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Mean Curvature flow

Σt

ν

Ω+
tΩ−t

Consider the MCF {Σt}t>0 parametrized
by ϕt(s) with s being the local coordinate:

∂tϕt(s) = κ(ϕt(s), t)ν(ϕt(s), t)

Let r = dΣ(x, t) be the signed distance
function (positive inside). Differentiating
the identity dΣ(ϕt(s) + rν(s, t), t) ≡ r leads to

∇dΣ = ν, ∂tdΣ = −∂tϕt(s) · ν
For fixed t, let π(x) be the projection of x on Σt
and {κi}16i6d−1 are the principal curvatures,

∆dΣ(x) =

d−1∑
i=1

−κi(π(x))

1− κi(π(x))dΣ
= −

d−1∑
i=1

κi − dΣ

d−1∑
i=1

κ2
i + o(dΣ)

Barrier formulation : (∂t −∆)dΣ = dΣ|A|2 + o(dΣ)

Example: let Σt = SR(t) be the sphere of radius R(t) centered at 0 with R(0) = R0,

dΣ = R(t)− |x|, ν = ∇dΣ = −x/|x|, div ν = ∆dΣ = −(d− 1)/|x|.
If Σt evolves by MCF, then R(t) =

√
R2

0 − 2(d− 1)t.
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Phase–field approximation

The phase–field models are widely adopted in the description of the evolution of
interfaces in continuum mechanics. They can be constructed to purposely
reproduce a given sharp interface model when the thickness of their diffused
interface, usually denoted by ε, trends to 0.

Other implicit representations: thresholding scheme, level–set method
Typical phase models: Allen–Cahn (L2 gradient flow) → MCF, Cahn–Hilliard (H1

gradient flow) → Hele–Shaw, 4-th order Allen–Cahn → Willmore flow.
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Ginzburg-Landau equation

Consider Ginzburg-Landau equation under diffusive scaling (x, t)→ (εx, ε2t):

∂tcε = ∆cε − ε−2W ′(cε) (GL)

where W (c) = (c2 − 1)2. It is the gradient flow of
∫
ε
2
|∇cε|2 + 1

ε
W (cε)dx =: dµεt :

d

dt

∫
dµεt = −

∫
ε|∂tcε|2 dx (1)

Major challenge: ∇cε is not bounded in any Lp space due to concentration.

Modica-Mortola ’77, Bronsard-Kohn ’91: µεt
ε→0−−−→ σHd−1 Σt under

Γ-convergence. ψε(x, t) =
∫ cε(x,t)

0

√
2W (z) dz is bounded in BV class.

De Mottoni-Schatzman ’95: local, asymptotic expansion
cε ≈ cA = θ( dΣ

ε
) + o(ε2).

Evans, Soner, Souganidis ’92: global convergence to viscosity sol. to
∂tu
|∇u| = div

(
∇u
|∇u|

)
: (∂t −∆)dΣ > 0 in {x ∈ Ω : dΣ(x, t) > 0} as viscosity solu.

Ilmanen ’93, Chen ’96, Röger-Schätzle ’06: global, convergence to varifold
solution Brakke ’78: convergence of the localized energy law:

d

dt

∫
φ(x)dµεt =

∫
ε

(
−∆cε +

1

ε2
W ′(cε)

)
∇cε · ∇φ−

∫
ε

(
∆cε −

1

ε2
W ′(cε)

)2

φ
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Modulated energy method: Barrier

Recall dµεt =
(
ε
2
|∇cε|2 + 1

ε
W (cε)

)
dx and the energy stress tensor

T =

(
ε

2
|∇cε|2 +

1

ε
W (cε)

)
Id − ε∇cε ⊗∇cε

For any test function φ(x, t), one can derive

d

dt

∫
φ(x, t) dµεt =

∫
∂tφdµ

ε
t +

∫
ε
(
−∆cε + 1

ε2
W ′(cε)

)
∇cε︸ ︷︷ ︸

div T

·∇φdx

−
∫
ε
(
∆cε − 1

ε2
W ′(cε)

)2
φdx

Motivated by Ilmanen ’93 (co-dim=1) and Lin ’96, Jerrard–Soner ’98 (co-dim=2),
we choose φ = 1

2
dΣ(x, t)2 in Σt(δ) and constant outside Σt(2δ):

∂tφ−∆φ+ 1 . φ in Σt(2δ), (2)

This function will cut-off the singularity at Σt and lead to

d

dt

∫
φ
(
ε
2
|∇cε|2 + W (cε)

ε

)
dx︸ ︷︷ ︸

dµεt

.
∫
φdµεt + ε

∫ (
1
2
|∇cε|2 − W (cε)

ε2

)
dx︸ ︷︷ ︸

dζεt

.

Modica ’85, Ilmanen ’93 use MP to show that the discrepancy dζεt preserves
negativity. This implies the strong convergence of cε in L2

loc(Rd\Σt).
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Asymptotical Analysis

Inner solution is the expansion of cε near the interface in a stretched variable
z = dΣ(x, t)/ε, which is introduced to relax the sharp transition of cε near the
interface. Outer solution determines the boundary condition of the inner solution at
z = ±∞. We use the Ansatz

cA(x, t) = c0( dΣ
ε
, x, t) + εc1 + · · · near Σt (inner solution)

and look for cA solving Allen-Cahn equations up to a tail:
∂tdΣ
ε
∂zc0 + ∂tc0︸ ︷︷ ︸
=∂tcA

≈ ∆dΣ
ε
∂zc0 + 1

ε2
∂2
zc0 + ∆c0 + · · · − 1

ε2
W ′(c0)︸ ︷︷ ︸

=∆cA−
1
ε2
W ′(cA)

• O(ε−2) : we choose c0 = θ( dΣ
ε

), the optimal profile:

−θ′′(z) +W ′(θ(z)) = 0, ∀z ∈ R,
θ(0) = 0, θ(±∞) = ±1.

}
⇒ θ(z) = tanh(

z√
2

)

• O(ε−1): (∂t −∆)dΣ = 0 on Σt leads to MCF.

(∂t −∆)c0 + 1
ε2
W ′(c0) = (∂tdΣ −∆dΣ) θ′( dΣ

ε
)

=
∂tdΣ −∆dΣ

dΣ

dΣ

ε
θ′
(

dΣ

ε

)
≈
√
ε in L2(Σt(δ))
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Brakke’s inequality

Let {Σt}t>0 be a family of (d− 1)-closed surface in Rd with normal velocity V , then

d

dt

∫
Σt

f(x) dHd−1 =

∫
Σt

(V · ∇⊥f − fV ·H) dHd−1. (3)

Brakke’s lemma

Assume V be normal, then V = H is equivalent to the Brakke’s inequality:

d

dt

∫
Σt

f(x) dHd−1 6
∫

Σt

(H · ∇f − fH ·H) dHd−1 (4)

Subtracting (3) from (4): 0 6
∫

Σt

∇f · (H− V )− fH · (H− V ) (5)

To blow-up at x0 ∈ Σt, we set w = H− V and replace f by λ2−df(x−x0
λ

).

0 6 λ1−d
∫

Σt

(∇f)(x−x0
λ

) · w(x)dx+O(λ)

=

∫
Σt−x0
λ

∇f(y) · w(x0 + λy)dy +O(λ)
λ→0−−−→

∫
Tx0Σt

(∇Σf + n∂rf) · w(x0).

Since Tx0Σt ∼= Rd−1 and w is normal, this implies H = V . The book of Tonegawa’ 2019
gives a friendly introduction of Brakke flow.
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Phase-field approximation of Brakke’s inequality

Writing µt = Hd−1 Σt and µεt (A) ,
∫
A

(
ε|∇cε|2 + 1

ε
W (cε)

)
dx.

The Brakke’s inequality for MCF writes

d

dt

∫
f dµt 6

∫
H · ∇⊥f dµt −

∫
|H|2f dµt,

d

dt

∫
f dµεt =

∫
ε

(
−∆cε +

1

ε2
W ′(cε)

)
∇cε · ∇f dx−

∫
ε

(
∆cε −

1

ε2
W ′(cε)

)2

f dx

Based on Ilmanen ’93, Chen ’96, finally Röger-Schätzle ’06 proved the following
property under d = 2, 3: If µεt → µt weakly as Radon measure, then

the lower-semicontinuity property holds:∫
f |H|2 dµt 6 lim inf

ε→0

∫
ε

(
∆cε −

1

ε2
W ′(cε)

)2

f dx

for f conti. Here a localization is needed to insert f in the inequality.

µt is (d− 1)-integral, i.e. µt = θtHd−1 Σt with Σt being a countably
(d− 1)-rectifiable, Hd−1-measurable set and θ ∈ L1

loc(Hd−1 Σt).
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Keller–Rubinstein–Sternberg problem

We consider the vectorial (or matrix-valued) Ginzburg–Landau equation with
potentials of higher dimensional wells.

∂tQε = ∆Qε − ε−2∂W (Qε) Qε : Ω ⊂ Rd 7→ Rn (GL)

where ArgminW (Q) = M , M+ tM− ⊂ Rn are two disjoint submanifolds.

Conjecture of Rubinstein–Sternberg–Keller ’89

For well-prepared initial data, the gradient of Qε will be concentrated on a moving
interface Σt governed by MCF and as ε ↓ 0,∫

Ω

(
ε

2
|∇Qε|2 +

1

ε
W (Qε)

)
dx ≈ σHd−1(Σt) + ε

∑
±

σ±
∫

Ω±t

|∇Q±|2 dx (6)

Moreover Q± : Ω±t × (0, T ) 7→ M± satisfy harmonic map heat flow.

1 Lin–Pan–Wang ’13: Establishing (6) in the steady case, M± hypersurfaces,
Σt = Σ unique smooth stable minimum surface. Q±|

∂Ω±t
form a minimal pair.

2 Fei–Wang–Zhang-Zhang ’18: dynamic case with M = CP2 t {05} ⊂ R5 by
Hilbert expansion. Laux–L. ’21 by modulated energy.

3 Fei–Lin–Wang–Zhang ’ arxiv : dynamic case with M = O(n) by Hilbert
expansion.
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Isotropic–Nematic phase transition

Consider the matrix-valued GL equation

∂tQε = ∆Qε − 1
ε2
∂W (Qε)

where Qε : Ω→ Q where

Q , {Q ∈ R3×3 : Q = QT , trQ = 0},

W (Q) = a
2
tr(Q2)− b

3
tr(Q3) + c

4

(
tr(Q2)

)2
is the Landau’s
expansion of the (molecular) free energy
and a, b, c > 0 are temperature dependent
constants. At the critical temperature

b2 = 27ac, s− = 0, s+ =
b+
√
b2−24ac

4c
.

Argmin W (Q) = M := {s(n⊗ n− 1
3
I3) : n ∈ S2, s = s±}.

where Q(x) =

∫
S2

f(x, p)(p⊗ p− 1
3
I) dH2(p)

is the normalized second moment of the distribution f(x, ·) for fixed x ∈ Ω.

Yuning LIU (NYU Shanghai) August 07, 2013



Modulated energy method: Calibration

Ω−t

Σt

ξ

Ω+
t

The quasi-distance is define by 1

dW (Q) , inf
γ

∫ 1

0

√
2W (γ(t))|γ′(t)|dt (7)

where γ is any curve satisfying γ(1) = Q and

γ(0) ∈ M+ = {s+(n⊗ n− I3/3) : n ∈ S2}
Moreover, we define ψε(x, t) , dWε ◦Qε(x, t)
where dWε (Q) , (φε ∗Q dW )(Q), mollified by an isotropic
function φε in Q. Motivated by Fischer–Laux–Simon ’21 on the scalar case, we
introduce

Eε[Qε|Σ](t) ,
∫

Ω

(
ε

2
|∇Qε|2 +

1

ε
W (Qε) + ε5 − ξ · ∇ψε

)
dx,

where ξ is an extension of the normal of Σt whose modulus decay in d2
Σ.

Note that |∂dW (·)| =
√

2W (·) a.e. in Q. So (Q, 2W )/M is a (quotient) metric space
with distance function (7).

1In the scalar case dW (z) =
∫ z

0

√
2W (s) ds.
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Modulated energy method: Calibration

Recall s− = 0, s+ =
b+
√
b2−24ac

4c
, ψε(x, t) , dWε ◦Qε(x, t) and the quasi-distance

Eε[Qε|Σ](t) ,
∫

Ω

(
ε

2
|∇Qε|2 +

1

ε
W (Qε) + ε5 − ξ · ∇ψε

)
dx

Laux–L. ’ 21

Let Σt be a smooth MCF on [0, T ] and ε‖Qinε ‖L∞(Ω) + Eε[Qε|Σ](0) . ε,

then we have Eε[Qε|Σ](t) . ε for any t ∈ [0, T ].

Moreover, up to the extraction of a subsequence ε = εk,

Qεk
k→∞−−−−→ Q = s±

(
n⊗ n− 1

3
I3

)
weak-star in L∞t (H1

loc(Ω
±
t ))

where n : Ω+
t 7→ S2 is a weak solution of harmonic heat flow with 0-Neumann

boundary condition on ∂Ω+
t = Σt.

By L.’ preprint, one can derive, for some β > 0, a quantitative estimate

‖ψε − σ1
Ω+
t
‖L1(Ω) . εβ

under an assumption on the initial data. This follows from a Gröwall inequality,
rather than the BV compactness of ψε.
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Calibration and discrepancy: scalar case

In the scalar case ψε(x, t) =
∫ cε(x,t)

0

√
2W (z) dz, nε = ∇ψε

|∇ψε| , and ξ satisfies

∂tξ + (H · ∇)ξ + (∇H)T ξ = O(dΣ).

We can write the modulated energy by:

Eε[cε|Σ](t) =

∫
Ω

ε

2
|∇cε|2 +

1

ε
W (cε)−

ξ·∇ψε︷ ︸︸ ︷
ξ · ∇ψε|∇ψε|

|∇cε|
√

2W (cε)

=

∫
Ω

ε

2
|∇cε|2 +

1

ε
W (cε)− |∇cε|

√
2W (cε)︸ ︷︷ ︸

discrepancy2

+

∫
Ω

(1− ξ · nε)︸ ︷︷ ︸
&min(d2

Σ,1)

|∇ψε|

By ε|∇cε|2 = |∇ψε|+
√
ε|∇cε|

(√
ε|∇cε| −

1√
ε

√
2W (cε)

)
︸ ︷︷ ︸

discrepancy

and the Cauchy–Schwarz inequality, one can show

Eε[cε|Σ](t) &
∫

Ω

ε|∇cε|2 min(d2
Σ, 1)

One can show Eε[cε|Σ](t) satisfies a Grönwall inequality and thus with appropriate
initial data we have Eε[cε|Σ](t) . ε. This recovers the estimate of Lin ’96 when
co-dim = 1 without employing MP.

Yuning LIU (NYU Shanghai) August 07, 2013



Calibration and discrepancy: vectorial case

In the vectorial case, we shall derive a Grönwall inequality for Eε[Qε|Σ](t):
Introducing an orthogonal projection in the direction ∂dWε (Qε):

ΠQε∂xiQε =

(
∂xiQε :

∂dWε (Qε)

|∂dWε (Qε)|

)
∂dWε (Qε)

|∂dWε (Qε)|
, with x0 , t.

By Grönwall’s inequality

∫
Ω

(
1

2
|∇Qε|2 +

1

ε2
W (Qε)

)
(1− ξ · nε)

+
d∑
i=1

∫
Ω

|∂xiQε −ΠQε∂xiQε|
2 . ε−1Eε[Qε|Σ](t) . 1.

This leads to the modulated estimate of ∇Qε without employing MP:∫
Ω

|∇Qε|2 min(d2
Σ, 1) . ε−1Eε[Qε|Σ](t)

Define the phase-field analogy of the mean curvature vector by
Hε = −

(
ε∆Qε − ε−1∂F (Qε)

)
: ∇Qε|∇Qε| , one can derive a differential inequality:

d

dt
Eε[Qε|I] +

1

2ε

∫ (
ε2|∂tQε|2 − |Hε|2 +

∣∣∣Hε − ε|∇Qε|H
∣∣∣2) dx

+
1

2ε

∫ ∣∣∣ε∂tQε − (div ξ)∂dWε (Qε)
∣∣∣2 dx . Eε[Qε|I].
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Modulated estimates

To derive the compactness of ∂tQε, we use
∫

Ω
|∇Qε|2 min(d2

Σ, 1) . 1 and∫
ΩT

|∂tQε + H · ∇Qε|2

6 ε−2

∫
ΩT

ε2|∂tQε|2 − |Hε|2 +
∣∣∣Hε − ε|∇Qε|H

∣∣∣2 . 1

Formal asymptotic expansion shows ∂tQε + H · ∇Qε = ε−1 (∂tdΣ + H · ∇dΣ) +O(1).
Later we show [ΠQε∂xiQε, Qε] = 0 for 0 6 i 6 d. So we have

[∂iQε, Qε] = [∂iQε −ΠQε∂iQε, Qε]
k→∞−−−−→ S̄i(x, t) weakly in L2

tL
2
x(Ω)

By Chen’s formulation of GL, (under summation convention)

[∂tQε −ΠQε∂tQε, Qε] = ∂xi [∂xiQε −ΠQε∂xiQε, Qε].

Converge locally Qε
ε→0−−−→ Q = s±(n⊗ n− 1

3
I3) ∈ L2

tL
2
loc(Ω

±
t ) and n is a weak

solution of harmonic heat flow into S2 with 0 Neumann bdy condition on Σt:∫ T

0

∫
Ω+
t

∂tn ∧ n ·ϕ +

∫ T

0

∫
Ω+
t

(∂jn ∧ n) · ∂jϕ = 0, ∀ϕ ∈ C1
c (Ω)

Note that if n is regular enough, we have

∂tn−∆n = |∇n|2n in Ω+
t , ∂νn|Σt = 0
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Symmetry of the correctors

A commutator identity

For any 0 6 i 6 d, we have [ΠQε∂xiQε, Qε] = 0, ∀x ∈ Ω.

Recall the orthogonal projection ΠQε∂xiQε ‖ ∂dWε (Qε). As dWε (Q) is isotropic (i.e.
only depends on the eigenvalues of Q), there exists a smooth symmetric function
gε(λ1, λ2, λ3) such that

dWε (Q) = gε(λ1(Q), λ2(Q), λ3(Q))

Let Q0 be a matrix having distinct eigenvalues, then λi(Q) and the eigenvectors
ni(Q) are real-analytic functions of Q near Q0, and then by chain rule

∂dWε (Q) =

3∑
k=1

∂gε
∂λk

∂λk
∂Q

=
3∑
k=1

∂gε
∂λk

nk(Q)⊗ nk(Q)

in a neighborhood of Q0. We also have

Q =
3∑
k=1

λk(Q)nk(Q)⊗ nk(Q)

So we have
[
∂dWε (Q), Q

]
= 0, holds in a neighborhood of Q0 having distinct

eigenvalues, and thus for a general Q by continuity of ∂dWε (Q).
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Boundary conditions on the free boundary

For any vector field ϕ ∈ C1
c (Ω,R3), let Φ be the corresponding anti-symmetric

matrix-valued function. Apply the anti-symmetric product [·, Qε] to the Qε equ:∫ T

0

∫
Ω

[∂tQε, Qε] : Φ +

∫ T

0

∫
Ω

[∂jQε, Qε] : ∂jΦ = 0

We denote Σt(δ) the δ−neighborhood of Σt. Equivalently,∑
±

∫ T

0

∫
Ω±t \Σt(δ)

[∂tQε, Qε] : Φ + [∂jQε, Qε] : ∂jΦ

+

∫ T

0

∫
Σt(δ)

[∂tQε, Qε] : Φ + [∂jQε, Qε] : ∂jΦ = 0

The convergences limε→0 Qε are not up to the boundary Σt but ∇x,tQ ∈ L2
tL

2(Ω+
t ):∫ T

0

∫
Ω+
t \Σt(δ)

[∂tQ,Q] : Φ + [∂jQ,Q] : ∂jΦ +

∫ T

0

∫
Σt(δ)

S̄0 : Φ + S̄j : ∂jΦ = 0

for some S̄i ∈ L2
x,t by modulated estimate. Take Q = s±(n⊗ n− 1

3
I3) ∈ L2

tL
2
x(Ω±t ):∫ T

0

∫
Ω+
t

∂tn ∧ n ·ϕ +

∫ T

0

∫
Ω+
t

(∂jn ∧ n) · ∂jϕ = 0, ∀ϕ ∈ C1
c (Ω)
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Convergence estimate of ψε

We give a heuristic proof basic on the following result:

∂xif
+ = ∂xif1{x∈Ω:f(x)>0}, ∀f ∈W 1,1(Ω).

Recall ψε(x, t) = dWε ◦Qε(x, t). Differentiating
∫

(ψε − σ1Ω+)+ dx leads to delta
mass ∇1Ω+ . To avoid it, we introduce the weighted energy

gε(t) :=

∫
(ψε − σ1Ω+)+ζ(dΣ) dx

for a cut-off ζ and let Uε = {x ∈ Ω : ψε > σ1Ω+}. Using (∂t + H · ∇) ζ(dΣ) = O(dΣ),

g′ε(t) =

∫
Uε

(
∂tQε + (H · ∇)Qε

)
: ∂dWε (Qε) ζ(dΣ)

−
∫
Uε

H · ∇ψεζ(dΣ)︸ ︷︷ ︸
=
∫
H·∇(ψε−σ1Ω+ )+ζ(dΣ)

+

∫
(ψε − σ1Ω+)+ ∂tζ(dΣ)︸ ︷︷ ︸

≈−H·∇ζ(dΣ)

So we can derive a Grönwall inequality of gε(t) . ε. To get the desired estimate of
ψε, one simply employ standard trick to remove the weight ζ(dΣ) at the price of a
weaker convergence rate εβ .
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Thank you for your attention !

Related works which (might) be (re)proved by the modulated energy method:

1 Allen–Cahn/(3D)Navier–Stokes (Constant mobility) to MCF/Navier–Stokes,
Hensel–L. ’preprint. Variable mobility case which converges to two-phase NSE,
is open.

2 Cahn–Hilliard to Hele-Shaw. New proof of Alikakos–Bates–Chen ’96 using
modulated method ?

3 Allen–Cahn to triple junction dynamics. Fischer–Marveggio’ preprint

4 Contact angle model. Abels–Moser ’20, Moser–Hensel ’ preprint

5 Anisotropic models (with anchoring boundary conditions): Lin–Wang ’21 for
Ericksen’s models (static), L. ’preprint for a simplified Landau-De Gennes
dynamics (planar case).

6 Conjecture of Rubinstein–Sternberg–Keller for (two) closed hypersurfaces.
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