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Abstract

In this paper, we propose a model for hybrid re-manufacturing system. The system consists of both manufacturing
and re-manufacturing processes. There are two types of inventory to be managed in the system: the returns and
the serviceable product. The serviceable product is controlled by an (s,.S) continuous review policy. We assume
the arrival processes of demands and returns follow a Poisson process and there is no rejection of returns from the
system. The outside procurement for the serviceable product is also allowed when there is shortage. The hybrid
system is then modeled by an Markovian queueing network. Matrix geometric method is applied to analyze the
resulting queueing network and we derive the average system running cost in terms of the steady-state probability
distribution. A quasi-optimization problem is then formulated for obtaining the optimal procurement size.
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1 Introduction

In the world of limited disposal capacities, there is always an environmental pressure in using re-
manufacturing systems, a recycling process to reduce the amount of waste generated by the manufacturers.
Moreover, it is also very popular nowadays that consumers are allowed to return a purchased product
within a given period with a full refund. This will of course create a large amount of returns and therefore
handling returns is a key issue in running a business. Take for example a major manufacturer of copy
machines Xerox has been putting effort into re-manufacturing used equipment. Xerox reports an annual
savings of several hundred million dollars due to the re-manufacturing and the re-use of equipment and
parts. At the same time they also divert more than fifty thousand tones of waste from the waste stream,
see for instance [4]. In this paper, we assume that a return is first repaired/tested and then it will be
re-sold to the market. The result of introducing a re-manufacturing process in the business is that the
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Fig. 1. The hybrid manufacturing system for returns and demands.

manufacturers have to take the returns into account in their production planning. Moreover, it will also
complicate the inventory control process. Markovian queueing model is a useful tool for modeling man-
ufacturing systems [2] and flexible manufacturing system [3]. Here we employ it to model the hybrid
manufacturing system.

A simple Markovian model for handling returns has been proposed in [3] where the re-manufacturing
time is assumed to be zero. The model is then further extended to the case of exponentially distributed
re-manufacturing time with a buffer for holding the returns [10]. Models allow the disposal of returns
when the buffer for returns is full have been studied in [7,9,11]. In [11], a fast direct method for solving
the steady-state probability distribution of the hybrid manufacturing systems based on the Fast Fourier
Transformation (FFT) has been introduced. In [4], Fleischmann illustrates the facets of the reverse
logistics in the example of IBM. IBM’s business activities as a leading manufacturer of IT equipment and
services involve several groups of “reverse” goods flows. The total annual volume has an amount up to
several ten thousand tonnes world-wide. Other reviews on different models in reverse logistics can also
be found in the book by Muckstadt [8].

The remainder of this paper is organized as follows. In Section 2, we introduce the hybrid system by
giving the basic assumptions of our model. We then gives the generator matrix of the hybrid system. In
Section 3, we discuss the stability of the hybrid system using matrix geometric method. In Section 4, we
give analyze the asymptotic behavior of the steady-state probability distribution. We express the average
system running cost in terms of the steady-state probability distribution. In Section 5, we then formulate
an quasi-optimization problem for solving the optimal procurement policy. Finally concluding remarks
are given in Section 6 to address further research issues.

2 The Hybrid Re-manufacturing System

In this section, we propose a hybrid system which consists of both manufacturing and re-manufacturing
processes. In the proposed model, there are two types of inventory to be managed: the serviceable product
and the returns. Here we assume that the demands and the returns follow two independent Poisson
processes with mean rates A and 7 respectively. The re-manufacturing process is then modeled by an
M/M/1 queue. A return acts as a customer and the re-manufacturing process (with processing rate p)
acts as the server in the queue. The re-manufacturing process is stopped only when there is no more
space for placing the serviceable product or there is no return available for re-manufacturing. Here we
also assume that when the return level is zero, in order to satisfy the demands, the manufacturing part of
the hybrid system can produce at a rate of 7 with exponential production time. The serviceable product
and the outside procurements are controlled by a (s, S) continuous review policy. This means that when
the inventory level drops to s, an outside procurement order of size (S — s) is placed and arrived at once.
For simplicity of discussion, we assume that the procurement level s is —1. Therefore when the inventory
level is —1, i.e. there is a backlog, the procurement can clear the backlog and bring the serviceable
product inventory up to S. We assume that it is always possible to purchase the required procurement.
The inventory levels of both the returns and the serviceable product are modelled as Markovian process.
Figure 1 gives an illustration of the framework of the hybrid system.

We then give the generator matrix of the hybrid system. We let z(¢) and y(¢) be the inventory levels of
the returns and the inventory levels of the serviceable products at time ¢ respectively. Then x(t) and y(t)
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take integral values in [0, 00| and [0, Q] respectively. The joint inventory process

{(z(®),y(1)), t = 0}

is a continuous time Markov chain taking values in the following state-space

S={(z,y):2=0,1,..., y=0,1,...,Q}.

We order the joint inventory states lexicographically, according to x first and then y. The generator
matrix of the joint inventory process can be written as follows:

B A 0 O
Ay A; Ag O
P=| 0 Ay Ay Ay - |, (1)
0 0 Ay Ay ---
where
—(vy+71+A) T A
A —(y+T+AN) T
B= ,
A =(y+7+A) T
0 A —(v+ )
0w 0
0 p
Ao = vlg4a, As =
-
0 0
and
—(v+A+p) A
A —(r+A+p)
A
A =
A =(y+A+p)
0 A —(v+ )
3 The Stability of the Hybrid System
In this section, we study the stability of the hybrid system. Let
—A+p) o A
A=A+ p
A=Ag+ A1+ Ay =
A =(A+p) p

0 A -
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and v be the stationary distribution of A, i.e.,
vA=0, ve=1.

It is straight-forward to check that

ome(ta b ke (32 (8

k=0
with
Q k — 2 Q+2
(o) - @z
k=0
where
p="~.
A
Proposition 1 If
LA (%))
ISy )

then the hybrid system is stable. Here

fQ)=Q—(Q+1)p+p?*h.

Proof : To make the queue stable, we need the following condition:
vAse > vApe,

ie.
1 A%
vl ).
k=0
Using (2), the result follows.

Proposition 2 If v < min{y, A} then there exists Qo such that the hybrid system is stable for Q > Qo.

Proof : We note that
Q) =1—=p+p?n(p)
and

(@) = p¥ (In(p))* > 0.
Therefore f(Q) is a convex function in Q.

For @ > 0 and p > 0, we have f'(Q) > 0. Thus f(Q) is a monotonic increasing function in Q.

For p <1, we have

i 1@ _

Q= f(Q@+1)
Thus for large enough @, we have (3) holds. When p > 1, we have

Q) L_A

o fQ+1) p

Again for large enough @, we have (3) holds as v < A.
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4 The Steady-state Probability Distribution

In this section, we first give an analysis on the steady-state probability distribution. We then give the
average running cost of the hybrid system. For the hybrid system, we are interested in the inventory costs
of holding the returns and the serviceable product.

In the following, we derive the expected inventory levels for both returns and serviceable product. Under
stable condition (3), there exists a unique steady-state distribution

7 = (o, ™1, T2, .. .,)
for the underlying Markov chain of the hybrid system. According to the matrix geometric method [1,5,6],
T = roRk ,
where R is the minimal nonnegative solution to the matrix equation
Ao+ RA; + R?A3 =0, (4)

and 7 satisfies

and is normalized as
mo(I — R) e = 1.
We denote ng the Perron eigenvalue of R and x¢g the normalized left Perron eigenvector, i.e.,
ng = ang and xge =1.
Pre-multiplying xg to both sides of (4) we get
xHA(ng) =0,

where A(z) is defined as

b(z) ¢(z)/ Az Az

A(z) = Ag + 241 + 224, = ' ' ' ,

Az b(z) c(2)/Az
0 Az b(z) + pz

where

b(z) =7 —(y+A+p)z and c(z) = Az
For z > 0, we denote x(z) the Perron eigenvalue of A(z), i.e., the eigenvalue with maximal real part.
Then 7¢ is the unique solution to the equation

x(z)=0, 0<z<l, (5)
which gives that ng is the unique root to the equation

det A(z) =0, 0<z<1, (6)
where det B denotes the determinant of B. It is straight-forward to show that

det A(2) = (—=1)9T2(\2)@T! + det Sg11(2),
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where Si(2) is a tri-diagonal matrix of dimension k of the form

b(z) c(z)/ Az 0
Az b(2) c(2)/Az

Az b(z) c(2)/Az
0 Az b(z) + pz

Taking the advantage of the relation

det Si12(2) = b(z) det Sky1(2) — ¢(z) det Sk(z)

with
det Sp(z) =1, det S1(z) =b(2) + pz,
we have
Q+1
det A(2) = (-1)92(A2)2 + ¢4 (b(z) - bzz(z) — 4"<Z>>
3 Q+1
+eo (b(z) — Vb)) - 40(Z)> 7
2
where
¢ = 202 + b(2) 4+ /0 (2) — 4c(2)
2,/b%(z) — 4c(z)
and

) b(z) + /b%(2) — 4c(z)'

2/b2(z) — 4e(z)

We know that det A(z) is a polynomial with respect to z.

C2

We end this section by the following technical remarks on computation:

(i) Although one can calculate ng by solving equation (6), where det A(z) can be computed in O(Q)
flops, we compute it in an alternative way. For z > 0, x(z) is convex and in the interval [0, 1], x(z) first
decreases as z increases and after reaching the minimum, it grows as z increase to 1. We thus can use
bisection method to solve (5) to obtain 7¢g. At each step we need to determine whether x(z) < 0.

(ii) We note that the off-diagonal of A(z) is nonnegative. Therefore x(z) < 0 if and only if —A(z) is an
M-matrix [6]. To determine whether x(z) < 0, we need not compute x(z), instead we do LU factorization
(without pivoting) of A(z). If all the pivots are nonnegative, then x(z) < 0. Otherwise, if we encounter
positive pivots in the LU factorization, we quit the factorization and know that x(z) > 0.

(iii) Taking advantage of the structure of A(z), one can perform the factorization in O(Q) steps. Moreover,
because the sign structure of A(z), one can also develop high-accuracy algorithm for this factorization
without pivoting.

5 The Optimization Problem

In this section, we formulate a quasi-optimization problem for solving the optimal procurement policy.
We denote the unit inventory cost of the returns by s,. and the unit inventory cost of the serviceable by
Sse- We are interested in minimizing the inventory costs by choosing a proper Q.
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The expected costs for holding the returns is given by

Sre Zz X ;e = Sreﬂ'o(zi x RYe = s,.moR(I — R) %e (7)
i=1 i=1

and the expected costs of holding the serviceable is
556770(] - R)ilDev
where

D = Diag(0,1,2,...,Q)
is a diagonal matrix. Consequently, the optimization problem can be formulated as

rrgn {sTeﬂ'oR(I — R)72€ + ssemo(d — R)ilDe}

Subject to

£(Q)
LN TGRS

However, this optimization problem is very difficult to solve. We thus consider the quasi-optimization
problem. We observe that mo(I — R)™! can be viewed as one step of inverse iteration with the initial
guess o and that

wo(I — R) e =1.
One can then approximate wo(I — R)~! by xg and the expected inventory cost can be estimated as

Ui

STE% + ssenge.

Therefore we can explicitly write down xg. Let

xg = (zo,x1,T2,...,2Q).

Then using the relation
(A2)Zrt2 + b(NQ)Tk41 + (c(n@)/Ang)rr = 0,

we have
oy = c3hh (ng) + cah (ng),
where
_=b(2) + /2(2) — 4e(2) _ —b(2) = Vb(2) — 4e(2)

ha(2) = 2Nz  ha(e) = 2\

and
oy = hl(T]Q) 4= h?(nQ)
24/b%(ng) — 46(77Q)7 2,/b%(ng) — 40(77Q),

where « is chosen such that

Q
Zxk =1.
k=0

Now the inventory cost for storing the serviceable product can be expressed as follows:

fo = L@+ VNPT (0g) + QWP (ng) | 1= (Q+ DA™ (1g) + Qh5 (1)
¢ (1= (o)) ! (1= ha(ng))? '

In short, fq is a rational function of 1g. We are now to solve the quasi-optimization problem:

. SrellQ
min { ————— + S f }
Q {a—m) N

Subject to
ng is the solution to det A(z) =0, 0 < z < 1.
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We note that the objective function of this problem is a rational function of ng, and the constraint is
that 7¢ is the root to a polynomial equation. Thus given @, g and x¢ are very easy to calculate. Hence
the optimal value of @) can also be easily obtained by performing a linear search.

Finally we give a numerical example as follows: Suppose that 7 = 1.0, p = 0.6, v = 0.1, A = 0.3 and
Sre = Sse = 1. The optimal @ here is 1.

Table 1
The cost for different Q.
Q 1 2 3 4 5 6 7 8 9 10

nQ 0.2500 0.0973 0.0879 0.1250 0.0833 0.0825 0.082  0.1414 0.0814 0.0813
Cost 0.3333 0.5402 0.7472 1.4956 0.5903 0.5130 0.5405 2.5318 0.5262 0.5212

6 Concluding Remarks

In this paper, we consider a hybrid system. The hybrid system consists of both manufacturing and re-
manufacturing processes. We model the re-manufacturing process by a M/M/1 queue and we discuss the
stability of the hybrid system. We give the generator matrix of the joint inventory process of manufacturing
and re-manufacturing. The steady-state probability distribution is then obtained by using the matrix
geometric method. Finally we formulate a quasi-optimization problem for solving the optimal procurement
policy.

The followings are some future research issues: (i) Extension of the model to handle the case when there
are more than one product in the system. For example, the hybrid system can handle several different
products and they may make of more than one part. In the IBM example mentioned in Section one
taken from [4], it encompass the following three categories: used machines, unused machines and the
rotable spare parts. The first category can be further divided into three parts: lease returns, trade-in
offers and environmental take-back. While the second category can be divided into retailer stock rotation
and canceled orders. (ii) The re-manufacturing or the manufacturing process can follow a more general
processing time distribution rather than the exponential distribution. For example, the re-manufacturing
process can be a G/G/1 queue. It is interesting to further examine the above cases.
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