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ISOMORPHISMS BETWEEN QUANTUM GROUPS
Uy(shos1) AND U, (sl 1)

LI-BIN LI AND JIE-TAI YU

ABSTRACT. Let K be a field and suppose p, ¢ € K* are not roots
of unity. We prove that the two quantum groups Uy(sl,+1) and
Up(sl,11) are isomorphic as K-algebras implies that p = +q*!
when n is even. This new result answers a classical question of
Jimbo.

1. Introduction and the main results

The Drinfeld-Jimbo quantum group U,(g) over a field K (see [D1} D2,
Jill,[Ja]), associated with a simple finite dimensional Lie algebra g, plays
a crucial role in the study of the quantum Yang-Baxter equations, two
dimensional solvable lattice models, the invariants of 3-manifolds, the
fusion rules of conformal field theory, and the modular representations
(see, for instance, [Kal, [Lull, LZ, RT]). In his fundamental paper [Ji2],
Jimbo raised the following

Problem 1.1. When are the two quantum groups U,(g) and U,(g) over
a field K isomorphic as K-algebras?

In [Ji2], Jimbo discovered a close connection between quantum groups
and finite dimensional Hecke algebras via R-matrices, then motivated
by the connection and the classical result that two finite dimensional
Hecke algebras H, and H, of same type are always isomorphic by Tits
(see Bourbaki [B], see also Lusztig [Lu2] for such an explicit isomor-
phism), Jimbo conjectured that U,(g) and U,(g) are always isomorphic
as K-algebras, at least ‘after appropriate completion’. The above prob-
lem is closely related to
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Problem 1.2. Describe the structure of Autx(U,(g)) for the quantum
group U,(g) over a field K.

See, for instance, Alev and Chamarie [AC| and Zha [Z1] for descriptions
of Autg(U,(sly)). See Zha [Z2] for some results about Autk(U,(g)).
See also Launois |Lall La2], and Launois and Lopes [LL] and refer-
ences therein for related description of Autg(U/ (g)). In particular, we
formulate

Problem 1.3. When are the two quantum groups U,(sl,41) and U,(sl,41)
over a field K isomorphic as K-algebras?

The above problems are also motivated by the similar questions regard-
ing the isomorphisms between affine Hecke algebras H, and H, over a
field K recently considered by Nanhua Xi and Jie-Tai Yu [XY]. See
also Rong Yan [Y].

In this paper, we give a necessary condition for the quantum groups
U,(sl,,+1) isomorphic to Uy(sl,11) as K-algebras for even n, provided
both ¢ and p are not roots of unity in K. This new result answers the
classical question of Jimbo.

Theorem 1.4. Suppose q € K* is not a root of unity in a field K,
n is even, then Uy(sl,4+1) and Uy(sl,+1) are isomorphic as K-algebras
impplies that p = +q*.

Based on some more involved methodology, we will prove an ‘analogue’
of Theorem 1.4 for odd n in a forthcoming paper [LYZ2], where one sees
that for odd n, the situation becomes much more complicated. For the
simplest odd case n = 1, see L.-B.Li and J.-T.Yu [LYT].

2. Preliminaries

In this section, we recall some fundamental facts about the quantum
group U, (sl,11) over a field K, where ¢ € K* is not a root of unity
in K (see, for instance, Jantzen [Ja], or Kassel [Ka]). We also prove
two technical lemmas, the first classifies the unit elements in U, (sl,,+1),
the second describes a subset of n algebraically independent elements
in 7,((U2)") as a minimal generating set of the fractional field of
Y,((U2)W) for even n by the multiplicative invariant theory. All of
these will be used in the proof of the main results in the next section.
Let €1,€9, -+ ,e,41 be the usual orthogonal unit vectors which form a
basis of Euclidean space R"*! with the usual inner product. It follows
that ® = {g;, —¢; | 1 < i # j < n+ 1} is the root system of s,
and IT = {o; = &; —e;11 | 1 <1 < n} is a base of . Note that the
reflection s; corresponding to «; permutes the subscripts ¢, ¢ + 1 and
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leave all other subscripts fixed. Thus we get that the Weyl group W
of sl,,4 is just the symmetric group &,,;.

Recall that for given ¢ € K* and ¢? # 1, the quantum group
U:=U, :=U,(sl,+1)

is the associative algebra over K generated by K;, K, 1 E,, F, for
1 <i,5 < n subject to the following defining relations:

K,K; = K;K;, K,K;' = K;'K; =1,
[(Zl?J = qaijEjKi, KZF] = q_aijF’jKiv
EiF; — FjE; = 6,;(K: — K7V /(g —q7Y),
E}E; — (¢ +q )EEE + E;E; =0, |i—jl=1,
FPFy =g+ ¢ DEFF+ FF =0, |i—jl=1,
where A = (a;;) be the Cartan matrix of type A,1.

The following lemma describe the unit elements in U,(sl,11). See, for
instance, J.-G. Zha [Z1], for a proof..

Lemma 2.1. An element u € Uy(sl,41) is multiplicative invertible if
and only if there exists A € K*, m; € Z such thatu = AK{" K3 ... K™

Denote by U° the subalgebra of U := U,(sl, ) generated by K:*' and
U* (U™) respectively) the subalgebra generated by E; (F; respectively)
for 1 < ¢ < n. It follows that U° is the laurent polynomial algebra
K[KE, .- KF'. For each A in the root lattice Z® = ZII = Za; ®
Loy @ - - - Lo, we define an element Ky in U by

Ky= KM K- KM if A= Aag + doas + - + Ny, € ZO.
The Weyl group W = &,,,; acts naturally on U° such that

w - Ky = Ky, for all w € W and A € Z®.

Recall that the quantum group U = U,(sl,41) is a Z®-graded K-algebra
with the grading on the generators via deg(K;) = deg(K; ') = 0 and
deg(E;) = oy, deg(F;) = —a;. Suppose that ¢ is not a root of unity,
then for v € Z® we have

U,={ueU| Kyu=uK,}.

According to the triangular decomposition U = U~U°U™, we have a
direct decomposition

U=U"e U, U

v>0
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Denote 7 : Uy — U the projection with respect to this decomposition.
Then it is easy to check that 7 is a K-algebra homomorphism. For all
A € A, define the K-algebra automorphism

WK, =™, forally € Z9.

We call
yopom  Z(U) — U°

the Harish-Chandra homomorphism for U, where p is half the sum of
the positive roots. So we have
1

P=3
and (p,a;) =1 forall 1 <i <mn.
Set U2 = @ kK, where A is the weight lattice (when we specify

AEZBN2A

the parameter ¢, we will write U(?,ev)' Note that Z® N 2A is a subgroup
of Z& N A and Z® N 2A is W-stable. It follows that the action of W

maps U2 to itself. The following result is well-known (see [Ja]).

St + 2 — 2i)e;

Proposition 2.2. The Harish-Chandra homomorphism is an isomor-
phism between between Z(U,(sl,11)) and (U)W, where

(U)W ={helU’ |w-h=h, ¥ weW}.
The following technical lemma is essential for us to obtain the alge-

braically independent generators of ,((U%)"). Note that in case the
parameter ¢ is to be specified, we will write 7,,((U%)") instead of

W ((UZ)™)-
Lemma 2.3. For the simple Lie algebra s\, 1 of type A,i1, we have

7P O 2N — @;:_112(2%)7 for evenn,
@izl Z(20;) ® Z(ay + as+ -+ ay), for oddn.

Proof. Since «; € A for 1 < i < n, it follows that 2a; € ZP N 2A and
n n—1
P z2w) CZd N 28, P Z(20;) C ZP N 2A.
i=1 =1
Note that when n = 2m — 1 is odd,
A, =
—[may+2mag+- - -+ (m—1)ma,_1+mam,+m(m—1)a, 1+ - -+may).

2m
Thus, we have

20 = (20 + 203 + 4 + -+ + 20, 1) + (a1 + g+ ).
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It follows that 2\, € Z® N 2A and
o +ag+ ... € 20 N 2A.

So we have
n—1

@Z@ai)@Z(al +ag+ -+, € ZON2A.
i=1
On the other hand, since
ap =2\ — Ay, a0 = = A +2X — A3, = — Ao + 2,
now for any a = Y1 | kijoy; € Z® N 2A, where k; € Z. Then we have
o = (2]{71 — kg))\l -+ (2]€2 — k’l — k’g))\z + -+ (Zk'n - kn71>>\n € 2A.

It follows that

ko € 27, k1 + k3 € 27, ko + ky € 27, - - -
and
kn_1 €27k, + ko € 27, kyy_ 1 + kp_3 € 27, - - -.
When n is even, then k; € 27Z for 1 < i < n. So we have

Zn2A € P z(20).
i=1

When n is odd, then ks, kg, - -+, k1 € 2Z and ky, ks, - - -, ky,, are all odd
or all even. Thus, we have

o =
(k1—kp)on+koao+(ks—kp)as+kyau+-+kn_1051+k, (0 +as+-+ay,),
where kl — k’n, kQ, kg — ]{?n, k?4, te akn—l € 27.
So we have

n—1
@Z(2Ozi)@2(&1 +ag+-- -+ ay) DZPN2A,
i=1

when n is odd. O

Remark 2.4. From the above lemma we have already seen for odd n,
the situation is more complicated. For details and related multiplicative
invariant theory, see L.-B.Li and J.-T.Yu [LY2].

Next we determine a subset of n algebraically independent elements in
7,((U2)W) as a minimal generating set of v,((UZ)") for even n by the
multiplicative invariant theory, see [Lo]. In the sequel we assume that
n is even, by Lemma 3.1, we have

Ur?v = K[K?ﬁ?K;ﬁ? T 7KT:L‘:2]'
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< n. Define

Si = § : Ljy1Ljg =+ Ty,

J1<j2<<Ji

1 <i<n+1 Then by multiplicative invariant theory (see [Lo]), for
m=1 2, ---,n —1,n+ 1 we obtain the fundamental invariants
ST Sn—m+1 (UO) ntl
Sna1
Notice that
m! ;
(x1+x0 4+ Tpy)" = Z —'lel x;n_ﬁll

IR el
0<in iz, imp1<n+1 L2 n+l

i1+io24Finpr1=m

By direct calculation, we have

m
S1 Sn—m+1
Sn+1
o S e
_ Z e S dnmt1 Tnt1
RL P RRRE MR L % SRRy
i1,82, sinil 1-02 n+1:-L142 n+1
ilﬂ»i2+m+i”+1:m
1<j1<g2 < <Jn—m+1
yll 1y11+22 1 .. y?1+i2+“'ijn7'm+1_(n_m+1) e in+1—1
2 1 2 IJn—m+1 n
7,1!Z2! tee ’Ln+1!

A1, ingl
11 i+ Finp1=m
1< <ge < <gn—m+1

Then substitute y; = (qK;)?, we obtain a subset of n algebraically
independent elements in fyp((U 0)") as a minimal generating set of the
fractional field of ~,((U2)"), which are algebraically independent as
follows.

o1 =¢K + ¢ KiK; + -+ ¢"K{K; ... K?

+q KRS LK T KPR TR,

o3 = KK + -+ g KK

Op-1 =

qn(nfl)Kf("*l)KQQ(n*Q) . K2_1 44 qfn(nfl)KIZK;L o K—nf2(n71)7

Opi1 = qn(n+1)K12nK22(n_1) . K727, I q—n(n+l)K1—2K2—4 . K;Zn

Then by the expression of the these elements, it is easy to see that
each element admits some special ‘symmetry’, which means that, if we
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replace ¢K; by (¢K;)~! for all i in ¢, as functions for ¢K; i=1,...,n
for all 7, then

Jj(qua o qKy) = Uj((qu)_la R (qKn)_l)'
Consequently, if we denote by f;(¢K) for the function of ¢K obtained
by substituting K = K; for all ¢ = 1,2,--- ,n in o0, then f;(¢K) =
fi((gK)™Y) for all j. For example, we write explicitly down these ele-
ments for n = 2 as follows (see [LWP, [LWW| [Lo| for details) below.
or = @K} + ¢' KRS + K3 + ¢ Ky + ¢ KUKy + g K+ 3,
03 = °K{ K3 + K[ *K3 + ¢ KKy
+ 3K} + ¢'KT K3 + K3 + ¢ *Ky? + ¢ 'K Ky 2 + ¢ 2K ?) +6.
By the multiplicative invariant theory (see, for instance, [Lo]), we know

that the set of these n elements is a minimal (algebraically independent)
generating set of the fraction field of ~,((U2)").

3. PROOF OF THE MAIN RESULT

Suppose U =: U, := U,(sl,11) and U, := Up(sl,11) are isomorphic
as K-algebras. Then we may assume U = U, = U,. In other words,
U := U,(sl,4+1) has a Upy(sl,41)-structure. Namely, U = U, is also
generated by k;, k', e;, fi for 1 < i,j < n subject to the following
defining relations:

k:iej = paij ejki, ]{sz] = p_aij fjki7
eif; — fiei = 0y (ki — k) /(p—p71),
eie; = ejei, fifi = fifi li—Jjl#1,
ejej — (p+p eiesei +eje; =0, |i—jl =1,
f2fi =+ O fififi+ [ifE =0, for |i—j|=1,

where A = (a;;) be the Cartan matrix of type A,1.
Lemma 3.1. In U = U,(sl,41) = Up(sl,41),

KIKE, . KE] = KEE .. kS
Proof. Obviously there exists a K-isomorphism from K[/, ... K]
onto K[kF!, ..., k*'] taking K; to k; which induces an isomorphism
from the free abelian group generated by K; (i = 1,...,n) to the
free abelian group generated by k; (i = 1,...,n). But the second

isomorphism is indeed a (group) automorphism by Lemma 2.1, so is
the first one. Therefore

KIKF . KGT =Kk k]
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mU = Uq(ﬁ[n+1) = Up(ﬁ[n+1). U

Lemma 3.2.
’yﬁﬂ((Ug,ev)W) - 7P:P<<U£,ev)w>‘

Proof. We may assume
U:= Uq = Uq(5[n+1) = Up = Up(5[n+1)‘

Hence Z(U,) = Z(U,). By Lemma 3.1,

K[KE . KA = Kk, . kY,
hence v,,4(U?,,)"), as the image m,(Z(U,)) of Z(U,) under the projec-
tion

mq: Ugo = Ul =K[KT, ... K,
is equal to 7,,(U72,,)"), as the image m,(Z(U,)) of Z(U,) under the
projection

ot Upo = U) = K[k, ... k'

by the definition of the Harish-Chandra isomorphism. U

In Section 2 we already got a subset of n algebraic independent elements
o5, j=1,...,nin 7,,((U2,,)") as a minimal generating set of the

fractional field ~,4((U7,,)"). Similarly, we can write a subset of n

algebraic independent elements 7;, j = 1,...,n in ”yp,p((Ul?jev)W) as a

minimal generating set of the fraction field of ~,,((U},,)") as follows.

n = p’k} + p* K2k -+ p kRS K

R T Y e e N R i T

7o = pOkTRS + - 4 p Ok TRy,

Tn—1

= prn D22 g2 e D 2 2]

g1 = pPOFDEZ ST g2 gD m 2
By Lemma 3.2, there exists a K-birational automorphism of the fraction
field

K(o1,...,00) =K(71,...,7)

of 7o (UL, ") = 1pp((US,,)") induced by the K-automorphism a of

Eev,p

KIKF, . KT =Kk k]
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taking ¢ K; to a(¢K;) = pk; for all ¢ and taking o; to a(c;) = 7; for all j.
On the other hand, By Galois theory, any K-birational automorphism
of

K(o1,...,00) =K(71,...,7)
taking o; to 7; for all j can be lifted a birational K-automorphism of
K(Ky,...,K,) =K(ky,... k)
taking qK; to pk; for all ¢ via the finite Galois extension
K(Ky,...,K)/K(oy,...,00) = K(ki, ..., ky)/K(11, ..., 7).

Put K := K; = --- = K,,, consequently, k := k; = --- = k,, then «
induces an automorphism of K(¢K + ¢ 'K~') taking ¢K + ¢ 'K~! to
pk +p~'k~!, and we obtain

K(¢K +¢ ' K™") = K(pk +p~ k),

which forces ¢K = (£pk)*!. Therefore ¢? K? = ka:@i(?) for some § € &,
and all 2. By definition of o; and 7y, we see that
01 = 7'1(169(1), ceey k@(n))u

if we view 71 := 71(ky,...,k,) as a polynomial function of ki, ..., k,.
Consider the scalar action of the central element in Z(U,) = Z(U,)
corresponding to

01 = 7—1(1@(1)7 cee 71{9(”)) € fYP,q((Ugv,q)W) = ’Yp,p((erv,p)W)

on the (U, = U, =) U-simple module L(\), where A = >"""  m;\; € A

for nonnegative integers my, ..., m,, we get

q2+2m1 4 q4+2m1+2m2 4ot q2n(n+l)+2m1+2m2+--~+2mn

+q72n(n+1)72m172m27---72mn +q7472m172m2 _|_q7272m1

2+2my +p4+2m1+2m2 + . + 2n(n+1)+2m1+2m2+---+2mn

=P p
+p72n(n+1)72m172m27---72mn +p7472m172m2 +p7272m1

for all nonnegative integers mq,mo, ..., m,. That forces ¢*> + ¢ 2 =
p? + p~2, hence p? = ¢*2, therefore p = +¢**. O
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