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Main problem
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Steady
Euler system
for inviscid 
compressible 
flow of ideal 
polytropic
gas

Basics

Some important quantities to remember

Sound speed Mach number 

Physical (Mathematical) classifications of flow types

M<1: Subsonic
(Elliptic-Hyperbolic)

M=1: Sonic
(Degenerate-Hyperbolic)

M>1: Supersonic
(Hyperbolic)
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Let Ω be a domain in  .
Suppose that a non self-intersecting 𝐶ଵ െcurve Γ divides Ω into two open and 
connected subsets Ωേ s.t.

𝜌,𝒖,𝑝 with 𝒖 ൌ 𝑢ଵ,𝑢ଶ  is an entropy solution in 𝛀 with a shock 𝚪   if
• 𝜌,𝒖,𝑝 ∈ 𝐶ଵ Ωേ  ∩ 𝐶଴  Ωേ  ;
•  𝜌,𝒖,𝑝 is a weak solution to steady Euler system in Ω;
• 𝜌േ ൐ 0   in 𝛺േ     and  0 ൏ 𝐮ା ⋅ 𝒏 ൏ 𝒖ି ⋅ 𝒏 on Γ for 𝒏 ൌ 𝒖షି𝒖శ

|𝒖షି𝒖శ|
.

Rankine-Hugoniot conditions

for                               .
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𝜴ି 𝜴ା
𝜞



Attached oblique shocks Detached shocks

Motivation
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Questions.
1. (           ) Prove Prandtl’s conjecture.

          
        Find a global-in-time weak solution 
of unsteady Euler system, and show that 
the solution converges to the weak shock 
solution as time tends to infinity.
• Elling-Liu 2008(CPAM) 
• B.-Chen-Feldman 2013(QAM) & 2020(To 

appear in Mem. of AMS)

2. (             ) Construct a detached shock 
solution of steady Euler system.

Detached shocks
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Description of a blunt body 𝑾𝒃

(Note) The half-wedge angle 𝜽𝒘 is arbitrary in ሺ 𝟎 , 𝝅
𝟐

 ሻ.
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𝚪𝒔𝒉𝒐𝒄𝒌𝒅𝒆𝒕 :  𝒙𝟏 ൌ 𝒃ሺ𝒙𝟐ሻ

This condition turns out to be important !!!



Model equations

Assumption
Irrotational flow  𝛻 ൈ 𝒖 ൌ 𝟎ሺ⇒ 𝑝 ൌ 𝑆଴𝜌ఊ  for some constant 𝑆଴ ൐ 0ሻ

Steady Euler system for irrotational flow
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Detached shock problem past a blunt body 𝑾𝒃 

For a fixed  𝑑଴ ൐ 0 , find an entropy solution 𝜌,𝒖
with a shock Γ௦௛ ൌ ሼ𝑥ଵ ൌ 𝑓௦௛ 𝑥ଶ , 𝑥ଶ ൒ 0ሽ  s.t. the 
following properties hold:

(i) 

(ii)

(iii)

(iv)

(v) 
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(detached distance)



Asymptotic state at ሺ𝒙𝟏,𝒙𝟐ሻ ൌ ∞

If the asymptotic state of 𝜌,𝑢ଵ,𝑢ଶ at 𝑥ଵ, 𝑥ଶ ൌ ∞ is given as a piecewise
constant state, then it must be determined by the shock polar curve
associated with the incoming state 𝜌ஶ,𝑢ஶ .

Note. 𝜽𝒘 is arbitrary in ሺ 𝟎 , 𝝅
𝟐

 ሻ.
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Detached shock problem past a blunt body 𝑾𝒃 

For a fixed  𝑑଴ ൐ 0 , find an entropy solution 𝜌,𝒖  
with a shock Γ௦௛ ൌ ሼ𝑥ଵ ൌ 𝑓௦௛ 𝑥ଶ , 𝑥ଶ ൒ 0ሽ   s.t. the 
following properties hold:

(i) 

(ii)

(iii)

(iv)

(v) 

(Revisit of the main problem)
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Formulation step 1
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Formulation step 2
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Formulation step 3
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Result part 1 (Existence, B.-Xiang, submitted)

ሺ𝑓௦௛െ𝑓଴ 𝑥ଶ | ൎ 1 ൅ 𝑥ଶ ఉ

𝑓௦௛ െ 𝑓଴ ᇱ 𝑥ଶ ൎ 1 ൅ 𝑥ଶ ିଵାఉ

|ሺ𝒖 െ 𝒖𝒔𝒕ሻሺ𝑥ଶሻ| ൎ 1 ൅ 𝑥ଶ ିଵାఉ

                              ⋯
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(transonic shock solution)

If 𝑑଴ ൒ 𝑑∗ for some 
𝑑∗ ൐ 0, then  𝜀̅ can be 
fixed depending only 
on 𝑑_ ∗.



Why a shock must be DETACHED globally from the blunt body?
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Idea of a proof:
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Free boundary problem in cut-off domains

How to execute actually?
(Iteration frame work)

(1) Fix 𝑳  sufficiently large. 
(2) Fix an approximated shock 𝒇 of “the 

height”  𝑳. Then, 𝛀𝒇,𝑳
ା is fixed.

(3) Solve a NLBVP in 𝛀𝒇,𝑳
ା .

(4) Update the shock.



Result part 2(Convexity of the detached shock)

For a fixed 𝑑଴ ൐ 0, one can find 𝜀̂ ∈ 0, 𝜀 ̅   s.t. if 
                               𝑀ஶ ൒ ଵ

ఌො
 , 

then the detached shock 𝑥ଵ ൌ 𝑓௦௛ 𝑥ଶ  satisfies that
                       𝑓௦௛ᇱᇱ 𝑥ଶ ൒ 0 for all 𝑥ଶ ൒ 0 .

Q. Can the condition 𝒃ᇱᇱ ൒ 𝟎 be removed?
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Summary & Further questions to study…
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THANK YOU!!
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How to prove the convexity of 𝒙𝟏 ൌ 𝒇𝒔𝒉 𝒙𝟐   ?

(1) Take 𝐿௡ ൌ 4 𝑛 ൅ 𝐿∗ .
(2) For each 𝑛, find 𝑥ଵ ൌ 𝑓௦௛

௡ 𝑥ଶ  .
(3) sgn ௗ

మ

ௗ௫మమ
𝑓௦௛

௡ ሺ𝑥ଶሻ ൌ 𝑠𝑔𝑛 ௗ
ௗ௫మ

𝑢ଵ,𝑢ଶ 𝑓௦௛
௡ 𝑥ଶ , 𝑥ଶ

(4)* Show that 𝑢ଵ,𝑢ଶ 𝑓௦௛
௡ 𝑥ଶ , 𝑥ଶ monotonically increases.

(Here, the convexity of the blunt body is heavily used.)


