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RC-positivity, rational connectedness and Yau’s
conjecture

XIAOKUI YANG*

In this paper, we introduce a concept of RC-positivity for Hermi-
tian holomorphic vector bundles and prove that, if £ is an RC-
positive vector bundle over a compact complex manifold X, then
for any vector bundle A, there exists a positive integer c4 = ¢(A4, E)
such that
H(X,Sym® E* @ A®%) =0

for £ > ca(k+ 1) and k& > 0. Moreover, we obtain that, on a
compact Kéhler manifold X, if APTx is RC-positive for every 1 <
p < dim X, then X is projective and rationally connected. As
applications, we show that if a compact Kahler manifold (X,w) has
positive holomorphic sectional curvature, then APTx is RC-positive
and Hg’O(X) = 0 for every 1 < p < dim X, and in particular, we
establish that X is a projective and rationally connected manifold,
which confirms a conjecture of Yau ([57, Problem 47]).

KEYWORDS AND PHRASES: RC-positivity, vanishing theorem, holomor-
phic sectional curvature, rationally connected.

1. Introduction

In this paper, we give a geometric interpretation of Mumford’s conjecture
on rational connectedness by using curvature conditions and propose a dif-
ferential geometric approach to attack this conjecture. As an application of
this approach, we confirm a conjecture of Yau ([57, Problem 47]) that a
compact Kéahler manifold with positive holomorphic sectional curvature is a
projective and rationally connected manifold. This project is motivated by
a number of well-known conjectures proposed by Yau, Mumford, Demailly,
Campana, Peternell and etc., and we refer to [55, 57, 10, 33, 32, 16, 17, 38,
27, 7,12, 14, 28, 6, 49, 11, 15] and the references therein.

*This work was partially supported by China’s Recruitment Program of Global
Experts and NSFC 11688101.
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A projective manifold X is called rationally connected if any two points
of X can be connected by some rational curve. It is easy to show that on a
rationally connected projective manifold, one has

HY(X,(T%)®™) =0, forevery m > 1.

A well-known conjecture of Mumford says that the converse is also true.

Conjecture 1.1 (Mumford). Let X be a projective manifold. If
HY(X,(T5)®™) =0, for every m > 1,

then X 1is rationally connected.

This conjecture holds when dim X < 3 ([33]) and not much has been known
in higher dimensions, and we refer to [35], [12] and [32] for more histori-
cal discussions. In [6], Brunebarbe and Campana also proposed a stronger
conjecture that X is rationally connected if and only if

(1.1) HO(X,Sym® Q%) =0 for every £>0 and 1< p<dimX.

In order to give geometric interpretations on rational connectedness, we
introduce the following concept for Hermitian vector bundles:

Definition 1.2. Let (E, h) be a Hermitian holomorphic vector bundle over a
complex manifold X and RFM € T(X, AM'T% @ End(E)) be its Chern cur-
vature tensor. F is called RC-positive (resp. RC-negative) if for any nonzero
local section a € T'(X, E), there exists some local section v € I'(X, T'x) such
that

REMN (v, 5,a,@) >0. ( resp. <0)

For a line bundle (L, h), it is RC-positive if and only if its Ricci curvature
has at least one positive eigenvalue at each point of X. This terminology
has many nice properties. For instances, quotient bundles of RC-positive
bundles are also RC-positive; subbundles of RC-negative bundles are still
RC-negative (see Theorem 3.5); the holomorphic tangent bundles of Fano
manifolds can admit RC-positive metrics (see Corollary 3.8). The first main
result of our paper is

Theorem 1.3. Let X be a compact complex manifold. If E is an RC-
positive vector bundle, then for any vector bundle A, there exists a positive
integer c4 = c¢(A, E) such that

HO(X,Sym®‘E* @ A®%) =0
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for £ > ca(k+1) and k > 0. Moreover, if X is a projective manifold, then
any invertible subsheaf F of O(E™*) is not pseudo-effective.

As a straightforward application of Theorem 1.3 and Campana-Demailly-
Peternell’s criterion for rational connectedness ([12, Theorem 1.1]) (see also
[22, Corollary 1.7], [38], [35, Proposition 2.1] and [11, Proposition 1.3]), we
obtain the second main result of our paper

Theorem 1.4. Let X be a compact Kdhler manifold of complex dimension
n. Suppose that for every 1 < p < n, there exists a smooth Hermitian metric
hy on the vector bundle APTx such that (APTx, hy) is RC-positive, then X

s projective and rationally connected.

Theorem 1.3 and Theorem 1.4 also hold if we replace the RC-positivity by a
weaker condition defined in Definition 3.3. In the following, we shall verify
that several classical curvature conditions in differential geometry can imply
the RC-positivity in Theorem 1.4.

Corollary 1.5. Let X be a compact Kdhler manifold. If there exist a Her-
mitian metric w on X and a (possibly different) Hermitian metric h on Tx
such that

(1.2) tr, RM e T(X, End(Tx))

1s positive definite, then X is projective and rationally connected.

We need to point out that, when X is projective, Corollary 1.5 can also be
implied by the “Generalized holonomy principle” for positive curvature and
the main theorem in [12], although the precise result is not stated there.
This special case is a refinement under the RC positive curvature condition.
In particular, by the celebrated Calabi-Yau theorem ([56]), we obtain the
classical result of Campana ([10]) and Kollar-Miyaoka-Mori ([33]) that Fano
manifolds are rationally connected.

Let’s describe another application of Theorem 1.4. In his “Problem sec-
tion”, S.-T. Yau proposed the following well-known conjecture ([57, Prob-
lem 47]):

Conjecture 1.6 (Yau). Let X be a compact Kdhler manifold. If X has a
Kdhler metric with positive holomorphic sectional curvature, then X is a
projective and rationally connected manifold.

As applications of Theorem 1.4, we confirm Yau’s Conjecture 1.6. More
generally, we obtain
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Theorem 1.7. Let (X,w) be a compact Kdhler manifold with positive holo-
morphic sectional curvature. Then for every 1 < p <dim X, (APTx, APw) is
RC-positive and Hg’O(X) = 0. In particular, X is a projective and rationally
connected manifold.

Remark 1.8. We need to point out that, recently, Heier-Wong also con-
firmed Yau’s conjecture in the special case when X is projective ([28]).
One should see clearly the significant difference in the proofs. Our method
crucially relies on the geometric properties of RC-positivity (Theorem 1.3)
which we prove by using techniques in non-Kdahler geometry, and also a
minimum principle for Kéhler metrics with positive holomorphic sectional
curvature (Lemma 6.1 and Theorem 6.3), while their method builds on an
average argument and certain integration by parts on projective manifolds.

Remark 1.9. For the negative holomorphic sectional curvature case, in the
recent breakthrough paper [46] of Wu and Yau, they proved that any pro-
jective Kéahler manifold with negative holomorphic sectional curvature must
have ample canonical line bundle. This result was obtained by Heier et. al.
earlier under the additional assumption of the Abundance Conjecture ([25]).
In [41], Tosatti and the author proved that any compact Kéahler manifold
with nonpositive holomorphic sectional curvature must have nef canonical
line bundle, and with that in hand, we were able to drop the projectivity
assumption in the aforementioned Wu-Yau Theorem. More recently, Dive-
rio and Trapani [20] further generalized the result by assuming that the
holomorphic sectional curvature is only quasi-negative, namely, nonpositive
everywhere and negative somewhere in the manifold. In [47], Wu and Yau
give a direct proof of the statement that any compact Kéahler manifold with
quasi-negative holomorphic sectional curvature must have ample canonical
line bundle. We refer to [43, 25, 44, 26, 46, 47, 41, 20, 54, 42] for more de-
tails. On the other hand, it is well-known that the anti-canonical bundle of
a compact Kahler manifold with positive holomorphic sectional curvature is
not necessarily nef (e.g. [49]).

It is clear that, the RC-positivity is defined for Hermitian metrics. We also
obtain

Corollary 1.10. Let X be a compact Kdihler surface. If there exists a Her-
mitian metric w with positive holomorphic sectional curvature, then X is a
projective and rationally connected manifold. Moreover, the Euler charac-
teristic x(X) > 0.

As motivated by Theorem 1.7 and Corollary 1.10, we propose
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Conjecture 1.11. Let X be a compact complex manifold of complex dimen-
ston n > 2. Suppose X has a Hermitian metric with positive holomorphic
sectional curvature, then APTx admits a smooth RC-positive metric for every
1 < p <n. In particular, if in addition X is Kdhler, then X is a projective
and rationally connected manifold.

For some related topics on positive holomorphic sectional curvature, we refer
to [27, 28, 2, 49, 3, 48, 1] and the references therein.

Organizations. In Section 2, we recall some background materials on Her-
mitian manifolds. In Section 3, we introduce the concept of RC-positivity
for vector bundles and investigate its geometric properties. In Section 4, we
obtain vanishing theorems for RC-positive vector bundles and prove Theo-
rem 1.3. In Section 5, we establish the relation between RC-positive bundles
and rational connectedness, and prove Theorem 1.4 and Corollary 1.5. In
Section 6, we study positive holomorphic sectional curvature and rational
connectedness, and prove Theorem 1.7, and Corollary 1.10. In Section 7,
we study the relations between several open conjectures and propose some
further questions.

2. Background materials

Let (E,h) be a Hermitian holomorphic vector bundle over a complex man-
ifold X with Chern connection V. Let {2 i, be the local holomorphic
coordinates on X and {e,}},_; be a local frame of E. The curvature tensor
REM € T(X, AV T% ® End(E)) has components

2
9 hCVE ~6 8ha5 ah’}’B

021070 02 97

(21) Ri}aﬁ
(Here and henceforth we sometimes adopt the Einstein convention for sum-
mation.) We have the trace trR(P" € T'(X, Ab1T%) which has components

2 _
R :hOéBR'_‘ _:_M
R ijofs 02977

For any Hermitian metric wy on X, we can also define trng(E’h) e I'(X,
End(E)) which has components

B

ijo”

g7R
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In particular, if (X, wy) is a Hermitian manifold, then the Hermitian vector
bundle (T’x, g) has Chern curvature components

9’957 g 97 09,7

22) CLN T 0z 0z

The (first) Chern-Ricci form

Ric(wg) = tr,, RT9) € D(X, AMT})
of (X, wy) has components
ih_ _82 log det(g)
02107

and it is well-known that the Chern-Ricci form represents the first Chern
class of the complex manifold X (up to a factor 2m). The second Chern-Ricci
tensor

Ric® (wy) = tr,, R € T(X,End(Tx))

of (X, wy) has (lowered down) components
@ _ ij
Rz = 9" Rz

If wg is not Kéhler (i.e. dwy # 0), Ric(wgy) and Ric?) (wy) are not the same.
The (Chern) scalar curvature s, of wy is defined as

5q = gﬁ Rﬁ.
Definition 2.1. A holomorphic vector bundle (E, h) is called Griffiths pos-
itive if
R agviﬁj a®a”® >0
for any nonzero vectors v = (v') and a = (a®).

A Hermitian (or Kéhler) manifold (X,w) has positive (resp. semi-posi-
tive) holomorphic sectional curvature, if for any nonzero vector ¢ =
(617 T ,gn),

5 =t
Rizg6'€¢" ¢ >0 (resp. > 0),

at each point of X.
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3. RC-positive vector bundles on compact complex
manifolds

In the section we introduce the concept of RC-positivity for Hermitian vector
bundles and investigate its geometric properties.

Definition 3.1. Let L be a holomorphic line bundle over a compact com-
plex manifold X with dim¢ X = n. L is called g-positive, if there ex-
ists a smooth Hermitian metric h on L such that the Chern curvature
REM) — — /=198 log h has at least (n — q) positive eigenvalues at every
point on X.

When ¢ = n — 1, the concept of (n — 1) positivity has very nice geometric
interpretations. We established in [52, Theorem 1.5] the following result:

Theorem 3.2. Let L be a line bundle over a compact complex manifold X
with dim¢e X = n. The following statements are equivalent:

(1) L is (n — 1)-positive;
(2) The dual line bundle L* is not pseudo-effective.

In this paper, we extend the concept of (n — 1)-positivity to vector bundles.

Definition 3.3. A Hermitian holomorphic vector bundle (E, h) over a com-
plex manifold X is called RC-positive (resp. RC-negative) at point ¢ €

X if for any nonzero a = (a',---,a”) € C", there exists a vector v =
(v, ,v™) € C" such that
(3.1) > Rz zv'a®a’ >0 (resp. <0)

at point ¢. (E,h) is called RC-positive if it is RC-positive at every point of
X. F is called weakly RC-positive if there exists a smooth Hermitian metric
h on the tautological line bundle Og(1) over P(E*) such that (Og(1),h) is
(dim X — 1)-positive.

We can also define RC-semi-positivity (resp. RC-semi-negativity) in the
same way.

Remark 3.4. From the definition, it is easy to see that,

(1) if (E,h) is RC-positive, then for any nonzero u € I'(X, F), as a Her-
mitian (1,1)-form on X, RFM (u,u) € T(X, AL1T%) has at least one
positive eigenvalue, i.e. R (u,u) is (n — 1)-positive;

(2) if a vector bundle (E, h) is Griffiths positive, then (E, h) is RC-positive;
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(3) if E is a line bundle, then E is RC-positive if and only if E is (n — 1)-
positive;

(4) if dim X = 1, (E,h) is RC-positive if and only if (F,h) is Griffiths
positive.

Here, we can also define RC-positivity along k linearly independent direc-
tions, i.e. for any given nonzero local section a € I'( X, F), R(E’h)(o, e, a,a) €
(X, AYT%) is (n — k)-positive as a Hermitian (1,1)-form on X. It is also
a generalization of the Griffiths positivity. This terminology will be system-
atically investigated in the forthcoming paper [53].

By using the monotonicity formula and Theorem 3.2, we obtain the following
properties, which also hold for RC-positivity along & linearly independent
directions.

Theorem 3.5. Let (E,h) be a Hermitian vector bundle over a compact
complex manifold X .

(1) (E,h) is RC-positive if and only if (E*,h*) is RC-negative;

(2) If (E,h) is RC-negative, every subbundle S of E is RC-negative;

(3) If (E,h) is RC-positive, every quotient bundle Q of E is RC-positive;

(4) If (E,h) is RC-positive, every line subbundle L of E* is not pseudo-
effective.

(5) If (E,h) is an RC-positive line bundle, then for any pseudo-effective
line bundle L, E® L is RC-positive.

Proof. (1) is obvious. (2) follows from a standard monotonicity formula.
Let r be the rank of E and s the rank of S. Without loss of generality,
we can assume, at a fixed point p € X, there exists a local holomorphic
frame {e1, - ,e,} of E centered at point p such that {ej,--- ,es} is a lo-
cal holomorphic frame of S. Moreover, we can assume that h(eq,eg)(p) =
dap,for 1 < a, B < r. Hence, the curvature tensor of S at point p is

2 _ S _
(3.2) RS _—_ 0 haﬁ. Ohary 8}”@
' ijaf 021077 0zt 077

where 1 < «, 8 < s. The curvature tensor of £ at point p is

21 _ r _
(33) ge —_ Ohas | = Ohas O
' ijaf 021077 = 0zt 0z
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where 1 < o, 8 < r. It is easy to see that

S T
Oh.~Oh_= S
(34) REs—RS=v-1)_ Y ﬁa?yjﬁ dZ' N7 @ e® @ €.
ij aB=1 \7y=s+1
Since R¥ is RC-negative, for any nonzero vector ag = (a',---,a%,0,---,0) €
C", there exists a vector v = (v!,--- ,v") such that

RE(v,%,ap,ag) < 0.

Let a = (a',--- ,a®). Then
(3.5)
Sl In OhamOh)

The proof of part (3) is similar.

(4). Let L be a line subbundle of E* where (E,h) is RC-positive. Then
by (1) and (2), we know L is RC-negative. Hence L* is RC-positive and L*
is (n — 1)-positive. By Theorem 3.2, L = (L*)* is not pseudo-effective.

(5). Suppose E ® L is not RC-positive, then by Theorem 3.2, E* ® L* is
pseudo-effective and so is E* = (E* ® L*) ® L. This is a contradiction since
FE is RC-positive. O

Let’s recall some basic linear algebra. Let V be a complex vector space
and dimcV = r. Let A € End(V). For any 1 < p < r, we define APA €
End(APV) as

p

(3.6) (APA) (o1 A Avp) =) vr Ao AAv Ao Aoy,
=1

Similarly, for & > 1 we define A®* € End(V®*) by

p
(3.7) (A®k>(v1®~-®up):Zm@---@Avi@--@%.
=1

By choosing a basis, it is easy to see that if A is positive definite, then
both APA and A®* are positive definite. We have the following important
observation:
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Theorem 3.6. Let (X,w) be a Hermitian manifold and (E,h) be a Hermi-
tian holomorphic vector bundle. If

(3.8) tr, RPN e T'(X, End(E))

is positive definite, then

(1) (APE,APh) is RC-positive for every 1 < p < rank(FE);
(2) (E®%, h®F) is RC-positive for every k > 1.

Proof. From the expression of the induced curvature tensor of (APE, APh),
it is easy to see that

RWEATR) — APRER) ¢ (X, AY'T%: @ End(APE)),
and

tr, RAVEATR) — g (APR(E’h)) — AP (trwR(E’h)) e D(X, End(APE)),

is positive definite. Suppose (APE, APh) is not RC-positive, then there exists
a point ¢ € X and a nonzero local section a € I'(X, APE), such that for any
local section v € T'(X, Tx),

R(APE’APh)(v,E, a,a) <0

at point ¢ € X. In particular, we have

(trwR(ApE’Aph)> (a,a) <0

at point ¢. This is a contradiction. The proof for part (2) is similar. O

Corollary 3.7. Let X be a compact complex manifold. If there exist a Her-
mitian metric w on X and a (possibly different) Hermitian metric h on Tx
such that

(3.9) tr, RN > 0

then

(1) (TS*, h®F) is RC-positive for every k > 1;
(2) (APT,APh) is RC-positive for every 1 < p < dim X.
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Corollary 3.8. Let X be a compact Kahler manifold. If there exists a
Kahler metric w such that it has positive Ricci curvature, i.e.

Ric(w) = —v/—1901log(w™) > 0,

then

(1) (T$F,w®k) is RC-positive for every k > 1;
(2) (APTy, APw) is RC-positive for every 1 < p < dim X.

4. Vanishing theorems for RC-positive vector bundles

In this section, we derive vanishing theorems for RC-positive vector bundles
over compact complex manifolds and prove Theorem 1.3.

Proposition 4.1. Let Og(l) — P(E*) be the tautological line bundle of
E — X. Suppose (E,h*) is RC-positive, then E is weakly RC-positive over
P(E™).

Proof. The proof follows from a standard curvature formula for Og(1) in-
duced from (E, h). Suppose dim¢ X = n. Let 7 be the projection P(E*) — X
and L = Og(1). Let (e1,--- ,er) be the local holomorphic frame with re-
spect to a given trivialization on E and the dual frame on E* is denoted by
(el,---,e"). The corresponding holomorphic coordinates on E* are denoted
by (W1i,---,W,). There is a local section ey~ of L* defined by

(41) € — ZWaea
a=1

Its dual section is denoted by er. Let h” the induced quotient metric on L
by the morphism (7r*E,7T*hE ) — L. If (h a?) is the matrix representation
of h with respect to the basis {e,}"_;, then h” can be written as

1 1

4.2 Rt = — = S
(4.2) ht™(er-ers) S hoBW,Wg

The curvature of (L, h*) is

(4.3)  RM = \/“198loghl = v/—198log (Z haBWang)



194 Xiaokui Yang

where 0 and O are operators on the total space P(E*). We fix a point p €

P(E*), then there exist local holomorphic coordinates (z!,--- , 2") centered
at point s = m(p) and local holomorphic basis {ej, - ,e,} of E around s
such that

(44) hag = (5@3 — Rﬁagz’?j + O(|Z|3)

Without loss of generality, we assume p is the point (0,---,0,[a1, - ,a.])

with a, = 1. On the chart U = {W,. = 1} of the fiber "', we set w4 = Wy
for A=1,---,r — 1. By formula (4.3) and (4.4)
(4.5)

_ r—1 _
R (p) = V=1 Y Rps2dzi ndz + (1 - “B“A> dw? A dw®

ijof 2 2
l T

T
where |a]? = 3 |aq|?. If RF is RC-positive, then the (n x n) Hermitian
a=1

matrix
aga "
(0%
(40 X Ras
|al ij=1

has at least one positive eigenvalues. In particular, the curvature RM"" of
(L, h*) has at least r positive eigenvalues over the projective bundle P(E*).
Since dimP(E*) = n +r — 1, we know L is (n — 1)-positive. O

We also have the following observation for RC-positive vector bundles.

Proposition 4.2. Let X be a compact complexr manifold. If £ is RC-
positive, then

(4.7) H°(X,E*)=0.

Proof. Let (E,h) be RC-positive and o € H°(X, E*). We have

(4.8) 90|32 = (Vs,Vs)g — R (e,0,5,3).

Suppose |s|§ attains its maximum at some point p and |5|§(p) > 0. Since
(E,h) is RC-positive, the induced bundle (E*, g) is RC negative, i.e., at

point g, there exists a nonzero vector v such that

RE" (v,7,5,3) < 0.
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By applying maximum principle to (4.8), we get a contradiction. Hence, we
deduce s = 0 and H°(X, E*) = 0. O

Corollary 4.3. Let X be a compact Kihler manifold. Suppose AN*Tx is
RC'-positive, then X 1is projective.

Proof. By Proposition 4.2, we have H;’O(X) = H§’2(X) = 0. Hence, by
the Kodaira theorem ([31, Theorem 1], see also [30, Proposition 3.3.2 and
Corollary 5.3.3]), the Kéhler manifold X is projective. O

Lemma 4.4. Let X be a compact complex manifold of complex dimension
n. If E is weakly RC-positive, then for any vector bundle A over P(E™*),
there exists a positive integer cy = c(A, E) such that

(4.9) HPI(P(E*), Op(f) @ A®%) =0

when £ > ca(k+1), k>0,p>0and g >n—1.

Proof. The proof follows from an Andreotti-Grauert type vanishing theorem.

Let F = Qﬁ(E*) & K]PT(lE*), then we have

(4.10) HPY(P(E*),0p(0) @ A®F) = g =L(P(E*), Op((f) ® A®% @ F).

Suppose F is weakly RC-positive, i.e., there exists a smooth Hermitian met-
ric on Og(1) such that its curvature has at least r-positive eigenvalues at
each point where r = rank(E). As shown in [52, Proposition 2.2], by a con-
formal change of the background metric, there exists a smooth Hermitian
metric w on P(E*) such that (Og(1), h) is uniformly (n — 1)-positive. That
is, in local holomorphic coordinates of P(E*), at some point p € X,

w=V=1Y d ndz', ROPDM = =TY Ndz' Ade

where Ay > -+ > Apyr—1, Ar > 0 and
(4.11) A+ Apgr—1 > 0.

Let £ = Op(f)@ A®*® F and h® be the induced metric on £ where we fix an
arbitrary smooth metric A% on A. Without loss of generality, we assume A is

a line bundle. By standard Bochner formulas on compact complex manifolds
([18, Theorem 1.4 in Chapter VII]), one has

(4.12) Ag, = Ao, + [R,Au] + T,
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where 7 = [Ay, 0w], V€ = Ot + Og is the decomposition of the Chern con-
nection, T,, = [Ay, [Ay, V—100w]] — [Ow, (Ow)*| and

Noe = (0 +7)(8F +77) + (95 +7%)(De + 7).
Hence, for any s € H"*"~L4(P(E*), £), we have
([RE, A)s, s) = <€ {R(OE(U”‘),AW} s+k [R(Avh”,Aw] s+ [R<F»hF>, Aw} s, 3>.
It is obvious that there exist uniform constants ¢y € R and ¢; € R such that
<[R(A’hA),Aw} S, 5> > cols|? and  (Ts,s)+ <[R(F’hF),Aw} s,8> > c1s)?

hold on P(E*). On the other hand, a straightforward computation shows
that when ¢ >n —1

14 < [R(OE(l)’h), Aw} s, s> > (A 4+ A1) |8

We set

= inf A\t tAar 1) >0
Y peif(lE*)( 1)

and pick a positive number c4 = ¢(A, E) such that
ca-Y+ec >0, ca-vy+ecr >1.

Hence, for any s € H"""~Lb4(P(E*),£), ¢ > n—1 and £ > ca(k + 1), we
have

0= <A5£3, s> = <£358, S> + <[R£, Aw] s, S> + (T8, s)

> (Boesis) +kleay+co)lsf + (ca-y+en)lsl
> (Bo.s,s)+ sl
An integration over P(E*) shows s = 0. O

Theorem 4.5. Let E be a weakly RC-positive vector bundle over a compact
complex manifold X. Then for every vector bundle A, there exists a positive
integer c4 = ¢(A, E) such that

(4.13) HO(X,Sym® E* @ A®%) =0

when £ > ca(k+1) and k > 0. In particular, (4.13) holds if E is RC-positive.
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Proof. By the classical Le Potier isomorphism over compact complex man-
ifolds (e.g. [39, Theorem 5.16]), we have

He (]P(E*), Op(l) ® Q. @ (W*A*)®’f) — HY (X, Sym® E ® 0% © (A*)®’“>
where 7 : P(E*) — X is the projection. By Lemma 4.4, if we take p = ¢ = n,
H™" (B(E*), 0p(6) ® (7" A") %) = H™ (X, Sym®E @ (4")%) =0

when ¢ > c4(k + 1) and k > 0. By the Serre duality, we obtain (4.13). O

The proof of Theorem 1.3. The first part of Theorem 1.3 is contained in
Theorem 4.5. For the second part, suppose-to the contrary-that there exists
a pseudo-effective invertible sheaf 7 C O(E*). It is well-known that there
exists a very ample line bundle A on the projective manifold such that

HO(X, F®*® A) #0

for all £ > 0, and so
H°(X,Sym®‘E* @ A) # 0.

This is a contradiction. O

5. RC positivity and rational connectedness

In this section, we prove Theorem 1.4 and Corollary 1.5. The proofs rely
on Theorem 1.3, Corollary 4.3 and a classical criterion for rational connect-
edness proved in [12, Theorem 1.1] (see also [38], [22, Corollary 1.7], [35,
Proposition 2.1} and [11, Proposition 1.3].)

The proof of Theorem 1.4. By Corollary 4.3, we know X is a projective
manifold. The rational connectedness of X follows from Theorem 1.3 and
[12, Theorem 1.1] (or [11, Proposition 1.3], [38]). For readers’ convenience,
we give a proof here following [12, Theorem 1.1]. Indeed, if (APTx, h;) is
RC-positive for every 1 < p < dim X, then by Theorem 1.3, any invertible
subsheaf F of Q’)} can not be pseudo-effective. In particular, when p = n,
Kx is not pseudo-effective. Thanks to [7], X is uniruled. Let 7 : X --» Z be
the associated MRC fibration of X. After possibly resolving the singularities
of m and Z, we may assume that 7 is a proper morphism and Z is smooth.
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By a result of Graber, Harris and Starr [22, Corollary 1.4], it follows that
the target Z of the MRC fibration is either a point or a positive dimensional
variety which is not unruled. Suppose X is not rationally connected, then
dim Z > 1. Hence Z is not uniruled, by [7] again, Kz is pseudo-effective.
Since Kz = Q%imz C Q‘}émz is pseudo-effective, we get a contradiction.
Hence X is rationally connected. O

The proof of Corollary 1.5. It follows Theorem 3.6 and Theorem 1.4. If the
trace tr, RIx" is positive definite, by Theorem 3.6, (APTx,APh) is RC-
positive for every 1 < p < dim X. Hence, by Theorem 1.4, X is projective
and rationally connected. O

6. A proof of Yau’s conjecture on positive holomorphic
sectional curvature

In this section, we describe more applications of Theorem 1.4 on RC-positive
vector bundles and prove Theorem 1.7 and Corollary 1.10. More precisely,
we confirm Yau’s conjecture that if a compact Kéahler manifold has positive
holomorphic sectional curvature, then it is projective and rationally con-
nected.

6.1. Compact Kihler manifolds with positive holomorphic sec-
tional curvature. We begin with an algebraic curvature relation on a com-
pact Kéhler manifold (X, w). By the Kéhler symmetry, we have

Rijkz = RkZﬁ = Rkﬁz'
At a given point ¢ € X, the minimum holomorphic sectional curvature is

defined as
min H(W),
WeT,X,|W|=1
where H(W) := R(W,W,W,W). Since X is of finite dimension, the min-
imum can be attained. The following result is essentially obtained in [50,
Lemma 4.1] (see also some variants in [24, p. 312], [8, p. 136] and [9,
Lemma 1.4]). For the sake of completeness, we include a proof here.

Lemma 6.1. Let (X,w) be a compact Kaihler manifold and q be an arbitrary
point on X. Let e; € Ty X be a unit vector which minimizes the holomorphic
sectional curvature H of w at point q, then

(6.1) 2R(€1,51, VV,W) > (1 + ‘(I/V, 61)’2) R(el,él, 61,51)
for every unit vector W € T, X.
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Proof. Let ex € T, X be any unit vector orthogonal to e;. Let
f1(0) = H(cos(f)e1 +sin(f)ez), 6 e R.
Then we have the expansion

f1(0) = cos'(0)R7y7 + sin (0) Rygys
+2sin(0) cos®(0) [Ry113 + Roti] + 2 cos(0) sin®(0) [R 595 + Rotas]
+ sin”(6) cos?(0) [4R, 193 + Ryg13 + Rototl-

Since f1(0) > Ryqy7 for all # € R and f1(0) = R,7,7, we have
f1(0)=0 and f(0)>0

By a straightforward computation, we obtain

(6'2) f{(O) = 2(R1T1§ + Rziﬁ) =0, f{’(())
=2 (4195 + Ryzpz + Romor) — 4R77 > 0.
Similarly, if we set fo(0) = H(cos(0)e1 + v/ —1sin(f)ez), then
f2(0) = cos*(0) Ryqy7 + Sin4(‘9>R2§2§
+ 2v/—15sin(0 cos (0) [-Ry113 + Ro117]

+ 2v/—1 cos( )sm (0) [ Ry395 + Ry193]
+ sin”(6) cos®(0)[4R 193 — Ryz13 — Rotatl.

From f}(0) =0 and f5(0) > 0, one can see

(6.3) — Rippz + Ropyp = 0, 2 (4R 193 — Rigpz — Roro1) — 4Ryq11 2 0.
Hence, from (6.2) and (6.3), we obtain

(6.4) Ripz = Bippr =0, and 2Ryg95 > Ryqyy

For an arbitrary unit vector W € T, X, if W is parallel to eg, i.e. W = Aep
with [A\| =1,
2R(e1,e1, W, W) = 2R(e1, @1, €1, €1).

Suppose W is not parallel to e;. Let es be the unit vector

W — (W, er)er
(W — (W, er)er]’

€9 =
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Then e is a unit vector orthogonal to e; and
W = ae; + bes
where a = (W, e1), b= |W — (W, e1)e1| and |a|? + |b]? = 1. Hence
2R(e1,e1, W, W) = 2[a]’ Rygy + 2/b]* Ry,
since we have R 1;53 = R;7o7 = 0 by formula (6.4). By formula (6.4) again,
2R(e1, e, W, W) > (2[a® + [b]*) Riy7 = (1 + |al*) Rypip

which completes the proof of Lemma 6.1. O

Remark 6.2. The Kéahler condition is substantially used in the proof of
Lemma 6.1.

Now we are ready to prove Theorem 1.7, that is

Theorem 6.3. Let (X,w) be a compact Kdhler manifold with positive holo-
morphic sectional curvature. Then for every 1 < p < dim X, (APTx, APw) is
RC-positive and Hg’O(X) = 0. In particular, X s a projective and rationally
connected manifold.

Proof. Suppose (APTx,APw) is not RC-positive. By Definition 3.3, there
exist a point ¢ € X and a nonzero vector a € I'(X, E) where E = APTx
such that the Hermitian (1, 1)-form

(6.5) RF (e 0,a,a) € T(X, AV T%)
is semi-negative at point q. We choose e; € I'(X, Tx) at point ¢ such that

R(e1,e1,e1,€1) = H(e1) = WeTH)lci?mﬂ H(W) > 0.

Hence, by Lemma 6.1,
(6.6) 2R(er,e1, W,W) > (1 + [(W,e1)|?) R(e1,e1,e1,€1) >0
for every unit vector W € T, X. In particular,
R(e1,e1,0,0) € T'(X,End(Tx))
is positive definite at point ¢q. Hence,

(6.7) RE(e1,e1,0,0) € T'(X,End(APTX))
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is also positive definite at point q. Therefore,
RE<61,51,CL,E) >0

which is a contradiction to (6.5). Hence, we deduce that (APTx, APw) is
RC-positive. By Theorem 1.4, X is projective and rationally connected. [

6.2. Compact complex manifolds with non-negative holomorphic
sectional curvature. In this subsection, we investigate Hermitian metrics
with non-negative holomorphic sectional curvature.

Proposition 6.4. Let (X,w) be a compact Hermitian manifold with semi-
positive holomorphic sectional curvature. If the holomorphic sectional cur-
vature 1s not identically zero, then

(1) there exists a Gauduchon metric wg on X such that

/ Ric(wg) Awp™! > 0;
X

(2) Kx is not pseudo-effective;
(3) there exists a Hermitian metric h on Ky such that (Ky', h) is RC-
positive.

Moreover, if in addition, X is projective, then X is uniruled.

Remark 6.5. Proposition 6.4 is a straightforward application of Theorem
[49, Theorem 1.2], [52, Theorem 4.1] and the classical result of [7]. To demon-
strate the essential difficulty in proving Conjecture 1.11 for higher dimen-
sional compact complex manifolds and also the significant difference from
the Kéhler case, we include a detailed proof for Proposition 6.4.

Proof. By [52, Theorem 4.1], we know (1), (2) and (3) are mutually equiva-
lent. Hence, we only need to prove one of them, for instance (1). We follow
the steps in [49, Theorem 4.1] for readers’ convenience. At a given point
p € X, the maximum holomorphic sectional curvature is defined to be

H, = max  H(W),
WET, X,|W|=1

where H(W) := R(W, W, W, W). Suppose the holomorphic sectional curva-
ture is not identically zero, i.e. H, > 0 for some p € X. For any ¢ € X. We
assume g;7(¢) = d;;. If dim¢ X = n and (€1, .-+ €] are the homogeneous
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coordinates on P!, and wpg is the Fubini-Study metric of P"~!. At point
q, we have the following well-known identity:

R —
) _f’gjfkf el _ 5ij5ké + 51'[(5@' S +3
(6.8) /P_le’jké BE wps = Bz nn+1)  nn+l)

where s is the Chern scalar curvature of w and s is defined as
(6.9) s=g"g ]Riﬁki‘

Hence if (X, w) has semi-positive holomorphic sectional curvature, then s+3§
is a non-negative function on X. On the other hand, at point p € X, s+5is
strictly positive since H, > 0. By (6.8), the integrand is quasi-positive over
P"~1, and so s + 5 is strictly positive at p € X. By [37, Section 4], we have
the relation

(6.10) 5 =75+ (00 w,w).
Therefore, we have

(6.11) /’s\w”:/ sw"—/ 8" w|?w™.
X X X

1 _
Let wg = fg'w be a Gauduchon metric (i.e. 90wy " = 0) in the conformal

class of w for some positive weight function fy € C*°(X). Let sg, Sg be the
corresponding scalar curvatures with respect to the Gauduchon metric wg.
Then we have

/sGwZ = —n/ V—1881og det(wg) Awy ™!
X X
= —n/ fov/—1901og det(w) A w™
X
(6.12) - /fosw”.
X

By using a similar equation as (6.11) for sg, S¢ and wg, we obtain

(6.13) /§ng:/ fosw™.
X X
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Therefore, if s + § is quasi-positive, we obtain

sG +5q)wh sG — Sa)wi
/Sng:fx(G &) | Jx(sc —Sc)w
X

2 2
oy - IxGa s | Pawel® _ fx fols 48" | [Fwel®
’ 2 2 2 2
where the third equation follows from (6.12) and (6.13). O

Corollary 6.6. Let X be a compact compler manifold. Suppose X has a
Hermitian metric with positive holomorphic sectional curvature, then

(1) Tx 1is RC-positive;
(2) K3' = det Tx is RC-positive.

In particular, if in addition, X is projective, then X is uniruled.

Proof. From the definition of positive holomorphic holomorphic sectional
curvature and RC-positivity, it is easy to see that if a Hermitian metric w has
positive holomorphic sectional curvature, then (Tx,w) is RC-positive. On
the other hand, by Proposition 6.4, if w has positive holomorphic sectional
curvature, then there exists a (possibly different) Hermitian metric h on
K3 such that (K3, h) is RC-positive. O

The proof of Corollary 1.10. We first show X is indeed projective. Suppose
o € H°(X, Kx) is not zero, then Ky is Q-effective. However, by Proposition
6.4, Kx is not pseudo-effective. This is a contradiction. Hence we deduce
H2°(X) = Hp*(X) = H(X,Kx) = 0. We know X is projective. Now
Corollary 1.10 follows from Theorem 1.4 and Corollary 6.6. O

Let f: X — Y be a smooth submersion between projective manifolds.
It is well-known that if X is rationally connected, then Y is rationally con-
nected. As analogous to this result, we have:

Proposition 6.7. Let f : X — Y be a smooth submersion between com-
pact complex manifolds. Suppose X admits a Hermitian metric h such that
(APTx, h) is RC-positive for some 1 < p < dimY, then APTy admits an
RC-positive Hermitian metric.

Proof. 1t follows from part (3) of Theorem 3.5. O

Similarly, we have
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Corollary 6.8. Let f : X — Y be a smooth submersion between compact
complex manifolds. Suppose X admits a Hermitian metric h with positive
holomorphic sectional curvature, then Y has a Hermitian metric with posi-
tive holomorphic sectional curvature. In particular, if in addition, Y is pro-
jective, then'Y is uniruled.

Proof. Tt follows from part (3) of Theorem 3.5, formula (3.5) and Theorem
6.6. O

7. RC positivity and Mumford’s conjecture

In this section, we gather several conjectures in complex algebraic geometry
and give their differential geometric interpretations.

7.1. Mumford’s conjecture and uniruledness conjecture In [52, The-
orem 4.1] and [52, Corollary 1.6], we proved that

Theorem 7.1. Let L be a line bundle over a compact complex manifold X .
The following are equivalent:

(1) the dual line bundle L* is not pseudo-effective;

(2) L is RC-positive;

(8) there exist a smooth Hermitian metric h on L and a smooth Hermitian
metric w on X such that the scalar curvature trw(—\/—_185 logh) > 0.

Moreover, if X is projective, then they are also equivalent to

(4) for any ample line bundle A, there exists a positive integer c4 such
that

for£>ca(k+1) and k > 0.
The classical result of [7] says that a projective manifold is uniruled if and

only if the canonical bundle Kyx is not pseudo-effective. Hence, one can
formulate the uniruledness conjecture as

Conjecture 7.2. Let X is a projective manifold. Then r(X) = —oo is
equivalent to one (and hence all) of the following

(1) X is uniruled.

(2) Kx is not pseudo-effective;
(3) K)_(l 18 RC-positive;
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(4) there exists a Hermitian metric w on X with positive (Chern) scalar
curvature;

(5) for any ample line bundle A, there exists a positive integer c4 such
that, for £ > ca(k+1) and k >0

HY(X, K%' @ A%F) = 0.
Conjecture 7.3 (Mumford). Let X be a projective manifold. If
HY(X,(T%)®™) =0, for every m >1,

then X is rationally connected.

It is well-known that the uniruledness conjecture can imply Conjecture 7.3
(e.g. [22, Corollary 1.7], see also Proposition 7.5).

Conjecture 7.4. Let X be a projective manifold. If
HO(X,(T$)®™) =0, for every m >1,

then one (and hence all) of the following holds

(1) X is uniruled;

(2) Kx is not pseudo-effective;

(3) Ky is RC-positive;

(4) there exists a Hermitian metric w on X with positive (Chern) scalar
curvature;

(5) for any ample line bundle A, there exists a positive integer c4 such
that, for £ > ca(k+1) and k >0

HY(X,K$' @ A%F) = 0.
Proposition 7.5. We have the following relations
(7.1)  Conjecture 7.2 —  Conjecture 7.3 <=  Conjecture 7.4.

Proof. Conjecture 7.2 = Conjecture 7.4. Since Kx = detT%, it is well-
known that for any positive integer ¢, Kg?e is a subbundle of (T%)®™ for
some large m. Hence H°(X, (T%)®™) = 0 for every m > 1 can imply
HO(X, Kg?e) = 0, i.e. K(X) = —oo. By assuming Conjecture 7.2, we ob-
tain Conjecture 7.4.

Conjecture 7.3 = Conjecture 7.4. It follows from Theorem 7.1 and the
fact that rationally connected manifolds are uniruled.
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Conjecture 7.4 = Conjecture 7.3. The proof follows from Theorem 7.1
and a well-known argument in algebraic geometry (e.g. [12, Theorem 1.1],
[22, Corollary 1.7], [35, Proposition 2.1]), which is also very similar to that
of Theorem 1.4. Suppose

HOY(X,(T%)®™) =0, forevery m > 1.

By assuming Conjecture 7.4, we know K x is not pseudo-effective. Hence X
is uniruled, thanks to the classical result of [7]. Let m : X --» Z be the
associated MRC fibration of X. After possibly resolving the singularities of
m and Z, we may assume that 7 is a proper morphism and Z is smooth. By
[22, Corollary 1.4], it follows that the target of the MRC fibration is either
a point or a positive dimensional variety which is not unruled. Suppose X
is not rationally connected, then dim Z > 1. Hence Z is not uniruled, and
by [7] again, K is pseudo-effective. By assuming Conjecture 7.4, we obtain

HO(Z,(T5)®™) # 0

for some positive integer mg. We obtain HO(X, (T%)®™0) # 0 since (T5)®™ C
(T%)®™o. This is a contradiction. O

If X is rationally connected, Kx is not pseudo-effective. Hence there
exists a Hermitian metric h on K3' = AY™X Ty such that (Ky', h) is RC-
positive. We propose a generalization of this fact:

Question 7.6. Let X be a rationally connected projective manifold. Do
there exist smooth Hermitian metrics h, on vector bundles APTx (1 <p <
dim X') such that (APTx,h,) are all RC-positive? Do there exist smooth
Hermitian metrics g, on vector bundles T%” (p > 1) such that (7%, g,) are
all RC-positive?

A natural generalization of Conjecture 7.4 is

Question 7.7. Let X be a projective manifold. Suppose
HY(X,(T%)®™) =0, forevery m > 1.

We can ask the same question as in Question 7.6.

7.2. A partial converse to the Andreotti-Grauert theorem: the
vector bundle version. We propose a question on vector bundles converse
to Theorem 1.3:
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Question 7.8. Let X be a projective manifold and E be a vector bundle.
Suppose for every vector bundle A, there exists a positive integer cq =
¢(A, E) such that

(7.2) HO(X,Sym®‘E* @ A%%) =0

for £ > ca(k + 1) and & > 0. Do there exist smooth Hermitian metrics
hy on vector bundles APE (1 < p < rank(E)) such that (APE, hy,) are all
RC-positive? Do there exist smooth Hermitian metrics g, on vector bundles
E®P (resp. Sym®PE) (p > 1) such that (E®P, h,) (resp. (Sym®PE, h,)) are
all RC-positive?

7.3. Existence of RC-positive metrics on vector bundles In this sub-
section, we propose several questions on the existence of RC-positive metrics.
The celebrated Kodaira embedding theorem establishes that a line bundle
is ample if and only if carries a smooth metric with positive curvature. The
analogous correspondence for vector bundles is proposed by P. Griffiths:

Conjecture 7.9 ([23]). If E is an ample vector bundle over a compact
complex manifold X, then E admits a Griffiths positive Hermitian metric.

When dim X = 1, this conjecture is proved in [13]. The following conjecture
can be implied by Griffiths’ Conjecture 7.9:

Conjecture 7.10. If E is an ample vector bundle over a projective manifold
X, then there exists a smooth Hermitian metric h on E such that

(1) (E®F h®F) is RC-positive for every k > 1;
(2) (APE,APh) is RC-positive for every 1 < p < rank(F).

As a converse to Proposition 4.1, we also propose the following

Question 7.11. Let E be a vector bundle over a compact complex manifold
X. If FE is weakly RC-positive, is E necessarily RC-positive?

When dim X = 1, Question 7.11 has an affirmative answer, thanks to [13].
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