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Abstract

We consider a system of focal boundary value problems where the nonlinearities may be singular in the
independent variable and may also be singular in the dependent arguments. Using Schauder fixed point
theorem, we establish criteria such that the system of boundary value problems has at least one fixed-sign
solution.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper we shall consider the following system of focal boundary value problems:

(=DM =P "™ (1) = fi(t,a(t)), ae.tel0,1],
() e L
) ui.(O)—O, 0<j<pi—1, (F)
uEJ)(l)IO, pis<js<m;—1,
i=1,2,...,n,
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where

ugml—l) u(mz—l) 3 M =1)

~ /
M:(M],Ml,..., ,l/tz,..., 2 ,...,l/tn,..., n ).

Foreach 1 <i <n,m; >2and 1 < p; <m; — 1 are fixed. The nonlinearities f;, 1 <i < n,
in (F) may be singular in the independent variable and may also be singular at uf’ ) = 0 where
jef{0,1,...,mj —1}andi €{1,2,...,n}.

By using Schauder fixed point theorem, we shall develop existence criteria for a fixed-sign
solution of the above system. A solution u = (u1, uz, ..., u,) of (F) is said to be of fixed sign if
foreach 1 <i <n, G;u;(t) >0fort € [0, 1], where §; € {1, —1} is fixed. We remark that positive
solution is a special case of fixed-sign solution when 6; =1 for all 1 <i < n.

The importance of boundary value problems, both from a theoretical perspective as well as
for their applications in the physical and engineering sciences, has been well documented in the
literature; see, for example, the work [1,5,10,11] and references cited therein. In particular, focal
boundary value problems have received a lot of attention in the literature, the reader is referred to
[2,7,12,19,20] and references therein. However, there are only a handful of papers in the literature

[3,4,6,8,9,13—18] that focus on singular boundary value problems. For instance, a particular case
of (F)

y'(@)+ f(t, y(®),y' @) =0, ae.r€[0,1],
y(0)=y(1)=0 (1.1)

has been discussed in [3], and the existence of a positive solution is established. In [13,14], by
using concavity properties, iterations and a fixed point theorem for operators which are decreas-
ing with respect to a cone in a Banach space, the existence of a positive solution is established
for the following singular boundary value problems:

(D" *yD @y = f(r, y(0)), te©1),

yD0)=0, 0<i<k—1, yP0)=0, 0<j<n—k—1, (1.2)
where 1 <k <n—11s fixed; and

(=D *y™ @)y = f(t,y(0), 1€(0,1),

yP0)=0, 0<i<k—-1, YV0)=0, g<j<n—k+qg-1, (1.3)

where | <k<n—1and0 < g < k—1 are fixed. In both (1.2) and (1.3), f (¢, x) has a singularity
at x = 0 and is decreasing in x. Using another technique which involves the method of a priori
estimates, the degree theory arguments and the Vitali convergence theorem, the following higher-
order singular boundary value problems have been shown to possess a positive solution in [4,16]:

—y "M@y = f(t, 1),y (@), ....y" V@), telo,1],

yD0)=0, 0<j<m-2, yP(1)=0, 1<p<m—1isfixed, (1.4)
where f(t, xg, X1, ..., Xu—1) can be singular at x; =0, 0 <i <m — 2, butnot at x,,,_1 =0;

=Dy @y = f(t, 1),y (©),...,y®"72@®), relo,1],

y@0)=y®(1)=0, 0<j<m—1, (1.5)

where f(t, X0, X1, - - -, X2;m—2) can be singular at x; =0, 0 <i < 2m — 2; and
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(=D"y@m D@y = f(t, y(0), Y (1), ..., y* (@), t€]0,1],
yem©) =0, y*0)=y?(1)=0, 0<j<m—1, (1.6)

where f(t, X0, X1, - ., X2;;) can be singular at x; =0, 0 <i < 2m.

Our present work obviously generalizes (1.1)—(1.6) to systems. In addition, we have also gen-
eralized the problem (1.1) to higher-order and more general boundary conditions. By using a
different technique involving Schauder fixed point theorem, we obtain the existence of fixed-sign
solutions, which include positive solutions as special case. Moreover, our criteria are easily veri-
fiable and do not require the monotonicity condition on the nonlinear terms (which is needed in
(1.2) and (1.3)). Our results thus extend, improve and complement those in the literature.

The paper is outlined as follows. In Section 2 we shall state the necessary fixed point theorem.
The existence results for a fixed-sign solution of the system (F) are established, and illustrated
by examples, in Sections 3 and 4, respectively.

2. Preliminaries

Theorem 2.1 (Schauder fixed point theorem). Let K be a closed, convex subset of a normed
linear space E. Then every compact and continuous map S: K — K has at least one fixed point.

We also require a compactness criterion.

Theorem 2.2 (ArZela—Ascoli theorem). Let M C C[0,T). If M is uniformly bounded and
equicontinuous, then M is relatively compact in C[0, T].

3. Main results

In this section we shall develop existence criteria for the system (F) where the nonlinearities
fi(t,ii), 1 <i <n,maybe singularat u’ =0, j €{0,1,...,m; —1},i €{1,2,...,n}, and may
also be singular in ¢ at some subset £2 of [0, 1] with measure zero. We shall seek a fixed-sign
solution of (F) in the space C"™1~ 10, 1] x C"™~1[0,1] x --- x C"™~1[0, 1].

Let g; (¢, s) be the Green’s function of the boundary value problem
y" () =0, 1el0,1],
WO =0 0<j<p—1.  yWD)=0 p<j<mi—1L

It is known that 5, p. 211]

S ! Pl kgl 0L s <<, o
gi(t,s) = —— S :
l (mi = D! | =t (i ik (st 0<r<s <L,
and for (z,s) € [0, 1] x [0, 1],
9/
(—1)mi_piﬁgi(f,s) >0, 0<j<p —1,
! (3.2)

- mi—ji. > < i< m —
(=1 atjgz(f,s)/(), Pixj]xm; 1.
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Lemma 3.1 Let N; = {0, 1,...,m; — 1} and g (t,5) = 2 gi(t.5). The following hold for
(t,s) €[0, 1] x [0, 1]:
@ o< (=" < ()M (1s), 0< < pi— 1, (3.3)
and
(=1 PigD (1, 5)| = (=1)/ 7P (=1~ PigP sz, 5)
<=0 Pig?,5)|, pi<j<mi—1. (3.4)
Combining (3.3) and (3.4) gives
(=1 P, )]
< v;j(s)
[ EpmimrgPLs),  0<i<pi—1,
| iEnmrig D0, pi<i<mi—1,

. L i—j—1 mi—j—1 i—Jj—k— 1
_{((m',-_lj—l)! imo’ (") om0 <pi - 1,

1 mi—j—1 . (3-5)
ms’] ) pis<jsm;—1
) (=1 Pig"(t,5)>0for j € N and (—1y"~Pig® (1,5) <0 for k € N, where
Ni+=({0,1,...,pi}U{pi+2,pi—|—4,...})ﬂNi
and
N”={pi+1,pi+3,.. )N N;.
Clearly, N; = NZ-Jr UN,".
Proof. From (3.1) we find for0< j <m; — 1,
i—1 mi— ) tk—j j—k—
A e T e GO L
() 0<s<r<1,
g (t,8)= — N 1 N () 1 (3.6)
i = DML = g (" R et
0<r<s«l,
where k) =k(k =1)--- (k — j + 1) (with k9 = 1). Rewriting (3.6) gives
i—Jj—1 mi—j— i —J—k—
IIS:OJ (m k] 1)tk(_s)m, j—k 1’
' 1 0<s<r<,
819 = ———— ’ 3.1

— i —1) mi—j—1 i—Jj—1\,k i—j—k—1
(m; — j — D! _Zk:max{o,pi—j} (m kJ )t (=)™ ’

0<r<s<1.

Since from (3.2) we have

()" Pig(t,5) >0, 0<j<pi,
it is clear that (3.3) follows for (¢, s) € [0, 1] x [0, 1].
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Next, from (3.2) again we get

(—1)"i=PigP (i) =0 and (=1 PigPt V(1,5 <0, (t,5) €[0,1]x [0, 1].
Thus,

0< (=)™ ~PigP(r 5) < (1™~ PiglP(0,5),  (1.5) €[0,1] x [0, 1].
Continuing further from (3.2), we have

(—1)"i=PigP T 5y <0 and (=)™ PigP TP (1 5) >0, (1,8) €[0,1]1x [0, 1].
Hence,

(=1 PigiP D 1 sy = — (=)™ PPV (1, 5) < (=1 gD (0, 5)

<

Proceeding in a similar manner, we see that for every p; < j < m; — 1 the inequality (3.4) is

true.
The explicit expression in (3.5) follows from (3.7). Part (b) is also now immediate. O

Throughout we shall denote

u= Wy, uy,...,uy),

- 4 » )
u:(ul’u/l""’uiml ),uz,...,ugmz ),...,I,{n’.__’uflmn 1)),

X = (X100 X1, 1 - s X1my—1sX2,00 -« s X2 mp—Tse v s X,05 « -+ » Xpmy—1)s

where x; ;’s are real numbers, and foreach 0 < j <m; —l and 1 <i <n,

i = (ui, u, ...,u(m"_l)),

l
Xi = (X000 Xi, 1 s Ximi—1),
(0,00), ifi=1, jeNtor6=—1, jeN ,
(0, 00)ij = . DL .
(=00,0), if;=—1, jeN" orty=1, jeN;.

The definition of [0, 00);; is similar.

Theorem 3.1. For each 1 < i < n, let 0; € {1, —1} be fixed and the following conditions be
satisfied:

(Cl) f;i:[0,1] x ]_['}:1 r[km;'gl(o, 00) jk = R, where t — fi(t,X) is measurable for all X €

[Ti= ]_[ZZ(;I(O, 00) jk, and X +> f;(t, X) is continuous for a.e. t € (0, 1);
(C2) for any r > 0, there exists h,;:[0,1] = R, h,;(t) > 0 for a.e. t € [0,1], h,; € L0, 1]
such that forall |x; | € (0,r], 0<k<m; — 1,1 < j<n,

0; fi(t,x) = hi(t) forae.tel0,1];

(C3) for any r > 0, with [y |8 (t.9)hyj(s)ds <r for t €[0,1], 0 <k <mj — 1 and

1 < j < n, there exists Hy;:[0,1] = R, H,;(t) >0 for ae. t €[0,1], H,; € LI[O, 1]
such that
0; fi(t,X) < Hy; (1)
k

forae.t€[0,1]and |xj x| €[ [ |g§. Yt 5) |y j(s)ds, P, 0<k<m;—1,1<j<n;
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(C4) there exists M; > 0 such that fort € [0, 1] and 0 < j <m; — 1,

1 1
M; >/\g§”(r,s>}HM,.,i(s>ds >f|g§”(r,s)\hM,.,,-(s>ds.
0 0

Then, (F) has a fixed-sign solution u € C™ 710, 11 x C™271[0, 1] x - - - x C"™~1[0, 1] such that
fora.e.t €[0,1]and any 1 <i <n,

Gl (1) >0 forall je Nt and 6,u¥(t)<0 forallkeN;. (3.8)

Proof. To begin, we define a closed convex subset of B = C™~1[0, 1] x C™271[0,1] x --- x
Cc™=1[0,1] as

Dz{ueB

1
/ (1) =P gD (1, 5) Hyg, 1 (s) ds
0
1
>0 (1) > / (=1 gD (1] g, 1 (s) s > 0
0
1
and / (—1)"i=Pig® (1, ) Hyy i (5) ds
0

1
<6u® (1) < f (=" =P g® (1, Yy, i (s) ds <O
0

fort €[0,1], je N, ke N, 1<i<n}
:{ueB

Note that the second equality follows from Lemma 3.1(b).
Let the operator S: D — B be defined by

1 1
/|g§f)(t,s)|HMi,,~(s)ds > [0 ()] > /}gfj’(t,s)thi,i(s)ds
0 0

fort €[0,1], 0< j <m; — 1, 1<i<n}.

Su(t) = (S1u@), Su(t), ..., Su(@)), te[0,1], (3.9)
where
1
Sl-u(t)=/(—1)mi_pigi(t,s)fi(s,L?(s))ds, tel0,1], 1<i<n. (3.10)
0

Clearly, a fixed point of the operator S is a solution of the system (F). Indeed, a fixed point of S
obtained in D will be a fixed-sign solution of the system (F).
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First we shall show that S maps D into D. Let u € D. By (C4) it is clear that

/|gl(J)(t )| Hy, i (s)ds > 6;u? ()| > /|g(”(z )i (s)ds > 0,

a.e.te[(),l], 0<j<m—1,1<i<n.
Hence, it follows from (C2) that
0; fi(t, i) > hpy, i (), ae.tel0,1], 1<i<n.

In view of Lemma 3.1(b), we find

1 1

16;(Si) P (1) | = / 16 (1, 5)[6: fi (s, ii(s)) ds > f 61, 5) Ao (s) ds,
0 0
tel0,11,0<j<mi—1, 1<i <n.

Also, from (C3) and (3.11) we have
0 fi(t,u) < Hy, i (1), ae.te[0,1], 1<i<n,

and so

16 (Si) D ()| = /lgf”(r )6 fi (s, () d ]|gf”<t $)|Hy, i (s) ds,

te[O,l],Oéjgm, 1, 1 <i<n.

Having obtained (3.13) and (3.15), we have shown that S: D — D.

857

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

Next, we shall prove that §: D — D is continuous. Let {x*} be a sequence in D and u* — u

in B. Then, applying (3.5) we find fort € [0, 1], 0< j <m; — 1 and 1 <i <n,

1
|(Siu*) " (1) = (Si) P (1)] < /\g§’><t,s)| | fi(s. @5 (9)) = fi(s. ()| ds
0

1

< [l a6 i ©) - Ailao)|ds

0

<2( sup Vij(s)> Hyy, i(s)ds < o0.
s€[0,1]

Thus, together with (C1), the Lebesgue dominated convergence theorem gives for each 0

m; —land 1 <i <n,
1

tel0,1] 2

as k — oo. Hence, S is continuous.

sup |(Siu®) (1) = (Siuw) D (1)) </u,~j(s)\ﬁ(s,zz"(s)) — fi(s,ii(s))|ds —> 0

ST S
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Finally, we shall check that §: D — D is compact. Let u € D. Then, by (3.14) and (C4) we

have

te[0,1]

Now, let ¢, ¢" € [0, 1] with ¢’ < ¢. Using the expression (3.7), we obtain for 0
1<i<n,

|80 @) = (S0P ()] - (m = j = D!

! pi—j—1 R ;
(o s
<m,' —Jj— 1)tk(—s)mi_j_k_lﬁ(s’ ﬁ(s)) ds
pi—j—1 R ;
- f 2 (m ¢ 1)<r/)"(—s>mf‘f”“1ﬁ(s’ i(s)) ds
0
k
ropi—j i
</ 3 (m,- —Jj- 1>Sm,»—j—k—1 [ — )16, fi (s, i(s)) ds
< k tJ1 ’
o k=0
[ opi—j—1 N .
E e s

I om—j—1 i .
B et

5 k=max{0,p; —j}

Loomi—j-1 i
+/ 5 (m, k] 1)smi—j—k—1[,k_(t/)"]eif,-(s,ﬂ(s))ds

k=max{0, p;—j}

-1

Z (ml —k]—1> mi—j—k— 1[ — (" ]HM i(s)ds

k=0

/pl
0

I pi—j— i
i .
+f Z (ml kj )Smi_j_k_lHMi’i(s)ds
t/

(””i —j- 1)(ﬂ)k<—s>mi‘f‘k‘1ﬁ(& i(s)) ds

SIS

sup |(S u)(])(t)| < sup /|gfj)(t S)‘HM i(s)ds<M;, 0<j<mi—1, 1<i<n.

m; — 1 and
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it m; —j—1
/ Z ( i k] )Smi_j_k_lHMi,i(S)dS

o k=max{0,p;—j}

mi—j—1 .

i1 )

+ > (m’ k] )sm"_/_k_l[tk—(t/)k]HMi,i(s)ds—M)
[ k=max{0, p; )

as ' — t. A similar argument also holds if ' > ¢. Now Theorem 2.2 guarantees that S is compact.
Hence, we conclude from Theorem 2.1 that S has a fixed point in D. The proof is com-
plete. O

Remark 3.1. In Theorem 3.1, the condition (C3) can be replaced by the following:

(C3Y for any r > 0 with [ g\ (t,8)|hyj(s)ds < r for 1 € [0,1], 0 <k <mj — 1 and

1<j<n,let
1
Xyl € [f\gﬁ“(r,s)\hr,j(s)ds,r},
0

0<k<m; —1, lgjgn}

H, (1) = sup{Qifi(f, x)

and assume H,; € L'[0, 1].

If f;,1<i <n,arenonsingular, i.e., f;:[0,1] x R™1+m2++m: _ R then by using a similar
argument as in Theorem 3.1, we obtain the following result.

Theorem 3.2. For each 1 <i < n, let 6; € {1, —1} be fixed and the following conditions be
satisfied.:
(C5) f;i:[0,1] x ]_[’}zl 1_[2261[0, 00) jk = R where t — f;(t,X) is measurable for all X €

]_[;’ lnmj_l 0, 00) jk, and X — f;(t, X) is continuous for a.e. t € (0, 1);
(C6) for any r > 0, there exists Hy;:[0,1] = R, H,;(t) > 0 for a.e. t € [0, 1], H,; e L0, 1]
such that forall |xj ;| €[0,r], 0<k<m; —1, 1< j<n,

0<6; fi(t,x) < H,;(t) foraetel0,1];
(C7) there exists M; > 0 such that fort € [0, 1] and 0 < j <m; — 1,

/|g(J)(t S)‘HM i(s)ds > 0.

Then, (F) has a fixed-sign solution u € C"™ 710, 1] x C"™71[0, 1] x --- x C"™ 10, 1] such that
foranyt e [0,1]landany 1 <i <n,

ou (1) =0 forall je N and 6,u® () <0 forallke N .
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Remark 3.2. Lemma 3.1(a) can be used to ‘simplify’ conditions (C4) and (C7). The easier-to-
check but stronger conditions are
(C4)" there exists M; > 0 such that for 0 < j <m; — 1,

1

M; > / vij(s)Hy, i (s)ds
0
and Hyy, i (s) = hy, i (s) forae. s € [0, 1],

and

(C7)" there exists M; > 0 such that for 0 < j <m; — 1,

1
M; >/vij(S)HM,-,i(S)dS > 0.
0
In fact, using (3.5) from (C4)" we get

1

1 1
M; > / vij () Hygyi(5) ds > / 189, 5)| Hut i (s) ds > f 1892, 5)|ag, 1 (5) ds,
0 0 0

tel0,1], 0< j <mj—1.

Hence, (C4)" implies (C4). Similarly, it can be easily seen that (C7)" implies (C7).

Theorem 3.3. Let 6; € {1, —1}, 1 <i < n, be fixed. For each 1 <i < n, suppose (C1) and (C2)
hold and the following conditions are satisfied:

(C8) for (t,%) € [0, 11 x [T'_; [Ty ' (0, 00)jx.

0 fi (1. %) < i) [ ey G)) + B (E)].

j=1
where p;:[0,1] = R, u;(t) > 0 for a.e. t € [0, 1], foreach 1 < j <n, aj >0, f; >0
. —1 _
are continuous on HZZ() (0,00) jk, and if a < |xj k| < b for some k € {0,1,...,m; — 1},
then
Oj(Xj05eens Vikby ooy Xjmi—1) Z 0 (Xj05 s Xjikseoos Xjmj—1)
>ij(xj,0,---,Vj,kb,...,xj’mj_])
and
Bi (K00 Vikts -y X =1) < B (.00 ey Xjiks ooy X —1)
< ﬁj(xj,o, e, J/j,kb, ... ,xj,mj—l),
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where
0;, ifkeNT,
YIk=1 -0, ifkeN;;
R l‘f S ] ;
(C9) forany constants cj >0,dj¢>0,0<k<p; —1,0<€<m; —1,1<j<n,
1 n
/,u,-(t){ Haj<yj,0[cj,otmj_1 +dj,0]’ )/j,l[Cj,ltmj—2 —|—dj,1], Ay,
0 j=1
Vj,Pj—l[Cj,Pj—ltmj_pj +dj»l’j_1]’ Vipidj.p; (1= nmimPitt

2

Vipj+1dj p1 (1 =) 7Pim2 J/j,m,—ldj,m,—l)}dt < 00;

(C10) there exists M; > O such that fort € [0, 1] and 0 < k <m; — 1,

n

1
k
M; >/|g,-( )(t,S)}Mf(S){ H[ﬁj()/j,oMi,VjJMi,...,)/j,m,-—lMi)
0

j=1

1 1
ta (yj,of}g,-<s,x>|hM,.,,~<x>dx,y,-,l/|g;~<s,x>\hMi,,-(x>dx,...,
0

0
1
—1
Vj,mj—1/|g§m/ )(s,x)‘hMi,j(x)dx>i|}ds
0

1
> / 1802, )|, i (5) dis.
0

Then, (F) has a fixed-sign solution u € C™ =10, 1] x C"™71[0,1] x --- x C"™ 1[0, 1] satisfy-
ing (3.8) fora.e. t € [0, 1] and any 1 <i < n.

Proof. We shall show that (C3) and (C4) are satisfied, then the conclusion will be immediate
from Theorem 3.1. Let 1 <i < n. In order to choose H,; which is described in (C3), we use

(C8) to obtain fora.e.£ € [0, 1], [xjul € [ fy 181 (t.9) Ay j()ds.r].0<k <mj—1,1<j<n,

n
0i fi(t, x) < wi(t) 1—[ |:,8j(yj,or, Yidls ooy Vimj—1T)

j=1
1 1

vy (yj,o/\gj(r,snhr,j(s)ds,yj,lf}g;-a,s)}hr,,-(s)ds,...,
0 0

1
1
yj,mj—1/|g§'mj )(I’S)|hr,j(s)ds)i|

0
— H,.(0). (3.16)
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Observed that we have picked H, ;(t) to be the right-hand side of (3.16). Hence, (C10) im-
plies (C4).

Now, (C3) is fulfilled if we can show that H,; € L0, 1]. To proceed, we shall first use (3.7)
and Lemma 3.1(b) to find for7 € [0, 1], 0 <k < pj —land 1 < j <n,

f\g(")(r $)|hr () ds - (mj —k —1)!

t

0
1 mj—k—1

+f Z (mj _Zk_ 1>t£(_s)mj—k—£—l
:pj—k

pj—k—1

Z (””j _Ek - 1)t£(_s)mj—k—€—l

£=0

hy j(s)ds

hyj(s)ds

;1L

L1pj—k=1 mi—k—f—1
_mj—k— 1/ Z ( —k—l)(_) y e 1 (5) ds
o | =0 !
mj—k—l
mi; —k—1 e 4
+ Y ( / ) )zﬂ(—s)m-/ U, () ds. (3.17)
€=pj—k

For the first integral in (3.17), we see that

Pji—l m;—k—1\ [ —s mj—k—z—lh )
/ p r,j A A
£=0
tpj—k—l
—k—1
gf Y (mf ) )hr,j(s)ds—>0

as t — 0T1. Hence, this integral extends to a continuous function on [0, 1], and there exists some
constant a; x > 0 such that

pjik:_l (mJ ke — 1) (_S>mj—k—ﬁ—l
— 14 t

Further, for the second integral in (3.17), it is clear that

hej(s)ds>aj; >0, tel0,1]. (3.18)

Limj—k=1
" mj—k—1Y , mj—k—t—1
' ¢ t7(—s)" hy j(s)ds
¢ 1t=pj—k
1m:—k—1
< " rnj——k-— 1 h d
<l X . rj(s)ds =0
1 t=pj—k

as t — 17 . Therefore, this integral also extends to a continuous function on [0, 1], and there
exists some constant b; x > 0 such that
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mj—k—l

Z (mj _gk - 1)tz(_s)mj—k—z—1

t=pj—k

Using (3.18) and (3.19) in (3.17), we find

hyj(s)ds >bjx>0, te[0,1]. (3.19)

Ot 5)|hy,j(s)ds| = f 1850 )|y j () ds > cjt™ 1+ dj,

0
te[O 1, 0Sk<pj—1,1<j<n, (3.20)

aj bji
Wherecjk_—( D1 andd]k_—(m B

Next, for t € [0 1], pj <k<mj—1land 1< j<n,using (3.7) and Lemma 3.1(b) again we
obtain

/|g(")(t $)|hrj(s)ds - (mj —k —1)!

mj—k—1

_ Z (mj _Ek — 1>t£(_s)mj—k—€—1 hr,j(s) ds
=0
:/\(z — )"k n, i(s)ds
t
F g\ ikl
—=(1 —t)mi_k—1/<1 _t) hyj(s)ds. (3.21)

t

Since

1 r—1 1
s—t\" T
/(l—t) hr,j(s)dsgv/hnj(s)ds—)o
t t

as t — 17, this integral extends to a continuous function on [0, 1], and there exists some constant
lj x > 0 such that

1

§—t mj—k—l
/( ) hyj(s)ds =1 >0, 1el0,1]. (3.22)
t

1 —1t

Using (3.22) in (3.21), we get

/ 181, 9)| Ay, (s) ds

_,/|8(k)(l S)|hr](s)ds >dj(l -t

tel0,11, pj<k<m;—1, 1<j<n, (3.23)

[
where d k= (milfl)'



864 W.-S. Cheung, P.J.Y. Wong / J. Math. Anal. Appl. 329 (2007) 851-869

Having obtained (3.20) and (3.23), it follows from the definition of H, ;(¢) in (3.16) that

n
H, i (1) < i (1) H[ﬁj()/j,or’ Yidls s ¥Yim;—17)
j=1
+aj(violeso™ ™ +djol via[ejat™ T+ djal.

. . mj—p;j . . . _mj—pj—1
Vj,pj—l[cj,pj—lt ! ""dj,pj—l]’yj,pjdj,pj(l IR

mij—p;—2
Vipj+1djpj+1(1 —)"I=PIm=

e L'[0,1] (by (C9)).

cos Vimj—1djm;—1)]

This completes the proof. O

Remark 3.3. Once again in view of Lemma 3.1(a), the condition (C10) can be replaced by the
following, which is easier to check but stronger:

(C10) there exists M; > 0 such that for 0 <k <m; — 1,

1 n

M, >fwk(S)/Li(S){ n[ﬁj(yj,oMi,Vj,1Mi,...,)/j,m,-—1Mi)

0 j=1
1 |

+de@0/hﬁ@&ﬂhMJCﬂd%}%E/@ﬂﬁx”hMJCUdL-u,
0 0
1

mi—1
Vj,mj—lf‘g; ! )(s,X)|hM,~,j(X)dX)“ds

0

and

=

Mi(S){ |::3j(Vj,0Mian,1Mi,~--,Vj,mj—1Mi)
i=1
1 1
+®<Wqﬂ&@JWWm@MMW{ﬂ%@JWWM@MLnq
0 0

1
—1
Vj,m,,-_1/|g§-m’ )(s,x)\hMi,j(x)dxﬂ} = hy, i (s)
0

fora.e.s € [0, 1].
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As an application of Theorem 3.3, we consider a special case of the system (F), viz,

p.

(=™ =Piu™ 0y = O () [ [ (i1 0) + Bj (ii;())].  ae.r€[0, 1],
j=1
u(0)=0, 0<j<pi—1, (B

u(1)=0, pi<j<mi—1,

i=1,2,...,n,

where foreach 1 <i <n,m; 22,1 < p; <m; —1and §; € {1, —1} are fixed.

Theorem 3.4. Let 6; € {1, —1}, 1 <i < n, be fixed. For each 1 <i < n, suppose (C9) holds and
the following conditions are satisfied:

(C11)

(C12)

wi:[0,1] = R, u;(t) >0 for a.e. t €[0,1], for each 1 < j <n, aj >0, Bj >0 are
. i—1 .
continuous on ]_[km;O (0,00) jk, and if a < |xj k| < b for some k € {0,1,...,m; — 1},
then
aj(xj,()’"'7yj,ka""’-xj,mj—1)>aj('xj,07""xj,ka'-'axj,mj—l)
>ozj(xj’0,...,yj’kb,...,xj’mj_l)
and
Bi(Xj.05-ees Vik@s v Xjmj—1) S Bj(Xj05eees Xjksooos Xjim;—1)
S Bj (X053 Vikbs ooy Xjmi—1)

where y; i is defined in (C8);

there exists M; > O such that for t € [0, 1] and 0 < k <m; — 1,
1 n
k
M; >f|g,-( )(I,S))Mi(S){ n[ﬂj()/j,oMi,Vj,lMi,-.-,Vj,mj—lMi)
0 Jj=I

_ S 1
n

+aj()/j,0 nal(yl,OMi,Vl,lMi,---,Vl,ml—lMi) /|8J(S,X)|Mj(x)dx,
_l=1 _0

n
Vil Hdz(Vz,oMi,J/l,1Mi,...,Vl,ml—1Mi)
L 1=1 i

1
X /‘g;(s,x)mj(x)dx,...,
0

n
Yjmi—1 |:1_[0ll()/l,OMi, YiaMi, ..., Vl,ml—lMi):|
I=1

1

X /‘gﬁmj_l)(s,x)}uj(x)dx)} } ds

0
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1

n

k

> |:1_[al()/l,OMi,)’l,1Mi,---,Vl,ml—lMi)i| /\g,( )(t,S)\Mi(S)ds.

=1
0

Then, (F)' has a fixed-sign solution u € c™=10, 1] x C™2~10, 1] x --- x C™ 10, 1] satisfy-
ing (3.8) fora.e. t € [0, 1] and any 1 <i < n.

Proof. Taking h,; (1) = w;i(t) [1)— @1(vi.0r, V1175 - - -, Vi.m—17), the conclusion follows imme-
diately from Theorem 3.3. O

Remark 3.4. Applying Lemma 3.1(a) again, the condition (C12) can be replaced by a stronger
but easier-to-verify version:

(C12) there exists M; > 0 such that for 0 <k <m; — 1,

1 n

M,; >/vz'k(S)/Li(S){ 1_[|:,3j(3/j,0Mi,Vj,lMi,---,)’j,mj—lMi)
0 j=1

- o1

+0tj<)/j,o Hal(Vl,oMi,J/z,lMi,-.-,Vz,m,—1Mi) /\gj(S’X)Wj(X)dx,

| 1=1 1y

n
vir| [ TeeGroMisviaMi, ... yim—1 M)
L= i

1
x/|g;-(s,x)‘,uj(x)dx,...,
0

n
Yismj—1 |:1_[Oll()/l,oMi, viaM;, ..., )/l,ml—lMi)j|
I=1

1

X /|g§mj_l)(s,x)‘,uj(x)dx>:| } ds

0
and

n

{ﬁj()/j,oMi, YidMi, ... Vjm;—1Mi)

J=1

_ 41
n
+06j()/j,0 Haz(Vl,oMi,J/z,lMi,---,Vl,ml—lMi) /\gj(s,X)}Mj(x)dx,
L 1=1 il

0

n
Vil naz(Vl,oMi,Vl,lMi,---,)/l,mz—lMi)
L =1 4




W.-S. Cheung, P.J.Y. Wong / J. Math. Anal. Appl. 329 (2007) 851-869 867

1

X /‘g}(s,x)|,u,j(x)dx,...,
0

n

Yjmj—1 |:1_[Oll()/l,OMi, viaMi, ..., Vl,ml—lMi)i|

=1
1

></\gjmf‘“(s,x>|u,-<x>dx>}

0

n
> l_[az()/l,oMi, ViaMi, ..., vim—1M;)
I=1

fora.e.s € [0, 1].
4. Example

We shall now illustrate our results through an example. Consider the system (F)" where the
following are satisfied for each 1 <i < n:

0 =1, o(F)=|xpl™% Bi(E)=Alxi0l"+ B, (4.1)

{,u,ﬁ[O,l]—>R, wi(t) >0 forae.tel0,]1],
a>0, b>20, A; B >0,

1

f(l _ t)—a[(ml-I-mz-l-----l—mn)—(m+p2+--~+pn)—n]Ml. () dt < 00 4.2)
0

and
jna2 + kb <1 for all nonnegative integers j, k with j + k =n. (4.3)

Note that y; o = y;, p; =1L 1 < j < n. Clearly, (C9) is equivalent to (4.2) which is assumed.
Moreover, (C11) is satisfied. Finally, the condition (C12)" reduces to

n

1 1 —a
M; >/v,~k(s)u,-(s)]_[[A,-M{’+Bj+M,."“Z(f}gj”f)(s,x)\uj(x)dx) i|ds (4.4)
0 0

j=1
and

n 1 —a
2 : _

1_[|:Ale-b + B; + M™ (f\g;”f)(s,x)\uj(x)dx> } > M 4.5)
j=1 0

The condition (4.3) ensures that (4.4) is satisfied for sufficiently large M;. Further, (4.5) is also
fulfilled for large M;. Thus, applying Theorem 3.4 the system (F)’ with (4.1)—(4.3) has a positive
solution u € C™ 1[0, 1] x €™271[0, 1] x --- x €™ ~1[0, 1] such that for a.e. 7 € [0, 1] and any
1<i<n,

u(@)>0 foralljeN and u@)<0 forallkeN;. (4.6)
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As a specific example, consider the system

—a b —a b
WD) = OO + Al ) + B [uy O] + Asua )" + Ba),
ae.r€[0,1],
u (0) = O[] O] + At|ir @ + Bi}{|uy O] + As|ua)|” + Ba), @
ae.tel0,1], '
u1(0) =uj(0)=ui(1)=ui"(1) =0,
12(0) = uh(0) = u5(0) = uy (1) = u$” (1) = 0,
where fori =1, 2,
1 1
wi:[0,11—- R, pwu;@)>0 forae.rte[0,1], O<a< 3 0<b< 3 Ai,B; >0,
(4.8)
and
1
/(1 — )72, (1) dt < 0o. (4.9)
0

In (4.7), we have

n=2 m=4, p1=2, my=5 pr=3 0O=60=1,
Nt =1{0,1,2}, N; ={3}, N ={0,1,2,3}, N, ={4}.

Noting (4.8) and (4.9), the system (4.7) is a special case of (F)’ satisfying (4.1) and (4.2). Further,
the condition (4.3) in this case is equivalent to

4a*> <1, 2b<1, 2a*+b<1,

which are clearly satisfied by any 0 < a < % and0 < b < % Hence, from the above discussion we
conclude that the system (4.7) with (4.8) and (4.9) has a positive solution u € C 310, 1] x C*[0, 1]
such that (see (4.6))

ui(t)>0, uj@)>0, u{@t)>0, u{'(r)<0 and

ur(t) >0, wh(®)>0, uy®)>0, uy(®)>0, ul’(t)<0 forae.tel0,1].
(4.10)
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