RC-positivity and the generalized energy density I: Rigidity
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Abstract. In this paper, we introduce a new energy density function % on the
projective bundle P(Th;) — M for a smooth map f : (M,h) — (NN, g) between
Riemannian manifolds -
Y = gijfof éw-

We get new Hessian estimates to this energy density and obtain various new Li-
ouville type theorems for holomorphic maps, harmonic maps and pluri-harmonic
maps. For instance, we show that there is no non-constant holomorphic map from
a compact Hermitian manifold with positive (resp. non-negative) holomorphic
sectional curvature to a Hermitian manifold with non-positive (resp. negative)
holomorphic sectional curvature.
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1. Introduction

Let f: (M,h) — (N, g) be a smooth map between two Riemannian manifolds. In
local coordinates {y*} and {2’} on M and N respectively, there is an energy density
function e on M

e =|df* = gish*’ fof5
Many milestone works are achieved in the last century by using various techniques
in differential geometry and function theory in analysis, and thousands of mathe-
maticians contributed significantly in this rich field. There is a huge literature on

the subject, and we refer to the classical works [Boch5, ES64, Yau75, Yau78, Siu80,
Yau82, JY93, MSY93, EL78, EL83, EL88, Xin96] and the references therein.

This work was partially supported by China’s Recruitment Program of Global Experts and NSFC
11688101.
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In this paper, we introduce a new energy density function % on the projective
bundle P(Tys) — M for the smooth map f : (M, h) — (N,g)

5 Wew?
BN hoysWYWo?

which is motivated by the Leray-Grothendieck spectral sequence for abstract vector

(1.1) @ = g,-jf(i

bundles used in our previous paper [Yangl8a]. We obtain several new Hessian esti-
mates on this energy density (e.g. formulas (1.3), (1.7), (1.9), (1.11)). The key new
ingredient is that these new Hessian estimates can work for manifolds with partially
positive curvature tensors (e.g. the holomorphic sectional curvature, or more gener-
ally, the RC-positivity for abstract vector bundles introduced in [Yangl8]). In this
paper, we only deal with applications when M is compact.

Part I. The generalized energy density and rigidity of holomorphic maps.
Let f : (M,h) — (N,g) be a holomorphic map between two Hermitian manifolds.
Let {z°}™ , and {n}"; be the local holomorphic coordinates around p € M and

q = f(p) € N respectively. We consider the generalized energy density

wow’
—
> h sWIW
over the projective bundle P(Ty;) — M where {W?,--. W™} are the holomorphic
coordinates on the fiber T),M with respect to the given trivialization. It is easy to see
that % is a well-defined function on P(T/). For simplicity, we set 7 = > h 7SI/VVW(S.
It is well-known that #~! is a Hermitian metric on the tautological line bundle
Or: (1) of the projective bundle P(Th) — M ([Gri65, Lemma 9.1]). The complex
Hessian of the new energy density has the following estimate.

(1.2) Y = g5 fiFh

Theorem 1.1. Let f : (M,h) — (N, g) be a holomorphic map between two Hermitian
manifolds. We have the following inequality on the projective bundle P(Th;) — M,

(13) V1009 > (v 1oBlog ) -9 - ﬁRijMfé;féfﬁ;‘iWqudza Nz
In particular, if f: M — C is a holomorphic function, then

(1.4) V=100% > (\/jaglogjffl) 78

As applications of Theorem 1.1, we obtain several new rigidity theorems.

Theorem 1.2. Let f : (M,h) — (N, g) be a holomorphic map between two Hermitian
manifolds. Suppose M is compact. If

(1) (M, h) has positive (resp. non-negative) holomorphic sectional curvature;
(2) (N, g) has non-positive (resp. negative) holomorphic sectional curvature,

then f is a constant map.
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Let’s recall some classical results on rigidity of holomorphic maps. The classical
Schwarz-Pick lemma states that any holomorphic map from the unit disc in the com-
plex plane into itself decreases the Poincaré metric. This was extended by Ahlfors
([AhI38]) to maps from the disc into a hyperbolic Riemann surface, and by Chern
[Che68] and Lu [Lu68] to higher-dimensional manifolds. A major advance was Yau'’s
Schwarz Lemma [Yau78], which says that a holomorphic map from a complete Kahler
manifold with Ricci curvature bounded below into a Hermitian manifold with holo-
morphic bisectional curvature bounded above by a negative constant, is distance
decreasing up to a constant depending only on these bounds. In particular, there is
no nontrivial holomorphic map from compact Kahler manifolds with positive Ricci
curvature to Hermitian manifolds with non-positive holomorphic bisectional curva-
ture. By using the well-known “Royden’s trick” for Kahler metrics, Royden was able
to improve Yau’s result and show that there is no nontrivial holomorphic map from
compact Kéhler manifolds with positive Ricci curvature to Kdhler manifolds with
non-positive holomorphic sectional curvature ([Roy80]). Later generalizations were
mainly in two directions: relaxing the curvature condition or the Kéahler assumption.
A general philosophy is that holomorphic maps from “positively curved” complex
manifolds to “non-positively curved” complex manifolds should be constant.

We confirmed in [Yangl8, Theorem 1.7] a well-known problem of Yau ([Yau82,
Problem 47]) that if a compact K&hler manifold M has positive holomorphic sec-
tional curvature, then it is projective and rationally connected, i.e. any two points in
M can be connected by a rational curve. On the other hand, if NV is Brody hyper-
bolic, it has no rational curves. Hence, there is no non-constant holomorphic maps
from compact Kéhler manifolds M with positive holomorphic sectional curvature to
Brody hyperbolic manifolds (e.g. Hermitian manifold N with non-positive holomor-
phic sectional curvature). Recently, Lei Ni also obtained a rigidity theorem in [Nil8§]
when M and N are both complete Kdhler manifolds and one of the key ingredients
is the Royden’s trick ([Roy80]) for Kéhler metrics. As it is shown in Lemma 1.1 and
Theorem 1.2, the new method in this paper has the key advantage that they can work
for Hermitian metrics on both M and N, and as it is well-known, the Royden’s trick
does not work on such manifolds.

Theorem 1.2 can not be proved by using algebraic methods developed in [Yang18a].
Indeed, when (N, g) has non-positive holomorphic sectional curvature, the pullback
bundle f*(T%) has no desired positivity as an abstract bundle. On the other hand,
if (N, g) has negative holomorphic sectional curvature, then (T, g) is RC-negative.
However, it is obvious that the RC-negativity is not preserved under the pull-back of
f, unless f is a holomorphic submersion. As it is shown in [Yangl8, Corollary 3.8],
Kahler manifolds with negative first Chern classes have RC-negative tangent bundles
and some of them can contain rational curves, for instance, the quintic surface in P3.



Xiaokui Yang RC-positivity and the generalized energy density I: Rigidity

As another application of the Hessian estimate in Theorem 1.1, we obtain:

Corollary 1.3. Let f : M — N be a holomorphic map from a compact complex
manifold M to a compler manifold N. If OT;[(—I) is RC-positive, and N has non-
positive holomorphic bisectional curvature, then f is a constant map.

Let’s explain the curvature condition on M briefly. A holomorphic line bundle .Z over
a complex manifold X is called RC-positive if it admits a smooth Hermitian metric
h¥ such that its Chern curvature tensor —v/—190log h has at least one positive
eigenvalue everywhere. The RC-positivity of (’)T]*M(—l) is a very weak curvature con-
dition. Indeed, we proved in [Yangl7, Theorem 1.4] that Or; (1) is RC-positive if
and only if Ory (1) is not pseudo-effective. When restricted to the fibers of P(Th),
one can deduce Ors (—=1)|[p = Opm-1(—1) is negative. Roughly speaking, the RC-
positivity of Or: (—1) over the projective bundle P(73s) means that Ors (—1) has at
least one “positive direction” along the base M directions. Moreover, complex man-
ifolds M with RC-positive tangent bundles have RC-positive Or; (—1) ([Yangl8a]).
Recall that, a Hermitian holomorphic vector bundle (&, ho’m) over a complex manifold
X is called RC-positive, if for any ¢ € X and any nonzero vector v € &, there exists
some nonzero vector u € T X such that

(1.5) R® (u,,v,7) > 0.

There are many Kéhler and non-Kéahler complex manifolds with RC-positive tangent
bundles and we list some of them for readers’ convenience and for more details, we
refer to [Yangl8, Yangl8a, Yang18b] and the references therein.

e complex manifolds with positive holomorphic sectional curvature;

e Fano manifolds [Yangl8, Corollary 3.8];

e manifolds with positive second Chern-Ricci curvature [Yangl8, Corollary 3.7];
e Hopf manifolds S' x §?"+1 ([LY 14, formula (6.4)]);

e products of complex manifolds with RC-positive tangent bundles.

We need to point out that Corollary 1.3 can also be deduced from [Yangl8a] (see also
Corollary 1.6).

We can define some other energy densities for f : (M,h) — (N,g). For instance,
on the projective bundle P(f*T5%) ™ M, we have the energy density

Xin
> gM XX
where {X;}7| are the holomorphic coordinates on the fiber f*T;N. For simplicity,
we set JA4 =Y. g" X1 X,.

(1.6) P = hePfLf
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Proposition 1.4. Let f : (M,h) — (N,g) be a holomorphic map between two Her-
mitian manifolds. Then we have the following estimate over P(f*T%;) oM

5 = VIR 5 sh"h 5 L X, X ydz A dz°
(1.7) V-180% > (V/—109log 747 ") - % + afyé (ﬁ;f kXt '
1

Similarly, we can define
X.X; W’
YK S h W
over the projective bundle P(r* f*T%) — P(Tys) where 7 : P(Th) — M is the natural
projection. Recall that 7 =" hng'YW(S and 4 =) G X X .

(1.8) P = fiTh

Proposition 1.5. Let f : (M,h) — (N,g) be a holomorphic map between two Her-
mitian manifolds. Then we have the following inequality over P(7* f*Tx) — P(Tr)

(1.9) V—100% > (V—=100log 7 +V/—19dlog 47 ") - %.

As applications of generalized versions of Theorem 1.1, Proposition 1.4 or Proposi-
tion 1.5, and some deep approximations established by Demailly-Peternell-Schneider
([DPS94]), we conclude:

Corollary 1.6. Let f : M — N be a holomorphic map between compact complex
manifolds. If Ory, (—1) is RC-positive and Or, (1) is nef, then f is a constant map.

Note that v/—190log /%" is the curvature tensor of the line bundle (Op(ry) (—1), 54).
When dim¢ N > 2, f* (OT]*V(l)) and O ¢+, (—1) are not isomorphic. Actually, the re-
striction of O g« (1) (—1) on each fiber P(f*TN) = P"~! is isomorphic to Opn-1(—1).
Hence, Og+(7y)(—1) can not be nef in any case. It is easy to see that if (IV,h) has
non-positive holomorphic bisectional curvature, then O f*(TN)(—l) is RC-nonnegative
along the base M directions. As analogous to the proof of Corollary 1.3, it is not hard
to see that we can prove Corollary 1.6 by using the generalized version of inequality
(1.3) or (1.9) for some other new energy density since the desired asymptotic metrics
constructed in [DPS94, Theorem 1.12] are on the vector bundle Sym®*T v+ It worths
to point out that, Corollary 1.6 was firstly established in [Yangl8a, Theorem 1.1] by
using the Leray-Grothendieck spectral sequences and isomorphisms of various coho-
mology groups for abstract vector bundles. The algebraic proof in [Yangl8a] is much
more effective in this setting!

In the same spirit of Theorem 1.2 and Corollary 1.6, we have:

Corollary 1.7. Let f : M — N be a holomorphic map between complex manifolds.
Suppose M is compact. If
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(1) Or,, (1) is nef;
(2) N has a Hermitian metric with negative holomorphic sectional curvature,

then f is a constant map.

Recently, there are many important works on holomorphic sectional curvature with
various positivity in the Kahler setting, and we refer to [HLW10, HW12, HW12,
HLW14, HW15, ACH15, Liul6, WY16, WY16a, Nom16, Yangl6, YZ16, YbZ16,
AHZ16, CH17, Yangl8, Yangl8a, Yangl8b, NZ18a, NZ18b, Nil8, Mat18a, Mat18b,
Guel8, Zhal8] and the references therein. The results in this paper demonstrate cer-
tain similarity between Hermitian metrics and Kéhler metrics with such curvature
positivity. It might be an interesting problem to ask whether all compact Hermitian
manifolds with positive holomorphic sectional curvature are Kahler or projective.

Part II. Rigidity of harmonic maps and pluri-harmonic maps. Let f : (M, h) —
(N, g) be a smooth map from a Hermitian manifold to a Riemannian manifold. Let
{z%}™_| and {2'}"_; be the local holomorphic coordinates and real coordinates on M
and N respectively. We consider the generalized energy density

. atP

(1.10) Y = gl
> h,ngVW

over the projective bundle P(Ty), where (W1, ... W™) are the holomorphic coordi-
nates on the fiber T,M. We set 77 = hVSWWWJ.

It is well-known that pluri-harmonic maps are generalizations of holomorphic maps
and harmonic maps. Indeed, a smooth map f from a complex manifold M to a Kéhler
(or Riemannian) manifold N is pluri-harmonic if and only if for any holomorphic curve
i: C' — M, the composition f o is harmonic. On the other hand, &+ holomorphic
maps between Kéhler manifolds are pluri-harmonic. As analogous to Theorem 1.1,
we obtain:

Theorem 1.8. If f : (M,h) — (N,g) is a pluri-harmonic harmonic map, then we

have the following inequality on P(Tyr)

VIR S fofs fEWIW d0 A dZP
% .

As applications of Theorem 1.8, we study the geometry of compact Kéhler mani-

(1.11) V=100% > (V—10dlog # ") - & —

folds with negative/non-positive Riemannian sectional curvature by using harmonic
maps and pluri-harmonic maps into such manifolds. The motivation is the following
conjecture proposed by S.-T. Yau ([Yau82, Problem 37]) :

Conjecture 1.9. Let (X,w) be a compact Kdhler manifold with dimc X > 1. Suppose
(X,w) has negative Riemannian sectional curvature, then X is rigid, i.e. X has only
one complex structure.
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It is a fundamental problem on the rigidity of Kdhler manifolds with negative curva-
ture. S.-T. Yau proved in [Yau77, Theorem 6] that when X is covered by a 2-ball,
then any complex surface oriented homotopic to X must be biholomorphic to X. By
using the terminology of “strongly negativity”, Y.-T. Siu established in [Siu80, The-
orem 2| that a compact Kéhler manifold of the same homotopy type as a compact
Kéhler manifold (X,w) with strongly negative curvature and dim¢ X > 1 must be
either biholomorphic or conjugate biholomorphic to X. It is well-known that the
strongly negative curvature condition can imply the negativity of the Riemannian
sectional curvature. Hence, Conjecture 1.9 holds under that stronger curvature con-
dition. Note that when dim¢ X = 2, Conjecture 1.9 has been completely solved in
[Zhe95] by F.-Y. Zheng. When dimc X > 3, Conjecture 1.9 is still widely open since
there is no effective method to deal with the Riemannian sectional curvature on com-
plex manifolds.

Before stating the applications of Theorem 1.8, we recall the strategy in establishing
Siu’s strong rigidity mentioned above. Let f : (M,h) — (N,g) be a smooth map
between two compact Kéahler manifolds.

(A) Suppose (IV, g) has strongly non-positive curvature in the sense of Siu. If f is
a harmonic map, then f is pluri-harmonic (see Lemma 4.8);

(B) Suppose (NN, g) has strongly negative curvature in the sense of Siu. Then
any pluri-harmonic map f : M — (N, g) is holomorphic or anti-holomorphic
provided rankgdf > 4 (see Remark 4.5).

As inspired by Yau’s conjecture 1.9 and Siu’s strategy in steps (A) and (B), we
attempt to investigate Riemannian (or Kéhler) manifolds (N, g) with non-positive
Riemannian sectional curvature. As an application of Theorem 1.8, we obtain:

Theorem 1.10. Let f: M — (N, g) be a pluri-harmonic map from a compact com-
plex manifold M to a Riemannian manifold (N,g) with non-positive Riemannian
sectional curvature. If OT}\}(_l) is RC-positive, then f is a constant map.

Theorem 1.10 still holds when the target manifold is Kahler:

Theorem 1.11. Let f : M — (N, g) be a pluri-harmonic map from a compact com-
plex manifold M to a Kdhler manifold (N, g) with non-positive Riemannian sectional
curvature. If (’)T;\;[(—l) 18 RC-positive, then f is a constant map.

As we pointed out before, there are many Kéahler and non-Kéhler manifolds with
RC-positive Or: (—1). In particular, we get:

Corollary 1.12. Let f : M — (N,g) be a pluri-harmonic map from a compact
complex manifold M to a Kdihler or Riemannian manifold (N, g) with non-positive
Riemannian sectional curvature. If M has a Hermitian metric with positive holomor-
phic sectional curvature, then f is a constant map.
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As an application of Theorem 1.10 and ideas in [Siu80, Sam85, Sam86, YZ91, JY91,
JY93, LY14, WY 18], we consider harmonic maps from complex manifolds into Rie-
mannian manifolds.

Theorem 1.13. Let f: (M,h) — (N, g) be a harmonic map from a compact Kdihler
manifold (M, h) to a Riemannian manifold (N, g) with non-positive complex sectional
curvature. If OT;[(—l) is RC-positive, then f is a constant map.

Theorem 1.13 still holds if f is a Hermitian harmonic map from an astheno-K&hler
manifold (M, h) (i.e. 90w)" ? = 0) (introduced by Jost-Yau in [JY93]) to a Riemann-
ian manifold (XN, g) with non-positive complex sectional curvature. In [WY18], we
obtained some results by using the classical Chern-Lu type inequality (2.16) under a
much stronger condition that T} is uniformly RC-positive.

Remark 1.14. As analogous to the classical theory of harmonic maps, there are
many further applications of the generalized energy density (1.2). They are discussed
briefly in Section 5. For instances,

e the RC-positivity for Riemannian curvature tensor;

e the extension of Yau’s function theory on complete manifolds [Yau75, Yau78];

e the first and second variations of the generalized energy functions, and the
applications in investigating the existence of rational curves on manifolds with
RC-positive curvature by analytical methods ([SU81L, SY80]);

e the analytical extension of methods in this paper to hyperbolic manifolds;

e the generalized energy density on Grassmannian manifolds Gr(k, Tys) for RC-
positivity in k linearly independent directions.

The Ricci-flow and Ké&hler-Ricci flow approaches ([Ham82, Cao85]) in this setting and
the applications of parabolic estimates corresponding to formulas (1.3), (1.7), (1.9)
and (1.11) are also expectable. The details of some topics listed above will appear
somewhere else.

This paper is organized as follows. In Section 2, we describe the relationship be-
tween the classical energy identity and the generalized energy density. In Section 3,
we prove Theorem 1.1, Theorem 1.2, Corollary 1.3 and Corollary 1.6. In Section 4,
we investigate harmonic maps and pluri-harmonic from complex manifolds to Rie-
mannian manifolds and Ké&hler manifolds, and establish Theorem 1.8, Theorem 1.10,
Theorem 1.11 and Theorem 1.13.

Acknowledgements. The author is very grateful to Professor K.-F. Liu and Pro-
fessor S.-T. Yau for their support, encouragement and stimulating discussions over
years. The author would also like to thank B.-L. Chen, F.-Q. Fang, N. Mok, J. Wang,
V. Tosatti, W.-P. Zhang and X.-Y. Zhou for some useful suggestions.
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2. The classical energy density and the generalized energy density

2.1. Holomorphic maps between complex manifolds. Let f : (M,h) — (N, g)
be a smooth map between two Hermitian manifolds. Let {z*}™ ; and {n‘}"_; be the
local holomorphic coordinates around p € M and ¢ = f(p) € N respectively. The
classical 0-energy density is defined as

(2.1) w=0f* = 950" f1.T 5.

Here Of can be regarded as a section of the complex vector bundle £ = T3, ® f*Tn
and u is the norm square of df with respect to the induced metric on E. As it is
well-known, if f is a holomorphic map, by using standard Bochner technique, one has
the following Chern-Lu inequality ([Che68, Lu68], see also [Yangl8a, Lemma 5.1]).

Lemma 2.1. Let f : (M,h) — (N, g) be a holomorphic map between two Hermitian
manifolds. Then

(22)  V=100u > V=1 (R W7 g5 i fd — Riafif] (W7 SEFL) ) d= naz,
and
(2.3)

try, (V—100u) > (hQBRam> KO R? (gi3 ffﬁ) ~ Ry (haﬁ f;fg) (hW f[jf?) .
Formulas (2.2), (2.3) and their parabolic analogs have many fantastic applications

in differential geometry and the theory of Ricci flows, and we refer to [Che68, Lu68,
Yau78, Roy80, EL83, EL88, Tos07, Che09, YZ16, Nil8] and the references therein.

Remark 2.2. In the formula 2.2, if we choose h of = 0 op at some point, then the

curvature term on the domain manifold is v/ —1Raﬁwggi3 ffy fg dz*Adz”. In the approach
by using maximum principle, it is hard to get the desired positivity from this term.

Next, we introduce the generalized energy density on the projective bundle P(Ty).
The points of the projective bundle P(Tys) of T, — M can be identified with the
hyperplanes of T7;. Note that every hyperplane V' in T7M corresponds bijectively
to the line of linear forms in T, M which vanish on V. Let m : P(Tyy) — M be the
natural projection. Suppose (W1, ... W™) are the holomorphic coordinates on the
fiber of TM. The generalized 0-energy density on the projective bundle P(Ty;) — M
is defined as

Wi’
S h W
It is easy to easy see that (2.4) is well-defined on P(T};). The classical energy density
(2.1) and the generalized energy density (2.4) are related in the following way.

(2.4) Y =g T

Proposition 2.3. We have the following relation

(2.5) 0f° = mmu (%),
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where , is the fiberwise integration with respect to the fiberwise Fubini-Study metric

w = —/—109log(>" h,ngVWé).
Proof. Indeed,

W’ Wl i hP oS
Showr oy ekl
o7

m m

)

(W) = / 61T
P(T, M)

where we use the well-known identity for the Fubini-Study metric wpg on P!

Wew’ w%”s_l _@
pm1 W2 (m—-1! m’

(2.6)

We can also define a conformal change for the generalized energy density
78

—i  WeWw

(2.7) Yo=Y =¥y fofi———5

> h sWIW

for any ¢ € C°(P(Tys),R). As we pointed out before, # =" hngV“YW(s is a (local)

Hermitian metric on Ory (1), and so e~ % is also a Hermitian metric on Oy (—1).

Actually, any Hermitian metric on it takes such a form.

2.2. Pluri-harmonic maps into Riemannian manifolds. Let (M.h) be a com-
plex Hermitian manifold, (NN, g) be a Riemannian manifold and f : M — N be a
smooth map. We denote by & = f*(T'N) and endow it with the induced Levi-Civita
connection V¢ from TN. There is a natural decomposition V¥ = d¢ + ds according
to the complex structure on M. Let {z*}7"; be the local holomorphic coordinates

on M and {z'}"; the local coordinates on N. Let ¢; = f*(aai). There are three
€T

&-valued 1-forms, i.e.

(2.8) 5’ff8§6d2 ® €4, 6ffazadz ®e;, df =0f 4+ 0f.
It is easy to see that

- 1 _
(2.9) u=[0f] = gish*’ fi 5, and u= §\df\2 =0 = |of.

f is called a harmonic map if it is a critical point of the Euler-Lagrange equation of
the total energy E(f) = [,, udVas.
We consider the generalized energy density
78
—; WeWw
(2.10) Y = gzjféf%—ﬂ;
> h sWIW

10
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over the projective bundle P(Tyy), where (W1, ...  W™) are the holomorphic coordi-
nates on the fiber T, M. We set JZ = h VgVV“VW(S. Similarly, we have

(2.11) df|? = 2mm. ().

Definition 2.4. A smooth map f : M — (NN,g) from a complex manifold to a
Riemannian manifold is called pluri-harmonic if it satisfies Os0f = 0, i.e.

o> f! ;. Of of*
(2.12) <azaazﬂ Lok o8 920

)dzo‘/\dzﬁ@)ei =0
where F;k is the Christoffel symbol of the Levi-Civita connection on (NN, g).

It is easy to see that + holomorphic maps from complex manifolds to Kdhler manifolds
are pluri-harmonic.

Let (N, g) be a Riemannian manifold with the Levi-Civita connection V. Its cur-
vature tensor is defined as

R(X,Y)Z =VxVyZ -VyVxZ —Vxy|Z

for any X,Y,Z € T'(N,TN). In the local coordinates {z'} of N, we adopt the
convention

R(X,Y,Z,W) = g(R(X,Y)Z,W) = Rij1 X' YIZFW".

It is easy to see that

art.  art.

(2.13) Rl = -2 ki phpl

ozt oxJ 7 p

The following constraint equation for pluri-harmonic maps is well-known (e.g.

[OU91, Lemma 1.3] and [WY18, Lemma 2.4]), and it follows by taking first order
derivatives on the pluri-harmonic equation (2.12).

4+ TPt — inréj’ and  Rjjpe = gszfjk'

Lemma 2.5. If f : M — (N, h) is a pluri-harmonic map, then

(2.14) Rikjefo 515 =0
for any o, B,y and € where [}, = 9 and f3 =955,

Remark 2.6. By using the constraint equation (2.14), we have
(2.15) C = Riges (h7f13) (W7 FE 1) = 0.

If (N, g) has positive or negative constant Riemannian sectional curvature, one can
deduce from (2.15) that rankgdf < 2 ([Sam85, Sam86]).

As analogous to the Chern-Lu inequalities for holomorphic maps in Lemma 2.1, Wang
and the author obtained in [WY18, Proposition 3.2] the following inequalities for
pluri-harmonic maps.

11
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Lemma 2.7. Let f : (M,h) — (N,g) be a pluri-harmonic map from a Hermitian
manifold M to a Riemannian manifold (N,g). Then we have

(2.16) v/—109u > v—1 (Ramh"ffhﬂggij fufs = R fo 15 (mg * fg)) dz* A dZP.

and

(2.17)
tr, (VE100u) > (hR, 5 5) WO (g3 1) — Raows (P £315) (W7 15 12)

Remark 2.8. The formulations of curvature terms in Lemma 2.7 and Lemma 2.1 on
the target manifolds are different.

For more detailed discussions on various harmonic maps and pluri-harmonic maps,
we refer to [EL78, Siu82, EL83, Ohn87, EL88, Uda88, CT89, OU90, OVI0, YZ9I1,
MSY93, Uda94, JZ97, Lou99, Ni99, DEP03, Tos07, Zhal2, YHD13, Dongl3, LY 14,
Sch15, YZ16, Yangl8a, Yangl8b, Nil8 WY18] and the references therein.

3. The Hessian estimates and rigidity of holomorphic maps

In this section, we prove Theorem 1.1, Theorem 1.2, Corollary 1.3 and Corollary
1.6. The proofs of Proposition 1.4 and Proposition 1.5 are similar to that in Theorem
1.1. To avoid identifications in algebraic geometry, we shall use straightforward local
computations for readers’ convenience.

The proof of Theorem 1.1. For simplicity, we write .% = % - . A straightforward
calculation on P(Ty) yields

00F N FOH NOA B 0 NOF + O.F NOH
T I3 F? '

Moreover, we set F* = f.W< and so .F = giEFifj. Since f is holomorphic, we have

(3.1) 90% = (9dlog ") W +

(3.2) 0F =gz - F'Fi +g=-0F - F',  0F =08g,:- F'Fi + g=F 9FJ.
Therefore, we deduce
00F N FOAH NOA DA NIOF + OF NOAH

I 3 2
35917 PRI 89@ . FPCQFT — 5% COFY . FI gﬁé)F%‘)Fﬂ'

H
+§Blogt%”*1 A Olog 1
H

Olog A - (5913 -FiFi 4 gﬁFiﬁ> + (892-3 .F'Fi + gij - OF" - Fj> - Olog A

_ 7 .

(3.3)

12
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We define a (1, 1)-form on P(T):
(3.4) W =g (OF + F'dlog A~ +T') N (OF7 + Fidlog #~1 + TV)

where T% = giz%}?’ kO fP. Tt is easy to see that

. 0g,=
(3.5) 95T = 87';]17’“8 P = (9g,5)F".

By using (3.3), (3.4) and (3.5), we obtain

00F | FOH NOH A NOF +0F NOH
3 2 7
(8591.3) FIFi B gigTi AT
H H
_ RijszéféffEW“Wdea A dzP
W 4

where the last identity follows from the facts that

829.7. _ I 76 . ag - _
i k i gi i ek
S O NOFE 95T = g1 P FTFIOf A O

and the curvature formula of the Chern connection on (N, g)

(3.6) -

2
o 9 9ij gpaagié agp}
0zkzt 0zF 9zt

(3.8) Riziz =
Hence, by (3.1) and (3.6), we get

i opd pk e 7Y 1.0 =,
V100 = (VTolog 1) -y + Y T aa Sy a2
H H .

On the other hand, by the definition equation (3.4) of #/, it is easy to see that /—1%#
is a semi-positive (1, 1)-form on P(T3). Hence, we obtain Theorem 1.1. O

For the conformal energy density (2.7), we also have a similar inequality as in (1.3).

Theorem 3.1. Let f : (M,h) — (N,g) be a holomorphic map. Then for any ¢ €

C>(P(Tr),R), we have

VIR Fa MR FEW W 42 A d2P
I, ’

(3.9) V-100%, > (vV—-1801og 5,7 ") - %,
where %, = e¥Y and I, = He %.

Proof. We use the same notions as in the proof of Theorem 1.1. It is easy to see that
F =% -H =%, H, By defining a new quantity as in the equation (3.4)

(3.10) Vo =95 (OF' + F'Olog A, +T") A (OFI + Fidlog A, +T7),

one can use similar computations as in the proof of Theorem 1.1 to deduce (3.9). O

13
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g p

The proof of Theorem 1.2. We compute the curvature form /—199log 7~ over the
projective bundle X := P(Ty;) where m : X — M the natural projection, following
the calculations in [Gri65, Proposition 9.2]. Indeed, v/—190log ##~! is the curvature

of the tautological line bundle (OT&(_I)’%)' On the Hermitian manifold M, we

can choose “normal coordinates” {z“}_; on a small open set U C M centered at
point p € M such that

Oh_=
(3.11) ho5(p) = 0,5, a;f

By using this local trivialization chart U on M, we know Tyl = U x C™ and
7 Y (U) 2 UxP™ L. Let g € X such that 7(q) = p. Locally, we write p = (2},---, 2)
and ¢ = (2},---, 20, [W2h .- W™]) where [W1!,--- ,W™] are the homogeneous co-

tEado ]

ordinates on the fiber P(T,M) = P!, Let u = (W}, --- , W™ 0,---,0) € T,X. We
——

Oh_z
(n) = — 5 2 (p).

m—1

claim that at point ¢ € X, u is a positive direction of v/—199log 51, i.e.
(3.12) (V=109dlog 71 (u,u) > 0.
Indeed, if we set H 7 = WVW(s, then € = h ol B and
oorog et = PLLON 00
(H2%0n, 5 + h5OHP) A (HO9Oh 5 + hs0H )
= Y%
00h.5 - H® + Oh_5 AOHY + OH® A Oh_5 + h_500H"
7 .

Oh_ 5 = -
Note that Oh,z = oo dz" is along the base directions and OHY = 9 <W7W5>
is along the fiber directions. We evaluate the (1,1) form /—10dlog.## ! at point
q= (2L, 2m WL W) with u = (WL, ;W™ 0,---,0) € T,X. Since

(8ha3 A 5H73> (w,7) =0, (OHP)(u,7) = 0, (8H“B A EHVS) (u,7) = 0,

we obtain
(091og 71 (u, )
_ H}00h 5 HSPHY 0h,5NOh s\
B B L%ﬂo T 2 (u7 u)
2 _ =7V =50
(3.13) _ (TR O Ol | WEW,WIW,
‘ 0zHozY Ozt 9z W, |2

BT ~T70
R, sSWAW WIW,
[Wol?

14
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where in the second identity we used the anti-symmetric property of the first order
derivatives given in the normal coordinates (3.11).

Suppose % is not identically zero on X. Let ¢ € X be a maximum value point
of # and p = 7(q) € M. Hence #(q) > 0 and /—190% (q) < 0. By using the
previous setting, we can choose “normal coordinates” {z“}7" ; centered at point p
(e.g. 3.11) and we write p = (2},---,2™) and q = (2}, -+, 2, [Wl, -+ ,W™]) where

(Wl ... W/ is the homogeneous coordinate on the fiber P(7,M). Evaluating the
inequality (1.3) on the vector u = (W}, .-+ W™ 0,---,0) € T,X, we have

7 3 O A
(3.14) 0 > (83@) (u,w) > (3310g%—1) (w,7) -V — zgkef fﬁfuf |

T
If we set F* = fi W<, then by (3.14) and (3.13), we obtain
R__-WEWWIW° R FIF FFF'
(3.15) 0> 10 Y (q) — —IM .
|Wo|? H

— i .
Note that %' (¢q) = # > 0 and so (F*) # 0. If (M, h) has positive (resp. nonneg-

ative) holomorphic sectional curvature and (N, g) has non-positive (resp. negative)
holomorphic sectional curvature, then the right hand side of (3.15) is positive, which
is absurd. Therefore, % must be identically zero on X and so f is a constant map. [

The proof of Corollary 1.3. Fix an arbitrary smooth metric A on M and let 5 =
hngVWé Suppose Ory, (—1) is RC-positive, then there exists a Hermitian metric

A on OT}CI(_l) such that its curvature —v—l@glog% has at least one positive
eigenvalue at each point of P(T)). Since S is also a smooth Hermitian metric on
Ory, (—1), there exists p € C*°(P(T)), R) such that J# = 5#e™¥ and

(3.16) — V/=100log A = —/—100log H# + /—100¢.
We consider Z = #¢¥ on P(Ths). By Theorem 3.1, we obtain

A — —~ _  V—1R- é7 R?W“Wdea A dzP
(817) V=100% > (V=10910g ) - & ik, fﬂfu% |

Suppose % is not identically zero on P(Twr). Let p € P(Ths) be a maximum value
point of . Hence, % (p) > 0 and

(3.18) V—=100% (p) < 0.

On the other hand, since (NN, g) has non-positive holomorphic bisectional curvature,

(3.19) V1007 > (ﬁamog ,;%’fl) .

15
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This contradicts to (3.18) since /=190 log =1 has at least one positive eigenvalue
at point p and % (p) > 0. O

The sketched proof of Corollary 1.6. Fix an arbitrary smooth metric h on M and
set H = hngVW(;. Suppose Ory (—1) is RC-positive, then there exists ¢ €
C*>°(P(Tm),R) such that #e~% is a smooth Hermitian metric on Or; (—1) and
(3.20) —V/—109log H# + /190y

has at least one positive eigenvalue at each point in P(Tyy).
Since Op«n(1) is nef, by [DPS94, Theorem 1.12], for any given Hermitian metric
wy on N, there exist Hermitian metrics g on Sym®*Ty and e > 0 such that

(3.21) Ripru @ VIV < kelul2, VI,

where ¢, — 0 as k — oo. Let {/W4} be the symmetric polynomials in {W}™_, of
degree k. We can define the higher order energy density on P(Ty) as following:

wAW?

(Z h73W7W§> :

where the matrix (F 1{;) is the k-th symmetric power product Sym®* ( fé) and (gﬁ)

—J
(3.22) W, = g 7FAF g

is the metric matrix of g, on Sym®* T with respect to the given trivialization on N.
We use the conformal change (2.7) of the generalized energy density %, i.e.

(3.23) Y., = P,

As in Theorem 1.1 and Theorem 3.1, it is not hard to deduce the inequality

(3.24) B

VARG SR FE FEWOW  dze & dz
%’ff ’

VE100%,, > (V=100108 #,*) - % -

where Ri}Kf is the curvature tensor component of the Hermitian vector bundle

(Sym®kTN,gk). Since M is compact and ((’)T]*u(—l),t%”eﬂ") is RC-positive, we
deduce
V—=1001log 1) (u,u
(3.25) min sup ( 8 5~ ) (0, > 4C
PEP(Tr) weTpP(Tay),u£0 |u’w

where w is a fixed metric on P(Ty/) and C' = C(w, J,) is a positive constant.

Suppose %, ,, is not identically zero on P(Ths). Let P € P(Ths) be a maximum
value point of % ,. Hence, \/—7185%#,(P) < 0. Let u € Tp(P(Tys)) be a positive
direction of /=190 log %’f;l such that

(3.26) (V=100log ;") (u,m) > 2C|ul?.

16
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By (3.24), (3.21) and (3.26), we deduce

(3.27) (V=100%,) (u, 1) > 2kClu|2 P — kek - |0f 120wy - Ul - Php-
Since €, — 0 as k — oo, we deduce that when k is large enough

(3.28) 2C — e, - [0f g fruy > C-

Hence, we obtain
(V-100%, ) (v, @) > kC|u|2 %, > 0

which is absurd. We conclude %, , is identically zero and so f is a constant map. [

Corollary 1.7 can be proved by using similar strategies as in the proof of Corollary
1.6, and we need to use the generalized version of the energy density (1.6) on P(f*T%).
The negative holomorphic sectional curvature is used in a similar way as in the proof
Theorem 1.2.

By using the proof in Corollary 1.6, we get the following generalization.

Corollary 3.2. Let f : M — N be a holomorphic map between compact complex
manifolds. If OSym®’¢T;(J(_1) is RC-positive for some k > 1 and Oy (1) is nef, then
f is a constant map.

4. The Hessian estimates and rigidity of harmonic maps and pluri-harmonic maps

In this section, we use the Hessian estimate of the generalized energy density to in-
vestigate harmonic maps and pluri-harmonic from complex manifolds to Riemannian
manifolds and K&ahler manifolds, and establish Theorem 1.8, Theorem 1.10, Theorem
1.11 and Theorem 1.13.

4.1. The Hessian estimate and rigidity of pluri-harmonic maps into Rie-
mannian manifolds. Now we are ready to prove Theorem 1.8, i.e. a projective
bundle version of Lemma 2.7.

The proof of Theorem 1.8. We shall use similar strategies as in the proof of Theorem
1.1. We choose an arbitrary point p € M and q = f(p) € N. Let {z°} and {z'} be
coordinates centered at point p € M and g € N respectively such that

0gij
ho5(P) =b.3.  9ij(q) = dij, axz (¢) =0.
Since f is pluri-harmonic, by formula (2.12), at point p, we have
) aZfz
4.1 ‘(p) = =0.
(4.1) fag(P) = 5 o5 ()

17
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We write .# = % - 7. A straightforward calculation on X := P(T)/) yields

DOF N FOH NIAH  dHA NIF + OF NOAH
H I3 H? '

We write F* = fiW® and . = gijFiFj. Hence,

(4.2) 00% = (99log 1) ¥ +

OF = 0gij - F'FI + gij - OF - FI + g, FlofL W',
and
0.F = gy - F'Fi + g;; F'OFJ + gijfjgfé W
By using (4.1), at point P € X with 7(P) = p, we have
0F = 08g;j - F'Fi +g;j- OF' - FI, OF =gy - F'Fi + g;;F'OF1.
By a similar computation as in (3.3), we deduce

00.F N FOH NOA B 0 NOF + 0.F NOAH

H 3 2
8592']‘ . Fiﬁ—i-({)gij CFY '@—ggij - OF? ~ﬁ+gij8FiW
B H
9ij 85FZ ~Fj +gi]’ 'Fi 88\}7]
+ 2%
_i_ﬁ@log%_l A Olog 71
H
dlog A - (ggij -F'Fi + gz-jFiW) + <3gij - F'FJ + gij - OF" - FJ‘) -dlog A
2% .

The key ingredient is to define the (1,1)-form % on X as in (3.4):
(4.3) W =g (OF' + F'0log ' + T") A (OFJ + Figlog #~1 + T7)

where T = F;kaafp. By using a similar computation as in (3.6), we obtain

QOF FOH NOAH  OH NOF +0F NOAH W

A A3 2 >
_ (8691‘]‘ Fi J'_gijTiAﬁ+gij-85Fi-F]+gij-Fi-88\F]
H H H?
— — . P VAW -7 i — i\ =0
_ (009y) FFT gy n T 95 (OF) W F 45 (0953)
N H I H?
i o ol ¢i pj i i i\ de A dFP
DDt fa 3l f5 + Fog s + Iy T ops z5Ndz
- A
(Rianj + Ries) oo f5 FEWTW dz p 2P
= —_ % 5

18
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where the last identity follows from a standard computation by using the pluri-
harmonic equation (2.12). Indeed, by (2.12), we obtain

fig fi=

TS Lty =

i rJ ek ol
fgf'yfg7
and

a 9ij i ankg 8Ff 8 k
auiantlalsh 3+ fag, fs + Filigs = <mmw‘aﬁ_ faf3fy

By using the Riemannian curvature tensor (2.13), it is easy to show that

Pgre 0T O
(4.4) prer i 8;1:’5 - axfj = — (Riwkj + Rirej) -

By using the constraint equation (2.14), we get
85?4_9’&%”/\5%” O NOF +0F NOKH W

H I3 B 2 7
Ris fi 5% LW YW dz2 A a5
= % .

Finally, we obtain
o s B
NESV 4 \/leMkjf&f%fffgW”W dz® A dzP
A A
and the proof of Theorem 1.8 is completed. 0

V—100% = (v—l@glog%”_l) -+

The proof of Theorem 1.10. The proof is similar to that in Corollary 1.3. Fix an
arbitrary smooth metric A on M and let J# = hngVW(s. Since Oy, (—1) is RC-
positive, there exist a Hermitian metric 7 on Or; (—1) and ¢ € C*°(P(Ts), R) such
that 5 = e~ % and

(4.5) —+/—1001og H = —/—1001og A +/—100¢p

has at least one positive eigenvalue at each point in P(T);). We consider Y =We¥ on
P(Thr). By using similar computations as in the proof of Theorem 1.8 and Theorem
3.1, we obtain

_ o TR LR WA e A dFP
(M)vqw@zcﬁwm%%ﬂyg_ i ﬁ;% |

Suppose Y is not identically zero on P(Tas). Let p € P(Ths) be a maximum value
point of #. Hence, % (p) > 0 and

(4.7) V=100 (p) < 0
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Since v/—100 log ! has at least one positive eigenvalue at point p, there exists a

non-zero vector v = (ai, -+ ,am, V1, - ,Vm—1) such that
(4.8) V—188log # " (u,u) > 0.
Let HY = WYW° and
(4.9) Cup= Riﬁkjféf% (H”‘Sfﬁff) .
By using the constraint equation (2.14) for pluri-harmonic maps, we have
(4.10) Co5 = Riki [ 15 (HW FEre O fg)
On the other hand, since v/—1C 5dz% A dz” is a real (1,1) form, we obtain
(4.11) Co5 = Coa = Ri; fof5 (waffgg + wafff) :
Therefore,
1 o o = =
(4.12) Cus = 3 Riens (F255+ FLES) (O F 4+ HOOFLE).

If we set u’ =Y, flas and Fk = Zv fﬁWV, then at point p,
(4.13) Zﬁcaﬂaaag = B ZRiék’j (u’u] + u]ul) (F F+FF ) .
a?

Let u' = ¢! + /—1b" and F' = A' + \/—1B" where ¢!, b’, A*, B’ are real numbers.
Therefore we have

(4.14) > C.50085 =2 Rig; (¢ +b7) (A¥ A" + BFBY).
a?ﬁ
Since (N, h) has non-positive Riemannian sectional curvature, we deduce
(4.15) > Coz0atis =2 Rig; (' + ') (AFA" + B¥BY) < 0.
a7ﬁ

By formulas (4.6), (4.7), (4.8) and (4.15), we get a contradiction. Hence Y is a
constant and f must be a constant map. ([l

By using formula (2.17) and the conformal change technique, we also obtain:

Theorem 4.1. Let f : M — (N, g) be a pluri-harmonic map from a compact complex
manifold to a Riemannian manifold (N,g) with non-positive Riemannian sectional
curvature. If there exist a Hermitian metric w on M and a Hermitian metric h on
TYOM such that

tr, RT°MM ¢ D(M, End(T"°M))

s quasi-positive, then f is a constant map.
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Proof. Let wg = efw be a smooth Gauduchon metric in the conformal class of w, i.e.
a&;g*l = 0. Let wg = v—-1G 5dz" A dz®. By taking trace of (2.16), we obtain

troeV/=100u > (GOPRE ) KW g i £ — iy (G ff3) (WP FEFL)
By using a similar argument as above, we have
af pi pJ 5 1 af pi ] af £ fi 5 5
Riae (GOPLLL5) (WO FE 1) = SRy (G2 Fufl+ GoP gl %) (WO AR P+ WO ALY
At a point p € M, we can assume haB(p) = dop and Gaﬁ(p) = Aadag Where A\, > 0.
Hence,

Riok (Gaﬁ i f%) (mé * f5> — 2 Z Riskjha(ALAL + BLBL) (AR AL + BFBY) <0

where fi = A! + /—1B! and A’ Bg are real numbers.
On the other hand, since trwR(Tl’oM’h) is quasi-positive, we know

trwGR(Tl’OM’h) = e*ftrwR(Tl’oM’h)
is also quasi-positive. Therefore,

Since wg is Gauduchon, by (4.16) we deduce
o U1 ub iy m
/M (GPRl G, 5) W WP g fifh - i = 0

and df must be identically zero on the open set where the curvature (GQBRZBWS) is

strictly positive. Since pluri-harmonic maps are also Hermitian harmonic, by [JY93,
Theorem 6], f must be a constant map. O

4.2. Rigidity of pluri-harmonic maps into Kéhler manifolds. In this subsec-
tion, we shall prove Theorem 1.11. Let M be a complex manifold, (N, g) be a Her-
mitian manifold and f : M — N be a smooth map. We denote by £ = f*(T"°N) and
endow it with the induced Chern connection V¢ from T1HON. There is a natural
decomposmon V¢ = 0g + 0¢. Let {z®}™_, be the local holomorphic coordinates on
(,mﬂ). There

M and {w'}™_; be the local holomorphic coordinates on N. Let e; = f*(
are three &- Valued 1-forms, i.e.,

(4.16) af_ f ~5d7 e, 6f—af dz* @ e;, df =df + 0f.

Definition 4.2. A smooth map f: M — (INV,g) from a complex manifold M to a
Hermitian manifold (N, g) is called pluri-harmonic if it satisfies 9edf = 0, i.e.

o*f i Of7 of*
(4.17) <azaazﬁ Lk gza 928

where sz = glf ag i s the Christoffel symbol of the Chern connection on (T*°N, g).

>dz NdZP ®e; =0,
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Remark 4.3. If (N, h) is not Kéhler, in general, the indices j and k in the formula
(4.17) are not symmetric. In particular, we do not have a constraint equation as in
(2.14) since neither 9¢df = 0 nor dgdf = 0 holds. Note that the pluri-harmonic maps
in (2.12) and (4.17) are different since the metric connections on the target manifolds
are different.

Lemma 4.4. Let f: M — (N, g) be a pluri-harmonic map from a complex manifold
M to a Kdhler manifold (N, g). Suppose gr is the background Riemannian metric of
the Kdhler metric g on N. Then f : M — (N,gr) is a pluri-harmonic map in the
sense of (2.12).

Proof. 1t follows from the standard complexification since the Chern connection is
the same as the Levi-Civita connection when the manifold (XV, g) is Kéahler. O

Remark 4.5. If f : M — (N, g) is a pluri-harmonic map from a complex manifold
M to a Kéhler manifold (N, g), we can get a similar constraint equation as in (2.14).
Indeed, it is exactly the complexification of (2.14). Moreover, the complexification of
the constraint term (2.15) is

i g’ i 97 ¢ g7k ¢ 97k
1s) ZRjj}fé(af roof 8f><8f of _6‘f8f>:07
a,y

020027 027 0z 0z 0z7 0z 9z~

which is the notion introduced by Siu ([Siu80]). If (NN, g) has strongly negative cur-
vature in the sense of Siu and rankgrdf > 4, then the pluri-harmonic map f is holo-
morphic or anti-holomorphic.

The proof of Theorem 1.11. It follows from Lemma 4.4 and Theorem 1.10. O

The proof of Corollary 1.12. By using the formula (3.13), we deduce that if a Hermit-
ian manifold (M, h) has positive holomorphic sectional curvature, then (Op«p(—1),.5)
is RC-positive. Hence, Corollary 1.12 follows from Theorem 1.10. O

4.3. Rigidity of harmonic maps into Riemannian manifolds. In this subsec-
tion, we shall prove Theorem 1.13. Let (M, h) be a compact Hermitian manifold,
(N, g) a Riemannian manifold and & = f*(T'N) with the induced Levi-Civita con-
nection. f is called Hermitian harmonic if it satisfies tr,, 0g0f =0, i.e.

_ (92,]” ) 6f] 8fk
4.1 heP T~ | ®e; = 0.
(4.19) <azaazﬂ ML= aza> ®ei =0

It is easy to see that

Corollary 4.6. Let f : (M,h) — (N,g) be a smooth map from a compact Kdhler
manifold (M, h) to a Riemannian manifold (N, g). Then Hermitian harmonic maps
and harmonic maps coincide.
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As analogous to Siu’s strong negativity [Siu80], Sampson proposed in [Sam85] the
following definition (see also [JY91, Definition 4.2]):

Definition 4.7. Let (NN, g) be a Riemannian manifold. The (complexified) curvature
tensor R of (N, g) is said to have non-positive complex sectional curvature if

(4.20) R(Z,W,W,Z) <0
for any Z, W € TcN.

If (N, g) has non-positive complex sectional curvature, then it has non-positive Rie-
mannian sectional curvature. Moreover, a Kéhler manifold (N, g) has strongly non-
positive curvature in the sense of Siu if and only if its background Riemannian metric
has non-positive complex sectional curvature (e.g. [LSYY17, Theorem 4.4]).

By using Siu’s 90-trick and ideas in [Siu80, Sam85, Sam86, JY91, JY93], one has
the following result (see [LY14, Theorem 6.11] and [WY18, Theorem 4.2]).

Lemma 4.8. Let (M, h) be a compact astheno-Kdhler manifold (i.e. 85@%”‘2 =0)
and (N, g) a Riemannian manifold. Let f : (M,h) — (N, g) be a Hermitian harmonic
map. If (N, g) has non-positive complex sectional curvature, then f is pluri-harmonic.

Proof. If f is Hermitian harmonic, i.e., tr,, d¢0f = 0, it is easy to see that

121 08(01.51) -0 — ajo,afRh _4g. B
(4.21) {f,f}m—!o@ﬂm— g

where
C = Rirej <haﬁféf%> <h7§f'¢f§)

is defined in (2.15). From integration by parts, one obtains

4/ |ao,@af|2‘”h—/ &.%

If (N, g) has non-positive complex sectional curvature, then C<o. Hence, we have
C =0and 0s0f =0, i.e. f is pluri-harmonic. g

The proof of Theorem 1.13. Let (M, h) be a compact astheno-Kéhler manifold and
(N, g) be a Riemannian manifold with non-positive complex sectional curvature. By
Lemma 4.8, every Hermitian harmonic map f : (M,h) — (N, g) is pluri-harmonic. If
Ory, (—1) is RC-positive, then by Theorem 1.10, the pluri-harmonic map f : M —
(N, g) is constant. O
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5. Further applications of the generalized energy density

In this section, we discuss briefly some further applications of the generalized energy,
which are analogous to the classical theory of harmonic maps. For more related
topics, we refer to the survey papers and books [EL78, EL83, EL88, Xin96] and the
references therein.

5.1. RC-positivity for Riemannian curvature tensor. As analogous to the RC-
positivity for abstract vector bundles, one can define it for Riemannian manifolds.

Definition 5.1. Let (IV,g) be a Riemannian manifold. The curvature tensor R of
(N, g) is said to be RC-positive if at each point p € N and for any nonzero vector
Z € T, N, there exists a vector W € T,,IN such that

(5.1) R(Z,W,W,Z) > 0.

This terminology is a generalization of positive Riemannian sectional curvature. For
instances, Riemannian manifolds with positive Ricci curvature must be RC-positive.
Similarly, one can define the uniform RC-positivity and other similar notions.

Definition 5.2. Let (IV,g) be a Riemannian manifold. The curvature tensor R of
(N, g) is called uniformly RC-positive if at each point p € N there exists a vector
W € T,N such that for any nonzero vector Z € T, N,

(5.2) R(Z,W,W,Z) > 0.

We can define the energy density function % on the projective bundle P(Ty;) — M

S WewP
L ftpd
Y = gwfafgz hy(;WVW‘S
for a smooth map f : (M,h) — (N, g) between Riemannian manifolds. By using this
setting, we can obtain similar Hessian estimates as in Theorem 1.1, Proposition 1.4
and Proposition 1.5 for totally geodesic maps (or some other harmonic maps), and

rigidity of such maps follow in a similar way.

5.2. The extension of Yau’s function theory on complete manifolds. It is
easy to see that by using (1.3) and (1.4), their traces or integration by parts, we can
extend Yau’s function theory (e.g. [Yau75, Yau78|) on complete manifolds by various
generalized maximum principles. One of the key steps is established in [Yangl7,
Corollary 2.3].

5.3. The first and second variations of the generalized energy function. Let
ft:(M,g) — (N, h) be a family of smooth maps parameterized by ¢t € A, the corre-
sponding generalized energy density is denoted by %. The first and second variations
of %; are powerful in analyzing the stability and related properties of harmonic maps
as shown in the classical works [SU81, SY80] and also a recent work [FLW17]. The
energy density (1.6) would be crucial in this context.

24



RC-positivity and the generalized energy density I: Rigidity Xiaokui Yang

5.4. The analytical extension of this method to hyperbolic manifolds. By
using the theory of RC-positivity and results in algebraic geometry (in particular,
seminal works of Graber-Harris-Starr [GHS03], Boucksom-Demailly-Paun-Peternell
[BDPP13] and Campana-Demailly-Peternell [CDP14]), we obtain the following rigid-
ity theorem in [Yangl8b, Corollary 1.5]

Theorem 5.3. Let (M, h) be a compact Kihler manifold with positive holomorphic
sectional curvature (or more generally, with uniformly RC-positive tangent bundle).
Then there is no non-constant homomorphic map from M to a Brody hyperbolic com-
plex manifold N .

It is a natural task to explore a purely differential geometric proof of this result. More
generally, we propose the following conjecture (see also similar versions in [Yangl8b,
Conjecture 1.9]).

Conjecture 5.4. Let M and N be two compact complex manifolds. If Op«pr(—1) is
RC-positive and N is Kobayashi hyperbolic, then there is no non-constant holomorphic
map from M to N.

The key difficulty is that there is no Hermitian metric with desire curvature positivity
on hyperbolic manifolds. It is a reasonable way to attack Conjecture 5.4 by using
Proposition 1.5 and the Demailly-Semple tower method (e.g. [Dem18, BD18]).

5.5. The generalized energy density on Grassmannian manifolds Gr(k,Ty).
Let’s called that the curvature matrix is call RC-positive if it has at least one positive
eigenvalue. In this case, we considered the projection of this positive direction on the
projective bundle P(T};). If the curvature matrix has k-positive directions ([Yangl8,
Yang18b]), we can consider the associated Grassmannian manifold Gr(k, Ths). Many
results of this paper still work in this general setting.
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