THE HALL MODULE OF AN EXACT CATEGORY WITH
DUALITY

MATTHEW B. YOUNG

ABSTRACT. We construct from a finitary exact category with duality A a
module over its Hall algebra, called the Hall module, encoding the first order
self-dual extension structure of A. We study in detail Hall modules arising from
the representation theory of a quiver with involution. In this case we show that
the Hall module is naturally a module over the specialized reduced o-analogue
of the quantum Kac-Moody algebra attached to the quiver. For finite type
quivers, we explicitly determine the decomposition of the Hall module into
irreducible highest weight modules.

INTRODUCTION

Let A be an abelian category with finite Hom and Ext' sets, called finitary below.
In [20] Ringel constructed from A an associative algebra H 4, the Hall algebra,
whose multiplication encodes the first order extension structure of A. There is also
a coalgebra structure on H_4 which, if A is hereditary, makes H 4 into a (twisted)
bialgebra [10]. The category Repr,(Q)) of representations of a quiver over a finite
field is an example of a finitary hereditary category. The corresponding Hall algebra
Hg contains a subalgebra isomorphic to the positive part of the quantum Kac-
Moody algebra associated to @, specialized at /g [21], [I0]. A second example
of a finitary hereditary category is Cohx, the category of coherent sheaves over a
smooth projective curve X defined over F,. The simplest case is X = P!, where the
Hall algebra contains a subalgebra isomorphic to a positive part of the quantum
affine algebra U \/a(f:[g) [13]. Hall algebras can be defined more generally for exact
categories [12] and often give algebras behaving like quantum nilpotent groups [3].

The first goal of this paper is to introduce an analogue of the Hall algebra when
objects of A are allowed to carry non-degenerate forms. We work in the framework
of exact categories with duality, where a self-dual object is an object of A together
with a symmetric isomorphism with its dual. In Theorem [2:4] we associate to an
exact category with duality a H 4-module, called the Hall module and denoted M 4,
encoding the self-dual extension structure of A. Similarly, M 4 is a H_4-comodule.
In Theorem [2.6] we modify this construction to obtain modules over the Ringel-Hall
algebra of A, whose (co)multiplication differs from that of the standard Hall algebra
by a twist by the Euler form. The module twist is defined using an integer valued
function £ on the Grothendieck group of A that can be seen as a self-dual version
of the Euler form. In Theorem we prove an identity relating £, the Euler form
and the stacky number of self-dual extensions in .A. This identity is used in Section
but is also of independent interest. Its proof uses the combinatorics of self-dual
analogues of Grothendieck’s extensions panachées [11], [4].

In Section |3| we study Hall modules arising from the representation theory of a
quiver with involution (@, o). From the involution and a choice of signs we define
a duality structure on Repr, (Q), with ¢ odd. For particular signs, self-dual objects
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coincide with the orthogonal and symplectic representations of [6]. The module and
comodule structures are incompatible in that Mg is not a Hopf module. In Theo-
rem [3:5] we instead show that the action and coaction of the simple representations
[Si] € Ho make Mg, with its E-twisted module structure, a module over B, (gg),
the reduced g-analogue of U ﬁ(gQ)~ The proof is combinatorial in nature and in-
volves counting configurations of pairs of self-dual exact sequences. Furthermore,
in Theorem we describe the decomposition of Mg into irreducible highest
weight B, (gg)-modules, with generators being elements of M annihilated by the
coaction of each [S;]. The proof uses a canonically defined non-degenerate bilinear
form on Mg and a characterization of irreducible highest weight modules due to
Enomoto-Kashiwara [§].

In Section [4 we restrict attention to finite type quivers. Unlike ordinary quiver
representations, self-dual representations may have non-trivial Fq /Fg-forms. In
Proposition we extend results of [6] to explicitly describe all such forms and
classify indecomposable self-dual IF,-representations. We use this result in Theo-
rems and [4.6] to explicitly describe the decomposition of finite type Hall modules
into irreducible highest weight B, (gg)-modules. The generators are written as al-
ternating sums of F,/F,-forms of self-dual indecomposables.

Enomoto [7] proved a result related to Theorems and showing that
induction and restriction along [S;] endow the Grothendieck group of a category of
perverse sheaves on the moduli stack of complex orthogonal representations with
the structure of a highest weight B, (g¢g)-module. In the terminology of the present
paper, the weight module in [7] is generated by the trivial orthogonal representa-
tion, whereas Theorems and hold for arbitrary dualities and describe the
decomposition of the entire Hall module. The methods of [7] follow Lusztig’s geo-
metric framework [I5] and are completely different from those used in this paper.
The existence of both approaches suggests a self-dual analogue of Lusztig’s purity
result [I6] for multiplicity complexes of perverse sheaves. This would provide a
direct link between [7] and the present paper.

Notations and assumptions: In this paper, all fields are assumed to have
characteristic different from two. In particular, if I, is a finite field with ¢ elements,
then ¢ is odd. All categories are assumed to be essentially small and we write Iso(.A)
for the set of isomorphism classes of objects.

Acknowledgments. The author would like to thank Cheng Hao for helpful comments
during the preparation of this work and Michael Movshev for his insights and
encouragement. Portions of this work appeared in the author’s PhD dissertation
at Stony Brook University. The author was partially supported by an NSERC
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1. THE HALL ALGEBRA OF AN EXACT CATEGORY

Let A be an exact category in the sense of Quillen [I8]. In particular, A is
additive and is equipped with a collection F of kernel-cokernel pairs (i,7) called
short exact sequences and denoted

(1) vl xS,

satisfying a collection of axioms [I8]. A morphism ¢ is an admissible monic if it
occurs in a pair (i,7) € F. Abelian categories are an important class of exact cate-
gories. More generally, an extension-closed full subcategory of an abelian category
inherits a canonical exact structure.

Denote by F )U( v the set of short exact sequences of the form . Assume that

A is finitary, that is, for all U,V € A the set Hom(U,V) is finite and £§V is
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non-empty for only finitely many X € Iso(A). The Hall numbers are then the
cardinalities
Ffy={UcCX|U~U X/U~V},
where the subobjects U are required to be admissible. Setting a(U) = |Aut(U)| we
have | Ef v | = a(U)a(V)Fy,.
Fix an integral domain R containing Q, a unit ¥ € R and a bilinear form c :
K(A) x K(A) — Z. The Hall algebra of A is the free R-module with basis Iso(.A),

H.A = @ R[U}v
U€elso(A)
with associative multiplication given by [20], [12]
(2) UV =v @Dy FryIX]
Xelso(A)

Similarly, H_4 is a topological coassociative coalgebra with coproduct [10]

AlX] = ) VcWﬂVWFg{V[U] ® [V].
U,Velso(A)

In general, A takes values in the completion H4®rH 4 consisting of all formal
linear combinations > ;1 cu,v [U] ® [V]; see [22] for details. Both the product and
coproduct respect the natural (Grothendieck group) K (A)-grading of H 4.
Suppose that A is F,-linear and of finite homological dimension with finite Ext’
sets, 4 > 0. In this case, its Euler form is the bilinear form on K(A) defined by

(U, V) = (~1)'dimg, Ext'(U, V).
i>0
Its symmetrization is denoted (-, -). With the choices R = Q[v,v '], v = \/g ' €R
and ¢ = —(-,-), H_4 is called the Ringel-Hall algebra of A.

The following fundamental result asserts the compatibility of the product and
coproduct when A is hereditary, i.e. of homological dimension at most one.

Theorem 1.1 ([I0]). Let H 4 be the Ringel-Hall algebra of a hereditary abelian cat-
egory A. Equip HA®H 4 with the algebra structure given on homogeneous elements
z,Y, 2, w € Ha by

(z@y)(z@w) =v ¥z @ yw.
Then A : Ha — HAQHA is an algebra homomorphism.

Finally, in [10] an R-valued non-degenerate symmetric bilinear form on H 4 is

defined by ([U],[V])x = SEJUV)

(r®y, A2)yen = (2y, 2)n, 2,9,2€ Ha

where (2 @y, 2" @ ¥ )yen = (@, 2 )u(y, ¥ ).

The category Repr, (Q) satisfies the assumptions of Theorem Its Hall algebra
will be discussed in Section We describe below a second example only briefly.
The reader is referred to [22] for detailed examples of Hall algebras.

. This form satisfies

Example. Let X be a smooth projective curve defined over F,. Theorem ap-
plies to the category of coherent sheaves over X. The full subcategory of vector
bundles defines a subalgebra Hyect, C Heony - The adelic description of the stack
of vector bundles over X shows that Hyect, consists of the unramified automor-
phic forms for GL defined over F,(X), with multiplication given by the parabolic
Eisenstein series map. Incorporating torsion sheaves gives a Hall algebraic real-
ization of Hecke operators. The quadratic identities satisfied by cusp eigenforms
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become quadratic relations in Heony, [13]. These relations imply that HCohn,,l is
isomorphic to the semidirect product of the Hall algebra of torsion sheaves (a tensor
product of classical Hall algebras) with a negative part of the quantum affine al-
gebra U z-1 (sly) [13]. In higher genus the quadratic relations no longer determine
Heony - See [23], [14] for higher genus results. <

2. THE HALL MODULE OF AN EXACT CATEGORY WITH DUALITY

2.1. Exact categories with duality. A basic reference for exact categories with
duality is [2].

Definition. (1) An exact category with duality is a triple (A, S, ©) consisting of an
exact category A, an exact contravariant functor S : A — A and an isomorphism

j %selb)-gjaf%tg]sé%nﬁ ﬁ/Q@SI ’)&9 an olbgj@& £ Teolf (tfogeetﬁér with an isomorphism
7
Yy : N =5 S(N) satisfying S(¥n)On = Vn.

The notation (N,v¢y) € Ag, or sometimes just N € Ag if ¢y is understood,
indicates that (IV,vyy) is a self-dual object. We also sometimes refer to A, instead
of (A,S5,0), as an exact category with duality. We say that N, N’ € Ag are
isometric, notation N ~g N’, if there exists an isomorphism ¢ : N = N’ satisfying
S(d)Yn ¢ = Yn. The set of isometry classes of self-dual objects Iso(Ag) is an
abelian monoid under orthogonal direct sum.

Example. Let X be a smooth variety defined over a field k& and write Vectyx
for the exact category of vector bundles over X. Given s € {£1} and a line
bundle £ — X, define a duality functor on Vecty by S(V) = VY ®0, L, where
VY = Homp, (V,Ox). Let Oy : V = VVV be the signed evaluation map, given at
the level of sections by O(f)(z) =s- f(z), x € X. Then (Vectx,S,0) is an exact
category with duality, the self-dual objects being £-valued orthogonal or symplectic
vector bundles over X. <

Definition. An isotropic subobject of N € Ag is an admissible monic U - N such
that S(i)yYni = 0 and the induced monic U — UL := ker S(i)yn is admissible.

1L
The notation U C N indicates that U is isotropic in N. We will use the following
categorical version of orthogonal and symplectic reduction by isotropic subobjects.

Proposition 2.1 ([I7, Proposition 5.2]). Ifi : U — N is isotropic, then there
exists a self-dual structure ¢ on N//U := UL /U, unique up to isometry, making
the following exact diagram commute:

J 7r

U E N//U
k S(m)p
(3) I i S(k)N S(E)
SN S(j)
S(U) == S(U)

k
Here E »— N is a kernel of S(i)yn and 7 is a cokernel for the induced monic

UL E.
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Motivated by Proposition [2.1} we make the following definition.

Definition. Given U € A, M,N € Ag, let QgM be the set of equivalence classes

of exact commutative diagrams (E;i,j,k,m) of the form , with (N//U,z/NJ) re-
placed with (M, ). Two such diagrams E, E’', are equivalent if there exists an
isomorphism E = E' making all appropriate diagrams commute.

Elements of QJJ o are called self-dual exact sequences and written U — N-T» M.

2.2. Hall modules. Let A be a finitary exact category with duality. For U € A
and M, N € Ag define the self-dual Hall number by

~ 1 ~ ~
(4) Gy =HUCN|U~U, NJ/U=~gM}|.
Let GfY = |QJJM\ and ag(M) = |Autg(M)|, the number of isometries of M.
G

Lemma 2.2. The equality G](}CM = holds.

a(U)as(M)
Proof. The group Aut(U) x Autg(M) acts freely on Qlj\;M by

(g,h) - (Esi,j,k,7) = (Eyig=*, jg  k,hr), (g,h) € Aut(U) x Auts(M).
The map (E;i,7,k,m) — im(i) induces a bijection from QﬁM/Aut(U) x Autg (M)
to the right-hand side of equation (4. O

Lemma 2.3. For fited U € A and M € Ag, the set QgM is non-empty for at
most finitely many N € Iso(Ag).

Proof. As A is finitary, only finitely many isomorphism types of E, and hence N,
can appear in the diagram . By Hom-finiteness, any such N admits at most
finitely many self-dual structures and the statement follows. O

Let M 4 be the free R-module with basis Iso(Ag),
Ma= P RM]|
MeIso(Ag)
The next result defines the Hall module of A. For now, take ¢ = 0 in equation .

Theorem 2.4. The formulae
U= M= > GyulN]
Nelso(Ag)
" ()as (1)
a as
pINI = Y Y, — G yUle[M]
Uelso(A) Melso(A as(N)
so so(Ag)
make My a left H o-module and topological left H 4-comodule, respectively.

Proof. Lemmas[2.2]and [2.3]imply that the above formulae are well-defined. A direct
calculation shows that the # 4-action is associative if and only if

(5) S NG m= Y, GipGUy, UVEA MNEeAs
Welso(A) Pelso(Ag)

Interpreting this equation in terms of isotropic filtrations shows that it is equivalent
to a self-dual version of the Second Isomorphism theorem. Precisely, this says that

1
for fixed U C N, the map V — V/U gives a bijection

(VEN|UCVY) s {VENJU



6 M.B. YOUNG

satisfying (N//U)//(V/U) ~s N//V. When A is abelian, this is proved in [I7,
Proposition 6.5]. The same argument applies to exact categories once admissibility
of all subobjects involved is verified, which is straightforward.
Turning to coassociativity, we first show that the composition
(1@p)op: My — HASHAOM 4

is well-defined, the completion consisting of all formal linear combinations; the map
(A®1)opis dealt with similarly. For any £ € M 4, the terms of p(£) contributing
to the coefficient of [U1] ® [U2] ® [M] in (1® p) o p(&) are proportional to [U;] ® [N]
where N//Us ~g M. The number of such terms is finite by Lemma A direct
calculation now shows that coassociativity is equivalent to equation O

We now introduce a generalized grading on the Hall module. Recall that an
object N € Ag is called metabolic if it contains a Lagrangian, an isotropic subobject
U with U+ = U. For example, the hyperbolic object H(U) on any U € A,

H(U) = (UGBS(U), (eOU ISC(JU))) € Ag,
is metabolic.

Definition (See [2]). (1) The Grothendieck- Witt group GW (A) is the Grothendieck
group of Iso(Ag) modulo the relation |[N| = |H(U)| whenever U is a Lagrangian in
N.

(2) The Witt group W (A) is the abelian monoid 1so(Ag) modulo the submonoid of
metabolic objects.

The map U — H(U) extends to a group homomorphism H : K(A) — GW (A).
The groups GW (A) and W (A) give two R-module decompositions of M 4,

Ma= P Ma(), Ma= P Muaw),
YEGW (A) weW (A)

where M 4(7) is spanned by self-dual objects of class v € GW(A), and similarly
for M 4(w).

Proposition 2.5. The homomorphism H intertwines the K(A) and GW (A)-gradings
of Ha and M y4: for all a € K(A) and v € GW(A)

Halo) x Ma(y) € Ma(H(a) + 7).
Moreover, for each w € W(A), Ma(w) C My is an H 4-submodule. Analogous

statements hold for the comodule structure.

Proof. The first statement follows from that fact that if U é N, then in GW(A)
the identity
IN| = |N//U|+ [HU)]
holds [I7]. The second part now follows from the exact sequence of abelian groups
(6) K(A) &L aw(A) = W(A) — 0.
(]

To extend Theorem [2.4] to c-twisted Hall algebras, suppose we are given a func-
tion ¢ : GW(A) x K(A) — Z satisfying, for all o, 8 € K(A) and v € GW (A),
(7) c(a, B) + (v, a+ B) = (v, a) + &(y + H(w), B).
This guarantees that the twisted action
[U] % [M] = "0 N Gy [N]
Nelso(Ag)
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makes M 4 a module over the c-twisted Hall algebra. The comodule structure is
similarly modified.

Since we are primarily interested in the Ringel-Hall algebra, we seek a ¢ compat-
ible with ¢ = —(-,-). For each U € A, the pair (5, 0) generates a linear Zs-action
on Ext’(S(U),U) and we denote by Ext’(S(U),U)P® the subspace of symmetric
(p = 1) or skew-symmetric (p = —1) extensions with respect to this action.

Theorem 2.6. Let A be a Fy-linear abelian category of finite homological dimension
with finite Ext'-sets. Then the function £ : Iso(A) — Z given by

E(W) =D (~1) dimy Ext'(S(U),U) V"8
>0
descends to K(A). Moreover, the function
(M, U)=—-(M,U)—-EU)
satisfies equation with ¢ = —(-,-).
Proof. Applying the bifunctor Hom(—, —) to the short exact sequence
0=-U—-W-=V-—=0

and its dual gives six long exact sequences fitting into the following diagram:

0 0 0
l l l _

0 —— Hom(S(U),U) —— Hom(S(U),W) —— Hom(S(U), V) —

1 -1 1 7
( 0 —— Hom(S(W),U) —— Hom(S(W), W) —— Hom(S(W),V) D
1

The minus signs, indicating that negatives of the canonical maps are taken, en-
sure that each square of the diagram anti-commutes. Consider the total complex,
obtained by summing over the diagonal. Its first few terms are

Hom(S(U),V)

Hom(S(U), W) @
OﬂHom(S(U),U)% [ — Hom(S(W%W) .
Hom(S(W),U) &)

Hom(S(V),U)
There is a Zs-action on the total complex, commuting with all differentials, defined
by letting the generator act by (—1)’S on Ext‘(S(W),W) and by (—1)"*'S on
the remaining ¢th extension groups. Viewed as a virtual Zs-representation, the
character of the total complex is zero, implying the following relation between
virtual dimensions of Zs-invariants:

0=EU) = (SWU),W)+(S(U),V)+ ({(SW),W) =EW)) = (SW),V) + E(V).
This can be rewritten as
(8) EW)=EU)+E(V)+(S(U),V).
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The right-hand side of this equation is equal to £(U @ V), proving that £ descends
to K(A). Finally, equation is verified using equation . O

Definition. With ¢ as in Theorem[2.6, M 4 is called the Ringel-Hall module.
The following analogue of Green’s bilinear form will be used in Section

Lemma 2.7. The R-valued symmetric bilinear form on M 4 defined by ([M], [N]) m

SMm,N - :
as(n) 8 non-degenerate and satisfies

(@& p(Q)nom = (@*EOmMm, TEHA £, My

We now give two examples.

Given an exact category A, the triple (HA, Sy, 1g4), with HA = A x A% and
Su(A,B) = (B, A), is called the hyperbolic exact category with duality; all its
self-dual objects are hyperbolic. Let H%'™“” be the (co)algebra obtained from H 4
by taking the opposite (co)multiplication. Then Hya ~ Ha Qr HA 7.

Proposition 2.8. The map [X] — [H(X)] extends to an isomorphism H, —
Mpua of left Ha @r HE ™ “P-(co)modules preserving Grothendieck-Witt gradings
and Green forms.

Proof. For simplicity set ¢ = ¢ = 0. The above map clearly defines an R-module
isomorphism. A subobject of H(X), X € A, is necessarily of the form U; ® Sy (Us)
for some Uy, Us € A, and is isotropic if and only if Sy (Us) C Sy(X/Ur). Summing
over isomorphism types of X/U; shows

H(X) _ X w
GUl@SH(Uz),H(Y) - Z FU17WFY7U2’
Welso(A)

where we have used F::((IZ)) Su(y) = F}‘ff%. This implies that Ggl(g;H(UQ) H(Y)
is the coefficient of [X] in [U1][Y][Uz], all multiplication in H_4, and gives the

Ha ®r H-module isomorphism H 4 ~ My 4. Using
Aut(U1 D SH(UQ)) ~ Aut(Ul) X Aut(UQ), AutS(H(X)) ~ A’U,t(X),

a similar argument gives the comodule isomorphism and shows that Green forms
are preserved. That the gradings are respected follows from the fact that the

restriction of the hyperbolic functor to A C HA induces an isomorphism K(A) —
GW(HA). O

Example. Let Hyeet, and Myeer, be the Hall algebra and module associated
to a smooth projective curve X over Iy, with duality determined by a line bundle
L. Following the automorphic interpretation of Hyecty, Mvecty is identified with
the space of L-twisted unramified automorphic forms for symplectic or orthogonal
groups over Fq(X). The Witt group of (Vectx,L,O) is finite [I] and therefore
provides a finite Hy ecr, -module decomposition of My c.t, . As the duality does not
extend to C'ohx there is no obvious Hall module interpretation of Hecke operators
on MVectx . <

2.3. An identity for self-dual Hall numbers. In this section we prove the
following theorem.

Theorem 2.9. Let A be a Fy-linear hereditary finitary abelian category. For all
UeAand M € Ag, the following identity holds:

N
> UM _ —v)-ew),

Nelso(Ag) as (N)
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We proceed in steps. Fix s = (E;i,j,k,7) € QgM. Applying Hom(S(U), —) to
the exact sequence s_ = (j, ) gives the long exact sequence
— = Hom(S(U), M) 2= Ext (S(U), U) 2 Ext'(S(U),E) — ---
Similarly, applying Hom(—,U) to s5; = (S(m)v¥ar, S(j)) gives

= Hom(M, U) 2 Ext (S(U), 1) 2955 Ext!(S(E),U) — - --

Define 62 : Hom(M, U) — Ext*(S(U),U)* by
B> 68 +0- (a7 S(B))-
Since 83 depends only on the class [s_] = ¢ € Ext'(M,U), we denote it by 555.
The set of self-dual extensions of M by U is defined to be
“Ext' (M, U)= || G,/ Auts(N),

Nelso(As)
where ¢ € Autg(N) acts by ¢ (E;i,7,k, ) = (E~, @i, j, ok, ). The assignment s —
[5_] defines maps T': Gy ,, — Ext'(M,U) and T : *Ext' (M, U) — Ext' (M, U).
Lemma 2.10. Ifs € QgM satisfies T'(s) = &, then

|Stab gy vy (8)] = |ker5§SHHom(5(U), U)=9.
Proof. An element ¢ € Autg(N) fixes s if and only if there exists r € Aut(E) with
j=rj, w=mr"t o¢k=kr %

The first two equations imply r = rg = 1g — j8n for a unique § € Hom(M,U),
and the last equation implies

¢ =¢r =1y +krS(k)YNn
for a unique 7 € Hom(S(E), E). The map ¢, is an isometry if and only if
(9) 0,'S(1) + 7+ 0, S(rr)pnT = 0.

Restricting ¢, to E shows j8 = 7S5(m)¢n. Hence 7 fits into the commutative
diagram

S(m Sy
0 a2 sy 29 s 0
(10) 8 r —yitS(8)
0 U B M 0

where we have used equation (9) to determine the map S(U) — M.
Conversely, for fixed 3, the existence of a lift 7 is equivalent to the condition

B € ker 5?, in which case the set of lifts of 5 forms a Hom(S(U), U)-torsor. For such
a lift 79, we can write © ;' S(79) + 7o = juS(j) for a unique p € Hom(S(U),U)5.
Putting
1. _ .
T1 =T0 — 5] (,U + /3¢MIS(B)) S(J)
gives ¢, € Stab g (n)(s) lifting 8. Finally, the action

fi-¢=¢+jaS(j), i€ Hom(SU),U)".
makes the set of lifts of 5 € ker 655 to Stab syt (n)(s) @ Hom(S(U),U)~*-torsor. [
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Remark. The ordinary version of Theorem is a corollary of the formula [19]

Fov  |Ext'(V,U)x|
a(X)  [Hom(V,U)|’

where Ext'(V,U)x C Ext!(V,U) are the extensions with middle term isomorphic
to X. This formula follows from the fact that all elements of ]-'éfv have Aut(X)-
stabilizer isomorphic to Hom(V,U). That Stab 4,4 (n)(5) depends on more data
than just U and M complicates the proof of Theorem [2.9}

Turning to the problem of describing the fibres of T, suppose that
t.: USESM

represents a class ¢ € Ext!(M,U). Since A is hereditary, there exists an exact
commutative diagram t extending t_:

Ut E—"sM
]k S(m)Yar

-

S(U) = S(U)

In [II] such a diagram is called an extension panachée of S(E) by E. The dual
diagram S(t) (after using ©) is another such extension panachée. By [I1], §9.3.8.b]
there exists a unique v, € Ext'(S(U),U) such that S(t) and tey, are isomorphic
extensions panachées. Here o is the simply transitive action of Ext!(S(U),U) on
isomorphism classes of extensions panachées of S(E) by E. Precisely, tey, is the
canonical lift of the Baer sum N + j,v, € Ext'(S(U), E) to an extension panachée
of S(E) by E.

Lemma 2.11. There exists a self-dual structure ¥ on N satisfying p = S(k)Yn
(i.e. te ggM) if and only if v¢ = 0. Moreover, such a self-dual structure is unique
up to isometry.

Proof. The implication is clear. Conversely, if ¢ = 0 then t ~ S(t), i.e. there exists
an isomorphism ¢ : N — S(N) satisfying vk = S(p)©Og and S(k)y = p. These
equations imply there exists a unique u € Hom(S(U),U) ™ such that

S(W)On — ¢ = S(r)Oyprt.

Then ¢ (1n + %i/ﬁ) is the desired self-dual structure. O

Lemma 2.12 (See also [4, Lemme 3]). The class ¢ satisfies v + O;1S(y) = 0.

Proof. We show that S(t)#©;.S(v() = t. The definition of v; and the freeness
of the Ext'(S(U),U)-action then imply the lemma. According to [4 Lemme
A1), S(t)*©,1S(74) can also be described as the lift of S(N) + S(j)*O;LS(v) €
Ext'(S(E),U) to an extension panachée. Since S(N) + S(5)*O,LS(y¢) is also the
middle horizontal exact sequence of S(tey;) the claim follows. O

The proof of [, Théoreme 1] shows that for each A € Ext'(S(U),U) we have
Yo =Ye+ A — OpLS(N).
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Together with Lemma this implies ve_1,,) = 0, and so by Lemma H
the diagram te(—37;) extends to an element of QJL\,[ y- In particular, T-1(¢) is
non-empty.

Lemma 2.13. The action of Ext'(S(U), U)* on T=1(€) is transitive with stabilizer
im (553. In particular,

~ Xl S
1) = A0
| im 67|

Proof. Transitivity can be verified as in [4, Théorem 1]. Consider the diagrams t
and tﬂ?ﬂ = (t°5,ﬁ)'5|w;[15(ﬁ). By [4, Lemme A.2], ted_[ is obtained from t
by replacing k with krﬁ_l. Similarly, t-ég [ is obtained from te§_S by replacing
S(p) with S(rgl)S(p). In all, t and t-(Sgﬂ differ by an automorphism of t_ and
its induced action on S(t_). Therefore, t and t°§g B are equal as self-dual exact
sequences and im (5? acts trivially.

On the other hand, suppose that t,t' € ggM are equal in SExtl(M, U). Without
loss of generality, we can assume t_ = t__. Then there exists ¢ € Autg(N) satisfying
ok = k'rgl for some 8 € Hom(M,U). Replacing k' with k’rgl gives the same self-
dual exact sequence but a different extension panachée, namely t' 055 B. The map ¢
is now an isomorphism of extensions panachées t ~ t/ -555 B. In particular, if t = tey
in SExtl(M,U),then’yeimég. O

Proof of Theorem[2.94 We compute using Burnside’s lemma

3 G _ 3 1
) [Stabaues () (s)]

Nelso(As) as(N [s]€SExt! (M,U)

= 71|
= Z | ker 5§||Hom(S(U)’U)—s| (Lemma, [2.10])

E€Ext (M,U)

\Extl( (U),U)
- L
£€E tzl(:M ) |1m55‘|ker65|\Hom(S U),U)=5] (Lemma 2.13))

B |[Ext' (S(U), U)"]
= X [Hom(M, U)|[Hom(S(U), U)=5|

£€Ext (M,U)
= M) -EW)

3. HALL MODULES FROM QUIVERS WITH INVOLUTION

For the remainder of the paper we assume that Hall algebras and modules are
given the Ringel twist.

3.1. Quantum groups and the Hall algebra of a quiver. Let A = (a;;)}';_; be
a symmetric generalized Cartan matrix with associated derived Kac-Moody algebra
g. The root lattice ® = @, Ze; is generated by the simple roots €y, ..., €,. The
Cartan form (—, —) : ® x ® — Z satisfies (¢, €;) = a;;.

Let Q(v) be the field of rational functions in an indeterminate v. Define

n —n

Il = ———— [mu=fhm“ [g]vzmhl. nk € Zso.

v—ov 1’
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Definition. The quantum Kac-Moody algebra U,(g) is the Q(v)-algebra generated
by symbols Ei7Fi,7},Tfl, fori=1,...,n, subject to the relations
(1) [T;,T;] =0 and T,T;* =1 fori=1,...,n.
(2) TE;T; " = v\ DE; and T,F;T; ' = v~ (%9 F; fori,j=1,...,n.
-1
(3) [Ei, Fj] = 6 2=5ir fori,j=1,...,n.
(4) (quantum Serre relations) For any 1,5 =1,...,n, with i # j,
a a
Z(—l)p [ a ] FPEF*P =, Z(_l)p { a } EPE,EX" =0
— p — p
p=0 v p=0 v
where a =1 — (€, €j).

Let U, (g) be the subalgebra of U,(g) generated by F;, i =1,...,n. For v € C*
not a root of unity, the specialized quantum groups U, (g), U, (g) are the Q[v, v~ 1]-
algebras with generators and relations as above but with v replaced with v.

We now recall the connection between quantum groups and Hall algebras of
quivers. Consider a quiver () with finite sets of nodes (g and arrows ) together
with head and tail maps h,t: Q1 — Q. A k-representation of @ is a pair (V,v =
{vataeq,) where V. = @,co, Vi is a finite dimensional Qo-graded k-vector space

and Vi(q) Loy Vi(a) 1s a linear map. The category Repy(Q) of k-representations is
abelian and hereditary. The abelian group Z®° of virtual dimension vectors has a
natural basis {¢;};cq, consisting of unit vectors supported at i € Qo. The simple
representation with dimension vector €; and all structure maps zero is denoted by
Si.

If @ has no loops, then its symmetrized Euler form in the basis {¢;}icq, is a
generalized Cartan matrix. Denote by gg the corresponding derived Kac-Moody
algebra and let H¢g be the Hall algebra of Repr, (Q).

Theorem 3.1 ([21], [10]). If Q has no loops, then the subalgebra of Hg generated
by [Si], for all i € Qo, is isomorphic to U, (gq)-

3.2. Representations of a quiver with involution.

Definition. An involution of Q is a pair of involutions Q; = Q;, i = 0,1, such
that for all a € Q1, h(o(a)) = o(t(a)) and if o(t(a)) = h(a) then o(a) = .

Not every quiver admits an involution. For example, the only simply laced
Dynkin quivers that admit involutions are of type A. On the other hand, the
double of a quiver always admits an involution.

Let (Q,0) be a quiver with involution. To construct a duality on Repy(Q), let ¢
be an involutive field automorphism of k£ with fixed subfield ky. Fix also functions
5:Qo — {1} and 7 : Q1 — {£1} satisfying s; = s,(;y and 74 7,(a) = 5455 for all
i % j. The functor S : Repy(Q) — Repy(Q) is defined by setting S(U,u) to be

SU)i =Usgiy,  S(Wa = Tally(a),

where

Uoiy = {f € Hom, (Us(iy, k) | fcv) = u(c)f(v), v € Upqsy, c€ k}

Given a morphism U 2, U’, the components of S(U”) @), S(U) are S(¢); = Z(i).
Put © = ®ier s; - €v;, where €v is the composition of the evaluation map with ¢.
Then (Repr(Q), S, 0) is a ko-linear abelian category with duality.

Geometrically, a self-dual structure 1), defines a non-degenerate form on M by
(v,w)y = Ppr(v)(w) that is linear in the first variable and ¢-linear in the second
variable. Moreover, M; and M; are orthogonal unless ¢ = o(j)., in which case the
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restriction of the form to M; + M, ;) is s;-symmetric (resp. s;-hermitian) if ¢ is
trivial (resp. non-trivial). Finally, the structure maps satisfy

(Mmav, w) — To (v, Mgayw) = 0, v € My(a), w € My(p(a))-

When ¢ is the identity, 7 = —1 and s is constant, self-dual objects are called
orthogonal and symplectic representations (referred to as the s = 1 and —1 cases,
respectively) and were originally introduced by Derksen-Weyman [6]. When ¢ is
non-trivial and (s,7) = (1, —1) self-dual objects are called unitary representations
(referred to as the s = 0 case). In particular, if k¥ = F, then ¢ must be a perfect
square. We then regard Repr, (Q) as a I sg-linear category, so that R = Q[vo, v 1
with vy = y(j_l in the definition of Hg. We also rescale £ by a factor of % While

£ is then only half-integral, the quantity »—¢U) = \/gf(’” is integral.

Example. The quiver «—— has a unique involution, swapping nodes and fixing the
arrow. An orthogonal representation is a skew-symmetric map V — VV. Isometry
classes of orthogonal representations are parameterized by A2k™/GL,,. <

Example. Consider the Jordan quiver Q with the trivial involution. A symplectic
representation consists of a symplectic vector space M and m € sp(M). Isometry
classes of symplectic representations are parametrized by §ps,, /Span. <

Example. For any quiver @ let Q°P be the quiver obtained by reversing the orien-
tations of all arrows of Q. Then Q" = Q LI Q°P has an involution that sends a node
(arrow) of @ to the corresponding node (arrow) of Q°P. For any duality (S, ©) on
Repr,(Q"), there are Hg @p Hgy~ “*’-(co)module isomorphisms

MQ\_I ~ MHRGP(Q) ~ HQ

Indeed, the functor F' : HRepr(Q) — (Repr(Q-),S,0) given by F(A,B) = A®
S(B) and isomorphism (3 }): F oSy — S o F define an equivalence of categories
with duality. This gives the first isomorphism. The second follows from Proposition

23 <

For any quiver, K(Repy(Q)) is the free abelian group with basis the set of
isomorphism classes & of simple representations. Write & = 6+ U &% UG~ where
&% consists of simples fixed by S and S(&1) = &~.

Proposition 3.2. There are canonical group isomorphisms

GW (Repr(Q)) ~ 26T ® € GW(Ay),  W(Rep(Q)) ~ @ W(Av)

Uess Uess

where Ay is the semisimple abelian category with duality generated by U .

Proof. Let U - N be a simple subrepresentation. By Schur’s lemma, S(i)¥ni is
zero or an isomorphism. In the former case U is isotropic and |[N| = |H(U)|+|N//U]|
in GW(Repi(Q)), while in the latter case S(i)iyni is a self-dual structure on U,
so that N ~g U @ N, implying |[N| = |U| + |N|. As every representation has a
finite composition series we can repeatedly apply the above procedure, giving the
description of GW (Repy(Q)). The description of W (Repy(Q)) now follows from
the exact sequence @ O

If Q is acyclic then & = {S;}icq, and Ay ~ Vect), with duality determined by
s. When k = F,, GW(Vectr,) is isomorphic to Z (resp. 7?) if s = —1,0 (resp.
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s=1) and
1, if 5= —1
ZQ, ifs=0
W(Vects,) = Zy, if s =1 and char(F,) = 3 (mod 4)

Zy x Ly, if s =1 and char(F,;) =1 (mod4)

In particular, for s = 1, this is the classical Witt group W(F,) of orthogonal
forms. Note that the Grothendieck-Witt class of a representation is essentially its
dimension vector, with additional decorations at o-fixed vertices with s; = 1.

We now determine explicitly the function £. Given representations V, W, define

ANV, W) = € Homy(V;, W3),  A'(V,W)= @5 Homy(V;, W;).
1€Qo i%jEQ1

There is a differential A°(V, W) LN ANV, W) given by §{fi}i = {wafi — fivata-
The resulting complex A*(V, W) fits into the exact sequence

(11) 0= Hom(V,W) — A%V, W) 3 AY(V,W) = Ext'(V, W) — 0.

It follows that the Euler form depends only on the dimension vectors of its argu-
ments:

(d,d') = Z didy — Y didj,  d,d € Z.
i€Qo i

Proposition 3.3. When A = Repi(Q), E(U) depends only on w = dimU and is
given by

£U) = Z Ui(Uiz_ Si)* Z Uo(a)Ui= Z Ui(Ui;TQSi)_ Z U (i) Uj -

i€Qf i€Qy (o(i)3)eQg (i) eQt

Here Qg = JUQSI_IQS', where QF consists of the o-fized vertices and O'(QS_) =Q,
and Q1 is decomposed analogously.

Proof. Define an involution of A*(S(U),U) by the composition

A (SW), V) S A(SO), S U) 225 A'(SWU), V).
This involution anticommutes with ¢ so that the subcomplex B*(U) of (anti-)fixed
points A°(S(U),U)~5 & AL(S(U),U)* fits into the exact sequence

0 — Hom(S(U),U)"5 — BY(U) > BYU) — Ext!(S(U),U)S — 0.
Taking the Euler characteristic gives the claimed formula for £. O

3.3. B,(gg)-module structure of Mg. In this section we assume that @ has
no loops. Theorems and imply that Mg is a representation of U, (gq).
Since Hq itself is a quantum Borcherds algebra [24] Theorem 1.1], Mg is also
a representation of a much larger quantum group. However, without a better
understanding of the full structure of Hq it is difficult to use this to say much
about M. Instead, we focus on incorporating the comodule structure. The naive
guess that Mg is a Hopf module, possibly after a twist as in T heorem is already
false for the quiver consisting of a single node and no arrows. In this section we
seek a replacement of the Hopf module condition.

To begin, we recall a modification of Kashiwara’s g-boson algebra. Keeping the
notation of Section [3.1} suppose that o is an involution of the set of simple roots of
g that preserves the Cartan form.
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Definition ([8]). The reduced o-analogue B,(g) is the Q(v)-algebra generated by
symbols F;, F;,T;, Tfl, fori=1,...,n, subject to the relations
(1) [T, T;] =0, T, " =1 and T; = T3y fori=1,...,n.
(2) TiE; = v\t < E;T; and T, F; = v St <) T, fori,j=1,...,n.
(3) EZFJ = 'Ui(ei’ej)FjEZ‘ + 5i,j + 5i,a(j)cri f07” i,j=1,...,n.
(4) quantum Serre relations for the E; and F;.

Later we will use the following characterization of highest-weight B, (g)-modules.

Proposition 3.4 ([8, Proposition 2.11]). Let A € Hom(®,Z) be a o-invariant
integral weight of g. Then there exists a B,(g)-module V,(\) generated by a non-
zero vector ¢y such that Tipy = vy for alli=1,...,n and

{xeV,(\) | Eixz=0, i=1,...,n} = Q(v)¢px.
Moreover, V,(X) is irreducible and is unique up to isomorphism.

We require two straightforward variations of Proposition [3.4. The first is the
extension to o-invariant half-integral weights A € Hom(®, £Z), in which case V, ()
is a Bs(g) ®q(v) Q(v?)-module. The second is an extension to representations of
generic specializations B, (g),, the resulting modules written V,(\),. The proof in
[8] carries over directly in both cases.

Returning to Hall modules, define operators E;, F;, T; € Endg(Mg) as follows.
See also [7]. Put

Fi[M] = [Si] * [M] = v~ (M50 =850 Z G, aIN].
N

and let E; be the projection of p onto [S;] @ Mg C Hg @ Mg:

_ \_ecgya(Si)as(M)
EN] = S sy dSas) o1y
7/[ } ; aS(N) Sl,M[ ]
Finally,

Ti [M] — V—(dim M,éi)—g(ei)—g(eg(i))[M].
Abusing notation slightly, let

By (8Q)vs = Bo(8Q)v @qiv.-1] Qlvo, v '

If vy = v there is no conflict of notation, but if vy = /v, B,(gq)w, is not the
specialization of B,(gg) to v9. We now state the first main result of this section.

Theorem 3.5. The operators E;, F;,T;, for i € Qo, give Mg the structure of a
B, (90 ), -module.

Beginning of proof. The first two parts of the first relation satisfied by B,(gg) are
clear while T; = T, ;) because (d,¢;) = (d, €,(;)) for all o-symmetric d € 790, The
second relation follows from the fact that F; (resp. E;) increases (resp. decreases)
the dimension vector by €; + €,(;). The quantum Serre relations for F; follow from

Theorems [2.4] and Lemma [2.7] gives
1
(£, Qm = m(&EiC)M, £,0eMq.

The quantum Serre relations for E; now follow from those of F; and the non-
degeneracy of (-, -)a. To complete the proof it remains to verify the third relation,
whose proof we break into a number of parts. O
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FIGURE 1. (Left) a cross diagram; (right) a corner diagram.

Using Lemma the third relation is seen to be equivalent to the following
identity, for all 7, j € @y and self-dual representations IV, Y:

Z Qéi’Ngé(j’y _ ‘Eth(SU(j),Si” ggi,zgé\az
as(X) |HOHI(SO.(]-)7 Sz)| as(Z)
|Ext!(N, Si)HExtl(S(,(i), S)°
|[Hom(N, S;)|[Hom(S,;), Si) |
We will complete the proof of Theorem by proving this identity.
Given representations U, V and self-dual representations X, Y, N, let Cx (U,V;N,Y)

be the set of crosses of self-dual exact sequences, as in Figure The group Autgs(X)
acts on Cx (U, V; N,Y) with orbit space Cx (U, V; N,Y). Then

+9i,0(5)0N,ya(Si)as(N)

X Z

(12) —|—5i,j5N7ya(Si)a5(N

Z G5, 893, v _ Z |Cx (i,7; N,Y)|
~  as(X) as(X)

where Cx (i,7; N,Y) = Cx(S;,S5;;N,Y). Similarly, for a self-dual representation
Z let Dz(U,V;N,Y) be the set of all corners of self-dual exact sequences, as
in Figure The group Autg(Z) acts freely on Dz (U,V; N,Y) with orbit space
Dz(U,V;N,Y) and the sum on the right-hand side of becomes
95,298,z D2 (i,5; N,Y)| -
73 VEl — ) 3 ) — D . ., N Y .
Z aS(Z) ; aS(Z) XZ:| Z(Z7.]a ) )|

Z

In the notation of Figure [I} if iy and iy present U & V' as an isotropic subrep-
resentation of X, by reducing X in stages along U and V we obtain a corner on
Z = X//U @ V. In this case, we say that the cross descends to this corner.

Lemma 3.6. IfC € Cx(i,7; N,Y) does not descend to a corner, then N ~g Y.

Proof. The cross fails to descend if and only imig, +imig; is not a two dimensional
isotropic subrepresentation. This occurs if imig, = imig,, in which case clearly
N ~g Y, or if imig, + imig, is non-degenerate, in which case it is isometric to
H(S;). In the latter case X ~g H(S;) ® N ~g H(S;) ®Y and again N ~g Y. O

To prove equation we will show that the sum on the right-hand side counts
(with weights) crosses that descend to corners while the other two terms count
crosses that fail to descend for the two reasons indicated in the proof of Lemma
Since the left-hand side of counts all crosses, the equation will follow.

Lemma 3.7. There are ezactly a(U)as(N) crosses in Cx(U,V;N,Y) such that
imiy and imiy intersect trivially and im iy & im iy is non-degenerate.

Proof. The assumptions imply im iy ®imiy ~g H(U) and X ~g¢ H(U)®N. Acting
by Auts(H(U)) and Auts(N) (both are subgroups of Autg(X)) we may take iy to
be the standard inclusion U — H(U), iy to factor through the standard inclusion



THE HALL MODULE OF AN EXACT CATEGORY WITH DUALITY 17

S(U) — H(U) and 7y to be the projection N @ imiy — N. The set of pairs
(iyv,my) completing the cross is a Aut(U) x Autg(N)-torsor, with different pairs
giving different classes in Cx (U, V; N,Y). O

Lemma 3.8. Let C € Cx(U,V;N,Y).

(1) If C descends to a corner, then Stab a,:s(x)(C) ~ Hom(S(U), V).

(2) If U = S;, V =S and imiy +imiy is non-degenerate, then Stab a,:s(x)(C) =
{1}.

Proof. Suppose that C descends to a corner and let ¢ € Stab g4, (x)(C). From the

proof of Lemma@, the restrictions ¢|g,, and ¢ g, factor through maps N — U
and Y — V, respectively. As ¢ also stabilizes the induced self-dual exact sequence

iu@iv

0->UpV —> X --»7Z =0,
the restriction of ¢ to Eygy = Ey N Ey factors through a map Z — U @ V.
Compatibility with ¢|g,, and ¢, requires that this map vanish. Then ¢ is uniquely
determined by an element of Hom(S(U @ V), U @ V)~°. Again, compatibility with
¢|E, and ¢, imply that only the summand
(Hom(S(U),V) ® Hom(S(U),V))™® ~ Hom(S(U),V)

contributes to ¢. Reversing this argument shows that each element of Hom(S(U), V)
gives rise to an element of Stabs,q(x)(C). The proof of the second statement is
similar. (]

Proposition 3.9. Eractly |Ext!(S(U),V)| elements of | |y Cx(U,V;N,Y) de-
scend to each element of | |, Dz(U,V;N,Y).

Proof. Fix a corner as in Figure [1| and consider the pullback of 7y along 7y :

!
E

From Lemma Ext'(S(U ® V)7 Ua V)S acts transitively on the set of lifts of
the exact sequence U @V — E — Z to self-dual extensions U @V »— X --» Z. Fix
such a lift. After acting by Ext'(S(U),U)® and Ext'(S(V),V)%, we can assume
that X//V ~g Y and X//U ~g N. The definition of E ensures that X, viewed as a
cross, descends to the original corner. Consider the induced commutative diagrams

'/ /

U——E— Ey V>—>E4V»EU
J | ol ]
U—— Ey —» N Vi By —»Y
LoL |
S(U) = S(U)

First, note that the only data in the left (say) diagram not determined by the
corner is (Ey;ly, my) and that this data is determined only up to automorphisms
of Ey. Second, since the pushout of Iy along Iy gives E — X — S(U @ V), the



18 M.B. YOUNG

diagrams recover X up to isomorphism. Therefore, to count crosses that lift the
corner it suffices to count the pairs (Fy;ly,ny) and (Ev;ly,my) that make the
above diagrams commute and that are compatible in the sense that the correspond-
ing central term of the cross admits a self-dual structure. From [11] §9.3.8.b] (see
also [I0]) the set of (Fy;ly, my) making the left diagram commute, up to automor-
phisms of Ey, is an Ext*(S(V),U)-torsor. Similarly, the data for the diagram on
the right is an Ext' (S(U), V)-torsor. Compatibility requires these group actions be
dependent. Namely, only the subgroup
Ext!(S(U),V) ~ (Ext'(5(V),U) @ Ext'(S(U),V)® C Ext*'(S(U & V),U & V)*

preserves the condition that the central term of the cross be self-dual. This com-
pletes the proof. O

Completion of the proof of Theorem [3.5 Write
Cx (i, N,Y) = O (1,5 N.Y)|_|CP (6,5 N,Y)

with C’g(l)(i, J; N,Y) the set of crosses that descend to corners. Burnside’s lemma
and the first part of Lemma [3.§] give

WNJNY Z]NY 1CP (i, ; N, Y)|
Z Z \Hom >S5l * Z as(X) ’
By Prop051t10n - [3.9] the first sum is

C (0,5 N,Y)| _ [Ext (S,
|HOH1 o(i)> S])| |Hom(sa(_])7

|Z|DzuNY>|

while Lemma @ and the second part of Lemma [3.8] give for the second sum

(i, N,Y)|
Z as(X)

¥
= nrdiga(Sias(N) 3 o + oy Sioya(Sias (V).
X

Here the crosses counted by the first (resp. second) term on the right-hand side
fail to descend because imig, = imig, (resp. imig, +imig, is non-degenerate).

X
Finally, using Theorem [2.9| to evaluate Y y % establishes equation (12)). O

We now discuss the decomposition of Mg into irreducible B, (gg).,-modules.

Definition. A non-zero element & € Mg is called cuspidal if E;§ = 0 for all
xS Qo.

Fix a homogeneous orthogonal basis Cq for the R-module of cuspidals. Given
£ € Cg, define a o-invariant weight A¢ by

Ae(e) = —(dim &, ;) — E(e;) — E(eq(s))-

Theorem 3.10. The Hall module Mg admits an orthogonal direct sum decom-
position into irreducible highest weight B,(gq)y,-modules generated by elements of
Co:
Mg = @ VU(Af)VO
ﬁECQ

Proof. We first show that the submodule (§) C Mg generated by § € Cg is iso-
morphic to V,(A¢)y,. Indeed, suppose that « € (§) is non-zero with E;x = 0 for all
i€ Qo fx=73" o Fiyi for some y; € (£), then

(r,2)at = 3 (o Fgaa = ——g—= 3 (Bu,yiaa = 0.

1€Qo 1€Qo
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However, writing « in the natural basis of Mg as = )~ ,, car[M] shows

2
Z M
T, T)M = >0,
( ) v; as(M)

a contradiction. So, x is a scalar multiple of £ and Proposition implies (§) ~
Vo(/\£ )Vo'

Suppose now that &;,&> € Cg are distinct, and hence orthogonal. It follows that
(&1) and (&) are also orthogonal, giving an inclusion

P Vo(re)w, = Mq.

§eCq
To prove that this is an isomorphism, note that the restriction of (-, -) s to (£), and
hence to 69566(3 Vo (Ae)vy, is non-degenerate. Let 0 # x € Mg be orthogonal to
@5 cco Vo (Ae)w, and of minimal dimension with this property. As z is not cuspidal,
E;x # 0 for some i € (Qg. By the minimality assumption, E;x € Gafe(:@ Vo (Ae)we-
Since F;E;x € @gecQ Vo(Ae)ws

(Bix, Bix)pm = (v 2 = 1) (2, F;Esx) p = 0,
contradicting F;x # 0, completing the proof. (|

As a special case of Theorem [3.10] note that for any quiver with duality we
have ([0]) =~ V5 (Aj])w,- A geometric version of this isomorphism was obtained by
Enomoto [7, Theorem 5.12] by studying perverse sheaves on the moduli stack of
orthogonal representations. Moreover, a lower global basis of V,,(0) was obtained,
giving an orthogonal analogue of Lusztig’s construction of the lower global basis of
U, (8¢) [15]. In [27] Enomoto’s approach was generalized to construct lower global
bases of V() for general A.

A result stronger than Theorem but valid only for the Jordan quiver,
was obtained in [26]. Following Zelevinsky [28] and interpreting Mg in terms
of unipotent characters of classical groups, van Leeuwen constructed a ring ho-
momorphism ® : Hg — Hg ®r Hg, third order in the Hall numbers, satisfying
p([U] % [M]) = @([U]) * p([M]). See also [25] for a p-adic analogue. Theorem
recovers a particular component of this ®-twisted Hopf module structureﬂ It would
be very interesting to extend this result to arbitrary (Q, o).

4. FINITE TYPE HALL MODULES

4.1. Classification of self-dual representations over finite fields. A quiver
@ is called finite type if it has only finitely many isomorphism classes of indecom-
posable representations over any field. By [d], a connected finite type quiver is an
orientation of an ADE Dynkin diagram and its indecomposables are in bijection
with the positive roots of gq.

Example. Let @Q be an orientation of Ag, or As,yi. Label the nodes —n,...,n
(omitting 0 for Ay, ) with ¢ and i+1 adjacent. The indecomposables are {I; ;}—n<i<j<n,
where I; ; has dimension vector €; + --- + ¢; and all intermediate structure maps
the identity. <

Similarly, (Q, o) is called finite type if it has only finitely many isometry classes
of indecomposable self-dual representations over any field whose characteristic is
not two. By [6, Theorem 3.1], (@, o) is finite type if and only if @ is finite type.
In loc. cit. the authors work with orthogonal and symplectic representations but

IWhile Theorem is stated for loopless quivers, the verification of (12)) above holds without
this assumption.
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their proof applies to the more general dualities considered here. It follows that if
(Q, o) is finite type and not a disjoint union of quivers with involution, then @ is
of Dynkin type A or Q = Q™ with Q’ of Dynkin type ADE.

Lemma 4.1. (1) The representation underlying a self-dual indecomposable is ei-
ther indecomposable or of the form I & S(I) for some indecomposable I.
(2) Let Q be finite type. If an indecomposable I does not admit a self-dual structure,
then, up to isometry, H(I) is the unique self-dual structure on I & S(I).

Proof. The first statement is given in [6l Proposition 2.7] for algebraically closed
fields but the proof works without this assumption.

If @ is finite type, then there is a total order < on the set of indecomposables
such that Hom(I,J) = Ext*(J,I) = 0if J < I; see [5]. Writing a self-dual structure
ponldS() as

(¢d)

I®S(I) -5 S(I) @ S*(I)

we see that S(a)Or = a. If I ~ S(I), then Hom(I, S(I)) ~ k and a = 0; otherwise
a is a self-dual structure on I. Similarly d = 0. It is then straightforward to verify
that ¢ is isometric to H(I). If instead I % S(I), we may assume S(I) < I. Again

a = 0 and acting by Aut(I) we may take b = 1g(7) and ¢ = ©;. Then (é ’%d) is
an isometry from 1 to H(I). O

For the purpose of studying Hall modules of finite type quivers it suffices to
restrict attention to orthogonal, symplectic and unitary representations. Indeed,
any other choice of duality is seen to be equivalent to one of these choices.

We can use Lemma to describe the self-dual indecomposables of finite type
quivers over finite fields. For Q" the self-dual indecomposables are in bijection with
the indecomposables of (). Indecomposable representations in type type Aoy
(resp. As,) do not admit symplectic (resp. orthogonal) structures. Therefore,
in these cases the self-dual indecomposables are exactly the hyperbolics {H (I; ;)}.
For orthogonal (resp. symplectic) representations in type As,i1 (resp. Asy,) the
indecomposables I_; ; admit two self-dual structures, denoted by R{ according to
the following rule. Composing the structure maps of R gives an isomorphism from
the vector space attached to the —ith node to that of the ith node. Together with
the self-dual structure of Rf, this gives a one dimensional orthogonal form over F,
whose Witt class is ¢ € W(F,). We must replace H(I_; ;) in the above set with the
two R¢. Finally, I_,; admits a unique unitary structure R; and replaces H(I_; ;)
in the above set.

Example. There are six indecomposable orthogonal representations of e—y—e—3—:

) ) (), 2 (0-1)
H(S1):k—0—k H(lpy):k—>k —

k,
RS:0—5k—0, R :kSk=5k

The orthogonal forms on the middle nodes are hyperbolic for H (I 1) and have Witt

index c for Rf. <

Over algebraically closed fields self-dual indecomposables of finite type quivers
admit a partial interpretation in terms of root systems [6]. The next result extends
this to finite fields. Denote by Igg the set of dimension vectors (with multiplicity)
of self-dual Fg-indecomposables of Q.

Theorem 4.2. Let (Q, o) be finite type. Then I% 1s independent of the orientation
of @ and the finite field F,. Precisely,
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(1) if Q is of type Aay, then I8 is in bijection with BC,f while sz (resp. T§)
surjects onto BY, the short Toots having fibre of cardinality three (resp. two);

(2) if Q is of type Aapy1, then Ig’ (resp. 1) is in bijection with CIH (resp.
B:{_H), while 1§y surjects onto B;H, the short roots having fibre of cardinality two;
(3) I is in bijection with Af, .

Proof. Suppose Q is of type Ag,. Recall that Bl = {e;+¢;,6, |0<i<j<n-—1}
and BC;t = B;f | [{2¢;}1=,. For orthogonal representations, the bijection is given
by
En—j — En—i+1, fOrlSZS]Sn
HUM)H{ 6n72+5n,j, forl1<i<mnand1<j<n.

For symplectic (resp. unitary) representations the bijection is as above, but now
R¢ (resp. R;) also maps to 2e,_;.

The case of type Agy 41 is similar. The last part follows from Gabriel’s theorem

[9] and the bijection between self-dual indecomposables of @ and indecomposables
of Q. O

4.2. Application to Hall modules. A weak version of the Krull-Schmidt theo-
rem holds for self-dual representations: a self-dual representation decomposes into
an orthogonal direct sum of self-dual indecomposables. However, while the type
¢ of a summand Rl@ "¢ is well-defined, the type of its indecomposable summands
may not be.

Proposition 4.3. Let (Q,0) and (Q', o) be finite type quivers with involution with
the same underlying graph and duality. Then the decompositions of Mg and Mg
into irreducible B, (9¢)uy,-modules coincide.

Proof. Let ch(Mg) be the generating function of the ranks of the T;-weight spaces
of Mg. Observe that the T;-weight of a self-dual representation depends only on
its dimension vector and not on the orientation of (). Theorem and the weak
Krull-Schmidt theorem therefore imply ch(Mg) = ch(M). Since @ is finite type,
the symmetrized Euler form (Cartan form) is non-degenerate. It follows that the
weight A subspace of V() is rank one. From this we conclude that the characters
{ch (Vo (M)} reHom(a, 17y are linearly independent. The proposition now follows. [

We first deal with those (@, o) admitting only hyperbolics.

Theorem 4.4. If a duality structure on (Q, o) admits only hyperbolic representa-
tions, then Mq = ([0]) = Vo (Ajo))we -

Proof. By assumption, an arbitrary self-dual representation is of the form
1
H(U) ~g @H(Ii)@mf‘, m; >0
i=1

for indecomposables I; satisfying I; % I; and I; % S(I;) for i # j. Without loss
of generality we may assume S(I;) < I; < ;11 < --- < Iy for i = 1,...,l. This
implies Ext'(S(I;),1;) = 0 for all 4 < j, and by duality, also for i > j. Hence
Ext'(S(U),U) = 0 and we have

U] % [0] = v EO G [HU)).

The equality Mg = ([0]) now follows from the fact that the Hall algebra of a finite
type quiver is generated by simple representations. (|

Hall modules of unitary, symplectic and orthogonal representations of A,,, Asj,
and Asg, 41, respectively, are not covered by Theorem @ To deal with these cases
we will use the following simple fact.
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Lemma 4.5. An element £ € Mg is cuspidal if and only if p(€) = [0] ® €.

Proof. Since @ is finite type, any [0] # [U] € Hg is a non-trivial sum of products
of simple representations. If £ is cuspidal, Lemma [2.7| implies (&, [U] * [M])am = 0
for any [M] € Mg. As the coefficient of [U] ® [M] in p(&) is proportional to
(&, [U] * [M]) m, it follows that p(€) = [0] ® £&. The converse is trivial. O

The classical Witt group W (F,) has a ring structure given by tensor product.
The subset W(;y C W(F,) spanned by one dimensional orthogonal spaces is stable
under this product and is isomorphic to Zy, which we identify with {1, —1}. Given
c= (Ci)je.] S Wd) we write R¢ = @je.]R;j.

Denote by fYQn and /TgnH the Dynkin diagrams with orientation —n — --- — n.
Together with Theorem [3.10] and Proposition the following result completes
the decomposition of finite type Hall modules into irreducible representations.

Theorem 4.6. Homogeneous bases for the submodules of cuspidals are given as
follows:

(1) = {0} and €t {0} [Ral):

(2) C}Zn {[0]7 STEEE 7£n}’ where é‘j - ZQGW([ll)’j] a’E[RQ] and ac = H1 odd Cis

(3) C;Y%H = {[0],&8,...,€>}, where f;’ = D .ac[R9], ac is as above and the
sum is over all ¢ € W([f)’j] satisfying Y 1_o¢; = b € W(F,).

Proof. Fix the following explicit choice of total order <:
Ii; < I ;ifand only if i > kori =k and j > [.
Then S(I; ;) = I, ; if and only if i + j < 0.

Suppose that N = H(U) @ R where R has no hyperbolic summands and the
indecomposable summands of U are ordered as in the proof of Theorem [£.4] When
i+ j < 0, we can verify directly that Extl(I_k,k,Im) = 0 for all k. Since the
representation underlying R is a direct sum of indecomposables of the form I_j z,
Ext'(R,U) = 0 and dually Ext'(S(U), R) = 0. It follows that N is the only self-
dual extension of R by U. Therefore, if [N] appears with non-zero coefficient in a
cuspidal, by Lemma [£.5] we must have U = 0.

In the unitary case homogeneous cuspidals then of the form & = [®,csR;]. Note
that E;¢ # 0 whenever 0 # j € J. Hence, either J =0 or Q = Agpyq and J = {0},
giving the claimed cuspidals.

Consider now a homogeneous cuspidal £ € M“}l . Then ¢ does not contain the

term [R @ RP*], with ¢ # 0 (so that R®*“ is not hyperbolic) and R containing no
R; summand; otherwise [S{"*] ® [R @ R?_Z 1] would appear with non-zero coefficient
in p(£), contradicting Lemma Therefore,

£= Z ac[Re]

J
€W,

for some J C [1,n] and a. € Q. Denoting by n : F* — {1, -1} the quadratic
character, for each i > 0 we have

Re//S; ~s RIV”.

This implies that if 2 < € J, then i—1 € .J, as otherwise E;¢ # 0. Hence J = [1, j]
for some 1 < j < n. The condition £§ = 0 is equivalent to a. = —ar whenever
c and ¢ agree except in their first slot. For 2 < i < j, the condition E;§ = 0 is
equivalent to a, = —ae if ¢ and ¢/ agree except in their (¢ — 1)th and ith slots and
satisfy

Cci—1+ n(—l)ci =Ci_1+ 7’](—1)@' € W(Fq)
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It is straightforward to verify that, up to a non-zero scalar multiple, a. must be as
claimed.

The argument for the final case is similar. The index b € W (F,) labels the Witt
summand of M}%H in which (£2) lies; see Proposition O
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