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Abstract

In this paper, we propose a dynamically low-dimensional approximation method to solve a class
of time-dependent multiscale stochastic diffusion equations. In [5, 6], a dynamically bi-orthogonal
(DyBO) method was developed to explore low-dimensional structures of stochastic partial differential
equations (SDPEs) and solve them efficiently. However, when the SPDEs have multiscale features in
the physical space, the original DyBO method becomes expensive. To address this issue, we construct
multiscale basis functions within each coarse grid block for dimension reduction in the physical space.
To further improve the accuracy, we also perform online procedure to construct online adaptive basis
functions. In the stochastic space, we use the generalized polynomial choas (gPC) basis functions to
represent the stochastic part of the solutions. Numerical results are presented to demonstrate the
efficiency of the proposed method in solving the time-dependent PDE with multiscale and random
features.

Keywords: Uncertainty quantification; dynamically low-dimensional approximation; online
adaptive method; stochastic partial differential equations (SPDEs); generalized multiscale finite
element method (GMsFEM).

1. Introduction

Uncertainty arises in many complicated real-world problems of physical and scientific applications,
such as wave, heat, and pollution propagation through random media or flow driven by stochastic
forces. These kind of problems usually have multiple scale features involved in the spatial domain.
For example, to simulate flows in heterogeneous porous media, the permeability field is often param-
eterized by random fields with multiple-scale structures.

Stochastic partial differential equations (SPDEs), which contain random variables or stochastic
processes, play important roles in modeling complex problems and quantifying the corresponding
uncertainties. Considerable amounts of efforts have been devoted to study SPDEs, see [17, 27, 2, 29,
20, 36, 31, 39, 30, 34, 26] and references therein. These methods are effective when the dimension
of stochastic input variables is low. However, their performance deteriorates when the dimension of
stochastic input variables is high because of the curse of dimensionality. In addition, when SPDEs
have multiscale features, the SPDE problems become more challenging as it requires tremendous
computational resources to resolve the small scales of the SPDE solutions. This motivates us to
develop efficient numerical methods to solve these challenging problems.
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In this paper, we consider the time-dependent SPDEs with multiscale coefficients as follows

g

aait(:n,t,w) =L (2, t,w), €D, te(0,T], weQ, (1)
where suitable boundary and initial conditions are imposed, D C R? is a bounded spatial domain,
Q) is a sample space, and LF is an elliptic operator that contains multiscale and random coefficient,
where the smallest-scale is parameterized by €. The major difficulties in solving (1) come from two
parts. In the physical space, we need a mesh fine enough to resolve the small-scale features. In the
random space, we need extra degree of freedom to represent the random features. Moreover, the
problem (1) becomes more difficult if the dimension of the random input is high.

To address these challenges, we shall explore low-dimensional structures hidden in the solution
uf(x,t,w). Specifically, if the solution u®(z,t,w) is a second-order stochastic process at each time
t > 0, ie., ui(x,t,w) € L*(D x Q), we can approximate the solution u®(z,t,w) by its m-term
truncated Karhunen-Loeve (KL) expansion

u®(z,t,w) =~ a(x,t) + Zuf(;z:, H)Yi(w,t) = @ (z,t) + Uz, t) YT (w, 1), (2)
i=1

where U(z,t) = (uf(z,t), - ,u5,(z,t)) and Y (w,t) = (Y1 (w,t), -+ ,Yn(w,t)). The KL expansion
explores the intrinsic low-dimensional structures of the SPDE solutions and gives the compact rep-
resentation of the solutions. However, the computation of the KL expansion can be quite expensive
since we need to form a covariance kernel and solve a large-scale eigenvalue problem. More details
will be given in Section 2.1.

In [5, 6], a dynamically bi-orthogonal (DyBO) method was developed. This new method derives
an equivalent system that can faithfully track the KL expansion of the SPDE solution. In other
words, the DyBO method gives the evolution equations for @, U, and Y. The DyBO method can
accurately and efficiently solve many time-dependent SPDESs, such as the stochastic Burger’s equation
and stochastic Navier-Stokes equation, with considerable savings over existing stochastic methods.
However, when the SPDEs have multiscale features in the physical space, the original DyBO method
becomes expensive as one needs enormous degree of freedom to represent the multiscale features
in the physical space. To overcome this difficulty, we shall apply the generalized multiscale finite
element methods (GMsFEM) [10, 15] to construct multiscale basis functions within each coarse grid
block for model reduction in the physical space.

In the GMsFEM, we divide the computation into two stages: the offline computing and the
online computing. In the offline stage, we first construct global snapshot functions within each
coarse neighborhood based on the given coarse and fine meshes and seek multiscale basis functions
to represent the local heterogeneities. When the snapshot functions are computed, one can construct
the multiscale basis functions in each coarse patch by solving some well-designed local spectral
problems and identify the crucial multiscale basis functions to form the offline function space. In
the online stage, we add more online multiscale basis functions that are constructed using the offline
space. These online basis functions are computed adaptively in some selected spatial regions based
on the current local residuals and their construction is motivated by the analysis in [11]. In general,
it can guarantee that additional online multiscale basis functions will reduce the error rapidly if
one chooses a sufficient number of offline basis functions. We should point out that there are many
existing methods in the literature to solve multiscale problems, see [3, 13, 14, 22, 23, 32, 1, 38, 19, 28|
and references therein. However, most of these methods are designed for multiscale problems with
deterministic coefficients.

In our new method, we first derive the DyBO formulation for the multiscale SPDEs (1), which
consists of deterministic PDEs for w and U respectively and ODE system for the stochastic basis



Y. For the deterministic PDEs (for « and U) in the formulation, we shall apply the GMsFEM to
construct multiscale basis functions and use these multiscale basis functions to represent u and U,
which lead to considerable savings over original DyBO method. For the ODE system, the memory
cost is relatively small and we shall apply a suitable ODE solver to compute the numerical solution.
The GMsFEM enables us to significantly improve the efficiency of the DyBO method in solving
time-dependent multiscale PDEs with random input.

The rest of the paper is organized as follows. In Section 2, we give a brief introduction of the
KL expansion and the generalized polynomial chaos (gPC) method. In Section 3, we introduce
the framework of DyBO formulation. The GMsFEM with the online adaptive construction will be
introduced in Section 4. The implementation issues of the algorithm and the numerical results will
be given in Section 5. Finally, some concluding remarks are given in Section 6.

2. Some preliminaries

2.1. The Karhunen-Loéve expansion

In the theory of stochastic processes, the Karhunen-Loeve (KL) expansion [24, 25] is a representation
of a stochastic process as an infinite linear combination of orthogonal functions, analogous to a Fourier
series representation of a function on a bounded interval. The importance of the KL expansion is
that it yields an optimal basis in the sense that it minimizes the total mean square error.

Consider a probability space (2, F,P), whose sample space is 2 and is equipped with o-algebra
F and probability measure P. Suppose u(z,t,w), defined on a compact spatial domain D C R?,
t € [0,T], is a second-order stochastic process, i.e., u(-,t,-) € L*(D x §2), where we omit ¢ in the
solution u to simplify notations. Its KL expansion reads as follows

u(w,t,w) =z, t) + Y Vpi(t)i(w, )i, 1),
=1

where u(z,t) = Elu(z,t,w)], and {u;(t), ¢i(x,t)}5°, are the eigenpairs of the covariance kernel
C(x,y,t), ie.,
The covariance kernel C(x,y,t) is defined as

C(l’, Y, t) =E [(U(ﬂj‘, t, w) - Z_L(ZL‘, t))(U(y, t, w) - a(yv t))] : (4)

The random variables {{;(w,t)}?2, are defined as

1
v i(t)

Moreover, these random variables {&;}3°, are of zero-mean and uncorrelated, i.e. E[&;] = 0, E [§;¢;] =
;5. Generally, the eigenvalues p;’s are sorted in a descending order. Their decay rates depend on
the regularity of the covariance kernel C'(z,y). It has been proven that an algebraic decay rate, i.e.
ur = O(k™7), is achieved asymptotically if the covariance kernel is of finite Sobolev regularity or an
exponential decay, i.e., ur = O(e‘”Yk) for some v > 0, if the covariance kernel is piecewise analytic
[35]. In general, the decay rate depends on the correlation length of the stochastic solution. Small
correlation length results in slow decay of the eigenvalues.

&(u}, t) =

/D(u(a:,t,w) —u(x,t))pi(x, t)de, i=1,2,---,. (5)



The m-term truncated KL expansion converges in L?(D x ) to the original stochastic process
u(x,t,w) as m tends to infinity. If we denote by &, the truncation error, we have

Z Vii()&(w, t)di(x, t)

i=m-+1

2 o]

HsmH%Q(DXQ)

where we have used the bi-orthogonality of the KL expansion. In practice, we truncate the KL
expansion into its first m terms and obtain the following truncated KL expansion

u(w,t,w) (. t) + YV pi(t)(w, )i, b). (7)
i=1

The truncation error analysis in (6) reveals the most important property of KL expansion. Specifi-
cally, given any integer m and orthonormal basis {¢;(z,t)}7",, we may approximate the stochastic
process u(zx,t,w) by

m
U (2,1, w) = (2, 1) + 3 Gilw, B)pi(a, 1), (8)

i=1
where (;(w,t), i = 1,...,m are the expansion coefficients. Among all m-term approximations using
basis {¢;}, the KL expansion given by (7) is the one that minimizes the total mean square error. In
this sense, we say that the KL expansion explores the low-dimensional structures of SDPE solutions.

2.2. The generalized Polynomial Chaos (¢PC) basis

One of the conceptual difficulties, from the viewpoint of the classical numerical PDEs, involves repre-
sentations of random variables or functions defined on the abstract probability space €. Essentially,
there are different ways to represent the stochastic basis Y (w,t). In this work, we use the general-
ized polynomial chaos (gPC) basis to represent the stochastic basis, see [17, 40, 20]. Let {H;(&)}2,
denote the one-dimensional, p(§)-orthonormal polynomials, i.e.,

/Q H, (€)H; (€)p(€)dé = 635,

For the Gaussian distribution and the uniform distribution, such orthonormal polynomial sets are
formed by Hermite polynomials and Legendre polynomials, respectively. For general distributions,
such polynomial set can be obtained by numerical methods [37]. Furthermore, by a tensor product
representation, we can use the one-dimensional polynomial H;(§) to construct a complete set of
orthonormal basis functions He (€)’s of L%(Q) as follows

Ho(€) = [[Ha (&), a3 9)
=1

where o is a multi-index and J7° is a multi-index set of countable cardinality,
3?‘0 = {Oﬁ = (CM]_,O[Q,"‘ aar) ’al Z 0,0li € N}

The zero multi-index corresponding to Ho (&) = 1, which is used to represent the mean of the solution,
will be excluded in this work since we have an independent dynamic equation for the evolution of
the mean. Clearly, the cardinality of J2° is infinite. For the purpose of numerical computations, we



prefer a finite set of polynomials. There are many choices of truncations. One possible choice is the
set of polynomials whose total orders are at most p, i.e.,

T
JP = {a!a:(oq,oag,--- yap),a; > 0,05 € Ny |af :Zai Sp}. (10)
i=1

The number of polynomial basis functions |J7| is equal to (Z;T:;)!. We may simply write such a trun-

cated set as J when no ambiguity arises. The orthonormal basis Hy (&) is the standard generalized
Polynomial Chaos (gPC) basis, see [7, 18, 21, 40] for more details.

3. The DyBO formulation for multiscale time-dependent SPDEs

8.1. Problem setting

To demonstrate the main idea of our method, we consider the following multiscale stochastic diffusion
equation with suitable boundary and initial conditions,

ous
ot

=L =V - (a°(z,w)Vu) + f(z,w), €D, te(0,T], weQ, (11)

where D C R?¢ (d = 2,3) is a bounded spatial domain and {2 is a sample space. The operator L£¢ is
uniformly elliptic almost surely, namely, there exist amin, @max > 0, such that

Plw e Q:a(z,w) € [amin, Gmax), VT € D) = 1. (12)

Also, the multiscale information is described by the parameter €. The force f(x,w) is assumed to be
in L?(D) for each realization w € Q.

In reservoir simulation, a®(z,w) is used to model the permeability field, which is assumed to be
known at every location of the physical domain. Realistically, however, only a handful of permeability
measurements may be available. Thus the uncertainties in the inputs of the reservoir model could
be quite large. It is important to analyze the uncertainties in the reservoir models and to quantify
their influences on the prediction values. In this paper, a®(z,w) is assumed to be parameterized by
r independent random variables, i.e., a®(x,w) = a®(x, & (w), ..., & (w)). By the Doob-Dynkin lemma
[33], the solution u®(z,t,w) to (11) is a functional of these random variables, which can be written
as u® = uf(z,t,&(w), ..., & (w)).

3.2. The dynamically bi-orthogonal (DyBO) formulation

To make this paper self-contained, we give a brief review of the basic ideas and the main result of
the DyBO method [5, 6]. We assume the stochastic solution u®(z,¢,w) to (11) is a second-order
stochastic process at each fixed time ¢t > 0, i.e., u°(-,t,-) € L*(D x Q). We consider the following
m-term truncated KL expansion

m
U (2, t,w) = 0 (2,t) + Y u§ (2, ) Yi(w, 1) = 0 (x,t) + Uz, )Y (w,t) ~ uf (2, t,w), (1)
=1
where u®(x,t) is the mean of the solution,

U(z,t) = (ui(x,t), - ,u,(x,t)) and Y(x,t) = (Yi(z,t), -, Y(z,1))



are the spatial and stochastic modes, respectively. By using the DyBO method, we obtain the
evolution equations for u°, U, and Y as follows

o

— E[L 14
=Rl (142)
ou _ T pre
S = —UD"+E [Eu Y} : (14b)
dy _ T pE -1
— = —YC —|—<£u , U> AG (14c)

where (-, -) denotes the inner product in the space L?(D), Ay = diag((UT, U)) € R™™, and
Luf = Lu — E[Lu]. We define an anti-symmetrization operator Q : RF¥E 5 REXF and a partial
anti-symmetrization operator Q : RF*¥ — RF*F a5 follows:

oM) = L (M-MT),  OM)= % (M — M) + diag(M),

N

where M € RF** is a matrix and diag(M) is a diagonal matrix whose diagonal entries are equal
to those of matrix M. Then, the matrices C,D € R"™*™ in (14) can be solved uniquely from the
following linear system

C - Ag'Q(AuC) =0, (15a)
D -9 (D) =0, (15Db)
DT + C=G.(7°,U,Y), (15¢)

where the matrix G. (@, U, Y) = Ag! (U7, E | L#Y | ) € R,

The Eqns.(14a)(14b) in the DyBO formulation (14) are time-dependent deterministic PDEs for
the mean solution #® and the spatial basis modes U. They are coupled to the third equation,
a system of stochastic ODEs for the stochastic basis functions Y. Various spatial discretization
schemes, such as finite element method, finite difference method, and spectral method, along with
ODE solvers can be used to solve the DyBO system (14). In this paper, however, we need to use fine
mesh to represent u¢ and U as they contain multiscale features. To address this issue, we apply the
generalized multiscale finite element method (GMsFEM) [15] in the physical space and the implicit
Euler scheme in the temporal space to discretize the Eqns.(14a)(14b). The framework of GMsFEM
will be presented in Section 4.

The Eq.(14c) in the DyBO formulation (14) is a random or stochastic ODE system (depending
on the setting of the operator £), which can be solved using existing ODE solves, such as Euler
scheme or Runge-Kutta scheme. To represent the stochastic basis functions Y;(w,t), one can choose
several different approaches, including ensemble representations in sampling methods (e.g., Monte
carlo method, sparse-grid based stochastic collocation method, etc.) and spectral representations,
such as the gPC basis or wavelet basis. In this work, we shall use the gPC basis to represent the
stochastic basis functions Yj(w,t). The Cameron-Martin theorem [4] implies the stochastic modes
Yi(w, t)’s in the KL expansion (13) can be approximated by the linear combination of the polynomial
chaos, i.e.,

}/i(wvt) = ZHa(g(w))AOﬂ(t)? t=1,2,---,m, (16)
acy
or in a matrix form, if we write H (§) = (Hq (§))4ey a8 a row vector,
Y (w,t) = H(£(w)) A(?), (17)



where A € RM»X™ and N, is the number of polynomial basis functions. The KL expansion (13) now
reads

u=u+UATH".
We can derive equations for @, U and A, instead of u, U and Y. In other words, the stochastic
modes Y are identified with a matrix A € RN»*™_ which leads to the DyBO-gPC formulation of
SPDE (11),

o1

ot E[La], (18a)
U . o

& = -UD"+E [cuH} A, (18b)
dA T T i~ ~1
X ——ACT 4 <E [H ﬁu} , U> AG, (18¢)

where C(t) and D(¢) can be solved from the linear system (15) with
G.(1,U,Y) = Ag! <UT, E [ZHYD = A <UT, E [ﬁaﬂ} > A (19)
By solving the system (18), we have an approximate solution to SPDE (11)
uPYBO-8PC _ & UATHT .

The orthonormal property of Y implies that the columns of A are orthonormal, i.e., ATA = I,,xm €
R™*™  We would like to point out that AAT € RN»*Mv in general is not an identity matrix as
m < N if the SPDE solution has a low-dimensional structure.

Remark 3.1. The boundary conditions and initial conditions for each physical component, and the
initial condition for each stochastic component can be obtained by projection of the initial and

boundary conditions of u(x,t,w) on the corresponding components. In fact, the generalization of the
preceding DyBO formulation for SPDE systems is pretty straightforward.

3.3. The DyBO formulation for multiscale stochastic diffusion equations

In this section, we shall derive the DyBO formulation for the following multiscale stochastic diffusion
equations

ut(z,w) = Lu(z,t,w) =V - (a(z,w)Vu(z,w)) + f(x), =€ D,we, (20)

where initial and boundary conditions will be given later. For notation simplicity, we omit the
superscript € in a(x,w) and u(z,t,w). Assume that the m-term KL expansion of the solution of (20)
is given by,

u=1u+UYT =4+ UATHT, (21a)
where U = (u1,ug, -+ ,uy) and matrices A € RN¥2X™ In addition, we assume that
a(z,w) = a(z) + a(z,w), (22)

where a(x) = E [a(z,w)] is the mean and a(z,w) is the fluctuation with zero mean. For notation
simplicity, we will write ¢ = a + a in our derivation. By substituting the above expansion into



(20), we obtain the DyBO-gPC formulation for the multiscale stochastic diffusion equation (20) (see
Appendix A for the details of the derivation)

?;Z =V-(@va)+ V- (E[aVUATHT)) + f, (23a)
%Ij =-UD" + V- (E[aVaH])A + V- (aVU) + V - (E [aVUATH H))A, (23b)
% =—-AC" + (V- (E[H"aVu])+ V- (@VAU") + V- (E [adH"HAVU')), U)Ag',  (23¢)

where matrices C and D can be solved from the linear system (15) with G,
G, = Ag (U E[LuH]) A,

Remark 3.2. In this paper, we assume that the fluctuation part @ is parameterized r random vari-
ables, i.e., a(z,& (W), -, & (w)) = Si_; ai(x)&(w), where a; are spatial functions and {&}]_, are
independent and identically distributed (i.i.d.) random variables with zero mean. The mean function

a is chosen such that a = a + a is positive.

4. Model reduction for DyBO using GMsFEM

4.1. Motivations

The DyBO formulation (23) enables us to explore low-dimensional structures of the solution u(x, t,w),
which provides an efficient numerical method for solving (20). However, when the problem (20) has
multiscale features in physical space, the DyBO method becomes expensive as one needs to use fine
mesh to represent the multiscale features in the physical space.

To further reduce the computational cost in solving (23a)-(23c), we shall apply the GMsFEM
to discretize u and U. Note that, Eq.(23a) and each component of Eq. (23b) have the following
deterministic time-dependent PDE form

ow _
5 = V- (aVw) + G, (24)
w]t:() = wy. (25)

for some functions G. For example, in (23a) we have w =@ and G = V - (E [aVUATHT]) + f.
In order to discretize the equation (24) in time, we apply the implicit Euler scheme with time
step At and obtain the difference equation for each time ¢, = nAt, n =1,2,--- N (T = NAt),

w™ — wn—l

A7 =V - (aVw,)+ G

where w™ = w(t,,) and the above equation is equivalent to the following
—~ V- (aVuw") + cw™ = G, (26)

where ¢ = 1/At and Q =cuw" 1 4+G. Hence, for each fixed t,, > 0, we can use the GMsSFEM to solve
the second order elliptic PDE (26) with multiscale coefficient a.



4.2. The general framework of the GMsFEM

In this subsection, we present the general framework of the GMsFEM for solving the multiscale
PDE (26). First, we introduce the following notations. Let 7 denote a conforming partition of
the spatial domain D with mesh size H > e. The interior nodes of TH are x;, i = 1,2,---, Nip,
where Nj, is the number of interior nodes and the coarse elements of TH are K g J=1,2,--- N,
where N, is the number of the coarse elements. To build multiscale basis functions on the coarse
elements, we denote D; as the neighborhood corresponding to the coarse node x;, which is defined
as D; = U{K; € TH : ; € K;}. Moreover, we define a finer partition 7" with mesh size h < ¢,
which will be used to compute local cell problems and represent the multiscale basis functions.

We define x; as the standard multiscale basis functions [22]. To obtain y;, we need to solve the
following cell problem for each coarse note x;,

~V-(@Vy) =0 inK C Dy, (27)
Xi = i on 0K, (28)

where g; is a continuous function on 0K and is linear on each edge of 9K. The bilinear form A(, -)
associated with (28) is defined as follows

Al v) = /D <ELVu-VU+cuv>. (29)

The concept of the offline basis functions is important in the framework of GMsFEM. To obtain
these offline basis functions, one needs to perform a space reduction by solving a local spectral
problem over a suitable function space V. To define such function space V', we recall the definition
of the snapshot space V;Q;‘lp based on the harmonic extensions. Let Jp,(D;) be the set of all nodes

of the fine mesh 7" lying on dD;. For each fine-grid node xj € Jp(D;), we define a discrete delta
function 5;1(:5) in Jp(D;) as follows

h _ 17 kz]a
53'(””’“)‘{ 0, k),

where xj, € Jy(D;). Next, we define the snapshot function ;"

] in a coarse neighborhood D; as
follows: find ¢75"* such that

—V - (@Ve; ) =0 in Dj, (30)
w]]-j"’snap =6 on aD;. (31)
We denote J; := |Jp(D;)| and for each coarse node of coarse x;, i = 1,---, Ny, define the local

snapshot space Vs(flzlp as follows:

V(l) = Snap{q){)Di’snap : ] =1,--- le}

snap * i

Next, we define the snapshot space Vypan to be the direct sum of all local snapshot spaces V;(,’;Lp:

Nin
Vanap := D Viikp-
i=1

Since the snapshot space defined above is usually of large dimension, a reduction technique will
be performed on the snapshot space Viyqp to get a smaller space Vog. This reduction is achieved by



solving a local spectral problem on each coarse neighborhood D;. The analysis in [16] motivates the
following construction. This spectral problem is defined as follows: find (¢, \) € Vs(fl)ap x R such that

/ avi - Vo = A / apv, Yve V) (32)
D, D;

where G := a Zf\/:“f H?|Vx;|?. After solving the spectral problem (32) in a coarse neighborhood D,
we arrange these eigenvalues )\Di, k=1,2,---,J; in ascending order )\?i < )\ZDZ' <. < )\%, and
denote the corresponding eigenfunctions by \IJkD ok =1,2,---,J;. After that, we take the first /;
eigenfunctions in each coarse neighborhood. Using these eigenfunctions we can define

l;
Div ff i i ,SI
o =D (U, k=12, 0,
j=1
where (\IJkD "); denotes the j-th component of \IJ,? ¢, Eventually, the offline basis functions ka ol for
the coarse neighborhood D; is defined by

D;,off D;,off
wkl :X’L¢kl 9 k:17"'7li7

where y; is the standard multiscale basis function for the coarse neighborhood D;. We also define the

local offline space Vo(é), i=1,---, N;, and the global multiscale basis function space Vg as follows:

‘/o(flf) = Span{kai’Oﬁ tk=1,--- ’li}a t=1,--+, Nip,

Nin
Vot := @ Vo(flf).
=1

These 1/),?“03 will be used as the local offline basis functions. Once the global multiscale basis function
space Vo is constructed, we can find the GMsFEM solution ulg € Vg at time ¢ = ¢,, by solving the
following equation,

A(ulg,v) = <cugﬁ71 +4, U> , Vv € Vg (33)

4.8. Online Process of GMsFEM

In order to achieve a rapid convergence in the GMsFEM, we need to build some online basis functions
to enrich the global multiscale basis function space Vog. In this subsection, we shall provide a brief
introduction of the online computation of the GMsFEM, which will be used in the DyBO method.

Let uls € Vog be the numerical solution obtained in (33) at time ¢ = t,. Consider a given
coarse neighborhood D;, we define a space V; = H}(D;) N Vipap equipped with the norm HUH%/Z =
fDi a(z)|Vol?, where the weighted function a(z) = (H? S Nin IVxi|?)a(z). We also define the follow-
ing residual operator on V; by

RIM(v; ullg) := /D (cuf ™'+ G)v — /D. (aVugg - Vv + cujgv), Vv €V, (34)

where u?il is the fine-scale solution at time t = t,,_1. This is called the H !-residual on the coarse
neighborhood D;. The operator norm of R}, denoted by [[R}||v+ gives a measure of the quantity
of the residual. In this work, the online basis functions mean the basis functions that are computed
during the iterative process for a given fixed time t = t,,, contrary to offline basis functions [12] that

10



are computed before the iterative process. The online basis functions are obtained based on the local
residuals R} for the multiscale solution u}.

Suppose that one needs to add a basis function ¢ € V; on the coarse neighborhood D;. We use
the index 7 > 1 to represent the enrichment level and denote the current multiscale basis function

space to be Vg" at time ¢ = ¢,,. Let VO%TH = V2§" + span{¢} be the new approximation space at
time ¢ = ¢, and u"57 " be the corresponding new GMsFEM solution. The analysis in [11] suggests
off

that the required online basis function ¢ € V; is the solution to the following equation:
A(p,v) = R} (v;uly ) Vv € Vi (35)

Hence, the new online basis function ¢ € V; is obtained by solving (35). To summarize, let Z C
{1,2,--+ , Nj»} be the index set of the coarse neighborhoods where the online enhancements are
required. For each ¢ € Z, we obtain some basis functions ¢; € V; by solving (35). Then, we define
VT = VT 4 span{¢; : i € Z}. Consequently, following the arguments in [11], we have at time
t=1tn,

7 D; \—
n n,7+12 Al(’nl)n ZiEI HR?HV;* ()\li+1)
Juf —ugg Iy < {1-— C N - Dy
err Zi:l HRz | Vi*<)‘zi+1)
where Cgpy is a uniform constant and Agl)n = min;er /\l? 3-1' Inequality (36) shows that it is able to
obtain a better convergence of the online adaptive GMsFEM by adding more online basis functions

1
-l = 1R (36)

at each time ¢ = t,, and the rate of convergence depends on the constant Ce,, and Agl)n The details

of implementation for the online adaptive GMsFEM will be presented in Section 4.4.
4.4. The complete algorithm and implementation

We shall summarize the overall computational scheme for our problem in this section. Recall that
the multiscale coefficient is a(z,w) = a(z) + a(r,w) and the fluctuation part a(z,w) is represented

as a(z,w) = a(z, &, 8, -, &) = i 1 @& = a;&;, where the Einstein notation is used. Therefore,
we rewrite the DyBO formulation for the multiscale stochastic diffusion equations (20) as follows
9
ait‘ =V (ava) + V- (B [0,5VUATHT)) + f, (37)
ou
o= ~UD" + V- (E[a;§VaH])A + V - (aVU) + V - (E [a;,&; VUATH H)) A, (38)
dA
e —ACT +(V - (E[H"q;§Va]) + V- (aVAUT) + V- (E [0, HTHAVUT]), U) Ag', (39)
where the computational domain is D x [0, 7] with D = [0, 1] C R?. We assume that homogeneous
boundary condition is imposed on the Eq.(20) so the solutions @ and U = (uq,- - , u,,) will vanish

on 0D. The initial conditions for u, U and A depend on the initial condition of u, which will be
discussed in Section 5.

We denote the set of the offline basis functions as {ni}f\fl, where Ny = dim(Vog). We write
Vot = span{m; : i = 1,---, Nq} and the row vector B = B(z) = (m(z), -+ ,nn,(z)). In the setting
of GMSFEM, for each time ¢ > 0, we seek the approximations for both the functions @ and U using
the multiscale basis functions and we assume that the following representations hold

u(x,t) = B(z)ao(t), ao(t) € RY,
U(z,t) = B(x)Up(t), Un(t) = (41(t), -, dm(t)) € RN™,
Then, the variational form of (37) becomes

dil N o
M% = —Soitg — S;U, ATE [ HT] + f, (40)

11



where
M = ((nj, mi)) € RNNa S = ((an;, i) € RNN,

Si = (<ai7]ja 77k>) € RNdXNda f: (<fa 7)1> T <f7 77Nd>)T € RNd‘
Similarly, the variational form of (38) becomes
dUm ~ T N 2 A T T
MW = -MU,D" — SuE[(H] A — SoUp, — SiUL,ATE [&H H] A. (41)

To obtain the fully discretized scheme, we apply the implicit Euler method to approximate the time
derivatives in (40) and (41). Combining with the variational forms, we obtain the following difference

equations for each fixed time t =t, = nAt,n=1,--- ,N
Solf + Ml = g1, (42)
SoUl + eMUP =G i=1,...,m, (43)

where ¢ = 1/At and the right hand sides G; and G, are defined as follows

G = eMig —SULTAT_E[GHT] + f,

Gyt =eMUTY - MUZTDY | — Siiafd 'E[EH] A1 — SULTATE [¢HTH] A,
where A,,_1 = A(t,—1), U[,LL = [7m(tn), ay = Uo(ty), and Dy, = D(t,). Then, we apply integration
by part and representation of « and U in (39) to obtain the following ODE for A

dA

— = —ACT — (E[GH"] i) S;Up, + AU SoUn + E [GHH] AULS;Un ) Ay (44)

In this work, we use implicit Euler scheme to approximate the time derivative and get

A=A, —At(A,CL_ + g5, (45)
where C,,_1 = C(t,,—1) and
gy~ = (B [6HT] (a5 ™) 7SO0 + At (0T SoUs " + B [HTH] A (05778057 ) AGE

To summarize, we solve the following dicrete system to obtain 4, U™, and A,, at each time

m?
t=tp,n=1,---,N,

Soag + CM@BL = g?_la (46)
SoU” + eMU? = got, (47)
An=An — At(A, 1 CL + 57, (48)

where the matrices C,,—; and D,,_; in (46)-(48) can be computed using the system (15) and the
corresponding G, (@, U,Y) = —Ag' ((73,;8?@01[3 [&H] + ULSU,AT + ULSTU,, ATE [¢HTH])A.

To further improve the accuracy of our DyBO method, we use the online adaptive GMsFEM [11].
Assume that for every coarse neighborhood D;, we pick [; offline basis functions to form the global
space Vog and denote vl — Vog. We use 7 to represent the enrichment level of online adaptive
GMsFEM and V;,y to denote the enriched space at level 7 for time ¢t = t,,. For each fixed time
t = t,,, the online enrichment is performed for the coarse regions having residuals that are 6 fraction
of the total residual.

The online adaptive GMSFEM is stated as follows: fix the parameter 6 € (0,1). Given a fixed
time t = t,, and start with enrichment level 7 = 0. Then go to the step 1 below.

12



Step 1. Solve the desired variational equation to obtain the multiscale solution @y or Up’.

Step 2. Compute the residual 7" = || R}y for each coarse neighborhood D;. Rearrange the resid-
uals in descending order r{’ > ry > ---.

Step 3. Select the coarse neighborhoods that need to be enriched. Take the smallest integer k such

that
N; k
0> (rf)? <) (rf)?
i=1 =1

Step 4. Add online basis functions ¢1,--- , ¢ for the selected coarse neighborhoods Dy, -, Dy.
The online basis function ¢; can be obtained by solving (35) over D;.

After step 4, repeat from step 1 until the global residual Zf\]:”f (717)2 is smaller than a certain tolerance.
If the online procedure is terminated, one can move to another time level ¢, 1.

Remark 4.1. In our numerical experiments, we set the tolerance for residuals in the online process
as 1074, Under this circumstance, only 2-3 times of online iterations are required at each time level.
Meanwhile, the L?-error between the multiscale solution and the fine-scale solution is nearly less
than 2% when the online procedure is terminated.

5. Numerical experiments

In this section, we shall present numerical experiments to demonstrate the efficiency of our proposed
method. We consider the following multiscale stochastic diffusion equation

ouf R R

ﬁ(:c,w) =V (a°(z,w)Vu'(z,w)) + f(z,w), z€D, te(0,T], weqQ, (49)
where D = [0,1]? C R? is the unit square and T = 1. In the first three examples, the coarse mesh
size is H = % and the fine mesh size is h = ﬁ. The time step is At = 1073. In the fourth
example, we take H = 2—10 and h = 2—(1)0. For the step size in time, we use At = % x 1073. Due to the
efficiency of the DyBO formulation [8, 9], we use the fine mesh of the spatial domain D to solve the
DyBO systems for 4 and U, obtaining the fine-scale solution as a reference solution. Throughout the
numerical simulations, we will use [; = 5 offline basis functions to form the global multiscale space
Vo initially.

Recall that the multiscale coefficient a®(x,w) is given by a°(z,w) = a*(z,&1, -+ ,&) = a®(x) +
Yoioqai(x)&i(w), where {&(w)}7_; is a set of i.i.d. random variables with the uniform distribution
over the interval [—1,1]. The initial condition of the solution is assumed to have the truncated KL
expansion of the following form

a,tw) =z, t) + > i@, 1)Yilt,w), (50)

=1

where m is the number of mode in the KL expansion.
The stochastic basis Y;(¢,w) can be expanded as Y;(t,w) = Zjvz"l Hj(w)Aj(t), i=1,---,m,
where {H;(w) j-vz”l is a set of tensor products of Legendre polynomials in the interval [—1,1], N, =

(I; Trq)! —1 is the total number of basis, p is the maximum degree of polynomial, and 7 is the number of

the random variables. Let A(t) = (A;i(t))n,xm denote the expansion coefficients of all the stochastic
basis. Then, the initial condition of the matrix A(t)|—o = (4,i(0)) ., should satisfy E [HA] =0

and AT()A(t)|i=0 = Lmxm.

Ny x

13



For each function to be approximated (e.g. 4, u; or the variance function var(u) := Y"1 | u?), we

define the following error quantity at t = ¢,, to estimate the accuracy of the proposed method

n _ ”up - ugpproxHLQ(’D)

62 =
[uf [l L2(p)

where uf’ refers to the reference solution and uapprox is the approximation obtained by the proposed
method. For simplicity, we call this quantity e to be L?-error.

5.1. First example

In our first example, the coefficient a®(x,w) is parameterized by one random variable (r = 1) and the
degree of polynomial is chosen to be p = 9. The number of terms in the KL expansion is m = 3. The
mean a of the multiscale coefficient a° is of high-contrast (see Figure 1) and a; = 0.4. In this case,
the source function f is considered to be zero. Also, the initial conditions for 4 and w; (i = 1,2, 3)
are given as follows

w(xy, e, t)i=0 = 2(1 — cos 27T£L’1)) (1 — cos 27T:L'2)),
ui(z1, 2, t)|t=0 = 16(1 — CoS 277931)) (1 — CoS 277932)),
ug(z1, 2, t)|t=0 = 12(1 — cos 477351)) (1 — cos 477332)),
us(zy, 2, t)|t=0 = 8(1 — cos( 6773:1)) (1 — cos( 67ra:2))
Figure 1: The coefficient a. (Max: 80, Min: 1)
function | online status t=20.1 t=0.2 t=04 t=20.8 t=1.0
z S 10.4954% 10.4864% 10.4834% 10.4822% 10.4821%
E 0.8865%  0.8240%  0.8234%  0.8399%  0.8398%
u S 10.4822% 10.4809% 10.4815% 10.4819% 10.4820%
! E 0.8228% 0.8396% 0.8397% 0.8398% 0.8398%
u S 11.7272% 11.1802% 11.0746% 11.0688% 11.0670%
2 E 1.1176% 1.2291% 1.0196% 1.0178% 1.0721%
u S 11.4743% 11.1082% 11.0248% 11.2790% 11.2725%
3 E 1.0134% 1.0018% 1.1297% 0.9622% 0.9629%
r(u) S 18.3969% 18.4012% 18.4021% 18.4024% 18.4025%
va E 1.2463% 1.2451% 1.2453% 1.2454% 1.2454%

Table 1: First case: L2-error for each functions. (S:

14

start, E: end)



The L?-error at several moments in the time interval [0, 7] are recorded and presented in Table 1.
As shown in the table, the L?-error of the functions (i, u; or var(u)) decay rapidly after performing
the online procedure at each time level. For instance, in Table 1 the relative L2-error of the variance
function is nearly 18% before applying the online construction at each time level. On the other hand,
at the end of the online procedure at each time level the relative error is very small, nearly 1.24%. It
shows that the online adaptive construction is necessary for significantly reducing the computational

error.

5.2. Second example
In this example, the mean of the multiscale coefficient a®(z,w) is oscillatory, which is given by

2+ Psm(L(ml 12))
2 — Pcos(iﬂ(m1 “))

£

d(ﬂfl,ﬂfg) =10 x

)

where P = 1.7 and € = 1/8. The fluctuation part of the multiscale coefficient a°(z,w) is parameter-
ized by two independent random variables (r = 2) with a; and ag defined as

27 (z1—x2)
€1

2+ P sin(Qg1
2P sin(27€r29”2

)
)?

2 + Py sin(
2—-P 8111(7(:“1 22))

ay(z1,2) = 0.02 x and ag(r1,z2) = 0.04 X

where P} = 1.6, P, = 1.5, 1 = 1/8 and, 9 = 1/7. The degree of polynomial is set to be p = 9 and
let m = 3 in this case. The source function f is zero over the whole computational domain D x [0, T].
The initial conditions for the mean of the solution and the physical modes are presented below

= 16(1 — Cos 27Tx1)) 1 — cos(2mxs )

u(xy, e, t) (
ui(z1, 2, t)|t=0 = 12(1 — Cos 2773:1)) (1 — COoS 27Tx2))
ug(z1, T2, t)|t=0 = 8(1 — cos(4mxy) )(1 cos(4mxa ),
us(z1, 2, t)|t=0 = 4(1 — cos(6mx; )(1 — cos(6mxa )
function | online status t=0.1 t=0.2 t=04 t=0.8 t=1.0

a S 1.8428% 1.8438%  1.8456% 1.8486%  1.9224%
E 0.4621%  0.4619% 0.4161% 0.4152%  0.4545%
w S 1.8418% 1.8423%  1.8433% 1.8444%  1.8447%
E 0.4773% 0.4616%  0.4191% 0.4165% 0.4163%
s S 10.4590% 16.8297% 7.8207% 8.6577% 14.4298%
E 0.5357% 0.6788%  0.5248% 0.4908%  0.5827%
u S 5.6898% 8.9971%  9.0853% 4.1592%  14.2342%
3 E 0.3386% 0.3974%  0.4520% 0.4057%  0.5167%
var(u) S 2.8478%  2.8481%  2.8487% 2.8494% = 2.5672%
E 0.4050% 0.4065%  0.3772% 0.3805%  0.1245%

Table 2: Second case: L2-error for each functions. (S: start, E: end)

In this example, the multiscale features are driven by both the mean part and the fluctuation
part of the coefficient a(z,w). In Table 2, the numerical results of L?-error are reported. One can
observe that the errors for both the functions are very small (nearly 0.4%) at each time ¢,, after the
execution of the online procedure.
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We remark that the choice of the number of pre-selected basis functions [; will also affect the
performance of the algorithm. One need to include at least I; eigenfunctions that corresponding
to small eigenvalues to form the finite element space at each time level. In practical, the number
of small eigenvalues obtained in (32) depends on the multiscale features of the problem. One may
take a larger [;(> 5) in the first example to obtain a better accuracy before performing the online
procedure. In this case, [; = 5 may be a reasonable choice.

5.3. Third example

We consider a numerical example where the coefficient is parameterized by three independent random
variables (r = 3) and the number of terms in the KL expansion is m = 4. These random variables
have uniform distribution in the interval [—1,1]. Next, we set the coefficients a;, as and a3 to be
some functions with multiscale features spatially

2+ P sm(%(mf‘m))

al(xl,arg) =0.02 x £l s P1 =1.6 and g1 = 1/8,

. 2m(x1—x2)

2 - Pisin(=_—%)

0.0 x 2T PosinCE) P=15 and 1/7

as(r1,Tr2) = L. X - s = 1. an £9 = ,

2(@1,72) 2—P2sm(22§2) ’ ? /

24+ P sm(%(xl_o 5))

asg(x1,x2) = 0.08 X =3 , P;=14 and e3=1/6.
2 — P; sim(%(m2 0 5))

The mean a of the multiscale coefficient is of high-contrast and it is plotted in Figure 2. The source
function is chosen to be f =1 in the computational domain and the initial conditions for the mean
of the solution and the physical modes are presented as follows

(w1, 2,t)[i—0 = 32(1 — cos(2mz1)) (1 — cos(2mz2)),
ur (w1, 2, t)i=0 = 24(1 — cos(27a1)) (1 — cos(2ma2)),
ug(wy, x2,t)i=o = 16(1 — cos(47a1)) (1 — cos(4mas)),
ug(x1, 22, t)i=0 = 8(1 — cos(6mz1))(1 — cos(6rz2)),
ug(x1, 22, t)[i=0 = 4(1 — cos(8mz1))(1 — cos(87zy)).

0 02 04 06 08 1

Figure 2: The coefficient a. (Max: 50, Min: 4)

The convergence history is recorded in Table 3. In this example, we add one more mode function
u4 and the error of the variance function var(u) is less than 0.8% at each time level when the online
procedure is terminated. Due to the linearity of the PDE and the DyBO formulation, one may easily
extend this algorithm to the version with more modes in the KL expansion.
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function | online status | ¢t =0.1 t=20.2 t=0.4 t=0.8 t=1.0

i S 2.9209%  2.9206%  2.9208% = 2.9206% = 2.9206%

E 0.4733% 0.4730%  0.4723%  0.4730%  0.4729%

u S 2.7086%  3.7209%  2.8470%  3.7136%  3.2688%
E 0.4189% 0.4851%  0.4724%  0.4834%  0.4464%

s S 3.9159%  9.2374%  4.8202%  15.6289%  6.4858%
E 0.4884%  0.4440%  0.3512%  0.4461%  0.3756%

us S 5.1971% 14.1185% 10.6377% 22.7078%  7.1893%
E 0.6254% 0.4379%  0.4065%  0.6773%  0.4676%

w S 8.5717% 13.7116% 13.0090% 10.2476% 19.6901%
E 0.4121% 0.6560%  0.4602%  0.4305%  0.6090%

var(u) S 4.8924%  5.5994%  4.8215%  5.5589% = 5.1409%
E 0.5711% 0.7005%  0.7088%  0.7058%  0.6608%

Table 3: Third case: L?-error for each functions. (S: start, E: end)

5.4. Fourth example

In the last example, we assume that the coeflicient is parameterized by three independent random
variables in the fluctuation and let m = 3. We set the mean of the multiscale coefficient to be a =5
and the coefficients a; (i =1,--- ,7) to be more high-oscillated and given as follows

2 4+ P sin Qﬂ(m 12))
2 — P sin QW(wl mz))

E P,=16 and & =1/16,
2 + Py sin(2ZZ )

(%%

(=

(

al(xl,xg) =0.02 x

ag(xl,xg) =0.04 x PQ =1.5 and g9 = 1/157

gl\f)

2 — Pysin )
27 1‘1 05))

2 + Pssin

5 _ P3 <in 27r(x2 05)) P3 =14 and €3 = 1/14.

as(z1,z2) = 0.08 x

Moreover, the source function and the initial conditions in this case are given as follows

f(@1,22) = 140.3(1 = cos(2mz1)) (1 — cos(27a2)),

(w1, 22, t)i—0 = 12(1 — cos(2mz1)) (1 — cos(2mz2)),
ui (w1, 29, t) =0 = 12(1 — cos(27z1)) (1 — cos(2mz2)),
ug(w1, 29, t)i=0 = 8(sin(4rz1)) (1 — cos(4mas)),
ug(w1, 22, t)i=0 = 4(1 — cos(6mz1))(sin(6ma2)).

In this example, the randomness is driven by the fluctuation of the coefficient a(x,w) with small
magnitude perturbation from the random variables &;. There is an observable efficiency for this
type of highly-oscillated multiscale problem with random input in the sense that the numerical error
between the multiscale solution and the fine-scale solution is small (less than 2%) at each time
tn € [0,T] when the online procedure is terminated.

We point out that one can obtain a better accuracy if one set the tolerance in the online procedure
to be smaller (say 107°). However, it is more time-consuming as it requires more number of online
refinement at each time level ¢,,. In general, the setting of the tolerance in the algorithm depends by
the demands of the accuracy to the application.
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function | online status t=0.1 t=0.2 t=0.4 t=0.8 t=1.0
i S 2.2021%  2.2030%  2.2057%  2.2057% 2.2057%

E 1.1144%  1.1125%  1.0764% 1.0765% 1.0766%

u S 2.2019%  2.2022%  2.3130%  2.3178% 2.3253%
E 1.1132%  1.1134%  1.1200% 1.1307% 1.1818%

s S 4.5920%  4.7298%  7.8030%  3.5810% 4.9615%
E 0.9437%  0.8238%  0.9198%  0.9085% 0.7774%

us S 10.5251% 10.0601% 12.6847% 3.5763% 5.4680%
E 0.9547%  1.1308%  1.1413% 0.8894% 0.8114%

var(u) S 4.2831%  4.2831%  4.3376%  4.3376%  4.3429%
E 1.57656%  1.5765%  1.4760% 1.4704% 1.5502%

Table 4: Third case: L2-error for each functions. (S: start, E: end)

6. Conclusion

In this paper, we proposed a new framework, which combines the DyBO formulation and the online
adaptive GMsSFEM, to solve a time-dependent PDE with multiscale and random features. For a
given multiscale PDE with random input, one can derive its corresponding DyBO formulation with
the assumption that the solution has a low-dimensional structure in the sense of Karhunen-Loeve
expansion. The DyBO method enables us to faithfully track the KL expansion of the SPDE solution.
However, the DyBO method becomes expensive when the problem contains multiscale features in
the physical space.

We propose to apply the GMsFEM with online basis enrichment to improve the performance of
the DyBO method. For the mean of the solution and physical modes of the solution in the truncated
KL expansion, they are deterministic and dependent on time. We applied GMsFEM with implicit
Euler scheme to solve the deterministic PDEs. At each time level, the online construction was applied
in order to reduce the error rapidly. For the stochastic modes of the solution in the truncated KL
expansion, we project them onto a set of polynomial chaos basis and obtain a ODE system, which
can be solved using existing ODE solvers. Thanks to the approximation property of the multiscale
basis functions obtained using the GMsFEM, the degree of freedom of our new method is relatively
small compared with the original DyBO method. Therefore, our new method provides considerable
computational savings over the original DyBO method.

The numerical results indicate that our new method is efficient for the time-dependent PDE
problem when the multiscale coefficient consist of some independent random variables with small
magnitude of perturbation. The numerical error remains to be less than 2% during the propagation
in the time interval when the online construction for basis functions is executed.
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Appendix A. Derivations of the DyBO Formulation for the multiscale SPDE

In this appendix, we provide the details of the derivations of the DyBO-gPC formulation of multiscale
SPDE (20). Substituting the KL expansion of u into Eq. (20), we get

Lu=V-((@+a)(Va+ VUATHT)) + f
=V-(aVa)+ V- (aVa) + V- (aVUATH?) + V- (aVUATHT) + f.

Taking expectations on both sides yields
E[fu] =V - (aVa)+ V- (E [aVUATHT]) + f,
where we have used the fact that E [a] = 0 and E [H] = 0. Then, we obtain

Lu = Lu— E[Lu]
=V-(ava)+ V- (aVUATH") + V- (aVUATH") - V- (E [aVUATH"])

In addition, we compute some related terms as follows
E [auH] =V (E[aVaH]) + V- (aVUAT) + V - (E [aVUATHTH])
and

<UT, E [cuHD = (UT, V- (E[aVaH]) + V - (@VUAT) + V - (E [aVUATHTH]))

mXNp

From Eq. (18), we have the DyBO-gPC formulation for the multiscale SPDE (20),

‘?;t‘ =V (@va)+ V- (E[aVUATH"]) + f,
5;; — —UD” 4+ V- (E[aVaH))A + V - (aVU) + V - (E [iVUATHTH])A,
% — —ACT 4+ (V- (E[HTaVi)) + V- (aVAUT) + V - (E [dHTHAVUT]), U) Ay,

where matrices C and D can be solved from the linear system (15) with G,
G, = Ag (U E[LuH]) A,
and we have used that ATA = I,,xm
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