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Physical background

a large number of electrons (collisonless)
e microscopic level — ex) Hartree-Fock, Dirac-Fock, ...
e mesoscopic level — electron gases ex) Vlasov-Poisson, Vlasov-Maxwell, ...

e macroscopic level — electron fluids ex) Euler-Poisson, ...
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Physical background

In some physical settings, electrons are confined strongly in certain direction(s).

= kinetic+quantum hybrid models

Physics of semiconductors

© nanowires

o two-dimensional electron gases (2DEGs)

- at the heterojunction between two semiconductors
modulation-doped field-effect transistor (MODFET)
a high-electron-mobility-transistor (HEMT)

- a graphene

e Ben Abdallah-Méhats 2005: Rigorous derivation (via partial semi-classical limit)
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Domain

Space domain

’ Q=wx(0,1)> (y,2) =x ‘

- w is a smooth bounded domain in R2.
- y € w: "unconfined” direction <> z € (0,1): “confined” direction

e Motivation: partial semi-classical limit

Qe =wx(0,¢) — Q=wx(0,1) Q=wx(0,1)
scaling
e e a2 e 1492 v[? 192
B 7Ay B 782 B 7Ay B faz formally % - jaz

2D phase space

(y,v) € w x R?

Younghun Hong (Chung-Ang University) On steady states for the Vlasov-Schrédinger-Poisson October 27, 2022



Non-interacting electrons: linear theory

Q) Minimize the energy of N non-interacting electrons in a bounded region
(1) kinetic description (mesoscopic scaling)
e electron gases ~ f(x,v): Q x R3 — [0, 1] (Pauli's exclusion principle)

e Under the mass constraint [|f{|;1(qxgr3) = N, minimize the energy

E(f) = //§sz3 (@ + V(x))f(x, v)dxdv.

= f*(x,v) =1

minimizer

(M2 vix<p)

for some p1 > 0 such that [|f*|| ;1 qxr3) = N.
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Non-interacting electrons: linear theory

(2) quantum model (microscopic scaling)

e many electrons ~ self-adjoint 7 : L2(Q) — L?(2) with 0 <~ < 1 (Pauli’s exclusion
principle)

e Under the mass(=particle number) constraint Tr(y) = N € N, minimize the energy

EM) =Tr((—30x+ V)v).

minimizer

N
e T tapvap = D U]
j=1

for p > 0 such that —%A + V has N normalized eigenfunctions {wj*}JN:l whose
eigenvalues < .

Notation: |1)) (1] is a one-particle projection onto a unit vector ).

e operator ﬂ(—%AXJrVSu) < orthonormal set {wj*}JNzl C 12(Q)

/ 24
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Non-interacting electrons: linear theory

(3) kinetic-quantum hybrid model

=

e vI?
minimizer? (

- 5 2+V(y,z)<p)

e For each y € w, 1D Schrodinger operator —%63 + V(y,-) acting on L?(0,1) with
zero boundary.

- eigenvalues: Aj(y) < X5(y) < Ai(y) < = o0

- normalized eigenfunctions: {x}(y,-)}?2;.

e The above object means

(|V\2 282+V(yz <p) Zf*(y7 V)’XJ (y7 )><Xj(y7)|)

where £* = ]l(%ﬁ\j(y)éu)'

It is equivalent to the sequences f* = {f}2°; and x* = {Xx[}2;
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Non-interacting electrons: linear theory

(3) kinetic-quantum hybrid model (continued)

By “partial” semi-classical limits (see [Ben Abdallah-Méhats 2005]),
o f={fi}22;, 0 < fi(y,v) <1 (distribution on the 2D phase space)
*X = {XJ}J_p G (s ) xk(ys ) 2(0,1) = 9k (quantum states)

// fidydv
wxR3

e(f,x)zz JI (5 4 800 - vy
j=1 wxR
o

=3 [ VORetIRs . vy

= (f*,x*) minimizes the energy under the mass constraint M(f) = M.
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Vlasov-Schrodinger-Poisson model

We follow the setup of Ben Abdallah-Méhats 2004.

kinetic distribution sequence

f={fi}j2; with fi = fi(y,v): w x R? = [0, 00).

The kinetic admissible class Ac . is the collection of kinetic distribution sequences
f € /1(N; LY (w x R?)) such that for all j € N and all (y,v) € w x R?,

0 <fi(y,v) <1 (Pauli exclusion principle).

quantum state sequence

X = {Xj}f.il with x; = xj(y,z) 1w x (0,1) = C.

The quantum admissible class Aq m. is defined as the collection of quantum state
sequences X such that for all y € w, x;j(y,-) € H3(0,1) and

G (s ) xk(ys ) 2(0,1) = dj for all j, k € N (partial orthonormality).

A pair (f,x) € Acm. X Aq.m. is called admissible.
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Vlasov-Schrodinger-Poisson model

total density

) = 3 st =3 ([0 viav ) o

j=1 j=1
mass
M(f) = Z// f.dydv
=1 wxR3

energy

o y )

EEx) =2 //xR3 (15 (-39 + Veu) 25 )20 1y ) ichedv
j=17"¢

—I—;/Q VU (x)[2dx,
where and U, solves the Poisson equation
—-AU,=p inQ,
U,=0 onodwx(0,1),
0;U, =0 onwx{0,1}.
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Vlasov-Schrodinger-Poisson model

= The associated time evolution equation is the Vlasov-Schrodinger-Poisson
system.

(1) A kinetic distribution sequence f(t) = {f;(t,y, v)};2; obeys the 2D Vlasov
equation

Ofi +v -V, i = \(t,y) - V.ff=0 on (0, T) x w x R?,
( 7V):f_;,0( ) On("‘)Xsz
fi(t,y,v) =gi(t,y,v) on(0,T)xX_,

where the outgoing set is given by
Z,:{(y,v)eawa2:v-ny<0}

and ny is the outgoing normal vector at y € Jw.
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Vlasov-Schrodinger-Poisson model

(2) For each (t,y) € [0, T) X w, a partially orthonormal quantum state sequence
x(t,y,) = {x;(t,y, )}fi1 solves the quasistatic 1D Schrodinger equation with
respect to the z-variable,

2
<_822 + (U Ve)(ty, ')) Xj(t,y,-) = Ai(ty)xj(t,y, ) on (0,1),

x(t,y,z) =0 if z=0,1,
where \j(t, y) is the j-th eigenvalue of the operator —%3 + (U~ Vext)(t,y, ).

(3) For each t € [0, T), the self-consistent electronic potential U(t,-) satisfies the

Poisson equation
—AU=p inQ,

U=0 on 0w x (0,1),
0,U=0 onwx{0,1}.

with p = p((t) x(1))-

Ben Abdallah-Méhats 2004: Existence of a global solution.
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Vlasov-Schrodinger-Poisson model: Main Result

Assume that Ve € C(Q) N CH(Q) and Vex: > 0.

We consider the mass-constraint energy minimization problem

Emin(M) := inf {S(f, x) : (f, %) is admissible and M(f) = M}.

1D spectral theory

Given a potential function U € L%(0,1), let
HIU] = —302 + U(2)

be the Schrodinger operator acting on L?(0,1) with zero boundary condition.

e H[U] has only countably many simple eigenvalues
MUl < XUl < XUl < -+ < AUl < -+ = 0.
e j-th L2(0,1)-normalized eigenfunction is given by

xj[U] € H3(0,1).
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Vlasov-Schrodinger-Poisson model: Main Result

Theorem (Minimization of the free energy; H'-Jin, Preprint 2022)
© (Existence) The variational problem Enin(M) has a minimizer (F*, x*).
@ (Uniqueness) The minimizer (F*,x*) is unique in the sense that if (f ,%*) is
another minimizer, then Up. ., = U,

.5

@ (Self-consistent equation) For some p > 0,

)= H(%“j‘(y)ﬁu)’ A () = /\J[(Up(f*‘x*) + Vext)(y*)]

and X_;k = Xjf[(Up(f*,X*) S Vext)()’a )]
@ (Monotone finite subband structure) For a.e. (y,v) € w x R?, £*(y,v) is strictly
.. o _ - o V3
decreasing in j and 6 (y,v) =0 forj> TM

Remarks
o Ben Abdallah-Méhats 2004: Existence of a stationary solution.

o Structural information.
o A larger class of steady states are constructed (free energy minimizers).

14 /24
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Vlasov-Schrodinger-Poisson model: Main Result

Theorem (Conditional dynamical stability; H'-Jin, Preprint 2022)

For M > 0, a unique minimizer (f*,x*) for the problem Ein(M) constructed in the
previous theorem is a stable solution to the Vlaosv-Schrodinger-Poisson system in the
following sense: Given e > 0, there exists § > 0 such that the following hold. We
assume that

0 (f07X0) S Ac.m. X Aq.m.: M(fO) - M| < 0 and |g(f07X0) - 5(f*7X*)| < J.

Q (f(t),x(t)) is a unique global weak solution to the Vlasov-Schrodinger-Poisson
system with initial data (fo, x), and f(t) satisfies the the specular-reflection
boundary condition. Moreover, M(f(t), x(t)) = M(fo,x,) and
E(f(t), x(t)) = E(fo, xg) for all t € R.

Then,

SUP||V(U bioen — Yo w2 <

Remarks
o It is conditional, because well-posedness is not known for the VSP model.
o first stability result for the kinetic-quantum hybrid model.
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Difficulties in construction of an energy minimizer

Sketch of the proof: existence of an energy minimizer

o By concentration-compactness principle.

Let {(F"), x(M)}>° be a minimizing sequence. Taking the n — oo limit, we will
obtain a minimizer.

o Some new ideas are needed.
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Difficulties in construction of an energy minimizer

1. Lack of compactness with respect to the j-index

All j-summed quantities are invariant under translation in j.

2. Compactness of the quantum state part

o0

Not obvious to obtain compactness for the quantum states {x ("} .

Can we use the quantity
S ] 1020 O b
=177

e How to get a uniform bound for H(’?zxj(.")(y, M 20,1

e Even they are bounded, the choice of convergent sub-sequence depends on y.
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|deas to prove existence of a minimizer: 3-Step refinement

Step 1: Rearrangement
o The mass and the energy are invariant under the rearrangement by
('S'U(Ya v), Xf(X)) = (fa(j;y,v)(% v), XU(J';}GV)(X)) for each (y,v) € w X R.
= Rearranging (f"), x(), we assume that H@ZXJ(-n)(yv M 12(0,1) is non-decreasing in j.

o By the min-max principle (4orthonormality), Hazxj(-")(y, Mz, = %

n n 1 - n
Enn(M)  E0D ) > 53 [ 1000 oyl VI
~_ wX

W
> EZJ Hf HLl(wa2)-
-1

The rearranged minimizing sequence obeys the uniform weighted summation bound

o0 ' 5 6
sup 0 3 SIS 3 Emin(M) + 00(1).
n> j=1
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|deas to prove existence of a minimizer: 3-Step refinement

Step 2: Partial minimization with fixed quantum states

Fix a quantum state x(") in a minimizing sequence in Step 1, and minimize the energy.

Emin(M; x(M) = inf {g(f, x(M) : f is admissible and M(f) = M}.

o By standard concentration-compactness principle, we prove existence of a minimizer.
Replace f") by the above minimizer = refined minimizing sequence (f("), x (")
o Each (") solves the self-consistent equation (or Euler-Lagrange equation)

(n) _
= 1(¥+h(")(y)gu(n))

J

n 92 n n
where hJ(. )(y) =((—5 + Up(f(n),x(n)) + Vext)XJ(‘ )7XJ(- )>L2(0,1)-
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|deas to prove existence of a minimizer: 3-Step refinement

Step 2: Partial minimization with fixed quantum states (continued)
o Rearranging, we may assume that hj(.")(y) is non-increasing = hj(-n)()’) > %
o (M is bounded uniformly in n.

e (monotonicity) (")(y, v) is non-increasing in j for each (y, v)

J
=
e (finite subbands) G(”) =0 for all j > J+ 1 (J is independent of n).
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|deas to prove existence of a minimizer: 3-Step refinement

Step 3: Partial minimization with fixed kinetic distributions

Fix ") in a minimizing sequence in Step 2, and minimize the energy.

Emin(M; f(")) = inf {S(f(”),x) DX is admissible}

Theorem (Ben Abdallah-Méhats 2004)

For q > 3, if Vext € L9 (w; L°°(0,1)), [{pe )21 laqsiaqyy < o0 and {pg(y)}32, is
non-increasing for each y € w, then the Schrédinger-Poisson equation

—AV = XV vea)) N2,
V=0 on dw x (0,1),
0,V=0 onw x {0,1},

where X[V + Vext] = {Xj[V + Vext] }721 has a unique solution U* € H(w).

= For f"), we obtain V(") «s x (M) = {x;[V + Vext]};il.

We claim that x{" minimizes the energy E(f(”),x).
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|deas to prove existence of a minimizer: 3-Step refinement

Step 3: Partial minimization with fixed kinetic distributions (continued)

Lemma (Coercivity of the free energy)

Suppose that f is non-increasing and has only finitely many non-zero subbands and
(fa X*) € AC.m. X »Aq.m. with

X" = x[U" + Vext] and E(f,x) < o0,

where U* is the solution to the Schrodinger-Poisson equation. Then, for any
(f.x) € Alm. x Agqm. with M(f) = M(f), we have

_ . 1
Ef.x) —E(f.x") > EHV(UP(?,;() - Up(f»x*))”%Z(Q)'

= refined minimizing sequence {(f("), x (M)} .

Remark By refinements, we obtain a minimizing sequence such that
(1) £ = 0 for all j>J+1and G(n)(y, v) is non-increasing in j.

J
(2) X} s the j-th function of —382 + Unggor oy, + Vet

”)7)((”
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|deas to prove existence of a minimizer: 3-Step refinement

Last step: n — oo

Lemma (Stability for 1D Schrodinger operator)

If U,V € L%(0,1), then there exists C > 0, independent of U, V' and j, such that

INIUL = NIV G0 = x5Vl oy < CeSIVzontIVizon) iy — v| 104y

elliptic regularity (Poisson equation) = {Up(f(n) (n))}ﬁozl is uniformly bounded and
s X

o0

equi-continuous in Q. = So is {XJ(-H)(X) >, in Q (only finite j's are meaningful).

o By Arzela-Ascoli, XJ(-H)(X) — X} in C(2) passing to a subsequence.

o 15.(") — f*in [?(w x R?) and pG(,,) — pg=in Lg(w) passing to a subsequence.

Then, we can show that (f*, x*) is a desired minimizer (by lower semi-continuity).

e coercivity estimate = uniqueness and stability.
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Thank you for your attention!
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