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Abstract

Grillet established conditions on a partially ordered set under which each maximal an-
tichain meets each maximal chain. Chvatal made a conjecture in terms of graphs that

strengthens Grillet’s theorem. The purpose of this paper is to prove this conjecture.



1 Introduction

Grillet [6] proved that in every partially ordered set containing no quadruple (a, b, ¢, d) such that

a < b,c<d,b covers c,

and the remaining three pairs of elements are incomparable,

each maximal antichain meets each maximal chain. (As usual, we say that b covers ¢ if ¢ < b
and ¢ < x < b implies * = b. Throughout this paper, the adjective mazimal is always meant
with respect to set-inclusion rather than size.) Berge [1] pointed out that Grillet’s theorem can
be stated in terms of graphs rather than partially ordered sets: if a comparability graph has the
property that every (induced) Py is contained in an (induced) A (see Fig.1), then each maximal
stable set meets each maximal clique. (The vertices of a comparability graph are the elements
of a partially ordered set, with two vertices adjacent if and only if they are comparable: see
[4], [5].) Then he went on to make a conjecture and suggest a problem that strengthen this
statement; both the conjecture and the problem were solved in the negative [7]. Chvétal [2, 7]

proposed the following conjecture as a variation on Berge’s problem.

Conjecture Let G be a graph with no induced subgraph isomorphic to F or F (the complement
graph of F'). Then each mazximal stable set meets each mazximal clique in G if and only if each

Py extends into an A in G.

NN

Py A F F
Figure 1. P;, A, F,and F

Clearly, if a graph G enjoys the property that each maximal stable set meets each maximal
clique, then every P extends into an A in G. However, the converse need not hold in general:
both F and F are counterexamples. Chvétal’s conjecture asserts that actually F and F are the

only obstructions to the above property.



Gallai [3] characterized comparability graphs in terms of 19 forbidden induced subgraphs.
Since both F and F are included in this list, Chvétal’s conjecture generalizes Grillet’s theorem.
Two theorems in the spirit of Berge’s problem that are weaker than Chvatal’s conjecture
but stronger than Grillet’s theorem were proved in [7]. The purpose of this paper is to prove

Chvatal’s conjecture.

Theorem Let G be a graph with no induced subgraph isomorphic to F or F. Then each maz-
imal stable set meets each mazimal clique in G if and only if each Py extends into an A in G.
Outline of the proof. The “only if” part is trivial. To prove the “if” part, we assume that
G is a counterexample with the smallest number of vertices. In section 2, we prove that if a
maximal stable set S is disjoint from a maximal clique C, then the configuration between S and
C can be fully described. Based on this observation, we can further show that G contains a
subgraph ¥ as depicted in Figure 2; this intermediate structure plays an important role in our
proof. In section 3, we show that there exist some vertices outside ¥ which have certain nice
adjacency properties. In section 4, we exhibit an F or F in G by using the vertices obtained in

section 3, and thus we reach a contradiction.

2 Structural Description

Throughout this paper, we let G stand for a counterexample with the smallest number of vertices.
For each vertex v of G, let N(v) denote the set of all the neighbors of v in G and let U(v) denote
the set of all the vertices outside N(v)U{v}. For each vertex subset X of G, let G[X] stand for
the subgraph of G induced by X. We also use {abc; x,y, 2z} to denote an F or F with the vertex

set {a,b,c,z,y, 2}, in which x,y, z are pairwise nonadjacent and abc is a triangle.

Lemma 1 Let v be a vertex of G. Then the following two statements hold.
(i) Each Py in G[N(v)] extends into an A in G[N (v)];
(ii) Each Py in G[U(v)] extends into an A in G[U(v)].

Proof. (i) Let abcd be an arbitrary Py in G[N(v)] and let w be the fifth vertex of an A
that contains abed. Then w € N(v), for otherwise {bcv;a,d, w} would induce an F in G, a
contradiction.

(ii) Let abed be an arbitrary Py in G[U(v)] and let w be the fifth vertex of an A that contains

abed. Then w € U(v), for otherwise {bcw;a,d,v} would induce an F' in G, a contradiction. O



Lemma 2 Let S be a mazximal stable set and let C be a maximal cliqgue of G. If S and C' share
no vertex, then either the following case 1 or case 2 occurs:
Case 1. S can be partitioned into S1,S2 and C can be partitioned into C1,Co such that
e none of S1, Sa, Cy, Csy is empty;
e cach vertex in S; is adjacent to each vertex in C; in G fori=1,2;
e no vertexr in S; is adjacent to any vertex in Ci1q in G for i = 1,2, where the subscript is
taken modulo 2.
Case 2. S can be partitioned into S1, 59,53, S4, and C' can be partitioned into C1,Co,Cs, Cy
such that
e neither S; nor C; is empty fori =1, 2, 3, 4;
e cach vertex in S; is adjacent to each vertex in C; U Ciy1 in G fori =1, 2, 3, 4, where the
subscript is taken modulo 4;
e no vertexr in S; is adjacent to any vertex in Ci1o U Ciqs in G fori =1, 2, 3, 4, where the

subscript is taken modulo 4.

Proof. Let us make some simple observations first.

(2.1) For any = € S, there exists y € S — {z} such that C C N(z) U N(y).

To justify (2.1), note that by Lemma 1(ii) and the minimality of G, each maximal stable
set in G[U (x)] meets each maximal clique in G[U(x)]. Since S — {z} is a maximal stable set in
G[U(z)] and C' — N(x) is a clique in G[U(x)], there must exist a y € S — {z} which is adjacent
to all the vertices in C' — N(z). So (2.1) holds.

(2.2) Let x,y be any two vertices in S with C'C N(z) U N(y). Then C N N(z) N N(y) = 0.

To justify (2.2), assume to the contrary that a is a vertex in CNN(z) N N(y). Let us turn to
consider G. Since each P4 extends into an A in G and since both P; and A are self-complement,
it is easy to see that each P in G extends into an A in G. So (2.1) is valid with respect to G
with S in place of C, C' in place of S, and a in place of z. Hence there exists b € C' — {a} such
that each vertex in S is adjacent to at least one of a and b in G. However, if b € C'N N(z) then
r is adjacent to neither of a and b in G; if b € C N N(y) then y is adjacent to neither of a and b
in G. So we reach a contradiction in either case.

(2.3) There exist no vertices x,y in S such that N(z) N C is a proper subset of N(y)NC.

To prove (2.3), assume to the contrary that N(z) N C is a proper subset of N(y) N C.
According to (2.1), there exists z € S —{z} such that C C N(z)UN(z). Thus C C N(y)UN(z)
and C N N(y) N N(z) # (), the existence of the pair y, z contradicts (2.2).



(2.4) For any a € C, there exists b € C — {a} such that S C N(a) U N(b) and that
SN N(a)NN(b) = 0.

To justify (2.4), applying (2.1) to G with C in place of S and with S in place of C, we see
that for any a € C, there exists b € C' — {a} such that S C U(a) U U(b). For this pair a,b, it
can be seen from (2.2) with respect to G that SN U(a) NU(b) = (. Hence each vertex in S is
nonadjacent to precisely one of a and b in G, which implies that each vertex in S is adjacent to

precisely one of a and b in G, so (2.4) follows.

Throughout the remainder of the proof of this lemma, let us reserve x,y for two vertices
in S and a,b for two vertices in C' such that each vertex in S is adjacent to precisely one of a
and b, and each vertex in C is adjacent to precisely one of x and y. Note that the existence
of z,y,a,b is guaranteed by (2.1), (2.2) and (2.4). Rename the vertices if necessary, we may
assume that a« € N(x)NC and b € N(y)NC. For convenience, set X = N(x)NC,Y = N(y)NC,
A=N(a)nS,and B=N(b)NS. Sincex € A,y € B,a € X, and b € Y, we have

(2.5) None of A, B, X,Y is empty.

(2.6) Let u,v be any two vertices in A. Then either N(u) N Y C N(v)NY or N(v)NY C
N(u)nY.

To justify (2.6), assume to the contrary that p is a vertex in ((N(u) — N(v))NY and ¢ is a
vertex in ((N(v) — N(u)) NY. Then {apq;u,v,y} induces an F in G, a contradiction.

Similarly, we have the following statement.

(2.7) Let u,v be any two vertices in B. Then either N(u) N X C N(v)NX or N(v)NnX C
N(u)n X.

Let U = Upep N(p) N X and let V = Upea N(p) NY. Then (2.6) and (2.7) guarantee the
existence of a vertex u € B and a vertex v € A such that U = N(u)NX and V = N(v) NY; let
us reserve u, v for these two vertices throughout the remainder of the proof of this lemma.

(2.8) We have X —U # (@ and Y — V £ 0.

Suppose to the contrary that X — U = (), then N(z) N C is a proper subset of N(u) N C,
contradicting (2.3). Similarly, we obtain Y — V # ().

(2.9) Each vertex in A is adjacent to each vertex in X — U; each vertex in B is adjacent to
each vertex in Y — V.

We only consider the case for A, as the case for B is a mirror image. Suppose to the contrary
that a vertex p in A is not adjacent to some vertex w in X — U. Let ¢ be a vertex in S — {p}

such that C C N(p) U N(q) (q exists by (2.1)). Then ¢ € B as b is adjacent to no vertex in A.



Hence w is adjacent to neither of p and ¢ (recall the definition of U), a contradiction.

(2.10) We have N(v)NU =0 and N(u) NV = 0.

For otherwise, it follows from (2.9) and the definitions of u and v that C' C N(u) U N (v) and
C' N N(u) N N(v) # 0, the existence of the pair u,v contradicts (2.2).

(2.11) For any vertex p in S, either N(p)NU =0 or N(p)NV = 0.

By virtue of (2.10), we may assume that p # u,v. Suppose to the contrary that p is adjacent
to both ¢ in U and r in V. Symmetry allows us to assume p € A. Thus {qrb;p,u,y} would
induce an F in G, a contradiction.

(2.12) For any vertex pin S, if N(p)NU = () then V' C N(p); if N(p)NV = 0 then U C N(p).

We only consider the case p € A, as the case p € B is a mirror image. If N(p) N U = () then
V C N(p), for otherwise N(p) N C would be a proper subset of N(v) N C according to (2.9) and
the definition of v, contradicting (2.3); if N(p) NV = () then U C N(p), for otherwise N(p) N C
would be a proper subset of N(z) N C, contradicting (2.3).

(2.13) If one of U and V is empty, then the other is also empty.

Suppose the contrary: without loss of generality, we may assume U = () however V # (.
Then by (2.7) and the definition of V', N(x) N C' is a proper subset of N(v)NC, a contradiction.

Now (2.13) allows us to distinguish between two cases.

Case 1. U=V =(. Set S; = A, So = B, C; = X, and Cy =Y. The selection of a,b, z,y
implies that Sp,S2 form a partition of S, and Cy,Cy form a partition of C. By (2.5), none of
S1,82,C1,Cy is empty; from (2.9), it can be seen that each vertex in S; is adjacent to each
vertex in C; in G for ¢ = 1, 2; from the definitions of U and V/, it can be deduced that no vertex
in 5; is adjacent to any vertex in Cjy1 in G for ¢ = 1,2, where the subscript is taken modulo 2.
Hence the present case coincides with Case 1 as described in our lemma.

Case 2. U£D#AV.Set C1 =X -U,Cy=U,C3=Y -V, Cy =V, and set S; ={pe€ A:
UCN()}, S2={peB: UCN({p)}, Ss={peB: VCN@p)}, Sa={pecA: VCN(p}
Clearly, C1,Ca,C5,Cy form a partition of C. In view of (2.11) and (2.12), we see that Sy, So,
Ss3, Sy form a partition of S. From (2.8), it follows that C; is nonempty for ¢ = 1,2, 3,4. Since
x € 81,u € Sy, y€Ss3, veE Sy, none of Sy, 59,53, 5, is empty. From (2.9), (2.11), (2.12) and the
definition of S;, we conclude that each vertex in .5; is adjacent to each vertex in C; U C;41 in G,
and that no vertex in S; is adjacent to any vertex in Cij1o2 U Cjy3 in G for i = 1, 2, 3, 4, where
the subscript is taken modulo 4. Hence the present case coincides with Case 2 as described in
our lemma.

This completes the proof of Lemma 2. |



Corollary 1 There exist a maximal stable set S and a maximal cliqgue C' in G such that S and
C are vertex disjoint and that the configuration between S and C' is as described in Case 2 of

Lemma 2.

Proof. Since G is a counterexample, there exist a maximal stable set S and a maximal clique
C in G such that S and C' are vertex disjoint. If the configuration between S and C is as
described in Case 2 of Lemma 2, then we are done; so we assume that the configuration is as
described in Case 1. Let s; be a vertex in S; (as in the statement of Case 1) and let ¢; be a
vertex in C; for 4 = 1,2. Then, by hypothesis, the path sjcicosy is contained in an A. Let w
be the fifth vertex of this A and let K be an arbitrary maximal clique that contains {c1, co, w}.
Then S and K are vertex disjoint since no vertex in S is adjacent to both ¢; and co. In view of
the structure of {s1,c1, c2, s2; w}, we can see that the configuration between S and K is not as

described in Case 1 of Lemma 2. Hence, by Lemma 2, Case 2 must occur. O

Lemma 3 Suppose S is a mazimal stable set in G, {S1,S2,S53, 54} is a partition of S, and
{c1,¢9,¢3,c4} is a clique with four vertices outside S such that
e none of S1, Sa, S3, Sy is empty;
e cach vertex in S; is adjacent to both ¢; and ciy1 fori =1, 2, 3, 4, where the subscript is
taken modulo 4;
e no vertexr in S; is adjacent to ciro or civs in G fori =1, 2, 3, 4, where the subscript is
taken modulo 4.
Let s; be a vertex in S; fori=1,2,3,4, let {s1,c1,cs,s3;x} be an arbitrary A that contains the
path sicicsss, and let {sq,c1,c3,82;y} be an arbitrary A that contains the path sicicsse. Then
the following statements hold:
e z is adjacent to all the vertices in Sy U Sy and adjacent to no vertex in S; U SsU {ca,ca};
e y is adjacent to all the vertices in S1 U S3 and adjacent to no vertex in So U Sy U {ca,cq4}.

e z and y are adjacent.

Proof. Let us first prove that z is adjacent to all the vertices in Sy U Sy.

Suppose to the contrary that x is nonadjacent to some vertex z in SoU.Sy; symmetry allows us
to assume that z € So. Then z is adjacent to co for otherwise {cjcaocs; s1, 2, 2} would induce an
F in G, a contradiction. Let C be an arbitrary maximal clique in G that contains {c1, co, c3,7}.
Then S and C' are vertex disjoint since, by assumption, no vertex in .S is adjacent to all three

of ¢1, 2, c3. Furthermore, it can be seen from the structure between S; U Sy U S3 and {c1, ca, c3}



that the configuration between S and C' is not as described in Case 1 of Lemma 2. Hence, by
Lemma 2, Case 2 must occur; let S, 5%, 5%, S) be the partition of S and let C1,Cy,C3,Cy be
the partition of C' as described there. It is a routine matter to check that N(x) NS, N(¢;) NS
for i = 1,2, 3, are all distinct (note the existence of z). So each C; contains precisely one vertex
from {ci,co,c3,2} for j = 1,2,3,4. Hence, it follows from the configuration between S and C'
that each vertex in S is adjacent to precisely two vertices in {c1, 2, c3, 2}, however s3 is adjacent
to no vertex in {ci, co, z}, a contradiction.

Similarly, we can prove that y is adjacent to all the vertices in S7 U Ss.

Since x is adjacent to each vertex in S U Sy, xso and zs4 are two edges in G. It follows that
x and y are adjacent, for otherwise {c1c3; 52, s4,y} would induce an F in G, a contradiction.

The preceding statement implies that {c1,c3,z,y} is a clique in G. Let C be any maximal
clique that contains {c1,cs,z,y}. Then S and C are vertex disjoint since, by assumption,
no vertex in S is adjacent to both ¢; and c3. By virtue of vertices s, so, s3, 54, We can see
that N(c1) NS, N(c3) NS, N(z) NS, and N(y) NS are all distinct. Hence, by Lemma 2, the
configuration between S and C'is not as described in Case 1. So Case 2 must occur. Furthermore,
let C1,C9, C3,Cy4 be the partition as described in Case 2. Then each C; contains precisely one
vertex in {cj,c3, z,y}, and therefore each vertex in S is adjacent to precisely two vertices in
{c1,¢3,2,y} (as in the statement of Case 2), which implies that z is adjacent to no vertex in
S1 U Ss3, and y is adjacent to no vertex in S U Sy.

Let us now prove that there is no edge between {z,y} and {cz,¢4} in G.

Suppose to the contrary that x is adjacent to ¢z or c¢4. Then symmetry allows us to assume
that cox is an edge of G. It follows that {cacsx; s1, s3, 4} induces an F' in G, a contradiction.

Suppose to the contrary that y is adjacent to cg or ¢4. Then symmetry allows us to assume
that coy is an edge of G. It follows that {cacsy; s1, s2, 83} induces an F in G, a contradiction.

This completes the proof of Lemma 3. O

Since G is a counterexample, Corollary 1 guarantees the existence of a maximal stable set S
and a maximal clique C' in G such that S and C are disjoint and that the configuration between
S and C'is as described in Case 2 of Lemma 2. Renaming the partition Si, S92, S3,54 of S given
in Case 2, we can find four vertices vy, vo, v3, v4 in C such that

(I1.1) vy is adjacent to each vertex in S; U Sy and adjacent to no vertex in S3 U Sg;

(I1.2) v9 is adjacent to each vertex in S3 U Sy and adjacent to no vertex in S7 U Sy;

(I1.3) vs is adjacent to each vertex in S; U S5 and adjacent to no vertex in So U Sy;



(I1.4) vy is adjacent to each vertex in Sy U Sy and adjacent to no vertex in S7 U Ss.

For convenience, we reserve a vertex s; in S; for ¢ = 1,2, 3,4 hereafter. Since sqv3v4ss is a
P4, by hypothesis it extends into an A in G; let vs be the fifth vertex of this A. Clearly vs is
outside S U {vy,v9,v3,v4}. By Lemma 3, we have

(I1.5) v is adjacent to each vertex in Sy U S3 and adjacent to no vertex in S U .Sy U {vi,va}.

Since savqvsss is a Py in G[N(vs)], by Lemma 1 it extends into an A in G[N(vs)]; let vg be
the the fifth vertex of this A. Clearly vg is outside S'U {v1,v2,v3,v4,v5}. By Lemma 3, we have

(I1.6) vg is adjacent to each vertex in S7 U Sy and adjacent to no vertex in So U S3U{v, v2}.

The reader may refer to Figure 2 for the adjacency between S and {vy,va,...,vs}.

We aim to prove that G contains a subgraph as depicted in Figure 2. For this purpose, let
us inductively construct a sequence {v;}, i = 1, 2, ..., starting with vy, ve, ..., vg. We intend
to show that the sequence contains 12 consecutive vertices which, together with S, generate a

subgraph of G as desired.

(I.7) The construction of v; for i > 7 goes as follows, here Ng(v) = N(v)N S.
e Ifiis odd, then {{s1,s2,s3,84} — Ng(vi—¢)} U{vi—1,vi—2} induces a Py in G, and v;
is the fifth vertex of an arbitrary A that contains this Pj;
e If i is even, then {{s1, s2, 53,54} — Ng(vi—6)} U {vi—2,vi—3} induces a Py in G, and v;

is the fifth vertex of an arbitrary A that contains this Pj.

To show the validity of the above construction, we need to justify that {{si,se,ss,s4} —
Ng(vi—g) }U{vi—1,v;—2} induces a Py in G if i is odd, and {{s1, s2, s3, 84} —Ng(vi—g) }U{vi—2, v;_3}
induces a Py in G if i is even. Let us first consider the cases i =7, 8, ..., 12.

From the structure between S and {vy,va, ..., vs} (recall (I1.1)-(I1.6)), we see that {{s1, s2, s3,
s4} — Ng(v1)} U {vg,vs} induces a Py, s3vsv6S4, in G, and {{s1, 2, 83,54} — Ng(v2)} U {ve, vs}
induces a Py, s1vgv582, in G. Since every Py extends into an A in G, vy and vg exist. By virtue

of Lemma 3 (with {vs, vy, v5,v6} in place of {c1,ca,c3,c4}), we get

(I1.8) e v7 is adjacent to all the vertices in S; U S2 and adjacent to no vertex in S3 U S4U
{vs,v4}, implying Ng(v7) = Ng(v1) (recall (II.1));
e vg is adjacent to all the vertices in S3 U S, and adjacent to no vertex in S7 U SoU
{vs,v4}, implying Ng(vs) = Ng(ve) (recall (I1.2));

e v7 and vg are adjacent.

10



In view of (I1.8), we see that {{s1, s2, s3,s4} — Ng(v3)} U {vs,v7} induces a Py, sov7vssy, in
G, and {{s1,s2, 53,54} — Ng(v4)} U {vs,v7} induces a Py, sjv7vgss, in G. Thus vg and vyg are

well defined. Using Lemma 3, we have

(I.9) e Ng(vg) = Ng(v3) and Ng(vig) = Ng(vs);
e There is no edge between {vg, v19} and {vs, vs};

e vg and vy are adjacent.

Based on (I1.9), we see that {{s1, s2, $3, 54} — Ng(vs)} U{v10,v9} induces a Py, s1v9v19s4, in
G, and {{s1, s2, 53,54} — Ns(vg) } U{v10,v9} induces a Py, sgvigvgss, in G. Thus v1; and v are

well defined. By Lemma 3, we obtain

(I.10) e Ng(v11) = Ng(vs) and Ng(vi2) = Ng(ve);
e There is no edge between {v11,v12} and {vy,vs};

e v11 and w19 are adjacent.

From (I1.8)-(I1.10), it can be seen that the subgraph of G induced by S U {v1,ve,...,v6} is
isomorphic to the subgraph induced by S U {v7,vs,...,v12}, with the isomorphism f(v;) = vit¢
for 1 <1i < 6. Since we have established the validity of (I1.7) for ¢ < 12, the validity for general

i follows from periodicity.

Lemma 4 The sequence {v;} constructed in (I.7) enjoys the following properties:

(1)  Ng(v;) = Ng(vj) whenever i —j =0 (mod 6);

(i)  {vai—1,v92i, V241, V2i+2} induces a clique in G for any i > 1;

(iii)  There is no edge between {vo;_1,v9;} and {veit+3,veita} in G for any i > 1;

(iv)  v; and vit¢ are nonadjacent in G for any i > 1;

(v) v and v; are distinct vertices in G whenever 0 < |i — j| < 12;

(vi) Foranyv & S andi > 1, if Ng(ve;—1) € Ng(v) and Ng(va;) N Ng(v) # 0, or if Ng(ve;)
C Ng(v) and Ng(vai—1) N Ng(v) # 0, then v is nonadjacent to ve;—1 or va;;

(vii) For anyv ¢ S and i > 1, if Ng(v) # Ng(vj) holds for each j with 2 —1 < j < 2i+ 2,
then none of {v,v2;—1,...,v242} — {v;} induces a clique in G, for any j with

2% —1<j<2i+2.

Proof. (i) It follows from (I1.8)-(I1.10) that Ng(v;) = Ng(vi—¢) for each i with 7 < i < 12.
This periodicity together with (II.7) imply that Ng(v;) = Ng(vi—g) for each ¢ > 7, and so (i) is

proved.

11



(ii) From (I1.8)-(II1.10) and the construction of the sequence {v; }, we conclude that {va;_1, vy,
V241, V2i+2} induces a clique in G for each 7 with 1 <4 < 5. Suppose (ii) holds for i < k. Let us
proceed to the case i = k + 1. Since {vog_1, Vak, Vak+1, Vak+2} is a clique, in view of statement
(i), (II.7) and Lemma 3, we see that vox3 is adjacent to vogi4. Thus {vok i1, Vokt2, Vok+3, Vokra}
induces a clique in G, completing the proof of (ii).

(iii) From (IL.5), (II.6) and (IL.8)-(II.10), it can be seen that there is no edge between
{v2i—1,v9;} and {vgit3,v2i+4} in G for any 1 < i < 4. Suppose (iii) holds for i < k. Let
us proceed to the case i = k + 1. Since {vog11, Vor+2, Vor+3, Vort4 ) is a clique (by (ii)), in view
of statement (i), (II.7) and Lemma 3, we see that there is no edge between {voky5, vort6} and
{vak+1, vaky2}. So (iii) holds.

(iv) Assume the contrary: v;v;1¢ is an edge of G for some i. Consider the subgraph induced
by {Vit4vit5vit6; Vi, {1, S2, 83, 54} — Ng(v;)} if 7 is odd and by {v;43vi+4vit6; vi, {51, S2, 83,84} —
Ng(v;)} if i is even. In either case, by statements (i)-(iii), the subgraph is isomorphic to an F'
(we only need to check the case ¢ < 6), a contradiction.

(v) Suppose to the contrary that v; = v; for some ¢ and j with 0 < j —i < 12. Then by
statement (i) and (I1.1)-(I1.6), we have j = i + 6. From statements (ii) and (iii), it follows that
v;16 is adjacent to v;4+4, while v; is nonadjacent to v;14, contradicting the assumption v; = vjy¢.

(vi) By (IL.1)-(I1.6) and statement (i), we have Ng(v2;—1) N Ng(vg;) = (), which, combined
with the hypothesis, implies that v ¢ {vo;_1,v2;}. Suppose to the contrary that {vy;_1,ve;, v} is a
clique of G. Then the configuration between S and any maximal clique containing {v, va;_1, ve; }
is as described in Case 2 of Lemma 2; let S}, 55,55, 5) be the corresponding partition of S.
Then each of v, v9;_1 and vy; is adjacent to precisely two of these sets, which implies that there
exist two of S7, 5%, 5%, .5} whose union is Ng(vg;—1), and the union of remaining two is Ng(vg;).
Now from the hypothesis, it can be seen that v has neighbors in at least three of S}, .55, 5%, S,
contradicting Lemma 2.

(vii) Suppose the contrary: {v,vai—1,...,v2i42} —{v;} is a clique for some j with 2i—1 < j <
2i+2. Let K be a maximal clique containing {v, v;—1,...,v2i+2} —{v;}. Since each vertex in S
is adjacent to at most two of {ve;_1, v2;, v2i+1, V2i+2}, S and K are disjoint. Note that Ng(vy), for
2i—1 < k < 2i+ 2, are distinct, so the configuration between S and K is as described in Case 2
of Lemma 2, which forces Ng(v) = Ng(vg) for some k with 2i—1 < k < 2i+2, a contradiction. O

Recall that we construct the sequence {v;} in order to obtain a subgraph of G as depicted

in Figure 2. To this end, let us further impose some restrictions on {v;}.
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(I.11) The construction of v; for i > 7 goes as follows.
e If 7 is odd, then v; is selected so that
(a) {{s1, 82,583,584} — Ng(vi—g)} U {vi,vi—1,v;—2} induces an A in G, and
(b) subject to (a), v; is taken from {v1,va,...,v;—1} whenever possible;
e If 7 is even, then v; is selected so that
(a) {{s1, 52,583,584} — Ng(vi—¢)} U{v;,vi—2,v;—3} induces an A in G, and

(b) subject to (a), v; is taken from {v;,ve,...,v;—1} whenever possible.

Note that since Lemma 4 holds for any sequence constructed in (I1.7), it remains valid for a

sequence {v;} output by (II.11).

Lemma 5 FEvery sequence {v;} constructed in (I1.11) contains a set of 12 consecutive vertices
P = {vg, Vi1, .-, Vpr11}, such that the subgraph induced by S U P in G, denoted by %', can be
obtained from % (depicted in Figure 2) by possibly adding some edges from Q = {vo;vai415: 1 <

i < 6}, where the subscripts are taken modulo 12.

Remark. We shall show in the next section that vy and vy are nonadjacent in GG. Similarly,
we can prove that no element of @ is an edge of G. Thus X’ is nothing but X itself. However,

we do not need this result in our proof.

Proof. Let us make some observations about sequence {v;}. We propose to prove that

(5.1) There exist some ¢ and j with 1 <4 # j < 18 such that v; = v;.

To verify (5.1), suppose the contrary: vy, ve, ..., vig are distinct. Let E stand for the edge
set of G. Consider vy7, we have

(5.2) vi7vs € E, vi7v9 ¢ E, and vi7vyg ¢ E.

Assume that vi7vg € E. By Lemma 4(i), {s2v17, s3v17, s3v14} € E, and vy14 is adjacent to
neither s; nor sg; by Lemma 4(iii), v14 is adjacent to neither vg nor v17. Thus {v1783v9; S2, V14, 51}
induces an F'in G, a contradiction. Next, assume that vi7vs ¢ E. By Lemma 4(i), v17 is adjacent
to neither s; nor s4, and vi7s3 € E. So {s3vgvg; v17, 84, 51} is an F in G, a contradiction. Finally,
assume that vi7v19 € E. By Lemma 4(i), vi7 is adjacent to both sy and s3 but not to sy, and
v13 is adjacent to sy but not to s3 or s4; by Lemma 4(iii), vizvig ¢ F and vigvi7 ¢ E. Thus

{v1782v10; 3, V13, S4} induces an F' in G, a contradiction.
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Figure 2. The Graph X

(5.3) v17 is adjacent to each of vs, vy, vg and v7.

In view of (5.2), vi7vg € E. By Lemma 4(i), v17 is adjacent to both sy and s3 and nonadjacent
to s4; by Lemma 4(iii), vsvg ¢ E. Since {v1783v0s; S2,v3, S4} does not induce an F' in G, we have
vi7vs € E. Next, since {v3s1vg;v17, V9, S4} is not isomorphic to an F, by (5.2) and Lemma 4, we
obtain vi7vg € E. Then, since {vgv7vs; v10, v17, 51} is not an F in G, by (5.2) and Lemma 4, we
get vi7v7 € E. Finally, since {vi7s9v7; 83,04, 81} # F, we have vi7vy € E.

Now let us turn to consider v13.

(5.4) v13 is adjacent to each of ve, v3 and vy, but not adjacent to vs.

Since {v17sov4; s3,v13,814} # F, Lemma 4 and (5.3) imply that visvy € E. Notice that
{v1389vs5; 51, V10, 83} # F, so we have vizvs ¢ E. From {sovqvs;vs, v7,v13} # F, it follows that
v13v3 € E. Since {vov3v4;v13, 84, 83+ # F, we get vizvg € E.

Next let us derive some adjacency properties concerning vy1.
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(5.5) v11v2 € E and vyjvs ¢ E.

Using {v11v3s3; s2, s1,v8} # F, we get vi1v3 ¢ E. Since {vizvavs;vi1, s4,v5} # F, by virtue
of Lemma 4 and (5.4), we have vj1v9 € E.

Now we are ready to complete the proof of (5.1).

Observe that vigve ¢ E; otherwise, since {{s1, $2, 83,54} — Ng(vs)} U {ve,v12,v11} induces
an A in G, by (II.11), vy is a candidate for v14, and thus vi4 is identical with some vertex
v; with 1 < ¢ < 13, contradicting our assumption that vy, ve, ..., vig are distinct. Since
{viov11v12; V8, V2, 51} # F, we see that vyg is adjacent to ve, which, together with Lemma 4,

implies that {vigvass; 2, 53,06} induces an F' in G, a contradiction. So (5.1) is established.

Now (5.1) and Lemma 4(i) and (v) guarantee the existence of some subscript i, 1 < i < 6,
such that v; = v;112. Without loss of generality, we may assume i = 1 or 2. (To see this, we
may resort to the following plain trick: in case ¢ = 3 or 4, rename original S as S, S5 as S3,
S3 as 51, keep S4 unchanged, and rename the original v; as v;_o for t > 3. The case when 7 = 5
or 6 can be handled likewise.) Now let us proceed to establish the following stronger result.

(5.6) There exists an odd subscript k, 1 < k < 6, such that vy = vgi12 and vk = Vgy13.

Assume the contrary: no such k exists. Let us distinguish between two cases according to
the value of i.

Case 5.1. i = 1, that is v13 = v1. By assumption, we have vi4 # vs.

(5.7) v14 is adjacent to vy.

Assume vijqvy ¢ E. In view of Lemma 4 and the hypothesis v13 = v1, no element in
{v1v6, V1010, V4V10, VsV10, V10V14, S2V6, S2014} 1S an edge of G. Since {vivyse;v14, v6,v10} # F, v14
is adjacent to vg. Next, since {vsvgvs; S2,v14,v9} is not isomorphic to an F, Lemma 4 implies
that vi4vs € E. Thus by Lemma 4, {s3v11v14;v1, 05,09} induces an F in G, a contradiction.

(5.8) v14 is nonadjacent to vs.

Suppose the contrary, then wvi4 is adjacent to both vs and vs (by (5.7)). Since each of
{{s1, 52,583,854} — Ng(vg)} U{vs,v14,v1} and {{s1, s2, 83,54} — Ng(vi0)} U{va, v14,v1} induces an
A in G. According to (II.11), v15 = v3 and v16 = v4. So (5.6) holds for k& = 3, contradicting our
assumption.

Based on (5.7), (5.8), Lemma 4 and the fact {vivsvy;vs,v14,51} # F, we get viqvs € E.
Since {s3vsvs;vg, Vg, v14} is not isomorphic to an F, vy, is adjacent to vg. From the fact
{vgv4ve; v14, 81,02} # F, it follows that vi4ve € E. Hence {vsvgv14;82,51,v2} induces an F

in G, a contradiction.
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Case 5.2. ¢ = 2, that is v14 = vo. By assumption, we have vi3 # v1.

(5.9) v13 is adjacent to vy

Suppose to the contrary that vizvs ¢ E. Since {sqvqvs;vi3, sS4, s3} # F, we have visvs € E.
Now from Lemma 4, we can see that {sqovsv13;v10, 83, 1} induces an F' in G, a contradiction.

(5.10) v13 is nonadjacent to vs.

Otherwise, imitating the proof of (5.8), we obtain vj5 = v3 and vig = vy, contradicting our
assumption.

Now (5.9), (5.10) and Lemma 4, together with the fact {vovsvy;vg, v13, 53} # F, imply that
visvg € E. Since {vigsqus;si,vio,s3} # F, visvs ¢ E. It follows that {vsvsvr;ss,vis,vio}
induces an F in GG, a contradiction. So the proof of (5.6) is complete.

From (5.6) and Lemma 4, our lemma follows. O

3 Further Preparation

Let X’ be the graph specified in Lemma 5. Recall that ¥/ can be obtained from ¥ depicted in
Figure 2 by adding possibly some edges from @ = {vo;v9;45: 1 < i < 6}. For convenience, the
reader may use X in place of ¥ in our proof, except when adjacency concerning the set Q is

involved. Thus we need not refer to Lemma 4 again and again.

Lemma 6 There exists a vertex o outside X' such that
(i) « is adjacent to each vertex in S; U Sy U SgU{vyi—1: 1 <1i <6}, and

(7i) o is adjacent to no vertex in {ve; : 1 <1 < 6}.

Proof. Since vguzviv1 is a Py in G, by hypothesis it is contained in an A; let « be the fifth
vertex of this A. We aim to prove that « satisfies both (i) and (ii). To this end, note that clearly
a is outside X/, Moreover, « is adjacent to each vertex in Si, for otherwise let s; be a vertex in
S with as; ¢ E. Then {s1v1v3; a, v, v12} would induce an F in G, a contradiction.

The proof is by contradiction. Assume the contrary: « is not as desired. Since {sjv7v9; @, S92,
sg} # F for any sy € Sy and s3 € S, one of the following four cases must occur:

e Case 6.1. « is adjacent to each vertex in So;

e Case 6.2. « is adjacent to each vertex in Ss;

e Case 6.3. « is adjacent to vr;

e Case 6.4. « is adjacent to vg.
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We shall reach a contradiction in each case.

Case 6.1. « is adjacent to each vertex in So. Observe that in this case « is adjacent to vy or
vy for otherwise {sov7v10; @, vg, v12} would be an F, a contradiction. Let us distinguish between
two subcases.

Subcase 6.1.a) « is adjacent to vy. Since {vrvguio; @, S3, 84} # F for any s3 € S3 and s4 € Sy,
we have four possibilities to consider:

(6.1.1) « is adjacent to each vertex in Ss;

(6.1.2) « is adjacent to each vertex in Sy;

(6.1.3) a is adjacent to vg;

(6.1.4) « is adjacent to vyg.

Now let us analyse them one by one.

(6.1.1) «v is adjacent to each vertex in S3. By Lemma 4(vi), « is adjacent to none of va, v4, and
vg in G, and so « is adjacent to vg since {s3vgvg; a, vg, v12} # F. Now Lemma 4(vi) ensures that
« is nonadjacent to vyg. It follows that « is adjacent to v11 since {sov7vig;vs,v11,a} # F, and «
is adjacent to vs since {s3vsvs; , vy, v10} # F. Since « is the fifth vertex of an A that contains
veU3V1v12, we conclude that « is adjacent to each vertex in Sq U So U S3U{vgi—1: 1 <i <6},
but to no vertex in {vg; : 1 <4 < 6}, contradicting our assumption that « is not as desired.

So we may assume that « is nonadjacent to some vertex ss € Ss.

(6.1.2) « is adjacent to each vertex in Sy. By Lemma 4(vi), « is adjacent to neither v4 nor
vg. Thus « is adjacent to vyg since {v7vsvio; @, s3,v12} # F. It follows that {sqviga; vy, vs, 51}
induces an F' in (G, a contradiction.

So we may assume that « is nonadjacent to some vertex s4 € Sy.

(6.1.3) « is adjacent to vg. Note that « is adjacent to vg or vig since {vyvgvio; @, s3,v12} #
F. Consider the subgraph of G induced by {awvsve;s2,vs,v12} in the former case and by
{avgvio;v1, 83,84} in the latter. We have an F in either case, a contradiction.

So we may assume that a is nonadjacent to vg.

(6.1.4) « is adjacent to v1p. We have {sjvgvi2;a, s3,54} = F' as « is adjacent to none of s3,

s4 and vg, a contradiction.

Subcase 6.1.b) « is adjacent to vig. Clearly we may assume that a7 is not an edge of G in
this subcase.
Observe that a is nonadjacent to some vertex s3 € S3, for otherwise « is adjacent to each ver-

tex in S7US2US3. Hence, by Lemma 4(vi), a is nonadjacent to vy, and thus {asqvig; 83, v4, v12}
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induces an F in GG, a contradiction. The above observation together with the fact {v7vgvi0; ve, S3,
a} # F, for any s3 € S3, yield that « is adjacent to vg. Since {a, vg,v10} is a clique, by Lemma
4(vi), « is nonadjacent to some vertex s4 € S4. We can thus deduce that {avgvig;vi,ss,s4} is

isomorphic to an F', a contradiction.

So we can assume « is nonadjacent to some vertex so € Sy hereafter.

Case 6.2. « is adjacent to each vertex in S3. In view of the existence of so, we conclude that

{awis1; 83, s2,v6} induces an F', a contradiction.

So we can assume « is nonadjacent to some vertex sz € S3 hereafter.

Case 6.3. « is adjacent to v;. Note that in this case « is adjacent to vg or wvig, for other-
wise {v7vsv10; @, 83,012} would be an F' in G, a contradiction. Let us distinguish between two
subcases.

Subcase 6.3.a) « is adjacent to vg. Since {awvgvip; 1, 83,2} # F, we deduce that « is
nonadjacent to v1g. Next, since {v7vgvio;ss,s2,a} # F for any s4 € Sy, we conclude that
« is adjacent to each vertex in Ss. Thus Ng(a) # Ng(v;) for any ¢« with 1 < ¢ < 4 and
hence, by Lemma 4(vii), {a, v1,v3,v4} is not a clique, so a is nonadjacent to vy. It follows that

{asqvg; s1,v4, 83} is an F', a contradiction.

Subcase 6.3.b) « is adjacent to vig. Clearly we may assume that avg is not an edge of G.
Since {vovsss;vi2, a,vg} # F, we see that « is adjacent to ve. Since {awvivs;vg, s2,v6} # F, we
conclude that a is nonadjacent to vg. Hence « is adjacent to each vertex s4 € Sy for otherwise
{v9s4v12; @, v6,v9} would be an F in G. Therefore {sqvsv10;v9,a,v6} induces an F in G, a

contradiction.

Case 6.4. « is adjacent to vg. Since « is nonadjacent to sa, {avivs; vy, S2,v6} induces an F
in G, a contradiction.

This completes the proof of Lemma 6. O

Lemma 7 There exists a vertex 3 outside X' U {a} such that
(i) B is adjacent to each vertex in S U So U Sy U {v1,v4, vs, v7,v10,v12}, and

(i) B is adjacent to no vertex in {va,vs,vs,vs, Vg, V11, }.
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Proof. Let (8 be the fifth vertex of an A that contains vsvsviv1;. Then it can be shown by
case analysis that 3 is as desired. However, we have a quick proof of the present lemma.

Rename the vertices of ¥’ so that

e the original v; becomes vy1, original vy becomes v12, vy becomes vs, vg becomes vg;

e each of the remaining original v; becomes v3_;, and that

e the original S; becomes S;11, where 1 < j < 4 and the subscript is taken modulo 4.
Then all the statements except the one concerning the adjacency between o and (3 can be
deduced from Lemma 6. From {sjaf3; s2,v12,v3} # F, it follows that o and 3 are nonadjacent,

completing the proof. O
Lemma 8 Vertex vy is nonadjacent to vy in G.

Proof. Suppose the contrary: vovy is an edge of G, we aim to reach a contradiction. Let 7
be the fifth vertex of an A that contains vgvrvovy. It is easy to see that n & ¥ U {«, 8}. Since
{v7vgui0; 1, 83,54} # F for any s3 € S3 and s4 € Sy, one of the following three cases must occur:

e Case 8.1. 7 is adjacent to each vertex in Ss;

e Case 8.2. 1 is adjacent to each vertex in Sg;

e Case 8.3. 7 is adjacent to v1g.

Let us deal with these cases separately.

Case 8.1. 7 is adjacent to each vertex in S3.

Since {s3vou3;v1,v5,n} # F, n is adjacent to vs or to vs. Let us distinguish between two
subcases.

Subcase 8.1.a) n is adjacent to vs.

We claim that 7 is nonadjacent to vg. To justify this, assume the contrary, then by Lemma
4(vii), n is nonadjacent to some s; € S since {vs,vg,v7,n} induces a clique in G. Since
{s1vgv7;m, v9,v3} # F, 1 is adjacent to v3. Note that {n,vs,vs,vg} is a clique and Ng(n) #
Ng(v;) for any ¢ € {3,4,6}, by virtue of Lemma 4(vii), we have Ng(n) = Ng(vs) = Sy U Ss. It
follows that Ng(n) # Ng(v;) for any ¢ with 1 <4 < 4. By Lemma 4(vii), {n, va, v3,v4} is not a
clique, and so 7 is nonadjacent to vy4. Hence we have {nsqv7; s3,v4, 51} = F, a contradiction and
thus the claim is justified. Since {ssvsvs;ve,ve,n} # F, we see that 7 is adjacent to vs. Next,
observe that 7 is nonadjacent to some sg € So; otherwise, since {nssve; s, vg, 54} # F for any
s4 € S4, n is adjacent to each vertex in Sy. Thus 7 is adjacent to each vertex in So U S3 U Sy,

while {n,v7,vg} is a clique, contradicting Lemma 4(vi). Since {nssvs;s4,vg, s2} # F for any
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s4 € Sy, n is adjacent to no vertex in Sy. Since {vgvrvs;n,S4,S1} # F for any s; € Si, n
is adjacent to each vertex in Si; since {nssvs;si,vi1,s4} # F, n is adjacent to vi1; and since
{nsiv7; s3,v12, 52} # F, nis adjacent to via. Thus {n, va, v11,v12} is a clique and Ng(n) # Ng(v;)
for any i € {11,12,1, 2}, contradicting Lemma 4(vii).

Subcase 8.1.b) 7 is adjacent to vs, but nonadjacent to vs. Notice that n is adjacent to no
vertex in Sy since {nssvs;sq,v9,v1} # F for any s4 € Sy. Thus 7 is adjacent to no vertex in
Sy since {nssve;s1,vs,84} # F for any s; € S; and s4 € S4. Next, note that 7 is adjacent
to v since {vivaus;n, $1,v11} = F, where s; € S;. We claim that 71 is nonadjacent to vg, for
otherwise, 7 is adjacent to vg since {vgvrvs;n,s4,51} # F. Then 7 is adjacent to each vertex
in Sy since {nvevr; ss, sa4,s2} # F for any so € So. But then we get {ns3ve; s2,v9,54} = F, a
contradiction and thus our claim is proved. Since {s3vgv11;v12,1,v8} # F, 1 is adjacent to v1s.
Thus 7 is adjacent to each vertex in Sa since {viviivi2;7, s1, 52} # F for any sy € So. It follows

that {ns3va; s2,v9, s4} induces an F in G, where sy € Sy and s4 € Sy, a contradiction.

So we may assume that 1 is nonadjacent to some vertex ss € Ss.

Case 8.2. 7 is adjacent to each vertex in Sy.

Since {vas4v12;v10, 01,1} # F, where s, € Sy, we see that 7n is adjacent to vig or to vi2. Let
us distinguish between two subcases.

Subcase 8.2.a) n is adjacent to vj.

In this subcase, n is adjacent to each vertex in S; or to vy since {vrvgvig;v11, 7, $1} # F for
any sy € S1.

(8.2.1) n is adjacent to each vertex in S;. We claim that n is nonadjacent to some vertex
s9 € Sy, for otherwise by Lemma 4(vi) with respect to {v7, vg}, we can see that 7 is nonadjacent
to vs. Note that 7 is nonadjacent to vs since {nsqvs;ss,v1,s3} # F, so n is adjacent to vy
since {savsvr;vs,m,v4} # F. Since 7 is adjacent to each vertex in S; U S U Sy, by Lemma
4(vi), n is nonadjacent to wvs. Since {vjvgss;vs,n,vs} # F, n is adjacent to vg. But then
{s1v3v6;v5,n,v1} = F, a contradiction. So the claim is justified. From {nsivr;s4,vs,s2} # F,
it follows that 7 is adjacent to vs.

Since 7 is adjacent to each vertex in S; U Ss, we have Ng(n) # Ng(v;) for any i with
1 <i<4orwith 7 <i¢ < 10. Thus, by Lemma 4(vii),  is adjacent to neither vg nor vy.
Thus 7 is adjacent to v12 since {s1v7v9; vs, v12,1m} # F. It follows that 7 is adjacent to v1; since

{vivi1v12;v4, 83,m} # F. In summary, we have
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e 1) is adjacent to each vertex in {s1, s4, v3, v10, V11, v12}, and

e 7 is adjacent to no vertex in {sg, s3, v1, v4,vg}.

Now let a and (8 be as specified in Lemma 6 and Lemma 7, respectively. Recall that « is
nonadjacent to 3. Since {viiam;s1,vi0,83} # F and {s4nB;vs,v3, 82} # F, we conclude that
neither of an and £ is an edge of G. Thus {viv11v12;7, 8, a} = F, a contradiction.

So we may assume that n is nonadjacent to some vertex s; € 5.

(8.2.2) n is adjacent to vy;. We claim that 7 is nonadjacent to vg, otherwise, since 7 is
adjacent to neither of s; and s3, we have Ng(n) # Ng(v;) for any ¢ with 5 < i < 8. It follows
from Lemma 4(vii) that n is adjacent to neither vs nor vg. Thus {vgvgvig;vs,s1,n} induces
an F in G, a contradiction and thus our claim is verified. Since {sjvsvio;ve,n,v6} # F, 1 is
adjacent to vs. Note that {n,v7,vs,v1p} is a clique and Ng(n) # Ng(v;) for any ¢ with 7 <14 < 9,
by Lemma 4(vii), we have Ng(n) = Ng(vip) = S2 U S4. Hence Ng(n) # Ng(v;) for any i €
{11,12,1,2}. Once again, by Lemma 4(vii), n is nonadjacent to vi2. Thus {nssvs; s2,v12,s3} =

F', a contradiction.

Subcase 8.2.b) 7 is adjacent to vis.

In view of Subcase 8.2.a), we may assume that 7 is nonadjacent to v1g. Since {vgvi9v12; S3, S2,1}
=# F for any sy € Sy, 1 is adjacent to each vertex in S3. So 7 is adjacent to each vertex in SoU Sy
and thus Ng(n) # Ng(v;) for any ¢ € {11,12,1,2}. By Lemma 4(vii), n is nonadjacent to v1;.
Since {nsqv7; 84,011, 81} # F for any s1 € S1, n is adjacent to each vertex in Sy. It follows that

{nsqve; s1,v10, 83} = F, a contradiction.

So we may assume that 1 is nonadjacent to some vertex s4 € Sy.

Case 8.3. 7 is adjacent to v1g.

Since {v7vguig; v11,M, 51} # F for any s; € S1, n is adjacent to each vertex in Sy, or to vyg.
We distinguish between two subcases.

Subcase 8.3.a) n is adjacent to each vertex in Sj.

We claim that 7 is nonadjacent to vg; otherwise, since {n, vz, vs,v1p} is a clique, by Lemma
4(vii), Ng(n) = Ng(v;) for some i with 7 < ¢ < 10. Since 7 is adjacent to neither of s3 and
54, Ns(n) = Ns(v7) = S1 U So. From {sqvigvi1;ve,v1,n} # F and {vgvgvig;vi2,n, s3} # F,
we deduce that 7 is adjacent to both of vy; and wvia. Thus {n,vi0,v11,v12} is a clique and
Ngs(n) # Ng(v;) for any ¢ with 9 < i < 12, contradicting Lemma 4(vii) and so the claim is
proved. Since {sjv7vg;vs,v12,1} # F, n is adjacent to v12. Note that Ng(n) # Ng(v;) for any i
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with 9 < i < 12 as 7 is adjacent to none of s3 and s4, by Lemma 4(vii) 7 is nonadjacent to v11,

and so {v7vgvg;n, s4,v11} = F, a contradiction.

Subcase 8.3.b) 7 is adjacent to v1; but nonadjacent to some vertex s; € 5.

Since {s3v2v11;7,v9,v3} # F, 1 is adjacent to v3. Note that Ng(n) # Ns(v;) for any i with
1 <i <4 as n is adjacent to none of s1, s3 and s4. By Lemma 4(vii), n is nonadjacent to vy.
It follows that 7 is adjacent to vy as {ve,vs,v4;vs, s4,m} # F, and then 7 is adjacent to vg as
{vs,v6,v7; 81,m,v4} # F. Therefore, {n, vs,vs,v7} is clique and Ns(n) # Ng(v;) for any i with
5 < <8, contradicting Lemma 4(vii).

The proof of Lemma 8 is complete. O

4 Proof of The Theorem

Let s4 be a vertex in S4. From Lemmas 7 and 8 we deduce that ves4Bv7 is a Py, so by hypothesis
it is contained in an A; let 7 be the fifth vertex of this A. It is easy to see that 7 ¢ X' USU{«, 5}.
Since {s4vgvip; T, s3, 52} # F for any s2 € Sy and s3 € S3, one of the following four cases must
occur:

e Case 1. 7 is adjacent to each vertex in So;

e Case 2. 7 is adjacent to each vertex in Ss;

e Case 3. m is adjacent to vsg;

e Case 4. 7 is adjacent to vqg.

We shall reach a contradiction in each case.

Case 1. 7 is adjacent to each vertex in Ss.

Since {squiiv1;™,s3,s1} # F for any s; € S; and s3 € S3, we can distinguish among the
following four subcases:

e Subcase 1.a) 7 is adjacent to each vertex in St;

e Subcase 1.b) 7 is adjacent to each vertex in Ss;

e Subcase 1.c) 7 is adjacent to v11;

e Subcase 1.d) 7 is adjacent to v;.
Let us handle these subcases separately.

Subcase 1.a) 7 is adjacent to each vertex in Sj.

Since {sjvgvig; T, vg, v} # F where s; € S1, we see that 7 is adjacent to vg, or to vg, or to

vV12.
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(1) m is adjacent to vs. Note that 7 is adjacent to each vertex in S3, or to v4 since
{msyvg; s1,v4, 53} # F for any s3 € Ss.

If 7 is adjacent to each vertex in Ss, then 7 is adjacent to each vertex in S; U S U Ss, and by
Lemma 4(vi), 7 is nonadjacent to at least one of vy;—; and ve; for any ¢ with 1 < i < 6;
this observation will be used repeatedly in this paragraph. We claim that 7 is nonadja-
cent to vz, for otherwise, according to the above observation 7 is nonadjacent to vs. So
7 is adjacent to wyy for {ssvous;vy,m,v11} # F; again, by the observation, 7 is nonadja-
cent to vig. Thus {msovii;vs, v4,v12} = F, a contradiction. So the claim is justified. Since
{sgvgvs;v7,v3, 7} # F, 7 is adjacent to vs; once again by the observation, 7 is nonadjacent to
vg. Thus {vsvsss; T, v, v6} = F, a contradiction.

Suppose 7 is adjacent to vs but nonadjacent to some vertex s3 € S3. Note that m is
nonadjacent to vs for {ms1vs; s4,v7, 83} # F. Thus 7 is adjacent to vy for {vovgss;m, via,v3} #
F. But then {v12547;vs, 51,02} = F, a contradiction.

So we may assume that 7 is nonadjacent to vg.

(2) 7 is adjacent to vg. Since {msivg;se,vs,vg} # F, m is adjacent to vs. So 7 is adjacent
to each vertex in S3 since {msjvs;s4,v7,83} # F for any s3 € S3. Hence 7 is adjacent to
each vertex in S; U Sy U S3, and Lemma 4(vi) ensures that 7 is nonadjacent to vig. Since
{s1v7v9; V10, T, v6} # F, 7 is adjacent to vg, and thus, by Lemma 4(vi), 7 is nonadjacent to vs.
Hence {s4qvgvs;vs, v19, 7} = F, a contradiction.

So we may assume that 7 is nonadjacent to vg.

(3) 7 is adjacent to via. Since {vi281v9;v7,v11, T} # F, 7 is adjacent to v1;. Note that 7 is
adjacent to each vertex in S1U So U {v11,v12}; by Lemma 4(vi), 7 is nonadjacent to some vertex

s3 € S3. Thus {mwsov11; 84,07, 83} = F, a contradiction.
So we may assume that 7 is nonadjacent to some vertex s; € Sy.

Subcase 1.b) 7 is adjacent to each vertex in Ss.

Since {msqvg; s2,v2,81} # F, 7 is nonadjacent to vg. We claim that 7 is adjacent to vis;
otherwise, since {ssvavs; T, v12,v6} # F', 7 is adjacent to vs. Notice that {mssvs; sq,v11,51} # F,
so 7 is adjacent to vy;. Thus, by Lemma 7, we get {sof37;54,v11,v7} = F, a contradiction. So
our claim is justified. Since 7 is adjacent to each vertex in S U S3 U {s4}, Lemma 4(vi) implies
that 7 is nonadjacent to v1;. So 7 is adjacent to vy since {vi2v2S4;v4, T, v11} # F. Tt follows
that 7 is adjacent to each vertex sj € Sy since {msov4;ss,vr, sy} # F. Hence, by Lemma

4(vi) with respect to {vs,vs}, 7 is nonadjacent to vs since 7 is adjacent to each vertex in
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S5 U S3U Sy, Thus 7 is adjacent to vg since {sqv4v6;v3,v8, 7} # F, and so 7 is adjacent to vs

since {s3vgvs;vr,v3, m} # F. Tt follows that {ssvsvs;ve, T, ve} = F, a contradiction.
So we may assume that 7 is nonadjacent to some s3 € S3.

Subcase 1.c) 7 is adjacent to vyj.
Since 7 is nonadjacent to s3, we have {msav11; $4,v7, 83} = F, a contradiction.

So we may assume that 7 is nonadjacent to vyy.

Subcase 1.d) 7 is adjacent to v;. Since {msav1;S4,v5,51} # F, 7 is adjacent to vs. Since
{msqvg; S2,v2, 81} # F, w is nonadjacent to vg. So 7 is adjacent to vig since {sqvsv7; vg, V10, T} F#
F. Tt follows that 7 is adjacent to vg since {v7vgvig; 51,53, 7} # F, and thus 7 is adjacent to vyo
since {ms4vs; s, v12, 83} # F. Since {s4v12v9;v11,v4, 7} # F, 7 is adjacent to vy, and thus we

have {mvsvs; 83,v10,v4} = F', a contradiction.

So we may assume hereafter that 7 is nonadjacent to some sy € Ss.

Case 2. m is adjacent to each vertex in Sj.

Since {s3vsvs;m,s1,s2} # F for any s; € S1, we can distinguish among the following three
subcases:

e Subcase 2.a) 7 is adjacent to each vertex in Si;

e Subcase 2.b) 7 is adjacent to vs;

e Subcase 2.c) 7 is adjacent to vs.
Let us deal with them separately.

Subcase 2.a) 7 is adjacent to each vertex in Sj.

Since {s3vsm;va, 2,51} # F, 7 is nonadjacent to vs. Observe that 7 is nonadjacent to viy,
for otherwise, 7 is adjacent to vg since {ssvi17;vs, s2,51} # F. Thus {sqvgm;ve,v5,81} = F, a
contradiction. Since {sjv7vg;m, vs,v11} # F, 7 is adjacent to vg. Since {sjvgm;vs,v11, 84} # F,
7 is adjacent to vs. Since 7 is adjacent to each vertex in S1US3U{s4}, Ng(m) # Ng(v;) for any i
with 1 <4 < 4. By Lemma 4(vii), 7 is nonadjacent to vy, and then we have {sgvzve; vy, v11, 7} =

F, a contradiction.
So we may assume that 7 is nonadjacent to some s; € S7.

Subcase 2.b) 7 is adjacent to vs.
Observe that 7 is nonadjacent to vy, for otherwise, 7 is adjacent to vi2 since {s4v47; V12, S2, S3} #

F, and by Lemma 7 we have {v4m3;v12,52,v3} = F, a contradiction. We claim that 7 is
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adjacent to vg; otherwise, since {s3vsvs;vy,vs,m} # F, 7 is adjacent to vs. It follows that
{v3v4vs; 82, 7,09} = F, a contradiction. So the claim is proved. Note that {s4vgve; v7,v4, 7} # F),
so 7 is adjacent to vg. Since Ng(m) # Ng(v;) for any ¢ with 3 < i < 6 and 7 is adjacent
to both vs and wvg, by Lemma 4(vii), 7w is adjacent to neither of vy and vs. Thus we get

{s4v4v6; V5, T, v2} = F, a contradiction.
So we may assume that 7 is nonadjacent to vs.

Subcase 2.c) 7 is adjacent to vs.
Since {s3vsm; vy, s2, 54} # F, 7 is adjacent to vy, and thus we have {ssvgm;vs,v7,54} = F, a

contradiction.

So we assume hereafter that 7 is nonadjacent to some vertex sz € S3.

Case 3. m is adjacent to vg.

Since {sqvgve;v7,v4, T} # F, 7 is adjacent to vy or to vg. We distinguish between two
subcases accordingly.

Subcase 3.a) 7 is adjacent to va.

We claim that 7 is nonadjacent to wv3; otherwise, since Ng(m) # Ng(v;) for any i with
1 < i < 4, Lemma 4(vii) ensures that = is nonadjacent to vy. Since {vivsvy;m,s2,$1} #
F for any s; € Si, 7 is adjacent to each vertex in Sy, and thus {7sjvs;ss,v7,s3} = F, a
contradiction. So the claim is justified. In view of {vsvsve;ss, m,v7} # F, we see that 7 is
adjacent to vg, and thus 7 is adjacent to each vertex in Sy as {vsvqve; 7, s1,v2} # F for any 51 €
S1. Since {sqvovy;v3, m,v12} # F, 7 is adjacent to via. It follows that {vis4m;vs, 81,02} = F,

a contradiction.

Subcase 3.b) 7 is adjacent to vg, but nonadjacent to vy.
Since {s4v4v6;v5, T, v2} # F, 7 is adjacent to vs. Note that {m,vs,vs, v} induces a clique in
G and that Ng(m) # Ng(v;) for any i € {5,7,8}. By Lemma 4(vii), we have Ng(m) = Ng(vs) =

S1 U Sy. Thus {sqvgm; vy, s3,s1} = F, a contradiction.
So we may assume hereafter that 7 is nonadjacent to vsg.
Case 4. 7 is adjacent to vyp.

Since {sqv10m;va, $2,51} # F for any s; € Sp, 7 is adjacent to no vertex in S;. Observe that

7 is nonadjacent to vg; otherwise, since Ng(m) # Ng(v;) for any ¢ with 9 < i < 12, by Lemma
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4(vii), 7 is adjacent to none of v1; and via. Thus {vgvigvii; S2, 83,7} = F, a contradiction.
Since {sqv10vs;v9,v6, T} # F, m is adjacent to vg. It follows that 7 is nonadjacent to vy,
for otherwise, 7 is adjacent to vy as {v4vsve;vs, T, s2} # F. So {m, v4,vs5,v6} is a clique and
Ng(m) # Ng(v;) for any ¢ with 3 < ¢ < 6, contradicting Lemma 4 (vii). Hence 7 is adjacent
to v since {s4v4v6;v5, T, v2} # F. Since Ng(m) # Ng(v;) for any i with 3 < i < 6, by Lemma
4(vii) 7 is nonadjacent to vs. Hence {vsvsvg;m,s1,s3} induces an F' in G, a contradiction.

This completes the proof of our theorem. O
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