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ABSTRACT. For a connected complex semi-simple Lie group G and a fixed pair
(B, B™) of opposite Borel subgroups of G, we determine when the intersection
of a conjugacy class C' in G and a double coset BwB™ is non-empty, where w
is in the Weyl group W of G. The question comes from Poisson geometry, and
our answer is in terms of the Bruhat order on W and an involution m¢c € W
associated to C. We study properties of the elements m¢c. For G = SL(n+1,C),
we describe mo explicitly for every conjugacy class C, and for the case when
w € W is an involution, we also give an explicit answer to when C' N (BwB) is
non-empty.

1. INTRODUCTION

1.1. The set up and the results. Let G be a connected complex semi-simple
Lie group, and let B and B~ be a pair of opposite Borel subgroups of G. Then
H = BN B~ is a Cartan subgroup of G. Let W = Ng(H)/H be the Weyl group,
where Ng(H) is the normalizer of H in G. One then has the well-known Bruhat

decompositions
G= || BuB= || BwB™ (disjoint unions).
weW weW

Subsets of G of the form BwB or Bw'B~, where w,w’ € W, will be called Bruhat
cells in G. The Bruhat order on W is the partial order on W defined by

wy, < wo < BuwB C BwsB, wy, we € W.
Given a conjugacy class C' of G, let

(1.1) We={weW: Cn(BwB) # 0},
(1.2) Wo ={weW: Cn(BwB~) # 0}.

The sets W, have been studied by several authors (see, for example, [8, 9] by Ellers
and Gordeev and [4] by G. Carnovale) and are not easy to determine even for the
case of G = SL(n,C) (see [9]). On the other hand, let m. be the unique element
in W such that CN(BmB) is dense in C'. It is easy to show (see Lemma 2.4) that

me is a unique maximal element in W, with respect to the Bruhat order on W.
1
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Our first result, Theorem 2.5, states that, for every conjugacy class C in G,
Wg ={weW: w<meg}.

Thus the set W5 is completely determined by the element m. and the Bruhat
order on W.

Theorem 2.5 is motivated by Poisson geometry. It is shown in [10] that the con-
nected complex semi-simple Lie group G carries a holomorphic Poisson structure
g, invariant under conjugation by elements in H, such that the non-empty inter-
sections C'N (BwB™) are exactly the H-orbits of symplectic leaves of mg, where C'
is a conjugacy class in G and w € W. To describe precisely the symplectic leaves
of 7y, one thus first needs to know when an intersection C'N (BwB™) is non-empty.
By [18, Theorem 1.4], the non-empty intersections C' N (BwB™) are always smooth
and irreducible. The geometry of such intersections and applications to Poisson
geometry will be carried out elsewhere.

The elements m¢ play an important role in the study of spherical conjugacy
classes, i.e., conjugacy classes in G on which the B-action by conjugation has a dense
orbit. In connection with their proof of the de Concini-Kac-Procesi conjecture on
representations of the quantized universal enveloping algebra U (g) at roots of unity
over spherical conjugacy classes, N. Cantarini, G. Carnovale, and M. Costantini
proved [2, Theorem 25| that a conjugacy class C' in G is spherical if and only if
dim C = [(m¢) +rank(1 — m(), where [ is the length function on W, and rank(1 —
m¢) is the rank of the operator 1 — m¢ in the geometric representation of W. It is
also shown by M. Costantini [5], again for a spherical conjugacy class C, that the
decomposition of the coordinate ring of C' as a G-module (for G simply connected)
is almost entirely determined by the element m¢ (see [5, Theorem 3.22] for the
precise statement). When G is simple, a complete list of the m’s, for C spherical,
is given by G. Carnovale in [3, Corollary 4.2].

In this paper, we study some properties of m for every conjugacy class C of G.
After examining some properties of W, we show, in Corollary 2.11, that for each
conjugacy class C in G, mg € W is one and the only one maximal length element in
its conjugacy class in W. In particular, m. is an involution. When C' is spherical,
the fact that m. is an involution is also proved in [2, Remark 4] and [3, Theorem
2.7]. For m € W, denote by O,, the conjugacy class of m in W. Let

(1.3) M = {m € W : mis the unique maximal length element in O,,} .

Then me € M for every conjugacy class C' in G. It is thus desirable to study the
set M.
When G is simple, using arguments from [3], it is not hard to give a complete

list of elements in M. It turns out that when G is simple, the list of elements in
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M coincides with the list in [3, Corollary 4.2]. See §3 and in particular Theorem
3.10. Consequently, when G is simple, one has

(1.4) M ={mec € W: Cis a conjugacy class in G}
= {m¢ € W : C'is a spherical conjugacy class in G}.

If G =G1 x G x --- x G}, is semi-simple with simple factors G; and Weyl groups
W; for 1 < j <k, then

M= Mi; x Mg X+ x My,

where for 1 < j < k, M; C W; is defined as in (1.3). Hence (1.4) also holds for
G semi-simple. We have thus completely described the set M for any connected
semi-simple complex Lie group G.

We consider the case of G = SL(n + 1,C) in §4. For any conjugacy class C' in
SL(n+1,C) and any involution w € W = S, 11, we show in Theorem 4.2 that

CN(BwB)#0 iff ly(w)<r(C),
where lo(w) is the number of distinct 2-cycles in the cycle decomposition of w, and
7(C) = min{rank(g — cI) : ¢ € C}

for any g € C. Theorem 4.2 is proved in §4.3 using (a special case of) a criterion
by Ellers-Gordeev [9]. Since the proof of the Ellers-Gordeev criterion in [9] involves
rather complicated combinatorics, we also give a direct proof of Theorem 4.2 in
§4.4. Our direct proof also shows how to explicitly find an element in C' N BwB
when ly(w) < 1(C).

Combining Theorem 4.2 and a result of G. Carnovale [3, Theorem 2.7], one has,
for a spherical conjugacy class C' in SL(n + 1,C),

We={we Spy1: w=1, Lw)<r(C)}.

As another consequence of Theorem 4.2, we show in Corollary 4.4 that for any
conjugacy class C' in SL(n + 1,C), if W, contains an involution w € S,1, then
W contains the whole conjugacy class of w in Sy,1.

n+1

Finally, let mg = 1, and for an integer 1 < [ < [T]’ let m; € Sp+1 be the

involution with the cycle decomposition
my=(1,n+1)(2,n)--- (I, n+2—1).
Corollary 4.8 says that for any conjugacy class C' in SL(n + 1,C),
~Jwo if r(C) > [2],
e = {mr(c) if r(C) < [%H] '

The explicit description of m¢ for an arbitrary conjugacy class in other classical

groups will be given in [6].
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In the study of the symplectic leaves of certain Poisson structures on G as well
as on the de Concini-Procesi compactification of G when G is of adjoint type, one
needs to consider intersections Cs N (BwB~), where § is an automorphism of G
preserving both H and B and Cj is a d-twisted conjugacy class in G. See [14]. For
such a conjugacy class Cs in GG, we have the element m., € W which is the unique

maximal length element in its §-twisted conjugacy class in W. See §2.3.

1.2. Notation. Let A be the set of all roots of G with respect to H, let AT C A
be the set of positive roots determined by B, and let I' be the set of simple roots
in AT. We also write @ > 0 (resp. a < 0) if @ € AT (resp. @ € —A™). Define

do: A— A: () = —wo(er), «a€A.

Then g permutes AT and I, and it induces an automorphism, still denoted by dg,
on W:
do: W —W: do(w)=wowwy, weW.

For o € T, let s, € W be the reflection determined by «. For a subset J of I, let
W be the subgroup of W generated by {s, : o € J}, and let wg s be the maximal
length element in W;. Let WY C W be the set of minimal length representatives
of W/Wj;. Set wg = Wy r, so wp is the maximal length element in W. The length
function on W is denoted by I.

1.3. Acknowledgments. We would like to thank Xuhua He for very helpful dis-
cussions. Our research was partially supported by HKRGC grants 703405 and
703407.

2. THE SETS W AND WS AND THE ELEMENTS Mg

2.1. W5 in terms of m.. We keep the notation as in §1.1. In particular, for each
conjugacy class C' in G, we have the subsets W, and W5 of W as in (1.1) and
(1.2).

Lemma 2.1. One has W C W5 for every conjugacy class C in G.
Proof. Let w e W. If CN (BwB) # 0, then C N (Bw) # 0, so C N (BwB™) # .
Q.E.D.

Lemma 2.2. For any w € W,

BwB™ B = |_| Buw'B.

w' eW,wlw’
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Proof. Clearly BwB™B is the union of some (B, B)-double cosets. Let w’ € W.
Then
Bw'B C BuB™B <= (Bw'B)N(BwB B)# (0 <= (Bw'B)N(BwB™)#1,
which, by [7], is equivalent to w < w'.

Q.E.D.

Lemma 2.3. Let C be a conjugacy class in G and let w € W. Then w € W if
and only if w < w' for some w' € W¢.
Proof. Since C' is conjugation invariant,
CN(BwB™)#0 < CnN(BwB B) # 0,
which, by Lemma 2.2, is equivalent to w < w’ for some w’ € W.

Q.E.D.

For a subset X of G, let X be the Zariski closure of X in G. The following
Lemma 2.4 can also be found in [2, §1].

Lemma 2.4. Let C be a conjugacy class in G. Then
1) there is a unique me € W such that C N (BmeB) is dense in C;
2) w < me for every w € W.

Proof. The decomposition C' = | |,,cyy. C N (BwDB) gives
C= || ¢n(BwB).

weWeo
As C is irreducible, there exists a unique me € W such that C = C N (BmeB).
If w € W, then

0 #Cn(BwB)cC=CnN(Bm:B) C Bm:B,

sow < me.
Q.E.D.
Theorem 2.5. For every conjugacy class C' in G, Wg ={w e W : w < mg}.

Proof. Let w € W. If w < m¢, then w € W5 by Lemma 2.3. Conversely, if
w € W5, then again by Lemma 2.3, w < w’ for some w’ € W¢. Since w’ < m¢ by
Lemma 2.4, one has w < mq.

Q.E.D.

Lemma 2.6. If C and C' are two conjugacy classes in G such that C' C C, then

Mo < Me.
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Proof. By definition,

§ # C'N(BmyB) ¢ C=CnN(BmeB) C BmeB.
Thus mqr < me.

Q.E.D.

2.2. Some properties of W, and m¢. We recall some definitions and results
from [8, 11, 12].

Definition 2.7. 1) [8, Definition 3.1] Let w,w’ € W. An ascent from w to w' is a
sequence {o;}1<j<i in I' such that

/
W = Sq; ** SasSa; W Sa; Sas ** * Say,

and I(Sa; = * SaySay W Say Say = Sa;) = 1(Sa;_1 *** Say8a,W SaySay ** * Say_, ) for every
1 <j < k. Write w’ «— w if there is an ascent from w to w’ or if w’ = w.

2) [12, §2.9] For w,w',x € W, write w ~ w' if l(w) = l(w'), w' = zwz™!, and
either [(w') = l(zw) + I(z) or l(w') = I(z) + l(wz~!). Write w ~ w' if there exist
sequences of {x;}1<j<i and {w;}1<j<i in W such that

T T2 Tk /
w ~ W ~Y o Y W =W

3) Let O be a conjugacy class in W. An element w € O is called a mazimal
length element in O if [(wy) < l(w) for all w; € O.

Proposition 2.8. [12, §2.9] Let O be any conjugacy class in W.
1) For any w € O, there exists a mazimal length element w' € O such that
w' — w;

2) If w' and w" are two mazimal length elements in O, then w' ~ w".

Proposition 2.9. Let C be a conjugacy class in G, and let w,w’ € W.
1) If ' «— w and w € W, then w' € We.
2) If w ~w' and w € W, then w' € We.

Proof. 1) is just [8, Proposition 3.4]. To see 2), assume that w ~ w’ for some
r € W, s0o w' = zwzr™!, and either [(w') = I(xw) + (z) or l(w') = I(x) + l(wz™1).
Assume first that [(w') = l(zw) + I(z). Then

C N (Bw'B)=CnN(BzwBz™'B) > C N (zwBx~") # 0.
Thus C' N (Bw'B) # 0 and w’ € W,. The case of I(w') = I(x) + I(wz~!) is proved

similarly.

Q.E.D.
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Remark 2.10. We refer to [8, 9] for a more detailed study of the set W, and in
particular for the case of G = SL(n,C). On the other hand, it is proved in [4] by
G. Carnovale that a conjugacy class C in G is spherical if and only if W, consists
only of involutions. See also Corollary 4.6 in §4.2.

For w € W, let O, be the conjugacy class of w in W.

Corollary 2.11. For any conjugacy class C' in G, m¢ is the unique mazimal length
element in Op,.

Proof. By Proposition 2.8, there exists a maximal length element w’ € O, such
that w' «<— m¢. By Proposition 2.9, w' € We, so w' < m¢ by Lemma 2.4.
Since I(w') > I(m¢), one has w' = me. Thus me is a maximal length element in
Ome - If wy is any maximal length element in O,,, then wy ~ m¢ by Proposition
2.8, so w1 € W¢ by Proposition 2.9, and thus w; < m¢ by Lemma 2.4. Since
l(wy) = l(m¢), one has w; = me. Thus m¢ is the only maximal length element in
Ome-

Q.E.D.

Consider now the bijection
(2.1) p: W—W: wr—ww, wewW.

Then under ¢, the conjugation action of W on itself becomes the following dq-twisted
conjugation action of W on itself:

u-w = dp(w)wu™t,  u,we W.

For w € W, let O% be the do-twisted conjugacy class of w, and say an element
w' € O% has minimal length if I(w') < I(w;) for all w; € O%. Using the fact that
l(wou) = l(wp) — I(u) for any u € W, it is easy to see that for any w € W, ¢ maps

)

maximal length elements in O, to minimal length elements in O} .

Corollary 2.12. For any conjugacy class C in G, wome is the unique minimal

length element in (Qg?OTnC.

Remark 2.13. Let G be the connected and simply connected cover of G, let
7 : G — G be the covering map, and let Z = 7~ '(e), where e is the identity
element of G. Let A = 7 (A), where A € {H, B, B~ }. Identify the Weyl group
for G with W. For any conjugacy class C' in G, 7—!(C) is a union of conjugacy
classes in G. Since Z C H = BN B, it is easy to see that for any conjugacy classes
C in 7 1(C), Wz = W¢ and W5 = W¢, and in particular, m¢e = mg. Thus the
subset {m¢ : C a conjugacy class in G} of W depends only on the isogeneous
class of G.
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2.3. é-twisted conjugacy classes. Let § be any automorphism of G such that
d(B) = B and §(H) = H. Then G acts on itself by d-twisted conjugation given by

gsh=0(g)hg™t, g,heq.

A )-twisted conjugacy class in G is defined to be a G-orbit of the §-twisted conju-

gation. Given a d-twisted conjugacy class Cs of G, let
(2.2) We, ={w e W: Cs N (BwB) # 0},
(2.3) We, ={weW: Csn (BwB™) # 0}.

Then all the arguments in §2.1 carry through when C is replaced by Cs. In partic-
ular, let mc, be the unique element in W such that Cs N (Bmc(;B) is dense in Cy.
Then m¢, € W, and

We, ={weW: w<me}.
Recall that I' is the set of simple roots determined by (B, H). Since §(H) = H and
d(B) = B, ¢ acts on I and thus also on W. For any automorphism o of I, define
the o-twisted conjugation of W on itself by

UV = U(u)uuil, u,v € W,

and for w € W, denote by O, the o-twisted conjugacy class of w in W. Minimal
length elements in o-twisted conjugacy classes in W have been studied by X. He in
[13]. The map ¢ in (2.1) induces a bijection between d-twisted conjugacy classes
and Jpd-twisted conjugacy in W. In particular, for any w € W, ¢ maps maximal
d0d

wow*

length elements in (’)fv to minimal length elements in O Using the map ¢,
one can translate the notions in [13, Section 3] and [13, Theorem 3.2] on minimal
length elements in dgd-twisted conjugacy classes to the analog of Proposition 2.8 on
maximal length elements in §-twisted conjugacy classes. It is also straightforward
to generalize Proposition 2.9 to the case of d-twisted conjugacy classes in G. We

thus have the following conclusion.

Proposition 2.14. For any d-twisted conjugacy class Cs in G, mc, is the unique
mazximal length element in its 0-twisted conjugacy class in W.

3. CONJUGACY CLASSES OF W WITH UNIQUE MAXIMAL LENGTH ELEMENTS
3.1. The set M. Introduce
(3.1) M ={m € W : mis the unique maximal length element in O,,}.

By Corollary 2.11, me € M for every conjugacy class C' in G. It is thus desirable
to have a precise description of elements in M. Clearly M is in one-to-one corre-

spondence with conjugacy classes in W that have unique maximal length elements.
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It is easy to see that if G = G X G X - - - X Gy, is semi-simple with simple factors
G; and Weyl groups W; for 1 < j <k, then

M=M; x Mg x -+ x Mg,

where for 1 < j <k, M; C Wj is defined as in (3.1). Therefore we only need to
determine M for GG simple. This will be done in §3.3.

Remark 3.1. By [13, Corollary 4.5], in any dp-twisted conjugacy class in W, a
minimal element in the Bruhat order is also a minimal length element. Thus, for
m e W, m e M if and only if m is the unique maximal element in O,,.

Lemma 3.2. If m € M, then m? = 1.

Proof. By [11, Corollary 3.2.14], m™! € O,,. Since I(m) = I[(m™!), one has m =

m_l.

Q.E.D.

3.2. The correspondence between M’ and J'. Introduce
M ={m e W : m?=1and mis a maximal length element in O,,}.

By Lemma 3.2, M C M’. We first determine M’.

It is well-known that elements in M’ correspond to special subsets of the set I" of
simple roots. Indeed, minimal or maximal length elements in conjugacy classes of
involutions in W have been studied (see, for example, [11, 13, 16, 17] and especially
[11, Remark 3.2.13] for minimal length elements, [16, Theorem 1.1] for maximal
length elements, and [13, Lemma 3.6] for minimal length elements in twisted con-
jugacy classes). We summarize the results on M’ in the following Proposition 3.6,
and we give a proof of Proposition 3.6 for completeness.

Lemma 3.3. Let m € W be an involution. If o € T' is such that [(samss) = l(m),

then sqamsqs = m.

Proof. This is [11, Exercise 3.18]. If m(a) > 0, then ms, > m, and l(sqams,) =
[(m) implies that s,msy, < ms,. Thus som(a) < 0, so m(a) = «. Similarly, if

m(a) < 0, then m(a) = —a. In either case, samsq, = m.
Q.E.D.

Lemma 3.4. If m € M', then m = wowo ;, where J = {a € T' : m(a) = a}, and

J is dg-tnvariant.

Proof. Let m € M’, and let = wgm. Then z is a unique minimal length element

in its Jp-twisted conjugacy class (Dgo in W. Let ¢ = 54,50, " S, be a reduced
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word for z, where j € T for each 1 < j < k. Let J = {a1,a2,...,04}. Then
x € Wy. We first show that x = wg ;. To this end, it is enough to show that
z(oj) < 0 for every 1 < j < k. Since x5y, < z, we already know that z(aj) < 0. If
k =1, we are done. Suppose that k£ > 2 and let

(3.2) 71 = 60(Sa )TSay = S6y(ag)Sar " " Sap_1 € 0%,

Since x is a minimal length element in ©% and I(z) = k, we have I(z;) > k.
It follows from (3.2) that I(z1) < k, so I(x1) = k. Let m; = wox1 = Sq,MSq,-
Then I[(my) = I(m). By Lemma 3.3, m; = m, so x = x1. In particular, z =
S80(a)Sar "+ Say,_, 18 a reduced word for x, so z(ag-1) < 0. Similar arguments
show that z(a;) < 0 for every 1 < j < k. Thus 2 = wy ,, and m = wow . It
follows from m? = 1 that J’ is dp-invariant.

It remains to show that J' = J. For any a € J’, since m(a) > 0, I(samsq) >
I(m). Since m € M’, one has l(samsqa) = l(m), so by Lemma 3.3, sams, = m and
thus m(a) = «. This shows that J' C J. Since m(3) < 0 for every § € I'\.J', one
has J C J'. Thus J = J'.

Q.E.D.

Definition 3.5. A subset J of I is said to have Property (1) if J is dp-invariant
and —wo(a) = —wp ;(a) for all o € J.

Let J' be the collection of all subsets J of I" that have Property (1). For J € J,
let m; = wowp, ;. For m € M/, let

IJn={ael: m(a)=a} CT.
It follows from Lemma 3.4 that .J,, € J’ for every m € M’.

Proposition 3.6. 1) The map ¢ : M' — J' : m — J, is bijective with inverse
gwen by J — my for J e J'.

2) For J,K € J', m, and my are in the same conjugacy class in W if and only
if there exists w € W with dp(w) = w such that w(J) = K.

Proof. 1) Since m = wowy,,,, for every m € M, 1 is injective. To show that
is surjective, let J € J’ and we will prove that m, € M’. Since J is dp-invariant,
m, is an involution. Property (1) implies that sam s, = m, for every o € J, so

1 1

wmyw™ = m, for every w € W;. Thus, if u = wm,w™" is an element in O,,,, we

can assume that w € W+ (see notation in §1.2). Then

l(w) <U(w) + U(myw™") = l(w) + U(wo) — Uwo ;w ™)
H(w) + 1(wo) — l(wo,,) —L(w™)
=1I(m,).
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This shows that m; is of maximal length in O,,,, so m, € M’. To show that
Y(m,;) = J, note that J C Jp,, = {a € T' : m,;(a) = a}. Since m,(a) < 0 for
every a € I'\J, Jp,, C J. Thus J,,,, = J, and ¢(m;) = J. This shows that v is
surjective and that its inverse is given by ¥ ~1(J) = m,.

2) Assume that J, K € J' are such that m, and mg are conjugate in W. Since
wmyw™! = m, for any w € W, we may assume that m, = wm,w~"' for some

w € WY, Then it follows from mw = wm, that for every a € J,
mrw(a) =wm,(a) = w(a) > 0.

Thus w(a) € [K]T, where [K]1 denotes the set positive roots that are in the linear
span of K. Denote similarly by [J]T the set of positive roots in the linear span of
J. Then w([J]*) C [K]*. Since both m, and my are maximal length elements in
the same conjugacy class in W, I(m;) = l(my). Since

l(my) =1(wo) — [[J]"] and  I(my) = l(wo) — [[K]"],

one has |[[J]*| = |[[K]T|. Here for a set A, |A| denotes the cardinality of A. Thus
w([J]T) = [K]*. It follows that w(J) = K. Now mg = wm,w~! implies that
wo,x = do(w)wo wt, so dp(w) = wo xwwp,;, = w.

Conversely, if J, K € J’ are such that w(.J) = K for some w € W with §p(w) = w,

then wo x = wwo,ﬂu_1 = 50(w)w07Jw_1, SO0 My = wmyw~ L.

Q.E.D.

3.3. The correspondence between M and J. We now turn to the set M. Let
(, ) be the bilinear form on I' induced from the Killing form of the Lie algebra of
G. For a subset J of I, an o € J is said to be isolated if {(a, /) = 0 for every
o' € J\{a}. The following Definition 3.7 is inspired by [3, Lemma 4.1].

Definition 3.7. A subset J of I is said to have Property (2) if for every isolated
a € J, there is no 8 € I'\{«a} with the following properties:

a) (a,a) = (B, ) and (B, a) # 0;

b) (B8,a/) =0 for all o/ € J\{a};

¢) —wo(B) = B

Lemma 3.8. If m € M, then J,, has Properties (1) and (2).

Proof. Let m € M. By Lemma 3.4, J,,, has Property (1). Suppose that a € J,,, is
an isolated point and that there exists 5 € I'\{a} with properties a), b) and c) in
Definition 3.7. Let J/, = J,\{a}. Since a € J,, is isolated, on has wy(a) = —a,
S0,

m = WoSaWo,j;, = SaWoWy, ;! »
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and by b) and c), m(8) = sqwowp 5 () = sawo(B) = —s4(3) <0, and thus
SEMSE = MSp(3)53 = MSaSaSaSs-
By a), 50585453 = $85a, SO S3MS3 = MSgSa, and thus
5058MS3Sq = SaMSg3.
Since {(sqmsg) > l(sqm) — 1 = [(m), and since m is the unique maximal length

element in O,,, samsg = m. It follows from ms,m = s, that s,sg = 1 which is a

contradiction.
Q.E.D.

Let J be the collection of all subsets J of I' with Properties (1) and (2). A
J € J is said to be non-trivial if I' is neither empty nor the whole of I'.

Identify I' with the Dynkin diagram of G and a subset J of I' as a sub-diagram
of the Dynkin diagram. The following description of J for G simple is obtained in
[3, Corollary 4.2]. We include the list here for the convenience of the reader and
for completeness.

Lemma 3.9. Assume that G is simple and that the rank n of G is at least 2. The
following is a complete list of non-trivial J € J with points in J painted black:

(1) Ap: J={ai:l+1<i<n—1} for1 <1< [®H] —1:

aq &%) ag1—1 (&%) Q2141 Q2142 Qn—1 Olp
e—O0— — — 06— O0— 00— 00— — — —0——>0
Ifn = 2m7 J3 = {ala asz,...,02m_3, a2m—1}:
e5] 6% o2m—-3 Qo2m—2 Qm—1 Qom
e—— 0 — — 06— O0———@0—————>0
Ifn:2m+]-; J4: {041,043,.-.,agmfl,a2m+1}f
aq (&) a2m—1 Aom Q2m+1
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(3) Cp: Jiy={a;: 1 <i<n} for2<l<n:

Jog=H{ar,03,.. a1} U{a 20+ 1 <i<n} for 1 <1< 5 —1:

(€3] a 211 Q9 Q21+1 Q2142 Qp—1 Op,
e——O0—- — —  @0— O—— O0— 00— — — —0<——0
If n=2m, J3 = {oq,a3,...,00m—3,00m—1}:
g %) o2m—-3 Q2m—2 Q2m—1 Aom
e—O0— — — 00— 00— @&——————O0
Ifn:2m+1, J4:{0[1,0[3,...,a2m,1,042m+1}.'
aq (&%) a2m—1 Aom Q2m+1
e—O0— — — —0—O0&E———@

(4) Dop: J1g={a; 120 —1<i<2m} for2 <[l <m:

Jog=Har,a3,.. ., 1} U{a; : 20+ 1 <i<2m} for 1 <l <m—1:

(€51 (%) ag1—1 (&%) Q2l+1 agi4+2  Ogp—2 Q2m—1

Jy={a1,03,...,02m -3, 02m—1}:
aq (&%) Qom—-3 Q2m—2 O2m—1
° o— — — —@—O0———@
l QA2m
J4 = {041, az,...,02m 3, OéQm}.'
a1 (6%) ao2m—3 Q2m—2 O2m—1
o o— — — —0—O O

Jog={or,03,...,0 1t U{o 20+ 1 <1 <2m+ 1} for 1 <1 <m—1:
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aq Q2 Qgr—1 Qo) a2]+1 2142  Q2m-—1 Q2m
° o—— — —@—O0—— 06— — — —0——@
J Q2m+1
Js ={ai,as,...,com-1}
aq Qa2 a2m—-3 QA2m-2 Q2m-—1 a2m
° o— — — —e® o o
L Q2m+1
(6) Es
an a3 o7 a5 &7
Ji: ° o o °
l 9
aq (0%} (7] (675 (673
Jo : o o o o
J? a9
(7) Er
(o731 s Qg a5 Qg ar
Jl : o T S S —
J a9
aq a3 Yy a5 (673 (0734
J2 : o— eo—— e e O0— @
J a9
a1 Qa3 (%] (6759 (673 (0%4
J3: o——0— e e o0 ——o0
J a9
a1 (65} (%] (6759 (673 (074
Jy o o o ° o °
J ()
(8) Es
(651 as QY (673 (675 (67%4 asg
Ji: —— e e e e e O
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(651 as oy (0733 Qg (674 ag
Jo oO— e e o e e O
J a9
a1 a3 Qg Qs (&7} ary ag
J3: o — o ° o o o
J 1e%)
(9) Fy
aq Qg ag (67]
Jl : —  e———— O
aq g asg (67]
J2 : o—  o———0— @
aq Qa2 a3 Oy
J3: o———e——>e—— o0
(10) Go:
a1 Q2

Jl : o<——e

aq (05]
Jo e<L——o0

Theorem 3.10. When G is simple, the map ¥ : M — J : m+— J,, is a bijection.

Proof. 1t is clear that @ is injective. To show that 1 is surjective, let J € J.
We need to show that m; € M, i.e., m; is the unique maximal length element in
its conjugacy class in O,,,. Let m be any maximal length element in O,,,. By
Proposition 3.6, m = my, where K € J' and there exists w € W such that
w(J) = K and dp(w) = w.

By examining the list of all J’s in J in Lemma 3.9, every J € 7, when regarded
as a Dynkin diagram, uniquely embeds in I' with Property (1) except in the cases
of Jim, J3,Js for Doy, and Jy for E7. In these cases, one can use results in [16] to
check directly that m,; € M.

Q.E.D.
Remark 3.11. By [3, Remark 4.3], for every J in the list in Lemma 3.9, m; = m¢

for some spherical conjugacy class in G, so in particular, m; € M. This gives
another (indirect) proof of the surjectivity of the map v in Theorem 3.10.
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4. THE CASE OF G = SL(n+1,C)

In this section, for an arbitrary conjugacy class C' in SL(n + 1,C), we give an
explicit condition for C N (BwB) # ) when w € W = S,,11 is an involution. In
particular, we describe me € 5,11 explicitly for every C.

4.1. Notation. As is standard, take the Borel subgroup B (resp. B™) to consist
of all upper-triangular (resp. lower triangular) matrices in SL(n + 1,C), so that
H = BN B~ consists of all diagonal matrices in SL(n+1,C). For an integer p > 0,
denote by I, the identity matrix of size p and by [p/2] the largest integet that is
less than or equal to p/2.

Identify the Weyl group W of SL(n+ 1, C) with the group S,+1 of permutations
on the set of integers between 1 and n+ 1. For 1 < i < j < n+1, let (i,5) be
the 2-cycle in S, 11 exchanging 7 and j and leaving every other k € [1,n + 1] fixed.
If w € S,41 is an involution, denote by la(w) the number of 2-cycles in the cycle
decomposition of w.

Every conjugacy class C' in SL(n + 1,C) contains some g of (upper-triangular)
Jordan form. We define the eigenvalues for C' to be the eigenvalues of such a g € C
and similarly define the number and sizes of the Jordan blocks of C' corresponding
to an eigenvalue. For g € GL(n + 1,C), define

d(g) = max{dimker(g — cIp4+1): c€ C}
r(g) =n+1—d(g) = min{rank(g — c¢I,,41) : c € C}

o) = min {r0). |54}

For a conjugacy class C in SL(n + 1,C), define
d(C)=d(g), r(C)=r(g) and I(C)=I(g), forany ge C.

Two elements in SL(n + 1,C) are in the same conjugacy class in SL(n + 1,C) if
and only if they are in the same conjugacy class in GL(n + 1,C). This fact will be
used throughout the rest of this section.

4.2. The main theorem and its consequences.

Lemma 4.1. Let C be a conjugacy class in SL(n + 1,C) and let w € Sy11 be an
involution. If C N (BwB) # 0, then la(w) < 1(C).

Proof. Assume that C N (BwB) # (. Let g € C N (BwB), and write g = byby,
where b1,b2 € B and w is any representative of w in the normalizer of H in G.
Then for any non-zero ¢ € C,

rank(g — cl,41) = rank(byaibg — cl 1) = rank(w — cb by t).
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Let w = (71,J1) - (i1y(w)> Jia(w)) be the decomposition of w into distinct 2-cycles,
where i1 < -+ <ig, () and ix < ji, for every 1 < k < lp(w). It is easy to see that
for any b € B, the columns of the matrix w — b corresponding to i1, . .., 4, (,) are
linearly independent, so rank(w — b) > la(w). Thus rank(g — ¢l,41) > l2(w) for
every non-zero ¢ € C. Hence r(C) = r(g) > lp(w). Since lo(w) < [%+L], one has

Io(w) < 1(C).
Q.E.D.

Theorem 4.2. Let C be a conjugacy class in SL(n+1,C) and let w € S,41 be an
involution. Then C N (BwB) # 0 if and only if la(w) < I(C).

A proof of Theorem 4.2 using a result of Ellers-Gordeev [9] is given in §4.3, and
a direct proof of Theorem 4.2 is given in §4.4. We now give some corollaries of
Theorem 4.2.

Corollary 4.3. Let C and C' be two conjugacy classes in SL(n + 1,C) such that
C'" is contained in the closure of C. Let w € Sp11 be an involution. If w € W,
then w € We.

Proof. Tt follows from the definition that r(C") < r(C), so [(C") < I(C). Corollary
4.3 now follows directly from Theorem 4.2.

Q.E.D.
Recall that for w € S,11, O, denotes the conjugacy class of w in Sp41.

Corollary 4.4. Let w € S,1+1 be an involution and let C' be a conjugacy class in
SL(n+1,C). If w € W, then O, C W.

Proof. Since lo(w') = la(w) for every w’' € Oy, Corollary 4.4 follows directly from
Theorem 4.2.

Q.E.D.
We now consider spherical conjugacy classes in SL(n + 1,C).

Lemma 4.5. [1, 2] A spherical conjugacy class in SL(n+ 1,C) is either unipotent
or semi-simple.

1) A unipotent conjugacy class in SL(n + 1,C) is spherical if and only if all of
its Jordan blocks are of size at most 2.

2) A semi-simple conjugacy class C in SL(n + 1,C) is spherical if and only if it

has exactly two distinct eigenvalues.
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Note that for a unipotent spherical conjugacy class C in SL(n + 1,C), r(C) is
precisely the number of size 2 blocks in the Jordan form of ', and for a semi-
simple spherical conjugacy class, r(C) is equal to the smaller multiplicity of the

two eigenvalues. In particular, [(C') = r(C) for every spherical conjugacy class in
SL(n+1,C).

Corollary 4.6. For a spherical conjugacy class C in SL(n+ 1,C),
We ={w € Spy1: w?=1and lo(w) < r(C)}.

Proof. Let C be a spherical conjugacy class in SL(n + 1,C). By [3, Theorem 2.7],
if w € W, then w is an involution, and by Theorem 4.2, ls(w) < r(C'). Conversely,
if w € Sp,41 is an involution with lo(w) < r(C), then w € W, by Theorem 4.2.

Q.E.D.
Remark 4.7. Fix ¢ € C such that £"*! = —1. For an integer 0 < r < [”T‘H], let

) diag(Iny1—r, —1Ir) if ris even
)| diag(ELnuy1—r, —€1) if 7 is odd,

and let C},. be the conjugacy class of h, in SL(n+1,C). Every semi-simple spherical
conjugacy class in SL(n+1,C) is SL(n+ 1, C)-equivariantly isomorphic to C}, for
some 0 < r < ["T“], which is also SL(n + 1,C)-equivariantly isomorphic to the

symmetric space
X =SL(n+1,C)/S(GL(n+1—r,C) x GL(r,C)).
Let V' be the set of B-orbits on X and let ¢ : V' — 7 be the map defined in [19,

Section 1.6] by Richardson and Springer, where Z is the set of all involutions in
Sn+1- It is easy to see from the definitions that W, for C = C},,. is the same as
Im(¢), the image of ¢. The fact that Im(¢) consists of all w € Z with ly(w) < r is
well-known (see, for example, [20]).

We now determine the element m for every conjugacy class C' in SL(n + 1, C).
List the simple roots as I' = {ay, a9, ..., a,} in the standard way. Recall that wy
is the longest element in S,,11 and that for a subset J of I', wp s is the longest
element in the subgroup of S, generated by simple roots in J. For an integer
0<i< [”H] let

{OtlJrl,...,Ozn,l}, if OSZ
Ji = .
0, if 1=[™

and let m; = wowp,j,. Thus, mg = 1, and

=3 -1

5 :

1
my=(L,n+1)(2,n)-- (I, n+2-1), if 1§l§[n+ }
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In particular, m; = wqg for | = ["T'H] Note that for 0 < 1[y,ls < [”TH],
my, S my, iff ll S l2.

Corollary 4.8. For any conjugacy class C in SL(n +1,C), mc = my ey, i.e.,
wo if r(C) = [*5],
mMmec = i n+1 .
mey i r(0) <[]
Proof. Let C be any conjugacy class in SL(n + 1,C). By Corollary 2.11, Lemma
3.8 and Lemma 3.9, me = my for some 0 < [ < [2E]. Since C N (BmyB) # 0,

<

> 12
I <1(C) by Theorem 4.2. Since C'N (Bmy()B) # ) by Theorem 4.2, one also has
I(C) <. Thusl=1C).

Q.E.D.
4.3. A proof of Theorem 4.2 using the Ellers-Gordeev criterion.

Notation 4.9. First recall (see for example [9, Page 705]) that for an integer p > 0,
a partition of p is a non-increasing sequence A = (A1,..., ;) of positive integers
such that A1 +---4+ As = p, and s is called the length of A\. The shape of a partition
A = (A1,...,As) of p consists of s rows of empty boxes left-aligned with \; boxes
on the j-th row for each 1 < j < s. The partition A\* of p whose shape is obtained
from switching the rows and columns of the shape of A is called the dual of A.
Let A = (A1,...,As) and u = (u1,..., 1) be two partitions of p. Define A < p if
Z?:l Aj < Z§:1 pj for every 1 < k < t. One has (see [15, Section I.1.11]) X < p if
and only if pu* < A*, where p* and A\* are the partitions of p that are dual to p and
) respectively.

For integers p > 0 and 0 < [ < [p/2], let A(l,p) = (2,...,2,1,...,1) be the
partition of p with 2 appearing exactly [ times.

Lemma 4.10. Let p > 0 be an integer and let 0 <1 < [p/2]. Then for any partition
= (p1,--,ps) of p, Ml,p) < pif and only if p— 1> s.

Proof. Let A(I,p)* and p* be the partitions of p that are dual to A(l,p) and p
respectively. Then A(l,p) < pif and only if A(Z, p)* > p*, and the latter is equivalent
top—12>s.

Q.E.D.

We now use [9, Theorem 3.20] to prove Theorem 4.2.

Let C be a conjugacy class in SL(n + 1,C) and assume that w € S,11 is an
involution with lo(w) < I(C), or, equivalently, lo(w) < r(C). We need to show
that C' N (BwB) # (. By [11, Theorem 3.2.9(a)], there exist w’ which is a minimal

length element in the conjugacy class of w in W and an ascent from w’ to w. Thus,
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in the notation of [9], there is a tree I'(w) with v’ € T(I'(w)). By [9, Theorem
3.20], it is enough to show that A(w’) < 7*, where A(w’) = A(l2(w),n + 1) is the
partition (2,...,2,1,...,1) of n+ 1 with 2 appearing lo(w’) = l3(w) times, and o*
is the partition of n+ 1 associated to C' as described at the beginning of [9, Section
3.4]. One checks from the definitions that the partition 7* has length d(C). By
Lemma 4.10, A(w') < 7* if and only if n 4+ 1 — l3(w) > d(C') which is equivalent to
la(w) < r(C). This proves Theorem 4.2.

4.4. A direct proof of Theorem 4.2. The proof of Theorem 4.2 in §4.3 uses only
a special case of of the Ellers-Gordeev criterion in [9, Theorem 3.20], and the proof
of [9, Theorem 3.20] for the general case involves rather complicated combinatorics.
We thus think that it is worthwhile to give a direct proof Theorem 4.2. Our direct
proof also has the merit that it shows how to explicitly find an element in C N BwB
when lp(w) < I(C). We will use two lemmas from [9], namely [9, Lemma 3.3] and
[9, Lemma 3.24] whose proofs as given in [9] are elementary.
For g = (gi;) € SL(n+1,C) and 1 < i <[], let g be the 2 x 2 matrix

g(i): 92i—1,2i—1  92i—1,2
92i,2i—1 92i,2i

Recall that a square matrix is said to be regular if its characteristic polynomial is
Ty
0

GL(2,C) is regular if and only if either x # 2z, or x = z and y # 0, and in this case

T ) with u # 0.
21

the same as its minimal polynomial. An upper-triangular matrix A = €

A is conjugate to some A = < "

Proposition 4.11. Let C be any conjugacy class C in SL(n+1,C) with [(C) > 0.
Then there exists g € C' N B such that ¢ is reqular for every 1 < i < ().

Assuming Proposition 4.11, we now prove Theorem 4.2. Let C be a conjugacy
class in SL(n +1,C) and w € Sp,41 an involution such that la(w) < [(C). We will
show that C' N (wB) # 0.

If [(C') = 0, then C' consists of only one central element in SL(n + 1,C), and C
only intersects with B and Theorem 4.2 holds in this case. Thus we will assume
that {(C) > 0. Since C' N B # 0, we will also assume that la(w) > 0.

Let ¢ € C'N B be as in Proposition 4.11 and let 1 < i < Iy(w). Since g €

GL(2,C) is regular, there exists A; € GL(2,C) such that A4;g" A = < iz zz

with u; # 0. Let A = diag(A1,- -+, Ay (w)» Ing1-20(w)) be the block diagonal matrix
in GL(n +1,C). Then AgA~! € C N BuB, where

w=(1,2)(3,4) - (2s(w) — 1, 2s(w)).
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Since there is an ascent from some minimal length element in O, to w, we can
assume that w has minimal length in O, so w is the following product of disjoint
2-cycles:

w = (i1, i1 + 1) (i (w)> Gyw) + 1)
where 1 <y <+ <) < n. We will now use [9, Lemma 3.3]. Let

X ={ay, as, ...,a%(w)_l}, Y ={a;y, - ail2(w)},
and let w be any element in S, 4; such that w(2s — 1) = 45 and w(2s) = is+ 1 for
1 < s <ly(w). Then w™lww = u, and Y = w(X). Applying [9, Lemma 3.3] to the
above X,Y,w and g, = AgA~!, one sees, in the notation of [9, Lemma 3.3], that
there exists g, € C N BwB. Thus C N BwB # (), and Theorem 4.2 is proved.

It remains to prove Proposition 4.11.
Proof of Proposition 4.11 when C has only one eigenvalue. We will use
induction on n. It is easy to see that Proposition 4.11 holds for n = 1 or n = 2.
Assume now that n > 3 and that Proposition 4.11 holds for conjugacy classes C' in
SL(p,C) for any p < n+1 and any C' with only one eigenvalue. Assume that C is a
conjugacy class in SL(n + 1,C) with one eigenvalue ¢. Since we are assuming that
[(C) > 0, there exists a Jordan block of C' of size at least 2. Since Proposition 4.11
clearly holds when C' is regular, we also assume that C' has more than one Jordan
block.

Case 1. There is a Jordan block of C of size 1. In this case, choose g € C

/

9
0

only eigenvalue. Then d(¢') = d(g) — 1 and r(¢') = n — d(¢') = r(g). Suppose
that r(g) < [%H] — 1. Since [21] — 1 = [254] < [£], one has l( ) =1(g), so
by induction, Proposition 4.11 holds for C. Suppose that r(g) > [%1] Then
I(g) = [22] and I(¢') = [%]. If n+1is odd, then [%H] = [2] sol(g) =1(¢') and
by induction, Proposition 4.11 holds for C. If n + 1 is even, then I(¢') = I(g) —

and one could not use induction. However, since we are assuming that C' has a

of the form g = , where ¢' € GL(n,C) is of Jordan form with ¢ as the

Jordan block of size at least 2, there is an element in C of the form

J - 0 0
i1 Do
(4.1) 0 -+ Jp 0
0 --- 0 ¢
where Jy, - -, J are of Jordan form and Ji has size at least 2. By [9, Lemma 3.24],

the matrix in (4.1) is conjugate to

g1 =

o ol
ca o
Q=
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where g € GL(n — 1,C) is of Jordan form, and v is the column vector in C"~!
that has 1 for the last coordinate and 0 for all the other coordinates. Now d(¢}) =
d(g)—1,s0r(g)) =n—1—d(g}) =r(g9) — 1. Recall that we are assuming that n+1
is even and r(g) > [22]. Let n+1 = 2m. Since r(g}) = r(g)—1>m—1= [=],
I(g)) =m —1=1(g9) — 1. Applying induction to ¢, one sees that Proposition 4.11
holds for C.

Case 2. All the Jordan blocks of C' have sizes at least 2 and at least one of them

has size 2. In this case, choose g € C of the form

c 1 0
g=10 ¢ 0 |,
0 0 ¢

where ¢ € GL(n — 1,C) is of Jordan form. Then d(¢’) = d(g) — 1, so r(¢') =
n—1—4d(g") = r(g) — 1. Since all the Jordan blocks have sizes at least 2, one
has 2d(g) < n+ 1, so r(g) > [%], and r(¢/) > [22] -1 = [22]. Thus
(g = ["T_l] = l(g) — 1. Applying the induction assumption to ¢, one sees that
Proposition 4.11 holds for C.

Case 3. All the Jordan blocks of C have sizes at least 3. Then we can find

g € C of the form

c 1 0
g=1|1 0 ¢ v
0 0 ¢

where v is the row vector in C"~! which has 1 for the first coordinate and 0 for all
the other coordinates, and ¢’ € GL(n — 1,C) is of Jordan form with d(¢’) = d(g),

— " : 2(n+1)
and thus r(¢’) = r(g) — 2. By assumption n + 1 > 3d(g) > 6, so r(g) > =53
and r(¢') = r(g) —2 > [251]. Thus i(g) = [2F] and I(¢) = [257] = [2H] - 1.
Applying the induction assumption to ¢/, one sees that Proposition 4.11 holds for
C.

This finishes the proof of Proposition 4.11 in the case when C' has only one

eigenvalue.

Proof of Proposition 4.11 when C has more that one eigenvalue. We
again use induction on n. Proposition 4.11 clearly holds for n = 0 or n = 1. Assume
that Proposition 4.11 holds for GL(p,C) for any p < n + 1 and any conjugacy
class in GL(p,C) with more than one eigenvalue. Let C' be a conjugacy class in
SL(n+1,C) with distinct eigenvalues ¢y, ca, - - - , ¢k, where k > 2, and for 1 < j < k,
let d; be the number of Jordan blocks of C' with eigenvalue ¢;. We will assume that
dy >--->d. Thenr(C)=n+1—d;.
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Case 1. r(C) > [%EL]. Let g € C be of the form

ct 0 um
g = 0 ¢co vy
0 0 ¢

where v; and vy are row vectors of size n — 1 and ¢’ € GL(n — 1,C). Then
rank(g' — ¢;I,—1) > rank(g — ¢jl41) — 2, 1<j<k.

Thus r(¢’) > r(g) —2 > [”T_l] and I(¢") = l(g) — 1. If ¢’ has only one eigenvalue,
we have proved that Proposition 4.11 holds for the conjugacy class of ¢’ and thus
also holds for C. If ¢’ has more than one eigenvalue, one applies the induction
assumption to ¢’ to see that Proposition 4.11 holds for C.

Case 2. r(C) < [”T“} Then d; > ”T‘H If all the Jordan blocks of C with

eigenvalue c; have sizes at least 2, then n + 1 > 2d; + 1, and d; < which is a

3
contradiction. Thus C has at least one Jordan block of size 1. Pick g € C of the

form
C1 0 0
(4.2) g=1 0 c v
0 0 ¢

where v is a row vector of size n — 1 and ¢’ € GL(n — 1,C). Then

rank(g' — c1l,,—1) = rank(g — c1lp11) — 1 =n — dy,
rank(g’ — col,, 1) = rank(g — colpy1) —1=n—dy >n—d;, or

rank(g’ — col,,_1) = rank(g — colpy1) — 2 =n —dy — 1.
Moreover, if k > 3, then for every 3 < j <k,
rank(g' — ¢;I,,—1) = rank(g — ¢jlp41) —2=n—d; — 1.

Ifk>3,thenn—d;—1>n—d; forevery 3 < j < k. Indeed, if n—d; —1 <n—d;
for some j > 3,thenn —dy —1 <n—dj —1 <n—dj, sody =ds. Since d; > "TH
and dy +dz +d; < n+ 1, one has a contradiction. Thus

r(g/) = min{rank(g’ —c1lp-1), rank(g' —caolph—1)}.

Consequently, (¢') =n —d; = r(g) — 1 unless rank(g’ — coI,—1) =n —dy — 1 and
n—ds—1 < n—d;. But in the latter case, di = dy = ”TH so n+ 1 must be even and
g is semi-simple. In particular, rank(¢’ — cal,,—1) = n — dy which is a contradiction.
Thus one always has r(¢') = r(g) — 1 and I(¢’) = I(g) — 1. Induction on ¢’ again
yields Proposition 4.11.

This finishes the proof of Proposition 4.11.
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