Proposition 4.5,
in correspondence to KSg in Theorem 3.7. It follows that all key ingre-
dients in proof of Theorem 3.7 admit corresponding counterparts for
log geometry, such as Proposition 4.3 and Proposition 4.5. Thus the
generalization of Theorem 3.7 in log context is immediate. U

To complete this paper, we prove the coherence of f7,0F (for def-
initions of fr and fz, see Notation 2.10), for which our proof need a
result on the density of locally free sheaves.

Proposition 4.9. The fibre of f; : Z — M at any point of B = ./T/l/\/\/l
has a dense open set of locally free sheaves.

Proof. Let X; be a fibre of C — M at 0 € B. If Xj is reducible, the
lemma is known (see Theorem 1.6 and Lemma 2.2 of [11]). Thus we
assume that X is irreducible. Let Uy be the moduli space of semistable
sheaves of rank r and degree d (without fixed determinant) on X,. We
need to show that Zy := f,'(0) (C U) contains a dense set of locally
free sheaves with the fixed determinant Ny. Let J(X,) be the Jacobian
of Xy, which consists of line bundles of degree 0 (thus non-compact for
the singular curve X;). Then we have a morphism

¢o 1 Zo X J(Xo) — Uy, where ¢o(E,L)=F® L.

Now we prove that ¢y has fibre dimension at most 1, namely, for any
[Fo] € Uy, the fibre

¢ ([Fo]) = {(F,L)|[F ® L = Fy} C Zy x J(Xo)

has at most dimension 1 (for simplicity, we assume that X, has only
one node xg). One can check that for any [F] € Z; it satisfies
A'F A'F

— Cc N, and mIPING C ,
torsion 0 torsion
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where my, is the ideal sheaf of the node zy € Xy and r(F) = d —
deg(2E). Let p : Xo — Xp be the normalization and p~!(zo) =

torsion
{1, x2}. Then the above condition implies that
(ATE
L.) = p"No(=n1z1 — nawy), Ny +ny < 2r(F), ny > 0,09 >0,
torsion
where r(F) = d — deg(:222) = r(Fy) since F ® L = Fy and thus

NFy  NF

T

torsion  torsion
Thus, for any (F, L) € ¢y (Fp), L has to satisfy
P A" Fy

*L r__ * -1
(p"L)" = (p"No) ™ (mx1 + ngxs) ® torsion

which is a finite set since there are only finitely many choices of (nq,ns).
The pullback map p* : J(Xy) — J ()?6) has 1-dimensional kernel. Thus
dim (¢, *([Fy])) < 1. We shall now prove the density of locally free
sheaves.

Let Z! be an irreducible component of Zy, then

(4.6) dim(Z x J(Xp)) > dim(Z, x J(Xy)) = dim(Uy).

If Z! contains no locally free sheaf, then ¢(Z} x J(Xy)) falls into the
subvariety Uj C Uy of non-locally free sheaves. U has a dense open
set U (1) consisting of torsion free sheaves F' of the following type, said
to be type 1. Namely,

F @ Oxyuy = O 1) @ity
If o((F,L)) = Fy € UJ(1), then F is also of type 1 (tensoring a line
bundle does not change its type). By Remark 8.1 of [9],
N'F
Ly = -
torsion
is a torsion free (but non-locally free) sheaf of degree d. But Lo C N,
thus Ly = Nj since they have the same degree, a contradiction with
that Ly is not locally free. Thus ¢(Z; x J(Xy)) falls into a subvariety of

codimension at least two, which contradicates the dimension of fibres
and (4.6). O

Theorem 4.10. i) f7.0F is coherent; ii) f7.OF = f.OF if either g > 3
orr > 3.

Proof. Let «: Z — Z be the normalisation of Z and © = /*(©). Write
f7: 72 — Mand f-q: o (T) — M. Then «(T) = T since T
is normal, and F := fr.0% & f17).(6F). On the other hand, since
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each fibre of f; : 7 — M contains a dense open set of locally free
sheaves, we have codim(Z \ T) > 2. Thus Z \ ¢ Y(T) = . (Z \ T) has
codimension at least 2 since ¢ : Z — Z is a finite map. By Hartogs
type extension theorem,

F 2 fram(0F) = f5,(05),

which is coherent, hence i). The claim ii) that fr,0F = ﬁ@k follows

also from the Hartogs type theorem because T is normal and 7'\ S is
of codimension at least 2 when g > 2 or r > 2 (cf. [7]). O

Finally, we prove the following lemma, though not strictly needed
for this paper, which gives the relationships of S(Gg), Gg- and Ag-/s.
We remark that the morphism res in Proposition 3.13 can be induced
by pairings in this lemma..

Lemma 4.11. There are canonical isomorphisms:
i) S(Gg)/wx/s = (Ge-)",
ZZ) (QE)* = A%‘*/S where A%*/S = AE*/S/OX

Proof. i) One constructs a non-degenerate pairing

Gp+ X S(gE)/wX/S — Ox
using local description (3.7) (also cf. [2]). We define

1
(4.7) < 81,82 >i= XV + 5 ;(Va + o) Trace(J, - 'B)

for s1 = (0, B,v) and

XZOJa,o (0, J,,0) +Z,uaOJa,0) (0,0,1)

S9 — ®0t
+Z”a (0,0,1) ® (0, J,,0) + w(0,0,1) ® (0,0,1)

One sees that wx/s is contained in the kernel of the pairing (4.7). The
pairing is obviously invariant under coordinates change y(t). If the
trivialization of E is changed by a gauge g, then E* is changed by a
gauge (*g)~!. Thus the verification of (4.7) being g-invariant is easily
reduced to an identity

(4.8) ZTr Jog ') - Tr(J, - 'B) = Te(B('g)(("g)™))).

The L.H.S. of (4.8) equals Tr(—g~'¢’ - 'B) (B being traceless). The
R.H.S. of (4.8), after transposition, is

Tr((g~")g-'B) =Tr((—g 'g'g g ' B).
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ii) Define a non-degenerate pairing
(49) gE X AOE*/S — OX

by < (0, By,v), (x, B2) >= vx + Trace(B; ' By). We check that it is
independent of choices of coordinates and gauges.

(4.10) (0, By,v) =5, (O,gBlg_l,Tr(—Blg_lg') + 1/);

(0B =52 2= (o =x((g7) - g) + ('g)Ba - g):

S1 M <07 Bl71/y/>; S92 M (Xy/_17B2)~

The y(t)-change is obvious. For g-change, we have
(4.11) xv + Tr(By -* By) — xv + xTr(—=Big 'g')+

Tr (gBlg*1 S(=x((gh) tg)) + Tr (gBlf1 (g Byt g))-
The 1st (resp. 2nd) term in the last line equals

(412)  —xTr(gBig " - g(g7")) = —xTx(9Big~" - 9(—g 'g'g "))
= xTr(g(Big~'q)g7") = xTr(Big™'9)
(resp. Tr(gBi ' Bag™') = Tr(By - By)).

It follows from (4.11) and (4.12) that the pairing xv + Tr(B;'Bs) in
(4.9) is globally defined. O
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