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Abstract—By employing Mawhin’s continuation theorem, the existence of periodic

solutions of the p-Laplacian differential equation with multiple deviating arguments
(pp (@' (0) + fla(®)a’(t) + D Bi()g(a(t —;(1) = e(t)
j=1

under various assumptions are obtained.
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1. INTRODUCTION

In recent years, there have been a number of results on the existence of periodic solutions for
delay differential equations. For example, in [8, 9, 10, 11, 13], the following types of second-order

scalar differential equations with delay

2"(t) + g(x(t — 7)) = p(t), (L.1)
o (t) +mPa(t) + g(a(t — 7)) = p(t), (1.2)
a”(t) + f(@(t)2'(t) + g(x(t — 7(1))) = p(t), (1.3)
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2 (t) + f(t,2(t), x(t — 1o (1)2'(t) + B(t)g(a(t — T1(t))) = p(t), (1.4)
and

2'(t) + f(=z +Zﬁg (x(t — (1) = p(t) (1.5)

have been studied. The main technique used in these works is to convert the problem into the
abstract form Lx = Nz, with L being a non-invertible linear operator. Here, the crux is that
the leading terms of these equations, that is, the 1-dimensional Laplacian x”(t), are linear in the
unknown function x so that Mawhin’s continuation theorem [6] applies and existence of solutions
follows.

Now as the p-Laplacian of a function comes frequently into play in many practical situations (for
example, it is used to describe fluid mechanical and nonlinear elastic mechanical phenomena), it is
natural to try and consider the existence of solutions of p-Laplacian equations, that is, differential
equations with leading term being a p-Laplacian (¢, (z'(t)))’, where p,(u) = |u[P~?u. Since z”(t) =
pa2(2'(t))’, p-Laplacians cover the usual Laplacian as a special case. So it should be interesting to
consider the aforesaid equations with z”(t) being replaced by (¢, (2'(t)))" and in fact there have
already been a few results for p-Laplacian equations, for example, see [4, 14] and references cited
there. But for the existence of solutions of p-Laplacian boundary value problems at resonance or
p-Laplacian differential equations with delay (or deviating argument), as far as we are aware of,
there have been little results until the very recent works in [2, 3, 7]. The major difficulty in this

!

direction is that except for p = 2, (¢,(2(t)))’ is no longer linear and so the usual technique of
using Mawhin’s continuation theorem does not apply directly. In order to get around with this
difficulty, Ge and Ren [7] obtained an extension of Mawhin’s continuation theorem and applied
it to boundary value problems with a p—Laplacian. At the same time, Cheung and Ren [2, 3]
designed a new technique of tackling the problem, namely, to translate the p-Laplacian equation
into a two-dimensional system for which Mawhin’s continuation theorem can be applied.

On the other hand, as multi-delays exist naturally in most non-simple situations, such phe-
nomena are worth investigating. Recent results in this direction include [4, 5, 10, 12, 15]. In this

paper, following the line of Cheung-Ren in [2, 3] we consider the p-Laplacian differential equation

with multiple deviating arguments
(ep(@'(1)) + f(z +Zﬂg (@(t — ;1)) = e(t) , (1.6)

where p > 1 is a constant; ¢, : R — R, ¢,(u) = |u[P"?u is a one-dimensional p-Laplacian;
f, 9. e, B; € C(R,R), j = 1,2,--- ,n, are periodic with period T" > 0, fo s)ds = 0; and
v; € CHR,R) is periodic with period T > 0 for j = 1,2,---,n. Observe that (1.6) covers
equations (1.1), (1.2), (1.3), and (1.5) as special cases. By translating equation (1.6) into a 2-
dimensional system on which Mawhin’s continuation theorem applies, sufficient conditions for the
existence of periodic solutions of (1.6) are obtained. Note that this generalizes and improves some

existing results in [2], [8], and [10].



2. MAIN LEMMAS

In the sequel, let T > 0 be fixed. For k = 0,1, let CX(R,R) be the space of periodic C*
functions of R into R with period T. Equip C%(R,R) with norm | | by

= O] for all CE(R,R) .
|Blo r}lg‘cx]gctg(%lcb (t)] forall ¢ e CH(R,R)

Let Cr(R,R?) be the space of periodic C functions of R into R? with period T. Equip Cr(R,R?)

with norm || || by
l|z]| = max{|z1|o, |z2]o} for all x = (21,22) € Cr(R,R?) .

Clearly, both C%(R,R) and Cr (R, R?) are Banach spaces with these prescribed norms.

Let X and Y be real Banach spaces and L : D(L) C X — Y be a Fredholm operator with index
zero, here D(L) denotes the domain of L. This means that Im L is closed in Y and dim Ker L =
dim(Y/Im L) < +o0. Consider the complementary subspaces X; and Y7 such that X = Ker L& X,
andY =ImL®Yy,and let P: X — Ker L and @ : Y — Y7 be the natural projections. Clearly,
Ker LN (D(L) N X1) = {0}, thus the restriction Lp := L|p(r)nx, is invertible. Denote by K the
inverse of Lp.

Let © be an open bounded subset of X with D(L)NQ # ¢. A map N : Q — Y is said to be
L-compact in © if QN () is bounded and the operator K(I — Q)N : Q — X is compact.

The following preliminary results are needed in the derivation of our main theorems.

LEMMA 2.1 (Mawhin’s continuation theorem) [6] Let X and Y be Banach spaces, and
L:D(L) C X — Y be a Fredholm operator with index zero. Let £ C X be an open bounded set
and N : Q — Y be L-compact on Q. If

(1)Lx # ANz, Vz € 00N D(L), A € (0,1);

(2)Nz ¢ Im L,Yx € 00N Ker L; and

(3)deg{JQN,QN Ker L,0} # 0, where J : Im Q — Ker L is an isomorphism,
then the equation Lz = Nz has a solution in Q) D(L).

LEMMA 2.2 [11] Let 0 < o < T be a constant and s € Cr(R,R) with n%ax] |s(t)| < a. Then
t€[0,T

for any u € Ch(R,R), we have

T T
/ lu(t) — u(t — s(t))?dt < 2a2/ [/ (t)|2dt .
0 0

LEMMA 2.3 [10] Let g € Cr(R,R) and 7 € CH(R,R) with 7/ < 1. Then g(u(t)) € Cr(R,R),

where () is the inverse function of ¢ — 7(t).

In order to apply Mawhin’s continuation theorem to study the existence of T-periodic solutions

of equation (1.6), we denote by z1(t) = z(t) and z2(t) = ¢p(z}(¢)). Then we can rewrite the



equation into the following form

21(t) = @q(wa(t)) = [22(D)] T2 (1) 1)
zo(t) = — ; Bi()g(x1(t —7;(8))) = f(x1(t))pq(w2(t)) + €(t) '

where ¢ > 1 is a constant with % + % = 1. Clearly, if 2(t) = (21(t), 22(t)) " is a T-periodic solution
to equations (2.1), z1(¢) must be a T-periodic solution to equation (1.6). Thus, the problem of
finding a T-periodic solution for equation (1.6) reduces to finding one for equation (2.1).

Now, once and for all we set X =Y = Cr(R,R?) and define operators

./L'/
L:D(L)CX—Y, Ly=a=| "'

i

—~

Pq(T2)

N:X—-Y, Nzx= n
- J; Bi()g(@i(t =5 (1))) = f(21(8))pq(22(t)) + e(t)

It is easy to see that Ker L = R? and ImL = {y € Y : fOTy(s)ds = 0}. So L is a Fredholm
operator with index zero. Let P: X — Ker L and Q : Y — Im @ C R? be defined by

1 T 1 /7
Px:T/O x(s)ds ; Qy:?/o y(s)ds ,

and let K denote the inverse of L|xe, prp(r). Obviously, Ker L = Im Q = R? and

T
Klt) = | Gltoplds (2.2)
0
where
s 0<s<t<T
—, 0<t<s<T.

From (2.2), one easily sees that for any bounded open subset Q of X, N is L—compact on .

3. MAIN RESULTS

Throughout the paper, we assume that v; € Ch with 75 <1( =1,2,---,n). So for every
j=1,2,--- ,n, the function t—~;(t) has a unique inverse which we shall denote by f;(t). Moreover,

in order to simplify the presentation, we shall adopt the following notations.
I,:={1,2,---,n}, A, CI, asubset with m elements ,
G(z) ::/ g(s)ds ,
0
-1 /7
h = —/ h(s)ds, he Cr(R,R),
T Jo

T
|h|p:=(/ h(s)|Pds)», p>1, heCrRR),
0



Z ﬂa :“J

1 - ’yj /’[/] ))
Bi( ﬂj
el
JEA, ,y‘] M]

Note that T', ¥ € Cr(R,R).
Various combinations of the following hypotheses will be useful in the study of the existence of
T-periodic solutions to equation (1.6):

[Hy] Either I'(t) > 0 for all t € R or I'(t) < 0 for all t € R; and T # 0.
[H2] There is a constant d > 0 such that either ug(u) >0V |u| > d or ug(u) <0V |u| > d.

[H3] There is a constant ! > 0 such that
lg(ur) — g(ug)| <llug —ua|  Vuj,ug €R.

[Hy4] There is a constant r > 0 such that lim lg(w)] <r.
|u]—o0 \u|p*1

THEOREM 3.1 Suppose [H;] — [H3] hold and 3; € C1.(R,R), j € I,,. Moreover, if
(1) there is a constant o > 0 such that |f(s)] > o for all s e R ;
(2) there is an integer m; such that ~,(t) € [m;T — a;, m;T + o] for all t € [0,T7], j € I,,, where

Il +\/§l Z:L‘/BJ|OOLJ )
j=

a; is a constant satisfying 0 < a; <T and o > 3

then equation (1.6) has at least one T-periodic solution.

Proof: Consider the following operator equation

Lz =ANz, Xe(0,1). (3.1)
Let @y ={z € X :Lz=ANz, A€ (0,1)}. If z(¢) = =(f) € 4, then from (3.1) we have
Jiz(t)
2i(t) = Apg(w2(t)) = Aaz(t)|" *z2(t) 52)
72(t) = AL Bi(g(lt —75(1)) = M (@1(8)pq(@a(t)) + Ae(t) - '

From the first equation of (3.2), we have z3(t) = ¢,(3/(t)), which together with the second

equation of (3.2) yields

[«pp(ixi(t))}/ + [ ()21 (6) + A Y Bi(g(wa(t — (1)) = Ke(t) ,

(o (&4 (0)]) + X1 @ () (0) + APZ@ garlt— () = Ne(®) . (33)
Integrating both sides of (3.3) over [0, 7], we get
> [, e =m0, (3.4



By Lemma 2.3, 8;(x;(t))/{1 — v;(n;(t))} is a periodic function with period T". So

VD)
J

1))9@1(”)(#:/0 ﬁj(uj(lt)z5

| ot —asema = [ o

o L= g1 (t))dt .

(3.5)
Thus (3.4) can be reduced to
T
| rgtanar=o
0

which means that there is a constant £ € [0, 7] such that

9@ ()T =0.

In view of T # 0, we get g(z1(£)) = 0. By [Ha), it is easy to see that |z1(£)| < d. Hence
T
1o < d+/ 12, (s)|ds - (3.6)
0

On the other hand, multiplying both sides of equation (3.3) by 2] (¢) and integrating over [0, T7,

we have
T . T , n T
/0 [op(@1 (1)) 21 ()dt + A /O f(@1 (1)) [ (8)]7dt + A ;/O Bi(t)g(@1(t — ;1)) (¢)dt

Y / " ) (1)t

If we write w(t) = ¢, (2} (t)), then
T T
[ a0 = [ egwiden o
0 0
which together with (3.7) and the fact that A € (0, 1) yields
T n T T
[ re@oral < \; | sgee—onsiwal+| [ cwsoal. s
Furthermore, from condition (1), we see that
T T T
o [ i< [ olsora = | [ o o).
So we have from (3.8) that
T n T T
o [ P < > | g —onawa]+| [ codwa. 6o
In view of [H3] and using integration by parts, we find from (3.9) that
T
R

0
E g / B0l 0)2 (0| + ig / CB(0lg(a(0) - ot - r(O))er (0] + | / e

IN

IN

T n n T T
n ICLEROL W | i Ollea(®) = arte = sy el + Ielo [0l

6



(3.10)

By [Ha], there is a constant ¢ € [—d,d] such that g({) = 0. Then, by the definition of G(z), we

have

cwote = | [ o,

ZEl(t

]/ ()las|,
Il(t

z‘/ |s—<|ds
0 0

|z1]o
[ s

1
§l|x1|3 + ld|z1]o -

IN

IA

IN

IN

It follows that
1
(§l|x1|3 + 1d|z10) - (3.11)

‘ /OT i ﬁé(t)G(ml(t))dt‘ <

On the other hand, as «,(t) € [m;T — a;,m;T + «;] for all t € [0,T], if we denote by s; =

v;(t) — m;T, we have |s;| < o for all j € I,,. Hence by Lemma 2.2, we have

Jo 25 @®)ler(®) = 21(t = (1))t

Jo 12 Ollza (1) — 2 (t = (1)) dt
< (fy @A (f Jea(t) = wa(t — s;(2))[2db)®
< \fa] fo |2 (1)|%dt .

Therefore,

n T
Zlﬁg\o / 1 )Hxl(t)—xl(t—w(t))ldtﬁ\/ilZ\ﬂjloaj/o e () dt - (3.12)
j=1
Substituting (3.11) and (3.12) into (3.10), we have
T 1 T n T n
U/O 2 (1) Pdt < 5 ; 1+\e|0/0 |x;(t)|dt+\/§z2|ﬁj|oaj/o \m’l(t)|2dt+ld‘Zﬂ;’1|x1|0.
j=1 j=1

(3.13)

Substituting (3.6) into (3.13) and by Holder’s inequality, we get
T
Ufo |$/1(t)|2dt
n n T 1 n
<i(3] S| THvIS Bilocs ) Jo 1 (1) 2de + T (21d] >
J= J= Jj=

3

5 ),

T \e|0> (fo |24 (t) |2dt>% + 8142
(3.14)

By assumption (2), it is easy to see from above that there is a constant Ry > 0, independent of A,

such that
T
[ ehorar< o
0

It follows from (3.6) and Holder’s inequality that

|931|0 S d + Tl/ZRé =: M1 . (315)



By the first equation of (3.2), we have

T
/ |2(5)|72a2(s)ds = 0,
0

which implies that there is a constant to € [0,T] such that z2(t2) = 0. So

to T
22lo < / jh(s)|ds < / y(s)ds

By the two equations of (3.2) and Holder’s inequality, we obtain

T n T
/0 |25(s)|ds < /\ZlﬁjlongT”L’\/o [f(@1())llw2(s)*" ds + Ale]s

j=1
n T
= /\ZlﬁjlogM1T+/ |f(z1(s)) |2 (s)|ds + Ale|y
j=1 0
< S 18ilogan T + | £1T 2Ry + fely .
j=1
h = . S h
where gy, \s|m§a1\)§1 lg(s)]. So we have
n
[walo < 3 18logan, T + | floT /2By + el =: M, . (3.16)
j=1

Let Qo = {z € KerL : Nz € ImL}. If z € Qo, then x € Ker L and QNz = 0. By the

assumption that foT e(t)dt = 0, we see that

|$2|q_2$2 =0

é Big(x1) =0. (3.17)

So g = 0 < M;. At the same time, from the proof of Lemma 2.3, we find that u;(T) =
T+ 1;(0), j € I,. So

P on) O s
/O 1= ’Y;(ﬂj(s))ds B /le(O) 1— ’Y;»(t) (1 'Yj(t))dt =Tp; ,

which yields Y 8; =T # 0 by [Hi]. So by (3.17), we have
j=1

g(z1)=0.

By [H2]7

|l‘1‘§d§M1

Now let Q = {z = (21,72)" € X : |z1]o < Ny, |z2)0 < N2}, where Ny and N, are constants
with Ny > My, Ny > M, and (N3)? > dgq, where gq := mi)é'g(u” Then Q; C Q, Qs C Q. From
(3.10), (3.11) and the above, it is easy to see that conditions (1) and (2) of Lemma 2.1 are satisfied.

Next, we claim that condition (3) of Lemma 2.1 is also satisfied. For this, define the isomorphism
J:Im @Q — Ker L by

(x2, 1) if 3 Bjug(u) <0 for |u| >d

— j=1
J(:L’l,CCQ) = n
(—z9,z1) if > Bjug(u) > 0 for |u| > d,



and let H(v,p) = pv + ”JQNU (v,pu) € Q x [0,1]. By simple calculation, we obtain, for
(x,u) € 0(Q2N KerL) x [0,1],

ug(u) < 0 for |ul > d

-

Il
-

e H(z,p) = !

p(rd +23) + (= 21 19(z1) + [z2|?) >0 if
B; iug(u) > 0 for |u| > d .

-

plat +3) + (i niglen) +lasl) >0 i 3

J

Obviously, =" H(z, u) # 0 for (z,u) € (2N KerL) x [0,1]. Hence

deg{JQN,QN KerL,0} = deg{H(z,0),Q2N KerL,0}
= deg{H(z,1),QN KerL,0} = deg{I,QN KerL,0}

£ 0,

and so condition (3) of Lemma 2.1 is satisfied.

Therefore, by Lemma 2.1, we conclude that equation
Lx = Nx

has a solution z(t) = (z1(t),22(¢)) " on €, i.e., equation (1.6) has a T-periodic solution z1(t) with

|z1]lo < M;. This completes the proof of Theorem 3.1. O

REMARK 3.1 (i) Incasen =1 and §; =1, Theorem 3.1 reduces to Theorem 3.1 in [2].
(ii) Similarly, Theorem 3.1 is a generalization of Theorem 1 in [10]. Moreover, assumption (2) in
the former is considerably weaker than the corresponding one in the latter, which reads “there is
an integer m; such that v;(t) € [m;T — a;,m;T + o] for all t € [0,T], j € I, where ; is a

VRS Blo(1+ ey

n
constant satisfying 0 < a; < T and o > %Tl‘ > 5;
j=1

j=1
THEOREM 3.2 If [H;], [Hs] and [Hy] hold, and if
(1) vTPr < 1;
(2) vj(t) =k;T for je I, —Ap,and > B;(t)ug(u) <0 for |u| > d,
jejn_A'm
then equation (1.6) has at least one T-periodic solution.
: 1 (t)
PROOF: Let 1 be defined as in Theorem 3.1. If z(¢t) = ( ) € 4, then from the proof
(1)
of Theorem 3.1 we see that
(@ @) + X7 (a8 () + A7 Zﬁ; gl (t = (1) = Ne(t) ,  (3.18)
and
T
|z1]0 < d+/ |z (s)|ds . (3.19)
0

Multiplying both sides of equation (3.18) by z1(t) and integrating over [0, 7], we have

I3 Len@h @) a0t 43071 [ 2 0) G ()4 O+ 37 55 [ 3500 = 50

= W [y (te(t)dt .
(3.20)



In view of foT x1(t) f(z1(8))z (t)dt = 0 and fg[cpp(x’l(t))]' fo |z (t)[Pdt, it follows from
(3.20) that

fo |:L'1 )|Pdt
= W ; Jo Bi (g1 (t — 75 ())ar ()dt — N [ a1 (t)e(t)dt

< I A= OO~ [ a0
- ¥ foTﬂj(t)g(xl(t—w(t))) (Bt~ [ wr(@ele+ T [T (090 (6~ 25(0))n (0

JEAm JE€In—Am
= 2 Jo 8Ost = O)aOdt = J ma@edt+ T fy GO Bale0)dt
e e (3.21)
Let By ={t €[0,T]: |u(t)] >d}, Ea ={t €[0,T]: |u(t)| <d}. By assumption (2),
/ Z ﬁ] z1(t)g(x1(2))dt <0 .
Er jer,—
Hence (3.21) can be reduced into
fo | (¢)[Pdt
< 2 Jy Bt =i )ar )t — fy a(Bet)dt
+ /i, - ZEA Bi(t)z1(t)g(a1(t))dt + [4, o ZA Bi(t)z1(t)g (w1 (t))dt
< lnbfy 3 e Oy, S B Onate )i [ rend
< aalo fy [2(®)|g(@i(t))]dt+T _EIEEA |Bjlodga + |z1olef1 -
o (3.22)

By assumption (1), we easily see that there is a constant £ > 0, independent of A, such that
UTP(r4+e)<1. (3.23)

For such a constant e, we have by assumption [Hy] that there is a constant p > d, independent of
A, such that
lg(u)| < (r+e)|ulP~ for ju| > p . (3.24)

Let E5 = {t € [0,T]: |u(t)] < p} and Eq = {t € [0,T] : |u(t)] > p}. Then by (3.22), (3.24), and
(3.19),

fo |l () |Pdt
< lwilo [g, [Y@Ilg(z1(@®)ldt + [z1lo [, [Y@)]g(z1(2))|dt + T IEA |Bjlodga + [z 1]olelx
€I —Am
< Gl Phlzilo + (r+)TPaa|§ +T 3 |Bjlodga + |z1lolels
jeln_Anl
= (r+e)TVz1[§ + (9,91 + le[)]z1lo + T ZA 1Bjlodga
JE€EIn—Am
< (TR J3 | Ol + (0,121 + le) J 1240t + | ¥ad + [ehd +T 3 |8,lodga
jel, m
(3.25)
We claim that there exists a constant M; > 0 such that
|z1]o < My . (3.26)

10



Case 1. If fOT |77 (s)|ds = 0, then by (3.19), |z1|o < d.
Case 2. I [ [#}(s)|ds > 0, then by (3.19),

[d+/0 |x'1(s)|ds]”= (/O |x’1(s)|ds)p[1+ﬂd8)|d8r. (3.27)

o |21(

By elementary analysis, there is a constant h > 0, independent of A, such that

(I4+2)P <1+ 1Q+pax VYze(0,h]. (3.28)

d

If ————— > h, then
IEAOIE

T
[ 1eb@)lds <am.
0
and so by (3.19),

I W < h, by (3.27) and (3.28), we have
[d+/OT |:c’1(s)|dsr
T P (p+1)d
(/0 4 (5) s [1+M}

(/ 5 (6)lds)” + o+ 1) / e olds)”

T T
71 [ o s)Pds + (oot 1ar® ([ e s)eds)
0 0

IN

1/q

IN

(3.30)

Substituting (3.30) into (3.25), we obtain

T
/ ! (1)t
0

B T B T 1/q
< (r+ 5)T1+p/q\11/ |21 (s)|Pds + (r +e)(p + 1)dT(p+q_1)/q\IJ(/ |z (s)|pds> +
0 0

T 1/p
ool + 1] 7V2( [ et (o)rds) "+ g e +lehd +T Y 1Blodgs
0 .
JEIL—Am

B T B T 1/
- (r—i—s)T”\I// |x’1(s)\pds+(r+€)(p+l)dT(p“’l)/q\I/(/ e (s)lPds) "+
0 0

T 1/p
oW+ el ( [ 15 0Pds) g el +lehd + T ST [Bloda
0 .
]eln_Afn

(3.31)

In view of % <1, % < 1,and UTP(r+e¢) < 1, it follows that there is a constant My > 0, independent

of A, such that fOT |} (t)[Pdt < My, which together with (3.19) yields
lz1lo < d+TY9(M)'/P . (3.32)

This completes the proof of the claim and the rest of the proof of the theorem is identical to that
of Theorem 3.1. 0

11



REMARK 3.2 In case p =2, Theorem 3.2 reduces to Theorem 3 in [10].

We conclude by applying the above results to a simple p-Laplacian equation with 2 delays.

EXAMPLE 3.2 Consider the equation

(p(@' (1)) + (6 +22(t))2’ (t) + (1 + %sin t)x(t — %COS t) — %Sintu(t —2m) =2sint, (3.33)

where p, § are constants with p > 1 and ¢ > 0.

Comparing with Theorem 3.1, we have n = 2, 0 = 0, 51(t) = 1 + %sint, Ba(t) = —3sint,
Y1(t) = & cost, y2(t) = 2, e(t) = 2sint, | =1, T = 2w, ay = 3, as = 0. Let u(t) be the inverse of
function ¢t — % cost, we have

1 1+ 2sinp(t
D) = — L sing + 250D

1
=1——sint>0
2 1+ 3 sin pu(t) 2

and

i1 3 8
=1

1

T V2 Zl 1Bjloc
Jj=

Bi + B35
= ﬁ’ﬁl’oal
_ 32

Yt

) + ﬁ‘ﬁl’oal + \@‘52‘00!2

In view of Theorem 3.1, for every p > 1, (3.33) has at least one 27-periodic solution when § > %.
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