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Part |. Kinetic Equations with Radiative Transfer



The (elastic, single-species) Boltzmann equation

® The Boltzmann equation
OF+v-ViF=Q(F,F), xcQCR3 veR? t>0

® F = F(t,x,v): velocity distribution function

Q(F,G)(t,x,v) = /11%3 dv, /S2 dw B(v — vy, 0)
x [F(t,x,v.)G(t,x, V') — F(t,x, vi)G(t, x, v)].

® Energy-momentum conservation laws for a binary collision:

Vb=V v, Pl = VP v



Connections to physical quantities

® mass/charge density: p(t, x) fR3 (t,x,v)dv

® macroscopic velocity: u(t x) *fn@ vF(t,x, v)dv
e temperature: T(t,x) fR3 lu— v|?F(t,x, v)dv
® pressure: p(t,x)=pT

® The entropy functional is defined as
S(t) = —H(t)d—ef—/ F(t,x,v)log F(t,x, v)dvdx.
QxR3

® Boltzmann H-theorem: ‘Cll—f > 0.

e

e Maxwellian equilibrium: M(x,v;p,u, T) = P ok TV



Radiation added to the system
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A three-particle system and simplication assumptions

® molecules of the gas can be in two different states

® the ground state and the excited state, which we will denote
as Aand A

® the radiation is monochromatic and it consists of collection of
photons with frequency vg > 0.

® all the photons of the system have the same energy ¢g = hig
where h is the Planck constant.

® no Doppler effect: valid if non-relativistic ‘%‘ ~0



Two-level molecules and radiation

Upper energy level —_—

Photon
Energy .® - e
v
Lower energy level —_—{— —— —_—
Pumping (Excitation) Spontaneous emission Stimulated emission
® Elastic collisions between molecules
A+ A=A+ A
A+A= A+ A,
A+AZA+A
® Inelastic collisions
A+ A= A+ A

® Collisions between a molecule and a photon

A+ o= A



Conservation laws for the inelastic collisions

The photon energy €p = hvg: required to form an excited
e Conservation of total energy;

e (Conservation of total momentum:

Vi+ Vo = v3+ V.

The total energy is conserved but the total kinetic energy is
not conserved here.



Radiative transfer equation for photons

® Velocity distributions for the ground (A) and the excited (A)
states as F(U) = FU(¢, x,v) and F®) = FO)(¢, x, v),
respectively.

® Intensity of the radiation at the frequency v as I, = I,(t, x, n)
where n € S?.

1811,0
< ot +n-Vily,
€0 2h3 (o c? 1
2 [ PR (14 gt ) - FOW (0

=: eohpag[FM, FP 1]



Kinetic equations for two-species gases coupled with

radiation

For%dzefat+v-vx,

DF(®)
b = Ko IFW FOL+ KGIIFD, FO) 4 K0, IF. F)
+/ dn hpg[FO, F@ 1, ],
S2
and
DF®® 2,1) (1) 222 =)
5 = Ko [F@ FO 4 BIFQ) FO 4 B (F F

_ / dn hyag[FV, F) 1],
S2



Elastic and non-elastic Boltzmann operators

KGITF, G)(w)
d:ef/ dv2/ dw Bg’j)(|V1—V2|,(V1—Vz)'w)(F(V3)G(V4)_F(V1)G(V2))’
R3 s?

def

noneI[F F] _2IC1 1[F F]+’C12[F F]

s
K1a[F, FI( V1)“—e‘/ di, [ dw Y= P2l —d<o
R3 S?

2|V1—\72|

X Bnon.e/(|V1 - V2|,w : (‘71 - ‘72))(F_352)’E£1) - ﬁl(l)lj_2(1))’

—
icf%[F,F](m)d:“/ d\73/ g V1V — Wl +4co
R3 S2

2|V — v
X Buon.el(|73 — 7alsw - (73 — w))(FV Y — FPED),

K@

non.el

‘[ N 2
IF, F](\73)°':f/ dv4/ e VAT — Tl 4o
R3 SZ

2|V3 — V4|

X Bnon.el(|V3 — Va|,w - (73 — V4))(F1(1)F_2(1) - ’:_3(2)’:_}1))



Part Il: LTE and Non-LTE: Existence and Non-existence of a
stationary solution, arXiv:2109.10071



Local Thermodynamic Equilibrium (LTE)

_ <o
Saha-Boltzmann Ratio: % =e kT and let kg = %

® degeneracy of energy levels =1

LTE: p1, p» satisfy approximately the Boltzmann ratio AND
the distribution of velocities at each point can be
approximated by a Maxwellian distribution

e Pi 1
M(X, v, pi, U, T) e WGXP <—T’V — U|2> .

2¢
s p=p1+p=p(1+ e*TO) and

F(l)(t,x, v) = M(x,v; p1,u, T), F(Z)(t,x, v) = e_@F(l)(v).



Non-LTE

® Non-LTE if the assumption of LTE fails.
® The failure of the local Maxwellian approximation is rare.

® Restrict only to situations, in which the distributions of
velocities are the Maxwellians, but with different temperature
T1, T, for each of the species, and p1, po> not satisfying the
Boltzmann ratio.

® Each species can have different temperatures T; and To.



Chapman-Enskog approximations yielding LTE

® fog= Fe(l) Fe(z) T and the Local Maxwellians
q = (Feq’, Feq

j ger COP 1
FY) = FD(p,u, T) & 373 &P (—T (lv—uP + 2eoéj,2)) :

® Rescaled Kinetic System ( t — at, x - y = ax and
I, — G =

2hu 3l)
1
OcF +v - VyF =~ (KalF, Fl+ nKnonealF, F]) + Ryl F, G],
n-V,G=mR,[F,G]
e Chapman-Enskog expansion with o — 0%

FO = FDA + F0)y = FO(1 + afD + 0269 1),



wt [ o FA1+ G) — FNG]dn
RolF, 61 = (— TLlFO@+ 6) - F(l)G]dn>

R,F, G = eo/ [FO 1+ G) — FMGldv,
R3

= / FOdv,
R3

P Jr3
o 2
TE = [ jv—uPFWdv.

3,0 R3



Chapman-Enskog approximations yielding LTE

K[Feq, Feq) = 0.

K[F,F] =: K[F] = K[Feq(1 + afi + ?h+-)] =
al[Feq; fi] + 0(a?).

(¢, L[Feqi Ai]) =0 for ¢ = 1,v — u, |v — ul> + 2¢0 2.
Taylor approximation:

81_- eq"‘V’Vng

O eq [atp—i—v VP]+Z Feq [8tu,

T+v-VT].



Euler-like system coupled with radiative transfer equation

(LTE)

07 )
ou Vp
at ( 07
ag)te)+v (5u )—|—pV-u:eop/ dn [G(1— e %T) — e %sT],
SZ

n-V,G = eop [e—k%’u +6)-6|.



Boundary-value problem for the stationary system (LTE)

V- (ju) =0,
(u-V)u+vﬁp:0,

€0

V - (pue) + pV - u = eop/ dn [G(1— e_kf%) —e k8T],
SQ

n-VG = eop [e—z%(uc)fc].

e Domain Q: convex with C! boundary
® Specular reflection boundary conditions for F:
F(t,y,v) = F(t,y,v—2(n,-v)n,) for y € 0Q
® — boundary condition for macroscopic velocity v - n, = 0.



Different scaling limits for LTE

® |inearization around constant steady states
—2¢/T

(ﬁOuov TO,];TU):
p=po(l1+C), T=To(L+0) for |[C|+ 0]+ [u| <1,

such that 2%’]9| < 1.
® A scaling limit yielding constant absorption rate (and
nonlinear emission rate) with 2%’]9\ ~ 1



Linearized system near the constant states with 2%’\9| <1

9¢

a‘i‘v}/'uzo,
du Ty
a9; T V(¢ H0) =0,

06 Po EQGQ / |: h 260]
Xeo—+=>Vy-u=——— [ dn |— — —
0 081.’ 00 Y 1—|—e_2TT? S2 1+ Gy To

0 2 h
n.vyh:'fopoG;)q)[ﬁoe_}?
l4+e n LTo  1+Go

where )\0 (g and Po = ﬁo To.
® Mass conservation: [, & dy = by.

The linearized stationary system with the incoming boundary
condition has a unique solution ((,0) with u = 0.




A system with nonlinear emission rate with 2%’\0\ ~ 1

® a new scaling limit |¢| + |u] + |#] < 1 with 2Ti§|0| ~1,
T T
(= 2?%5 and 0 = ﬁz?
® |eading-order system with an exponential dependence in the
temperature:

oV, -u =0,
T,
7°vy(§+ 6) =0,

2¢g

ege o dn [H — eﬁ} =0,
S2

n-V,H = eypo [eﬂ— H} ,

T .
/ pdy = / po (1 + Of) dy = My given.
Q Q 2¢9



Boundary-value problem with the nonlinear emission rate

® Incoming boundary conditions: at any given yp € 0€2, define
v = vy, as the outward normal vector at yg. For any n € S?, if
n- vy <0, then
H(_)/O, n) = f(n)a

for a given profile f.

For Q € R3 convex and bounded with 02 € C, there exists a
unique solution with u = 0 to the system of nonlinear emission rate

with the incoming boundary condition.




Strategy for the proof

® Given y € Q and n € S?, there exist unique
yo = yo(y,n) € 92 and s = s(y, n) such that

y = yo(y,n) +s(y, n)n.

® s =s(y,n): optical length
e Using n- VH = e’ — H =: w — H with the boundary
condition, we have

s(y,n)
H(y,n) = f(f7)e_s(y’")+/0 e~ M=y (yo(y, n)+€n)de.

e Then the flow J & [ dn nH satisfies

=

0 = div(J)

- s(y,n)
= div(R)+div/ n / e CUM=Ow(yo(y, n) + En)de | dn.
2 0

S



Strategy for the proof

® Goal: to derive that w actually satisfies the Fredholm integral
equation of the second kind
e Key idea: to raise the integral into a 5-fold one:

s(y,n)
/ ( / e“W5’w(yo(y7n)+sn)d§) dn
s2 0
s(y,n)
V4 (yn WZ zZ —
=/ a [ (/ (= -+ €n)i( )/0(}/7"))0'5) dn

® change of variables €€ =s(y,n) — ¢ and then

(é,n) — 77 = y £n € Q with the Jacobian J(n, n) = &f

n) _ 1
ly—nl?"

Bn

® Sincen=n(y —n) = \ﬁZ\ and € = |y — 7|, we have

/zmdz/sz </ e éW(Z*(5_5)”)5(Z—yo(y,n))d§) dn

1 Y =N —ly-nl
= —— e w(n)dn.
/n\y*n\zlyfnl ()




Strategy for the proof

® Using

) 1 y — (e " e’
div [ ———— ey">:dw< F):— +478(r),
(!y n? |y —nl r2 r2 ()

we have

e—ly—ml 1 R
wly) = | o)y - o-div(R)
* w(n)=0ifn¢Qand w e L>(Q).

* Jodmdn <1

® A unique solution exists.



Non-LTE with two different temperatures

. 2¢p

e FU) in local Maxwellians, but F(?) £ e~ 7 F(1)

® Two different temperatures T; and T, for A and A.

e Additional assumption: not sufficient mixing of A and A via
the elastic collisions IC(}’Z) and IC(2’1)

e Vel
e Local Maxwellian equilibria MU) for each type of molecules

j=12
, .12
MO = MO (x, v: py, s, T7) 2 O ep (VWY g )
T? T
J

® Densities, velocities, temperatures:

P & / F)dv,
R?’

o 1 ; .
uj & vFUWdv, fori=1,2,3,
Pj JR3

e 2 [
Tjd:f3/ ]v—uj]2F(J)dv,
Pj JR3



Euler-like system for non-LTE

e Chapman-Enskog Expansion with o £ 1x~1and a— 0%

FU) =~ pmU (1 + afl(f) +--0).
e Euler-like System for Non-LTE:

Op1 +Vy - (prun) = oHY + Q(l),

Bip2 + Vy - (p2w2) = oH® + QP

Ot(prn) +Vy - (prn @ 1) + V, - SO =1 45O
e(p2t2) + Vy - (patr ® 1) + V, - @ = 0SB 5@,
O(mT) +Vy - (prin Ty + Jél)) = oM +JY,

4 4
Ot (P2 T + §€op2) +V,- <p2u2 T + 3c0tp2 + ng)) =oJ® 4+ 49,



HO) def/,cnon JIM, M]dv,
QU) & / RY[M, Gldv,
J(n‘;) dz&f/‘/’cggn.e/[,vl’ M]dV,
0) def/ vRO[M, Gldv,
U <t /(v — ) ® (v — u)MPVdy
(j) def v — uf® u)
St 3 5 tedja | (v —u)MPdv =0,
Jéj) — / 3 (% +606 ),ngn.e/[M’ M]dva

2
9 [ 4V s s ) RO, Gl

dgef ng[F(2)(1 + G) — FYGldn
RP[F G] <_ fgz[F(z)(l + G) - F(I)G]dn) .



Stationary equations with zero velocities (Non-LTE)

D4+ QW = —gH® — Q@ — o,
oD 4 g
oD 4 D o,
H® — _HO = 26" TEP(Ty) — pipaP(To, Th),
QW = _@® :pz/ dn (1+ G) 7p1/ dn G,
2 s2
) T
SO =p1=2pTjl,
O =@ = ,g {(pfef%o — p2p1)A(Ti; €0) + prp2B(Th, TZ)}
JO = —plTl/ Gdn+p2T2/ (1+ G)dn,
§2 s2

4eq

J£2>:p1T1/ Gdnfpng/(lJrG)dnJr Q®
S2 S2



P(Tw, Ty, uk, up) d=ef/

dv/ dV4/ dw W+(V7 V4, V1, VZ)Z(Vv Uk, Tk)Z(V47 ur, T/)'
R3 R3 s2

2
A(T1;€0) dZEf/ (M + 60) dv/ dv4/ dw W+(V, Va4, Vi, V2)
R3 2 R3 2
x Z(v,0, T1)Z(va,0, T1)

def

2
B(T1, T2) :/ Mdv/ dV4/ dw Wi (v, va; vi,v2)Z(va,0, T1)
R 2 R3 s2

x (Z(v,0, 1) — Z(v,0, T2)).



Radiation and mass conservation

® Radiative transfer equation:
nV,G=¢ | IMP1+G6)-MYGldv = e(pa(1+G)—p1G).
R3
® Mass conservation:

/ dy (p1+ p2) = mo.
Q.y



Non-existence theorem for non-LTE

Theorem

Let mo > 0 given and let Q be a bounded convex domain with 9Q € C*.
Assume that L( Ty, T2) = IQ\ defines a smooth curve in the plane

(T1, T2) € R2 for given my and Q. Assume the incoming boundary condition
for each boundary point yo € 92, G(yo, n) = f(n), for some given f. Then the
system of the Euler-like system coupled with radiation in the non-LTE case
with the boundary condition does not have a solution unless the given
boundary profile f is chosen specifically so that it satisfies

div (/ nf (n)e "2sn dn) =0,
§2

for any ye Q and for some A; > 0,where for each y € Q and n € S?,
= yo(y,n) € 9 and s = s(y, n) are determined uniquely such that

y = yo(y, n) + s(y, n)n.




Proof of non-existence

Observation: Q®® =0. Thus HV) = QU) =0, j=1,2.
® obtain the relation

4 _29 4 T, — T
*; {(/ﬁe N *P2P1)A(T1?60)+P1P23(T17Tz)} = —wplzz( 2p2 1),
-

and Vp¥) = 0.
® pi= % and
J

4 & To —20 P(Ty)
©2_ 2e7m VY (T, To).
G T P(T2, T1) (1, T2)

® mass conservation implies

am o (Ta=Th)

17
» S 1 HTLT) _m
« R . T T QI
77 |5 — 5)A(Tie0) + 1 B(T, T2)

® We can parametrize T; = T;(7) for 7 on some interval ;.



Proof of non-existence

® Now use

n- VyG = Eo(pz(l + G) - plG) == (Al - AZG) .
e Follow the same trick as in the LTE case with w = ¢V
replaced by A;.

® Finally we have

e—A2ly—|

1
—di f(n)e 25" dn = ALA / — _dn—A;=0.
ppm IV/S2I7 (n)e n 14> s Iy — 2 n—Ax

® Note that A> > 0 is a constant that depends only on 7 and €.
® s =s(y,n): optical length

® contradiction for a general incoming boundary profile f.



Contour plots of L( Ty, T,) for the hard-sphere
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True non-LTE with three-level molecules

Three-level molecules: A; (ground),
Az (second level = A + €1), As (third level = Ay + €)

No artificial no-mixing conditions

More freedom from the energy equation ¢; Q) + ¢, Q(?) = 0.

® Existence of a unique stationary solution with
g = up =u3 =0.



Further generalization

@ General black-body emission (Planck distribution)
® no monochromatic condition

© scattering of the radiation

O Doppler effects and widening of the spectrum



Thank you for your attention.



