Proper orthogonal decomposition method for multiscale elliptic PDEs with
random coefficients

Dingjiong Ma?, Wai-ki Ching?, Zhiwen Zhang®*

“Department of Mathematics, The University of Hong Kong, Pokfulam Road, Hong Kong SAR.

Abstract

In this paper we propose to use the proper orthogonal decomposition (POD) method to solve multiscale
elliptic PDEs with random coeflicients in the multi-query setting. Our method consists of offline and
online stages. In the offline stage, a small number of reduced basis functions are constructed within each
coarse grid block using the POD method. Moreover, local tensor spaces are defined to approximate the
multiscale random solution space. In the online stage, a weak formulation is derived and discretized
using the Garlerkin method to compute the solution. Since the reduced basis functions can efficiently
approximate the high-dimensional solution space, our method is very efficient in solving multiscale
elliptic PDEs with random coefficients. The convergence analysis of the proposed method is also
presented. Finally, numerical results are presented to demonstrate the accuracy and efficiency of the
proposed method for several multiscale stochastic problems with or without scale separation.

Keywords: Random partial differential equations (RPDEs); uncertainty quantification (UQ); proper
orthogonal decomposition (POD); multiscale reduced basis; over-sampling method; high-contrast
problem.

1. Introduction

Many physical and engineering applications involving uncertainty quantification (UQ) can be described
by stochastic partial differential equations (SPDEs, i.e., PDEs driven by Brownian motion) or partial
differential equations with random coefficients (RPDEs). In recent years, there has been an increased
interest in the simulation of systems with uncertainties, and several numerical methods have been
developed in the literature to solve SPDEs and RPDEs; see [18, 48, 8, 35, 23, 46, 7, 38, 37, 43, 45, 19]
and references therein. In this work, we shall consider a challenging problem in the UQ), i.e., solving
multiscale elliptic PDEs with random coefficients. Due to multiscale and random features in these
solutions, it is extremely challenging to solve this type of problem. This motivates us to develop
efficient numerical methods so that we can efficiently solve this type of problem.

Elliptic PDEs with multiscale coefficients have already become expensive to solve as they require
tremendous computational resource to resolve the smallest-scale of the solution. When the multiscale
coefficient has scale separation or periodic structure, one can apply homogenization theory to derive
an effective equation, which allows us to solve the problem on relatively coarse mesh. However, in
many applications, the multiscale coefficients usually do not satisfy the scale separation assumption
or may not have periodic structures. In the past four decades, many efficient methods have been
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developed for the multiscale PDEs in the literature; see [2, 6, 20, 26, 16, 24, 28, 12, 30, 34, 15, 32, 41]
and references therein.

Elliptic PDEs with multiscale and random coefficients (e.g. Eq.(1)) become more complicated
since the appearance of the random dimension further increases the dimension of the solution space.
Recently, Zabaras et al. proposed a stochastic variational multiscale method for diffusion in hetero-
geneous random media [5, 17], which combined the generalized polynomial chaos (gPC) method with
variational multiscale method to perform model reduction. However, when the stochastic dimension
direction is large, this method becomes expensive due to the fast growth of the number of the gPC
basis elements. In [3], Ghanem et al. considered the probabilistic equivalence and stochastic model
reduction in multiscale analysis. In [32], Kevrekidis et al. applied the equation-free idea to study
the stochastic incompressible flows. The last author of this paper has made some progress in devel-
oping numerical methods for stochastic multiscale PDEs by exploring the low-dimensional structure
of the solutions and constructing problem-dependent stochastic basis functions to solve these SPDEs.
In [13, 50, 27], a data-driven stochastic method was proposed to solve stochastic partial differential
equations with high-dimensional random input and/or multiscale coefficients.

In this paper, we shall use the proper orthogonal decomposition (POD) method to construct
multiscale reduced basis functions, which can be used to solve multiscale PDEs with random coeflicients
in the multi-query setting. We consider the multiscale elliptic PDEs with random coefficients as follows,

-V (¢ (z,w)Vu'(z,w)) = f(z), z€D, weQ, (1)

where a homogeneous boundary condition is imposed. More details about the setting of Eq.(1) will
be discussed in Section 3. Our method consists of offline and online stages. In the offline stage, we
perform model reduction for the multiscale problem. Specifically, a small number of multiscale reduced
basis functions are constructed within each coarse grid block using the POD method [9, 44, 47], which
captures the multiscale features of the solution space. In addition, local tensor product spaces are
constructed to approximate the solution space. It should be pointed out that the construction of
the basis functions only depends on the PDE operator in Eq.(1) and does not depend on the forcing
functions.

In the online stage, a weak formulation for Eq.(1) is derived in the tensor space and a global
linear equation system can be obtained using the Galerkin method. Our method is efficient in solving
(1) with a broad range of forcing functions. In addition, rigorous error analysis is provided to study
the error between the numerical solution obtained from our method and the exact solution. Finally,
numerical results are presented to demonstrate the accuracy and efficiency of the proposed method
for several multiscale stochastic problems with or without scale separation.

The rest of the paper is organized as follows. To make this paper self-contained, we give a brief
introduction of the POD method, the gPC basis functions, and the stochastic finite element method
(SFEM) in Section 2. In section 3, we review the multiscale finite element method and present our
derivations of the multiscale reduced basis functions. Then, the stochastic Galerkin discretization for
the multiscale elliptic PDEs with random coefficients will be discussed in Section 4. In addition, the
convergence analysis of our method will be presented. In Section 5, we discuss some numerical imple-
mentation issues and present several numerical results to demonstrate the accuracy and effectiveness
of our method. Finally, some concluding remarks are given in Section 6.



2. Some preliminaries

2.1. Proper orthogonal decomposition method

The POD method, also known as Karhunen-Loéve expansion (KLE) in stochastic process and sig-
nal analysis [31, 33], or the principal component analysis (PCA) in statistics [1], or singular value
decomposition (SVD) in linear algebra, or the method of empirical orthogonal functions (EOF) in
geophysical fluid dynamics [39, 21]. The POD method has firstly been introduced in solving the tur-
bulence in fluid dynamics. It aims to generate optimally ordered orthonormal basis functions in the
least squares sense for a given set of theoretical, experimental or computational data. Reduced-order
models (ROMs) or surrogate models are then obtained by truncating this optimal basis functions,
which provide considerable computational savings over the original high-dimensional problems. We
refer the interested readers to [44, 9, 47, 29] and references therein for more details.

Let X be a Hilbert space equipped with the inner product (-,-)x and u(-,t) € X, t € [0, T] be the
solution of a dynamic system. In practice, we approximate the space X with a linear finite dimensional
space V with dimV = d, where d represents the degree of freedom of the solution space. We should
point out that d can be extremely large for a high-dimensional problem. Given a set of snapshot of
solutions, a linear space V can be spanned, denoted as

V = span{u(-, t1),u(-, t2),...,u(-,tn)}, (2)

where t1,--- ,ty € [0,7] are different time instances. The POD method aims to build a set of low-
dimensional basis functions {¢1(-), v2(*), ..., or(-)} with » < min(N,d) that optimally approximates
the input solution snapshots. The optimality means that given any integer r and linear independent
basis {¢x()}},_;, the POD basis functions minimize the following error

N r
%Z lu(-, t:) — Z(u(wti% <Pk('))x90k(')”§p (3)
i=1 k=1
subject to the constraints that (¢m (), on(-))x = Omn, 1 < m,n < r, where §,,, = 1 if m = n,
otherwise d,,,, = 0.
Using the method of snapshot proposed by Sirovich [44], we know that the optimization problem
(3) can be reduced to an eigenvalue problem

Kv = \v, (4)

where K € RV*V is the correlation matrix with (i, j)-element K;; = = (u(-,t;),u(-,t;))x). We sort
the eigenvalues in a decreasing order as Ay > Ay > ... > Ay > 0 and the corresponding eigenvectors
are denoted by vg, k= 1,..., N. It can be shown that the POD basis functions are constructed by

N
on() = \/%jzlwk)ju(',tj), I <k<N, (5)

where (vg); is the j-th component of the eigenvector vi. The basis functions {¢y}),_; minimizes the
error (3). This result as well as the error formula were proved in [22].

Proposition 2.1 ([22]). Let Ay > Ao > ... > Ay > 0 denote the positive eigenvalues of K in (4).
Then {¢k}}_, constructed according to (5) is the set of POD basis functions of rank r < N, and we
have the following error formula:

1 N T 2 N
N [t = Dt x| = 3
=1 k=1 X k=r+1




In practice, we shall make use of the decay property of eigenvalues in A; and choose the first r
dominant eigenvalues such that the ratio p = ’f\,;l;"“ is big enough to achieve an expected accuracy,
k=1"k
for instance p = 99%. One would prefer the eigenvalues decays as fast as possible so that the fewer

POD basis functions can ensure the higher accuracy.

2.2. The generalized Polynomial Chaos (¢PC) method

The multiscale elliptic PDEs with random coefficients (1) are often used to model flows in heteroge-
neous porous media such as water aquifer and oil reservoirs, where a(x,w) is used to model perme-
ability fields [49]. In practice, however, the data of the spatially varying permeability field is available
only at limited locations in the physical domain D. Therefore, we assume a(x,w) is a second-order
random filed, i.e., a(x,w) € L?(D x Q), with E [a(z, w)] = a(r) and covariance kernel C(x, %), where we
omit the superscript e for notation simplicity. Using the KL expansion, the permeability field a(z,w)
reads

ae,w) = ale) + 3 VAW dila),
=1

where {\;, ¢;(z)} are eigenvalues and eigenfunctions of the covariance kernel C(z,y) and §;(w) are
independent and identically distributed (i.i.d) random variables. In practice, we truncate the KLE
into its first r terms and obtain the parametrization of the random coefficient as follows,

alw.w) ~ al@) + 30 VNG )o(@) 0

Since the random coefficient a(z,w) in Eq.(1) is parameterized by r i.i.d. random variables, i.e.,
€(w) = (§&1(w), -+ ,&(w)), the Doob-Dynkin’s lemma [40] implies that the solution of Eq.(1) can also
be represented by a functional of these random variables, i.e. u(z,w) = u(z, & (), ..., & (w)).

Let p(-) denote the distribution function of §;(w) and {H;(£)}?2, denote the one-dimensional poly-
nomials that are orthogonal to each other with respect to the distribution p(¢), i.e.,

/Q H,()H; (£) p(€)de = b5

For some commonly used distributions, such as the Gaussian distribution and the uniform distribution,
such orthogonal polynomial sets are Hermite polynomials and Legendre polynomials, respectively. For
general distributions, such polynomial set can be obtained numerically. Furthermore, by a tensor
product representation, we can use the one-dimensional polynomial H;(§) to construct a sufficient
orthonormal basis H, (€)’s of L2 (2) as follows:

Ho(€) = [[Hai(&), @€, (7)
=1

where o is a multi-index and J7° is a multi-index set of countable cardinality,
37 ={a=(ar,a2," -+ ,ap) [, > 0,0 € N}.

The zero multi-index corresponding to Ho (&) = 1, which is used to represent the mean of the solution.
Clearly, the cardinality of Jo° is infinite. For the purpose of numerical computations, we prefer a



finite set of polynomials. There are many choices of truncations. One possible choice is the set of
polynomials whose total orders are at most p, i.e.,

T
35‘) = {a|a = (061,052,--' 7aT)7ai > 0,05 € N,|Oé| = Zai Sp} . (8)
i=1
The cardinality of 3% in (8) or the number of basis functions, denoted by N,, = |J¥|, is equal to (pp J!r:!)!.

We may simply write such a truncated set as J when there is no ambiguity arises. The orthonormal
basis Hq (§) is the generalized Polynomial Chaos (gPC) basis, see [18, 48, 23] for more details.

2.3. Stochastic finite element method (SFEM)

The weak solution u(z,w) to Eq.(10) is defined in a Hilbert space that has a tensor structure V =
HE(D)®L?(2). A straightforward way to solve Eq.(10) is the stochastic finite element method (SFEM)
[18], where one seeks the numerical solution in a finite dimensional solution space with a tensor product
form, i.e., Vj, 3 = X ® E3. Here X}, is the finite element space spanned by the fine-scale nodal basis
functions and =5 is the random space spanned by the gPC basis functions Hq (§), o € J.

In the SFEM, we first represent the solution wu(z,w) using the gPC basis functions Hy (&) as
u(z,w) =Y qesUa(r)Ha(§). Then, we represent the gPC expansion coefficients uq () using the fine-
scale finite element nodal basis functions ¢;(x) as uq(x) = ZlN:zl UaiPi(), where ¢;(z) are defined
on a fine mesh with size h < € and N}, is dimension of the finite element space. This results in an
equivalent representation of the solution u(x,w) in the tensor space V}, 3 as

N,
Upp(2,0) = D Uaiti(x)Ha(£). 9)

acy i=1

Finally, we apply the Galerkin method (with test space V}, 3) to derive a linear equation system for
Uqi- When the dimension in random space (e.g. 7 in Eq.(6)) is large and/or the coefficient contains
multiscale features, the size of the coupled linear equation system becomes extremely huge. Thus, the
SFEM requires tremendous computational resources to solve Eq.(1).

3. Model reduction for multiscale basis functions

We shall develop the model reduction method to solve Eq.(1). Our method consists of offline and
online stages. In the offline stage, we construct multiscale reduced basis functions using the POD
method. To this end, we consider the following multiscale elliptic PDEs with random coefficients,

=V - (a°(z,w)Vu'(z,w)) = f(z), x€ D,weQ, (10)
u®(xz,w) =0, x € 0D, (11)
where D € R? is a bounded spatial domain, € is a sample space, and the smallest-scale information is

parameterized by €. The coefficient a°(z,w) = a°(z, &1 (w), ..., & (w)) is parameterized by r independent
random variables and is uniformly coercive almost surely, i.e., there exist amin, Gmax > 0, such that

Plw € Q:a(z,w) € [amin, Gmax), VT € D) = 1. (12)

The force function f(z) € L?(D) (not just H~ (D)) is assumed to be resolved on a coarse grid, which
is necessary for the compactness of the solution space.



3.1. Multiscale finite element basis functions

To make this paper self-contained, we first give a brief review of the multiscale finite element method
(MsFEM) [24]. In the MsFEM, we first partition the domain D into coarse grid blocks {D* 1 < k <
K}, which can be triangles or quadrilaterals. The union of all triangles or quadrilaterals covers the
closure of D, and the intersection of different triangles or quadrilaterals is either empty, a common
node, or a common edge. The mesh size of coarse grid is H, which is H > e. For each w € Q, we
solve the following cell problems to obtain the multiscale finite element basis functions ¢*!(z,w) on
DF1<k<K,

—V - (af(z,w)Vo*(z,w)) =0, zeDF, weq, (13)
oz, w) =0 (z), wedDF, 1=1,..4d, (14)

where d is the number of vertexes on D* (d=3 for triangle elements and d=4 for quadrilateral elements)
and 0% (x) are Dirichlet boundary conditions. In practice, we choose #*!(x) to be the bilinear or linear
basis functions. By solving the Eq.(13), the multiscale information of the Eq.(10) can be captured
through ¢*(z,w). Let ¢*(z,w) € H'(D*) be solutions of Eqns.(13) and (14). We have

oM (2, w) = ¢f (z,w) + 6" (2). (15)

The unknown homogeneous part ¢! (z,w) € H(DF) satisfies the following variational formulation

V(o (z,w), v;w) = fS(v;w), Vv e HE(DF), (16)
where
b (w,v;w) = / a®(z,w)Vw - Vodz, (17)
Dk
fflv;w) = —/ af(z,w) VO () - Vodz. (18)
Dk

For each w € Q, Eq.(13) is a deterministic problem. The convergence of the MSFEM for deterministic
problems has been proved in [25]. When the Eq.(13) has random coefficient, we have

Theorem 3.1. For each w € Q, let a°(v,w) = a(Z,w) with a(%,w) be periodic in T and smooth. Let
u(x,w) be the solution of Eq.(10) and uj;(z,w) be the solution obtained from the space spanned by
the multiscale basis functions with linear boundary conditions. Then, we have

g
[u® —uy||L2py < ClH2’|f|’L2(D)+CQE= (19)

where € < H and C1,Cy are generic constants that do not depend on & and H.

The MsFEM gives the correct homogenized result as € tends to zero. However, when H ~ ¢, the
multiscale solution has a large error, which is due to the resonance effect between the grid scale H and
the small-scale parameter € of the problem. To reduce the resonance effect, Hou et al. proposed an
over-sampling technique in [25, 16]. The main observation is that the boundary layer in the boundary
is strongly localized within a width of order O(e). If we solve Eqns.(13) and (14) in a domain with
size larger than H + ¢ and only use the interior information to construct the basis, we can significantly
reduce the effect of the boundary layer on the basis functions.



Specifically, for each w € Q, let ¥* be the basis functions satisfying the homogeneous elliptic
equation in a larger domain S* > D* (with dist(S*,0D%) >¢), 1 <k < K,

—V - (af(z,w) Vi (z,w)) = 0, ze Sk (20)
Pz, w) =0 (), xedSk, 1=1,..d, (21)

where d is the number of nodes on S* and 6! (z) are linear functions defined on the boundary of S*.
The MsFEM basis functions ¢*(x,w) are obtained by taking linear combination of ¥ (z,w), i.e.,

d
Pz, w) = Zcil¢kl($,w)|l)k, iwl=1,...,d, 1<k<K, (22)
=1

where the coefficients ¢;; are determined by the condition qﬁki(aﬁl,w) = 0, and z; are the nodes of
domain D*. The over-sampling technique results in a non-conforming MsFEM method though, it
significantly improves the convergence rate of the MsFEM [16]. In this paper, we shall let ¢ (z,w)
denote the multiscale finite element basis functions obtained by using the over-sampling technique in
[25, 16]. In practice, we partition the coarse grids into fine grids with mesh size h < ¢ and numerically
solve the cell problem (13) or (20) to obtain ¢*(z,w).

3.2. Construction of multiscale reduced basis functions

When Eq.(13) has random coefficient, the MSFEM becomes prohibitively expensive since we need to
compute ¢* (x,w) for each sample of the permeability field a®(z,w). To address this issue, we use
the POD method to build a small number of reduced basis functions that enable us to obtain the
approximated multiscale finite element basis functions within each coarse grids in a cheaper way.

In our method, we partition the physical domain D into a number of sub-domains D*, k=1, ..., K
and construct the partition of unity functions yg(z) [36], which allow us to restrict the global solution
on each local coarse grid. They satisfy

K

K
D = U D¥, supp(Xk(:zf)) c DF, xu(z) >0, Zxk(l‘) =1, VzxeD. (23)
k=1 k=1

Assumption 3.2. We assume that in the partition of unity the number of sub-domains D* that
intersects D' is bounded for each | and

K< % diam(DF) = O(H),  |Vxu(@)| < % vz € D, (24)
Assumption 3.2 can be easily satisfied if we use uniform coarse grids; see Fig.1 for a partition of D.
In Fig.1, we show a typical sub-domain D¥, which is centered at x;, and consists of four quadrilaterals
D’f, D”QC7 D’g, and Df,f, ie., DF = UD}“,j =1,2,3,4. On each Df, we define a bilinear quadrilateral nodal
basis function that equals one at zj; and equals zero at other nodes. Let xx(x) denote the combination
of these four functions, which is our partition of unity function associated with x;. Equipped with the
partition of unity functions, we shall compute multiscale reduced basis functions within each D*.
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Figure 1: Illustrations of the uniform coarse meshes and a typical sub-domain D¥.

First, we compute samples of multiscale finite element basis functions within each DF. Let
{ag(x,wq)}g?:1 be a set of realization of the coefficients that are obtained using Monte Carlo method
or stochastic collocation method [7], where @ is the number of realizations. Recall that D¥ consists of
four quadrilaterals D}, D5 D% and D} in Fig.1. For each a°(z,w,) and within each D}“, j=1,...,4,
we use the oversampling techniques (see Eqns.(20)-(22)) to compute the multiscale finite element basis
function gb? (x,wq), where 0H is the oversamping mesh size. We glue the four basis functions together
into one basis function ¢*(x,w,), which is defined on the domain D¥. We remark that the basis func-
tions ¢*(z,w,) are non-conforming and the interested reader is referred to [16] for the proof of the
convergence rate of the non-conforming MsFEM.

Let Ny denote the set of interior vertices of coarse grids. For each xj, € Ny, let {¢F (:c,wq)}gzl
denote the MsFEM nodal basis functions associated with xj, which satisfy ¢" (21, wq) = k1, Yy € N,
Vw, € Q. We aim to obtain a set of multiscale reduced basis from {¢*(, wq)}qul.

Let (¥(z) denote the sample mean of the basis functions, which is obtained using the Monte
Carlo method or the stochastic collocation method. We substract the mean (}(z) from the samples
of the MSFEM basis and obtain the fluctuation of the MSFEM basis ¢*(z,w,) = ¢*(x,w,) — ¢§(z),
qg=1,...,Q. We define the snapshot of the fluctuations as

V = span{cpk(a:,wl),...,gok(:(:,wQ)}. (25)

We apply the POD method to the snapshot of the fluctuations V' and build a set of basis functions
{¢F(x), ¢5(x), ...,Cfnk ()} with mj; < @ that optimally approximates the input solution snapshots.
More details can be found in Section 2.1. Moreover, we have the following approximate property

Proposition 3.3. Let Ay > Ao > ... > Ay, > )\mk+1 > ... > 0 denote the positive eigenvalues
of the covariance kernel associated with the snapshot of the fluctuations V and the corresponding
eigenfunctions are (¥ (x), ..., (ffnk (x),.... Then, {(k( )}iy will be the POD basis set and we have the

following error formula hold:

éé“gpk(x,w] Z (z,w;), CF(x ))XC1 H Z As, (26)

=1 s=mp+1

Z;n kl )\
PO

where X = HY(D) and the number my will be determined according to the ratio r =



Notice that ¢¥(z) and (¥(z), i = 1, ..., my approximately capture the mean profile and fluctuation
of the MSFEM basis associated with xy, respectively. Thus, we expand the solution to Eqns.(20)-(22)
as follows,

¢ (w,w) = (§(2) + ) c(w)¢f (@), (27)
i=1

and use the Galerkin method to determine the coefficients ¢;(w).

Remark 3.1. To compute the multiscale reduced basis functions, we need to partition the coarse
grids D into fine-scale quadrilateral elements with mesh h < e, which requires a certain amount of
computational cost in the offline stage. However, the pre-computed reduced basis functions can be
repeatedly used in the online stage for different force functions f(z), which results in considerable
savings if we need to solve Eq.(10) with many different force functions.

Remark 3.2. Alternatively, we can apply a greedy-type algorithm to compute the multiscale reduced
basis {¢F}I™ [42]. However, the focus of this paper is to develop efficient methods for multiscale
problems with random coefficients so we simply choose the POD method.

3.8. New discretization method using the multiscale reduced basis functions

Using the partition of unity functions and our multiscale reduced basis functions, we can approximate
the solution u®(z,w) to Eq.(10) as

K K
W (w,w) = 3 us (@Ha(€) = 3 (D xnl@)ua (@) Ha(€) = 3 (D (o)) Hale),  (28)
k=1

acy acy k=1 acy

where xi(x) is the partition of unity function associated with sub-domain Dy (see Eq.(23)) and
uSH (@) = x (x)ug,(x). Instead of discretizing the multiscale solution uSM(z) on a fine-scale partition

of the sub-domain Dy, i.e.,

Ny
ugh (@) = ugii(e), (29)
i=1

where ¢;(z) are FE nodal basis functions defined on Dy with mesh size h < ¢ and N} is the number
of FE basis functions, we approximate u5" (z) using our multiscale reduced basis functions {CE ()}

mg

ugb(z) = ugick (@), (30)

=0
This leads to the new discretization of the solution u®(z,w) to Eq.(10) as

K myg

Ui p(@,w) =D Y > ugi (@) Ha(é). (31)

acd k=1 i=0

The number of unknowns in Eq.(31) is far less than that of SFEM discretization (9) because multiscale
reduced basis functions have already captured the low-dimensional structures in the solution space.
Finally, we substitute the new discretization form (31) into Eq.(10) and apply the Galerkin method in
the tensor space to determine the expansion coefficient ufj The stiffness matrix obtained from our
new discretization method can be used to solve Eq.(10) with many different force functions f(x).



Remark 3.3. We focus on constructing multiscale reduced basis functions in physical space to reduce
the computational cost in this paper. Therefore, we simply choose the gPC basis functions Hy (€) in
the random space. One can adopt the data-driven stochastic method developed in [13] to construct
more efficient stochastic basis functions. However, we do not want to complicate the presentation by
pursuing this avenue.

4. Error analysis

We shall analyze the error between the numerical solution obtained using our method, denoted by
upop(x,w) and the exact solution u(z,w). We assume the fine grids with mesh size h < € so that
the error between the numerical solution wuy(z,w) obtained on the fine grids and u(z,w) is accurate
enough and we simply use up(z,w) as a reference solution. To demonstrate the error, we need to
consider errors from the physical space and the random space approximation. Before proceeding to
the analysis, we first introduce some notations and assumptions.

4.1. Some notations and assumptions

We define the norm in the tensor space L?(D) ® L?(2) as

s = [ ([ wlwPiyirw)’, 32)

where P(w) is the probability distribution function of random variable &(w). In addition, we need
higher regularity in the random space when we estimate the convergence rate of our method in the
random space. Let Dyu(z,-) denote the v-th order mixed derivatives of u(z,-) with respect to the
variable £ = (&1, ...,&) in the random space, where v = (14, ...,1,) and v; are nonnegative integers.
Then, we define the norm and seminorm in the random space as follows:

e Mmiy = [ 3 1D¢ut@)PaP@),  Juw ey = [ 3 Dul JPaP). (33

lv|<p lv|=p

In addition, we need the following assumption for the stability of the solution with respect to the
random dimension [11, 19], which is satisfied if a(x,{(w)) satisfies certain regularity conditions. We
refer interested reader to [14] for more details.

Assumption 4.1. If u(z,w) is the solution to Eqns. (10) and (11) and u(z,w) € HP(Q),Vz € D.
Then we have the stability estimate as follows

[u(z, gr@) < Cillf(@)|lr2py, Yz € D, (34)
where the constant C1 depends on the value of Gmin and Gmasz -

4.2. Error Analysis

After introducing the necessary notations and assumption, we are in the position to proceed with the
error analysis. Applying the triangle inequality, we divide the error into three parts

gPC gpPCc gPC

lup, — PO < |fup — PN + |Juf] |+ JJug @ = ulOP], (35)

where uj, refers to the reference solution obtained using FEM with fine mesh A and no discretization

in random space, ubeC is computed using FEM with fine mesh h in physical space and gPC basis in

10



random space, u?{PC is computed using MsFEM basis with coarse mesh H in physical space and gPC

POD is obtained using the multiscale reduced basis in physical space and

basis in random space, and u
gPC basis in random space. We have assumed that the error between u; and the exact solution u to
Eqns. (10) and (11) is negligible.

We first consider the error between uy, and uzPC and get the estimate result. To illustrate the
main idea, we assume the coefficient in Eq.(10) is parameterized by one-dimensional random variable
¢(w) = &1(w) that follows uniform distribution U[—1, 1] and the basis functions in gPC method are
Legendre polynomials. But we emphasize that the convergence estimate (36) holds for general gPC
methods if we tensorize the orthogonal polynomials and use the multi-index.

Lemma 4.2. Let up(z,w) be the reference solution obtained using FEM with fine mesh h and u‘;’lpc(x, w)
be computed using FEM with same mesh in physical space and gPC basis in random space. Then we

get the following error estimate

llun, — uf N 2pyor2@) < CoN7PIf (@) 20)s (36)

where N is the highest order of polynomial basis in the gPC method, p is an integer that quantifies
the regularity of up(z,w) in the random space (see Assumption 4.1), and Cy is independent of N but
depends on Gmin and Gmaz-

Proof. Let Li({(w)) be the Legendre polynomial of order k& and Sy be the space spanned by Legendre
polynomials of degree at most N, i.e., Sy = spcm{Lk(ﬁ(w))},]{V:O. Let Py denote the projection opera-

N

tor on Sy. Specifically, we have the projection of uj(w) onto Sy defined as Pyup(w) = . urpLi(§(w)),
k=0

(uthk)

Jo v(w)w(w)dP(w). To estimate the decay rate in the projection coefficients, we use the property that

where the coefficients uy = and the inner product of two functions are defined as (v,w) =

Legendre polynomials satisfy the Sturm-Liouville eigenvalue problem as follows,

d d

LLp(§(w)) = dfg((l - (f(w))Q)d?)Lk(ﬁ(w)) = —k(k +1)Li({(w)).- (37)
Some simple calculations imply that
1
(un, L) = —%(]:Jrl) /_1 upL LydP(w) = —k(lirl)(fuh,Lk)- (38)

Then, we repeat the above derivation and get (u, Ly) = (—m)l(ﬁlu, L), where [ > 1 is an integer.

Finally, we obtain the error estimate of the projection approximation as follows:
i (Ufu Lk)%z(g) _ 1

b N1 m B k;NH (k(k + 1))21||Lk||%2(9)

< N7Y| L1720y < CoN = |unl a1 g, .

||un(w) = Pnun(w)l[72(q) = (L un, Li) 720

where the Parseval’s identity is used in the first equation. In the gPC method, we know that
u%PC(aj,w) = Pyup(x,w). If we take the regularity index p = 2[ and use the stability assumptions

(34) and integrate over the physical space, we prove the lemma. ]

When the coefficient in Eq.(10) is parameterized by r i.i.d. random variables £ = (¢, ...,&,), we
use the multi-index a = (a1, , ) ,0 < oy < Ny, o5 € N to label the gPC basis and the multi-index

11



v = (vi,...,4), v; > 0, v; € N to label the order of the mixed derivatives. We define the tensorized
Legendre polynomials by La(§(w)) = [];_; La, (& (w)) and Sy = span{Lq({(w))}. Let Py denote the
projection operator on Sy, i.e., Pyup(w) = uqLa(§(w)), where the Einstein summation convention is
used and N = [[i_; N;.

gpc(x,w) = Pyup(x,w) be the gPC solu-

tion obtained using the same mesh. Then we get the convergence estimate as follows,

Corollary 4.3. Let up(x,w) be the reference solution and u

[lun(2,w) = Pyup(z,w)||72iq) < (N7 Ny 2. N[220 |72 - (40)
If the highest order of the polynomials are same in each random variable and let |v| =Y., vi, we get

4 v 4|y
[[un (2,w) = Prun(z, )| 220y < Ny P27l 320y < CoNy Ml o (41)

(@)

Remark 4.1. One may choose the best N-term Galerkin approximations in the gPC method [14],
which reduces the total number of basis and maintain an optimal convergence rate.

Remark 4.2. The orthogonal polynomials arise from a differential equation of the form

Q@) f"(x) + L(z) f'(x) = Af(x), (42)

where Q(z) and L(z) are polynomials and the function f(z) and the constant A are obtained by
solving this Sturm-Liouville type eigenvalue problem. The solutions of (42) have singularities unless
A takes on specific values. Let {\g, fr(z)}, & = 0,1,... denote the corresponding eigenvalues and
eigenfunc‘mons Then, {fx(z)} forms a set of orthogonal polynomials and the eigenvalues satisfy
A = k . Q”( )+ kL'(x), see [4, 10]. Notice that A\, ~ O(k?), we have the error estimate (36) holds
for other orthogonal polynomials.

PC
o (

We then analyse the error between u; ~ (x,w) and ulgqpc(x, w) and obtain the following lemma.

Lemma 4.4. Let ul"(

PC
o (

z,w) and u x,w) be defined as above. We get the following error estimate

1uf?C — w2 mysr2) < C3H| £l 2(0) +@ (43)

where € < H and C3,Cy are constants that do not depend on € and H.

Proof. Since uzpc(x, w) and U%Pc(a:, w) use the same gPC basis in the random space, we only need to

analyze the error in physical space. For each realization w;, the problem (10) and (11) are reduced to

gPC gPC(

a deterministic problem and u; ' (x,w;) is a FEM reference solution and u x,w;) is the solution

obtained using the MsFEM Wlth over-sampling technique. Then, Theorem 3.1 implies

g @y wi) =y @,w0) |20y < CoH2|1f @)l 20y + Capr- (44)

Integrate over the random space, we prove Lemma 4.4. O
Finally, we estimate the error between U%PC(Z' w) and u"OP (z,w).

Lemma 4.5. Let u; © be the solution obtained using the MsFEM basis on coarse mesh with size H in

physical space and gPC basis in random space, and uFOP be the solution obtained using our method.
We have the error estimate,

lugf = uPOP| | 2pyorz@) < C5 D Ais (45)
i=m*+1

where Cs is a generic constant, m* is an integer that will be defined in the proof, Q) is the sample
number in the basis snapshots, and )\; are eigenvalues of the covariance kernel of the snapshot.

12



Proof. Since u*‘}{PC(:C,w) and u

random space, we only need to analyze the error in physical space. For each realize ws, we have

%{PC(CC ws) = 8 Upd®(x,ws) and uPOP (z,w,) = Zk L Und¥ (2, ws), where ¢F(z,ws) denote the
MsFEM basis associated with the sub-domain Dj, and ¢*(x,w,) denote the approximated basis ob-
tained using our multiscale reduced basis functions. We shall use the Galerkin method to compute

the numerical solutions Uy and Uk, k = 1,..., K and estimate the error between uﬁfpc(:z:,ws) and

uPOD(

POD (2, w) are computed using the same gPC basis functions in the

T,Ws).
Let A = (ai;) and A = (a;5) denote the stiffness matrices associated with the MsFEM and our
method, where the entries in the matrices are defined as

a;j = /V(bi(m,ws)as(x,ws)VW(x,ws)da;, (46)
aij = /Vg’i(%Ws)ae(ﬂf,ws)véj(iﬂ,ws)dx. (47)

We estimate the difference between the entries a;; and a;; by

laij — aij| = ’/ngi(:z:,ws)as(w,wS)ngj(ac,ws)dx — /V(ﬁi(aj,ws)ag(m,ws)vgﬂ(m,ws)daz‘
<| / VoiarV i da - / Ve Vel do| + | / Vo'V dr — / VeVl dal
<|la®|| oo () <||¢j||H1(D)||V¢i — V& |2y + 10| () [V — véj”LQ(D))- (48)
Recall that a®(z,ws) is bounded almost surely, ¢ (x,w,) and ¢'(z,ws) are bounded in H' norm. If we

choose m* = min{my}X_,, then the Proposition 3.3 implies

My

f = >k, Cf)Hl(D)Cikaql(D)

=1

Q Q
= > NS D> N (49)

J=mp+1 Jj=m*+1

IVo" — V¥l 12py < 16" — ||y

Combine Eqns.(48) and (49), we obtain |a;; —a;j| < C Z?:m*ﬂ As, where C' is a generic constant and
may depend on i, and Gmpaz-

Now we obtain the error between A and A, ie., A = A + E,, where E, is the error term and
is bounded by C Z o—mey1 As- Let F = ( f;) and F = (f;) denote the right-hand side vectors, with

= [ ¢'(x,ws) f(z)dz and f; = [ ¢'(x,ws) f(z)dz, respectively. Usmg a similar argument, we can get

F F + Ey, where Ey is the error term and is bounded by C’Zs 1 s

Recall that uHPC(m,wS) = S Urd®(x,ws) and uPOP(x, ws) = K Upd*(z,ws). Let U =
(Uy,..U)T and U = (Uy,...Uk)" and they satisfy AU = F and AU = F, respectively. After simple
calculations, we get U — U = A1 (E; + E,U) and the estimate

Q
IU = Ulle < [[A7 2| B + EoUlle < Cllf@)ll2m) Y Ass (50)

s:mﬁ+1

where C' depends on @, and ame,; and we have used the fact A~! is bounded above by Smar

Amin

13



Let ® = (¢! (z,ws), .. L K (z,w,)) and ® = (¢! (z,ws), ..., ' (x,ws)). Then U%PC(x,ws) = ®U and

uPOP (z,w,) = ®U and we have the estimate

. -
llud] (2, wi) — u"OP(2,w)|[72(py = 10U — @U||2(p) (51)
< ||@U — @U||r2(py + |®U — ®U||12(py (52)
<|U[[i2[|® = @|z2(p) + ||®]| 2y [[U — U2 (53)

According to the estimates (49) and (50), we obtain

Q
PP (2,00)| [2apy < CillF@)ll2my S A, (54)

s=m*+1

gl (2, w;) —

where Cy depends on @, and amg.. To achieve a given error tolerance p, we can choose the integer
m™ according to the decay property of ZSQ:m* 41 As. Finally, integrating in the random space we can
complete our proof

C
1 — uPOP|| 2 o2 i) < Call F@)|L2 (o Z As. (55)
s=m*+1

O
Theorem 4.6. If uy, is the reference solution to Eqns.(10) and (11) and u”OP(
obtained using our method, then we have the error estimate as follows

x,w) 1is the solution

r Q
—2u; v 9
Huh—uPODHL2(D)®L2(Q) < | INl 2 |-< UhHLZ(Q)+ <CQH2+C4 E )\5>Hf(x)HL2(D)®L2(Q)+C3E
i=1 s=m*+1

(56)
where h and H are fine and coarse mesh size respectively, C;, i = 2,3,4,5 are constants depend on
min 0Nd G and diameter of the domain but do not depend on €, H and h, and A\s are eigenvalues
obtained in the POD method with m* chosen such that Z As/ Z Ai 48 smaller than a given error

s=m*+1 5=
tolerance p.

Proof. For notation simplicity, we use [| - || to denote the norm || - [[2(pygr2(n)- Using the triangle
inequality, we get

POD PC pPC _ gPC PC POD
[fun = w7 < Jfun — gy ]+ [ug, ugy ||+ [lugy I (57)

and Theorem 4.6 is a simple conclusion of the three lemmas we have proved above. O

5. Numerical results

5.1. An example with an oscillatory coefficient

We consider the following multiscale elliptic PDE with random coefficient on D = [0, 1] x [0, 1]

-V - (a®(z,y,w)Vu(x,y,w)) = f(x,y), (z,y) € D,weQ, (58)
u®(x,y,w) =0, (z,y) € OD. (59)
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The multiscale and random features are described by the coefficient

1 1 2 + ps cos(Z2=05))
at(z,y,w) =02+ Gl(w) + ——————7Ge(w) + =3 &3(w), 60
( ) 2+p1 sin(L(:;y)) 1) 4+pgsln(2€—2) 2() 2—1935111(@) 3(w) (60)
where [p1, p2, ps] = [1.6,1.4,1.5], [e1,£9,e3] = [ﬁ, ﬁ, ﬁ], and {&(w)}2_, are independent uniform

random variables in [0,1]. We choose the parameters of the coefficient (60) in such a way that it will
generate oscillatory features in the solution.

Multiquery results in the online stage. We shall show that our multiscale reduced basis can be used
to solve a multi-query problem. We use the standard FEM to discretize the physical space. We choose
a 256 x 256 fine mesh to well resolve the physical space of the solution u®(x,y,w). Since the solution
uf(x,y,w) is smooth in random space, we use a sparse-grid based stochastic collocation (SC) method
to discretize the random space. First, we conduct a convergence study and find that the relative errors
of the mean and the standard deviation (STD) between the solutions obtained by a seven-level sparse
grids in the SFEM and higher-level sparse grids are smaller than 0.1% both in the L? and the H'
norm. Therefore, we choose the solution obtained using the seven-level sparse grids (with 207 points)
as the reference solution.

To implement our method, in the physical space we take the coarse grids to be 16 x16 and fine grids
to be 256x256. For the coefficient (60) with 3 random variables, we choose the gPC basis functions of
total order 4 and keep the POD modes to be 4, which means that we use 5 multiscale reduced basis
in each interior coarse mesh. The force function f(x,y) should be well-resolved by the coarse mesh.
We choose f(z,y) € § = {sin(kirx + ¢;) cos(l;my + ;) }22,, where k; and [; are uniformly distributed
over the interval [0, 4], while ¢; and ¢; are uniformly distributed over the interval [0, 1].

In Fig.2 and Fig.3, we show the relative errors of the mean and the STD of our method in the
L? norm and the H' norm, respectively. One can see that our method is efficient in solving multi-
query problem. In Fig.4, we show the mean and STD of the solution corresponding to f(z,y) =

o
i
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Figure 2: The mean error of our method in the L? norm and the H' norm.

sin(1.37z + 0.1) cos(2.1my + 0.12). We use the notation SC to denote the reference solution and the
reduction method to denote the solution obtained using our method. One can see that the mean and
the STD of the DSM solution match with the mean and the STD of the reference solution very well.

Verification of the convergence rate with respect to coarse mesh. We choose the coefficient as follows

N

ﬂ(;;y) )
m(z—y) )

€1

2+ pysin(

a®(z,y,w) =0.1+ & (w), (61)

N

2 — py cos(
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where p; = 1.6 and g1 = ﬁ. In our test, the highest order of the gPC basis functions is 6 and the
number of the POD modes is 4. We change the coarse mesh grid from 4 x 4 to 32 x 32, compare the
results on different meshes, and calculate the numerical error with respect to the reference solution
obtained on the fine mesh with size ﬁ. In Fig.5, we plot the convergence results with respect
to meshsize H in both the L? norm and the H' norm. We approximately obtain a second-order

convergence for the error in the L? norm and a first-order convergence for the error in the H' norm.

Relative L? Error
5
,
Relative H* Error
5
.

10 - 102
10° 10* 10? 10° 10* 10?

Coarse mesh scale N Coarse mesh scale N

Figure 5: Convergence results with respect to mesh size, where H = 1, &, & andg5. Left is for the mean error in the
L? norm and the slope is -2.3. Right is for the mean error in the H' norm and the slope is -1.3.

Verification of the convergence rate with respect to the polynomial order. We fix the course mesh
size to be H = % and number of the POD modes to be 4. We choose the coarse mesh and POD
modes in such a way that the error from physical space and the POD error are small and the error
is dominant by the random space. We test two different types of coefficients. In the first case, the
coefficient is given by Eq.(61) and we change the polynomial order from 1 to 7. In Fig.6, we plot
convergence results with respect to different polynomial orders. In the second case, the coefficient is
given by Eq.(60), which is parameterized by three random variables and we change the highest order
of the gPC basis from 1 to 6. One can see the exponential decay of the error with respect to the

polynomial orders.

01rp

Relative L? Error
Relative L? Error

L R k. S | 004 R

1 2 3 4 5 6 7 1 2 3 4 5 6
gPC order gPC order

Figure 6: Convergence results with respect to the polynomial chaos order, where H = 1—16 Left is for the one r.v. case.
Right is for the three r.v.s case.

Investigate the decay of error for POD modes. We consider the multiscale problem with the
coefficient (60) and choose the coarse mesh grid as 16 x 16, the fine mesh grid as 256 x 256, and the
polynomial order of the gPC as 4. In Fig.7, we show the relative error of the mean with respect to the
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increasing of the number of the POD modes. Meanwhile, we show the cumulative sum of the eigenvalue
ratio in the POD decomposition. One can find that when we increases the number of the POD modes
(namely the multiscale reduced basis), we observe a fast decay in the relative error of the mean and
fast increasing in the cumulative sum of the eigenvalue ratio in the POD decomposition, which implies
that the POD basis can efficiently explore the low-dimensional structures of the multiscale random
solution. We observe the qualitative decay of the error for the STD (not shown here).
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ik L e
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Figure 7: Convergence results with respect to the number of the POD modes.

5.2. An example whose coefficient does not have scale separation

We consider the multiscale elliptic PDE (58)-(59) with a coefficient a®(z,y,w), which is a random
linear combination of three deterministic coefficient fields plus a constant, i.e.,

3

af(z,y,w) = Zﬁi(w)ki(x,y) +0.5

=1

(62)

where {¢;}?_, are independent uniform random variables in [0,1], and k;(x,y), i = 1,...,3 are deter-
ministic coefficient fields without scale separation. Specifically, k;(z,y) = |0;(z,y)|, where 6;(z,y),
i=1,...,3 are defined on a 5 x 5, 9 x 9, and 17 x 17 grids over the domain D. For each grid cell, the
value of 6;(z,y) is normally distributed. In Fig.8, we show four samples of the coefficient a*(x, y,w).
One can see that the coefficient does not have any periodic structure.

Multiquery results in the online stage. The implementation of the SFEM and our method are
exactly the same as in the previous example. In the online stage we use them to solve the problem (58)
with different f(x,y). We randomly generate 20 force functions f(z,y) € {sin(kj7x + l;) cos(m;mz +
ni}?gl, where k;, l;, m;, and n; are random numbers. In Fig.9, we show the relative error for the mean
obtained using our method in the L? norm and the H' norm, respectively. The results for the STD
error are similar (not shown here).

Verification of the convergence rate with respect to meshsize H. We test the problem (58)-(59) with
coefficient (62). We choose the highest order of the gPC basis functions as 4 and the number of POD
modes as 4. We choose the coarse mesh grids as 4 x 4 , 8 x 8, 16 x 16, and 32 x 32. We compare
the results on different grids and compute the numerical error with respect to the reference solution
obtained on the fine mesh %6.
The convergence rate is 0.84 in the L? norm and is 0.65 in the H' norm since other sources of error
may become dominant in this example.

In Fig.10, we plot the convergence results with respect to meshsize H.

Verification of the convergence rate with respect to the polynomial order. We fix the course mesh
size to be H = 1—16 and keep the number of the POD modes to be 4. Then we test two different
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Figure 8: Four coefficient samples of a(x, y,w).
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coefficients. In the first case, the coefficient is given by a°(z,y,w) = & (w)ki(x,y) + 0.5, which is
parameterized by one random variable. We change the polynomial order from 1 to 7. In Fig.11, we
plot the convergence of the relative mean error with respect to polynomial orders. In the second case,
the coefficient is given by (62) and we change the highest polynomial order from 1 to 6. One can see
the errors decay exponentially with respect to the polynomial order. Moreover, one can observe that
the errors get stagnant since other sources of error may become dominant.
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Figure 11: Convergence results with respect to the polynomial chaos order, where H = 1—16 and POD modes 4. Left is
for one r.v. case. Right is for three r.v.s case.

Investigate the decay of error for POD modes. We consider the multiscale problem with the
coefficient (62) and choose the coarse mesh grid as 16 x 16, the fine mesh grid as 256 x 256, and the
polynomial order of the gPC as 4. In Fig.12, we show the relative error of the mean with respect to
the increasing of the number of the POD modes (namely the multiscale reduced basis). We find that
the relative error of the mean decreases when we increases the number of the POD modes. We observe
the qualitative decay of the error for the STD (not shown here).
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Figure 12: Convergence results with respect to the number of the POD modes.

5.8. An example with a high-contrast coefficient
Finally, we consider the multiscale elliptic PDE (58)-(59) with a high-contrast coefficient. The coeffi-
cient a®(z,y,w) is given by

a®(z,y,w) = 0.2 4+ 20& (w)1p, (z,y) + 60&2(w)1p,(x,y) + 100&3(w)1p,(x, y), (63)

where & (w) € U[0,1] and 1p,(z,y), i« = 1,2,3 are indicator functions. The local domains D; =
Bi(x1,0.1) U By(z2,0.1), Dy = [0.125,0.875] x [0.375,0.5], D3 = Bs(x3,0.1) U B4(x4,0.1) U Bs(x5,0.1),
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where B;(x;,r) are the circles with the radius » = 0.1 and the centers at x; = (0.25,0.75), x2 =
(0.625,0.75), x3 = (0.1875,0.1875), x4 = (0.5,0.1875), and x5 = (0.8125,0.1875). In Fig.13, we show

two samples of the coefficient a®(x,y,w). One can see that the coefficient (63) has high-contrast
features, where the highest contrast is % = 500.

a(x,y,w)

0.8

0.6

0.4

0.2

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

Figure 13: Two samples of the coefficient a(z,y,w).

Multiquery results in the online stage. The implementation of the SFEM and our method are
exactly the same as in the previous two examples. We randomly generate 20 force functions f(z,y) €
{sin(k;wx+1;) cos(mimx +n;}22,, where k;, l;, m;, and n; are random numbers. In Fig.14, we show the
relative error for the mean obtained using our method in the L? norm and the H' norm, respectively.
The results for the STD error are similar (not shown here). Thus, our method is efficient in solving
this problem with a high-contrast coefficient.
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Figure 14: The mean error of our method in L? norm and H' norm.

Verification of the convergence rate with respect to the meshsize H. We test the problem (58)-(59)
with coefficient (63). We choose the highest order of the gPC basis functions as 4 and the number of
POD modes as 4. We choose the coarse mesh grids as 4 x 4 , 8 x 8, 16 x 16, and 32 x 32. We compare
the results on different grids and compute the numerical error with respect to the reference solution
obtained on the fine mesh Q—éﬁ. In Fig.15, we plot the convergence results with respect to meshsize H.
The convergence rate is 1.8 in the L? norm and is 1.12 in the ! norm.

Investigate the decay of error for POD modes. Finally, we choose the coarse mesh grid as 16 x 16,
the fine mesh grid as 256 x 256, and the polynomial order of the gPC as 4. In Fig.16, we show the
relative error of the mean with respect to the increasing of the number of the POD modes (namely
the multiscale reduced basis). We find that the relative error of the mean decreases when we increases
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Figure 15: Convergence results with respect to mesh size. Left is for the mean error in the L? norm and the slope is
-1.80. Right is for the mean error in the H' norm and the slope is -1.12.

the number of the POD modes. We observe the qualitative decay of the error for the STD (not shown
here).
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Figure 16: Convergence results with respect to the number of the POD modes.

6. Conclusion

In this paper, we proposed a proper orthogonal decomposition method for multiscale elliptic PDEs
with random coefficients. Our method consists of offline and online stages. In the offline stage, we
constructed a set of reduced basis functions within each coarse grid block using the POD method, which
allows us to explore the low-dimensional structures hidden in the solution space. In the online stage,
we can efficiently solve the multiscale SPDEs using our multiscale reduced basis functions. Under
mild conditions, we analyse the error between the numerical solution obtained from our method and
the exact solution. We presented several numerical examples for 2D stochastic elliptic PDEs with
stochastic multiscale coefficients to demonstrate the accuracy and efficiency of our proposed method.
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