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Motivation: Jacobian variety and theta functions

@ Let C' be a smooth projective curve of genus g,

J& = {vector bundles E of rk(E) = 1, deg(F) = d on C}

@ Let £ be a universal line bundle on C' x Jg 5 Jg, and

0y = detRr(€) ™" @ det(&,)k(d+1=9)

o HO(JE, @Jé) is the so called space of theta functions of order &

dim H(JE, © ja) = K

o A. Weil (1938) (Généralisation des fonctions abéliennes) suggested to
generalize the theory to higher rank r > 1.
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Motivation: Moduli spaces and generalized theta functions

@ (Mumford, Narasimhan-Seshadri): There exist moduli spaces
Uc = {s.s. bundles E of tk(E) = r, deg(E) =d on C}

and theta line bundles O, on Uc.

o HYUc,Oy,.): space of generalized theta functions of order k

dim H(Uc, Oy,) =?

@ A formula was predicted by Conformal Field Theory, when r = 2,

R

. i+1)7r 20—2
2 2 i—0 (sin"775)%
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The moduli spaces: U, = Uc(r,d,w)

e (' projective curve of genus g > 0 with at most one node

o w= (k,{fi(x),d(x)}rer): a finite set I C C of smooth points,
ii(x) i= (n1(x), na (@), - i1 (2)

d(x) := (a1(x), az(x), - -+, ap,41(x))

and an integer k > 0 such that

0<ai(z) <az(x) <---<ap+i(z) <k.

@ Uc,.,: moduli space of semistable parabolic sheaves of rank r and
degree d on C with parabolic structures determined by w
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The moduli spaces: Parabolic sheaves

@ A torsion free sheaf E has a parabolic structure of type 7i(z) and
weights d@(x) at a smooth point x € C, we mean a choice of

Ey = Qr1(E)g —» -+ = Q1(E)z — Qo(E); =0

of fibre E; with n;(z) = dim(ker{Qi(E)z - Qi—1(F),}) and a
sequence of integers

0<ai(z) <az(x) <---<ap+i(z) <k.

e Forany F C E, let Q;(E)Y ¢ Q;(E), be the image of F,

nZF = dim(ker{Qi(E)F —» Qi_l(E)f})

T

parx(F) = x(F) + 1 3~ 3 ala)nf (@)
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The moduli spaces: Semi-stability

o E is called semistable (resp., stable) for £ if for any nontrivial
subsheaf F' C FE such that E//F is torsion free, one has

parx(F) < par);(E) -r(F) (resp., <).

@ There exists a seminormal projective variety
Uc,, =Uc(r,d,w)

which is the coarse moduli space of s-equivalence classes of semistable
parabolic sheaves F of rank r and deg(E) = d with parabolic
structures of type {7i(z)}.cr and weights {@(x)},cs at points {x},er.

o If C is smooth, then it is normal, with only rational singularities.
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Generalized theta functions on U,

w

@ There is an algebraic family of ample line bundles Oy, , on Uc, .,
(the so called Theta line bundles) when

X = Yeer Xt di@)ri(2)

l:

is an integer, where
di(z) = aj+1(x) — ai(z)

ri(z) =ni(x) + - + ni(z).

o H(Uc o, Ouc.,,): The space of generalized theta functions. An
explicit formula of

Dy(r,d,w) = dim HO(L{QW, Ouc..,)

was predicted by Conformal Field Theory.
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Verlinde formula: Dy(r,d,w) =7

Dy(r,d,w) = (~1)%=b <k

r)g (r(r+ k)=
e (o (4 - i) D) . ()

- 94 vy —V; 2(9-1)
b Hi<j< sm7r7,+k>

where ¥ = (v, v9,...,v;) runs through the integers

O=v, <V 1 < - < <v<r+k.

e For given w = (k,{7i(x),d(x)}zer), let \i =k — a;(x)

ni(z) na(z) Ny +1(2)
Az :()\1,...,>\1, Aoy, Ao, e, )‘lz-l—l:'--v)‘lz—i-l)

o Let Sy (z1,...,2r) be Schur polynomial, |\;| = > Ains(x),

Sw(z1y .y 2 HSM 21y 2r)y W] = Z]A|

xzel zel

Xiaotao Sun (School of Mathematics, TianjinA finite dimensional proof of Verlinde formula Hong Kong, October 15, 2018



Rational Conformal Field Theory (RCFT)

@ Let A be a finite set with an involution A — A*, a RCFT is a functor:
— —
(C, 73 X) = Ve(P3 X)

where P = (p1y---yp0n), pi € C, Y = (A1,...,An), satisfies axioms:

AO: Vi (0) = C, AL Vo(F: X) = Vo(F; A7)

°
o A2: Let (C, ?,Y) = (C’ ?’- _> Cr// ?// Then
—
VC(?; )‘ VC’ ?I ® VC" ?H
o A3: For a family {Cmpt; )\ }ten, there are canonical isomorphisms

- —
Ve, (P X) 2 Ve (p6; X)
e A4d: If Cj has a node z, 771 () = {1, 22}, 7: 50 — Cp. Then
— -
Ve, (i3 X) = @ Vg, (96, w1, w23 Xy, 07)
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The fusion rules

o dim Vo(7; X}) depends only on g = ¢g(C) and
ALy ey An) = A+ A
o NN i={z=XN+ -+ |n>0,N€EA}
Ny N® SN, Ny(z) = dimeVe(F; X).
® Ny(z) = sep Ng—1(z + X+ X¥)
e No(0) =1

o No(z) = No(z*) (¥ z € NW)

o No(x+y) =Y sen No(z + A)No(y + A7) (¥ z, y € NV,
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The fusion ring F

o Let F = Z™W be the free abelian group generated by A, define

)\',U,:ZN(]()\-F,U,—FV*)-V.
veA

@ a bilinear form (-,-) : F x F — Z such that

*

(x-2,y) = (z,2"y)

@ A is an orthonormal basis;

@ F is called the fusion ring associated to the RCFT,

Jc = F ®zC.
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Formulation of Verlinde formula

o Let ¥ = {x:F — C} be the set of characters of . Then

g—1
dim VC(?; Y) = Z X(A1) - x(An) (Z |X()\)|2>

XEX AEA

o {my: Fc — Fc|Vx € Fc} C End(Fc) is a commutative
subalgebra, let M, be the matrix of linear operator m, under the
orthonormal basis A of F¢;

@ There exists a unitary matrix S = (Sy,)auen such that

S M, St

is diagonal for all z € F¢. Then

G Vel X) = 3 S S,

2g9—2+n
veEA Svl
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Verlinde conjecture

o Let £, =C/{1,7} (r € H), v € SL2(Z). Then
E, ~2E,.,.

@ The axiom A3 and axiom A4 give a unitary action of SLy(Z) on

Vi (0) = €D Vi (p1, 02, A, X) = Fe
AeA

@ The unitary action of SLy(Z) on F¢ can usually written explicitly;

e Verlinde conjecture (Nuclear Physics B300 (1988), 360-376): Let
S = (Sau)ruen be the matrix of modular transformation 7 +— —1/7
(under orthonormal basis A of F¢). Then

S M, St

is diagonal for all z € Fc.
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Tsuchiya-Ueno-Yamada (1989): WZW model

e Wess-Zumino-Witten (WZW) model is associated to a simple
complex Lie algebra g and integer k£ > 0.

@ Given a simple Lie algebra g and integer k > 0, let P be the set of
dominant weight of level <k, V5 :=V,, ®@---®V), (\i € P) and

Vo(5 A) i= Homgaao (Hi, V)s - Ac = Oc(C — {a})

where H,, is the basic representation of level k of affine Lie algebra g,
and g ® Ac — g® C((2)) C gis a Lie subalgebra of g.

— —
e Tsuchiya-Ueno-Yamada (1989): Functor: (C, 7 X) — V(7 X)
satisfies the axioms AQ to A4.
@ The dimension Ny(A) = dim Vo (75 X) of the "spaces of conformal
blocks” is computable.

Xiaotao Sun (School of Mathematics, TianjinA finite dimensional proof of Verlinde formulaHong Kong, October 15, 2018 14 / 31



WZW model and generalized theta functions

o Beauville- Laszlo (1994): For g = sl.(C), we have
Ve (0) = HO(SUc(r), Of,.)

e Faltings (1994): It is true for arbitrary simple Lie algebra g, if
SUc(r) is replaced by "moduli spaces of G-bundles on C", where G
is the algebraic group with Lie algebra g.

e Pauly (1996): For g = sl,.(C), Vo (7 Y) = H(Uc(r), ©F,,), where
Uc(r) is the moduli spaces of parabolic bundles on C.

o Beauville: As soon as the Verlinde formula became known to
mathematicians, it became a challenge for them to give a rigorous
proof, so a wealth of proofs have appeared.
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Finite-dimensional proofs

@ Beauville: The basic distinction between the proofs using standard
algebraic geometry, which up to now work only in the case r = 2,
and proofs that use infinite-dimensional algebraic geometry to mimic
the heuristic approach of the physicists-these work for all 7.

e Compute X(@f{c): Bertram-Szenes, Zagier, Donaldson-Witten.

e Thaddeus (1994): Stable pairs, linear systems and Verlinde formula
(Invent. Math. 117, 317-353).

e Narasimhan-Ramadas (1993): Factorization of generalized theta
functions (Invent. Math. 114, 565-623).

@ Beauville: ...which up to now work only in the case r = 2 and an
extension to higher rank seems out of reach.
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Degeneration method

@ Degenerate C; ~ Cy = X to a curve X with one node zg € X.
o Need to prove: dim H(Uc, w,, Ou, ,,) = dim H(Ux w, Ouy,)-
o Let m: X — X be the normalization, 7~ (zo) = {1, z2}.

Theorem 1 (Sun, 2000-2003)

HO(Z/{X,U.H @Z/lx,w) = @ Ho(u)z,w“’ @u)?,wu)
m

0
H" (Ux, UX9,w1Uwss @le UXg,w1Uwg )

= @ Ho(qu#’f’ @uX1,w§L) . HO(UXQ’NS’ @ux%“’g)
i

where = (p1,- -+, pr) runs through 0 < p, < --- < p; < k.
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Vanishing Theorem

Theorem 2 (Sun, 2000)

e Ifg(Cy) > 2, then Hl(L{Ct?wt, @L{Ctth) =0.

If g(X) > 3, then H' (Ux ., Ouy.,) = 0.

Ucw =R /]G, RS C R is the set of GIT semistable points.
° Hl(uc’w7@ucyw) — Hl (Rif,@w)inv' — Hl (R, @w)inv.

0 O, =wr ®O,, H(R,0,)" = H (R, wr @ O,)in-.

H'(Ucw, Oue,,) = H Ucw, Ou,. , @ (pawrss)™ ) where

@ : iﬁ — anl
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Where is the condition g > 2 needed ?

Proposition 1 (Sun, 2000)

For any w = (r,d, I,{ii(x),d(z)}zcr, k), we have
(1) codim(RE\RE) > (r—1)(g—1)+ 4,
(2) codim(R\RE) > (r—1)(g— 1)+ I

o HY (R, 0,)™ = HY(R,O,)™" (It may hold unconditionally if R
is projective with only rational singularity by C. Teleman).

° Hl(vaR ® @w,)inv Hl(RSS/,LL)R ® @ )mv if

codim(R\ RJ) > 2

e (F. Knop): Wi, = (cp*wRSs)mv if codim(RZ5\RS,) >
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Recurrence relations of D,(r,d,w)

Theorem 3 (Sun—Zhou, 2016)

For any positive integers ¢y, co and partitions I = I, U Is, g = g1 + go

such that £; = f@ (j =, 2) are integers, we have

o(r, d,w) ZDglrdw)

Dg(ra d,w) = ZDm (r, dT’wiL) + Dy, (T, dngg)

w
where p = (p1, -+, pr) runs through 0 < p, <--- < 3 <k and
wh = (k’ {ﬁ(x) ( )}xe]u{zl,mg}) (k {n( ) (x)}melju{zj})

with 7i(x;), d(xz;) and d (j =1, 2) determined by .
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Globally F-regular varieties

@ Let M be a variety over a perfect field k of char(k) =p >0,
F-M—-M
be the (absolute) Frobenius map and F¢: M — M be the e-th
iterate of Frobenius map.
e When M is normal, for any (weil) divisor D € Div(M),
Ou(D)(V) ={f € K(M)|divy(f)+ D}y 20}, VVCM

is a reflexive subsheaf of constant sheaf K = k(M)

Definition 1
A normal variety M over a perfect field is called stably Frobenius D-split if

OM — FfOM(D)

is split for some e > 0.
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Globally F-regular varieties: Projective case

A normal variety M over a perfect field is called globally F-regular if M is
stably Frobenius D-split for any effective divisor D.

Proposition 2

| \

Let M be a projective variety over a perfect field. Then the following
statements are equivalent.

(1) M is normal and is stably Frobenius D-split for any effective D;
(2) M is stably Frobenius D-split for any effective Cartier D;
(3) For any ample line bundle L, the section ring of M

R(M, L) = é HO(M, L")
n=0

is strongly F-regular.
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Globally F-regular varieties: Theory of Characteristic 0

Definition 3

A variety M over a field of characteristic zero is said to be of globally

F-regular type if its "modulo p reduction of M " are globally F-regular
for a dense set of p.

Proposition 3 (K. E. Smith)

Let M be a projective variety over a field of characteristic zero. If M is of
globally F-regular type, then we have

(1) M is normal, Cohen-Macaulay with rational singularities. If M is
Q-Gorenstein, then M has log terminal singularities.

(2) For any nef line bundle L on M, we have H' (M, L) = 0 when i > 0.
In particular, H'(M,O)) = 0 whenever i > 0.
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Moduli spaces: globally F-regular type

Definition 4

Let C be a smooth projective curve, w = (k, {7i(x),@(x)}zer) and
det : Uc,, — J&, E s det(E).

For any L € J¢, the fiber U5 , := det™'(L) is called moduli spaces of
semi-stable parabolic bundles with fixed determinant, which is normal
with at most rational singularities.

v

Theorem 4 (Sun-Zhou, 2016)

For any data w, the moduli spaces Z/{éw is of globally F-regular type.

For any ample line bundle L on U ,,, we have H (Uc,, L) =0, ¥V i > 0.
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Vanishing Theorem for node curve X

Let 7 : X — X be the normalization of X, 7 (xg) = {z1,72}. A
generalized parabolic sheaf (GPS) (E, Q) consist:

e A parabolic sheaf E determined by w = (r,d, {7i(x),d(z)}zer, k),

@ A r-dimensional quotient E,, @ E,, kN Q — 0.

e (E,Q) is semi-stable if VE' C E, E/E’ torsion free outside {x1, 22}

pardeg(E) — dim(Q)

pardeg(E') — dém(QE/) <rk(E") "
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Normalization of Uy ,: The moduli space P

e P = {semi-stable GPS (E,Q) = (E, Ey, ® E;, - Q — 0) }, which
is called moduli space of GPS (generalized parabolic sheaf).

® ¢:P — Ux, is defined by ¢(E,Q) = F, where F' is given by

0= F = mbE =, Q—0

@ ¢: P — Ux,, is the normalization of Ux ., such that

¢* : HI(Z/[X,@L{X) — Hl('P,@'p).

@ There exist a flat morphism Det : P — J;l?, let

PL = Det=1(L).
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Globally F-regular type of P~

Theorem 5 (Sun-Zhou, 2016)

The moduli space PL of semi-stable generalized parabolic sheaves with
fixed determinant L is of globally F'-regular type.

HY(PL,L£) =0 for any i > 0 and nef line bundles L on P* and

HY(P,0p)=0 VYi>D0.

Let X be a projective curve with at most one node and Ux ., be the
moduli space of parabolic sheaves on X with any given data w. Then

H'(Uxw, Ouy. ) = 0.
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Sketch of Proof: When |I| is large enough

o Recall ﬁl[ =R = G‘rlrass,n(]f-i,s1 D ]—N'm) SRy = XzerFlags () (j—v'x)
PL =R33,//SL(V) is determined by w = (r, d, {7i(z), @(x) }ser, k).

Proposition 4 (Sun, 2000)

There is w, such that PL = ~?‘:”WC//SL(V) is a Fano variety with only
rational singularities (thus F-split type) if (r — 1)(g — 1) + ‘2%! > 2.

Proposition 5 (Sun, 2000)

For any w = (r,d, I,{ii(x),d(z)}zcr, k), we have

(1) codim(Ry \ Rf2) > (r—1)(g— 1) + i,

(2) codim(R%¥3\ {DJ UD{IRE,) > (r—1)(g— 1) + 1

o Let U = RS MRS, , then codim(RS, \ U) > 2
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Sketch of Proof: Increase the number |/|

@ Add extra parabolic points z € J C X, the projection
pPr: ﬁ_IIUJ — 7:\;,_,[

is SL(V)-invariant. Choose |J| such that (r —1)(g — 1) + Ljﬁéﬂ > 2.

@ Choose the canonical weight w. on ﬁf,w, consider
THRES) DU = pr HRES) N RES 0, — PE.

Then p; (R \ U = p; H(RE%) N (RhL g, \ RIS ,..) has
[TUJ|
2r 22

codimension at least (r —1)(g — 1) +

o LetU C Pfc be the image of U, then pr induces a morphism
f:U — P such that f.(Oy) = Opr.
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Problem and discussions

Let X be a scheme and Y C X a closed sub-scheme. The pair (X,Y)) is
called of compatible Frobenius split type /f

@ X is of Frobenius split type
@ for almost p, there is a F-split ¢ : F.Ox, — Ox, such that

QD(F*Iyp) C Iyp .

Problem 1

Are the pairs (P,Dj(a)) (j =1, 2), (Di(a),D1(a) N Dy UD1(a — 1)) of
compatible Frobenius split type ?

@ If the answer of above problem is Yes, then, for any ample line bundle
L on Uy,

HiUx,L)=0 VYi>D0.
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Thanks !
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