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The modified Camassa-Holm (mCH) equation

The mCH equation

me + u2—u2mx:(), m=u— Uz, TR, t>0.
xr

(Fokas, 1995; Olver & Rosenau, 1996; Qiao, 2006)
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The modified Camassa-Holm (mCH) equation

The mCH equation

me + u2—u2mx:(), m=u— Uz, TR, t>0.
xr

(Fokas, 1995; Olver & Rosenau, 1996; Qiao, 2006)

Miura transformation

KdV < mKdV

u:v2:|:vx

Miura-Liouville transformation

Kang et. al., 2016, J. Nonlinear Sci.(Proposition 3.2)

( l . tri-Hamiltonian duality)

Figure 1: Relations with KdV, mKdV and CH equations
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Local solutions

For the mCH equation:

» local existence and uniqueness of strong solutions:
Fu, Gui, Liu, Qu, 2013, JDE (Besov space)
Gui, Liu, Olver, Qu, 2013, CMP (H*(R), s> 1/2)
Himonas, Mantzavinos, 2014, J. Nonlinear Sci. (Holder space)

» finite time blow-up behaviors:
Gui, Liu, Olver, Qu, 2013, CMP
Liu, Olver, Qu, 2014, Anal. Appl.
Chen, Liu, Qu, Zhang 2015, Adv. Math.

Question: How to extend weak solutions globally?
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Definition of weak solutions

mCH equation is equivalent to

(1 = Opz)ur + [(u2 - ui)(u — Ugz )|z
1(U3)xm + %(Ui)m =0.

= (1 — Opz)us + (u3 + uui)ﬂj —3

Multiply the equation by a test function ¢ € C°(R x [0,00)) and
integrate by parts:

Clu, d) = /0 h /R () be(@.8) — dram ()] dar dt

—l/w/ui(x,t)qu(x,t) dxdt—l/w/uss(az,t)(bxm(az,t)dxdt
/ /u+uu Yoo (x,t)dedt = /qb:v()mo
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Properties of G and G’

Fundamental solution of Helmholtz operator 1 — 0., (m = u — uz,)

1
—56_|x| = u =G *m.

G(x) =
1 ! G(x) 1 ‘
D : 4
L

2

Figure 2: G and G'.

> G— G =6; V(G) =1, V(G)=2.
> |Gllr= =3, 1G> =35 Gl =1, |G =1;
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N-peakon weak solutions

N-peakon weak solutions:

sz .I—J}Z sz CI]—l’Z t))

When x1(t) < 22(t) < --- < xn(t), one has (Gui et.al. 2013):

d

—p; = 0,

at? =

d 1 2 1 Ti—x; 1 T;—T; Tm—Tn
axi = gpi + 5 g pipje’ + 5 E pip;€ 7+ § PmpPn€ .

1<t Jj>i 1<m<i<n<N

N = 1: solitary wave solutions (one peakon):

w(z,t) = pGz — z(t),  2'(t) = 2.
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Finite time collision

Consider initial date

mo = p16(z — c1) + p28(x — c2), 1 < ca, PT > ps.

The two peakons ODE:

d 1, 1
() = = - z1(t)—w2(t)
dtxl( ) 6]91 + o P1p2e ;
d 1, 1 _
—ro(t) = = - z1(t)—z2(t)
dtm( ) 6292 -+ o P1p2e
— d 1
3 (@1~ 22) = g(p% —p3) > 0.
This two peakons will collide with each other at
.. b6(ca—c1)
t* =
P1 — Do

Global trajectories =5 global peakon solutions

Double mollification
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Finite time collide between peakons

Question: How to extend trajectories globally and obtain global
N-peakon weak solutions?
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Problem: non-Lipschitz vector field

Characteristic equation for mCH:

d
2(8) = ((t),1) — ul(x(t), 1),

Consider u™ (z,t) = SN | piG(z — z;(t)):

%«%‘z‘(t) = [UN($i(t),t)]2 — [ufcv(xi(t),t)f, i=1,--- N.

Jump discontinuous, non-Lipschitz vector field.
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Problem: non-Lipschitz vector field

Characteristic equation for mCH:

d
2(8) = ((t),1) — ul(x(t), 1),

Consider u™ (z,t) = SN | piG(z — z;(t)):

d
i) = [u" (i(t). 1)

2_[usjcv(xi(t>7t)] , t=1,---,N.

Jump discontinuous, non-Lipschitz vector field.

How about mollify the vector field one time?
(Vortex blob method for 2D Euler equation)
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Speed for one peakon u(x,t) = pG(x — x(t))

Fact: /()

o3
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Speed for one peakon u(x,t) = pG(x — x(t))

2
Fact: 2/(t) = .
From characteristics equation: 2'(t) = (u® — u2)(x(t),t):

7 (1) = PPG2(a(t) — a(t)) — P*G2(a(t) — (1))
= P26 (0) - p*G2(0) = £
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Speed for one peakon u(x,t) = pG(x — x(t))

Fact: 2/(t) = %2.

From characteristics equation: 2'(t) = (u® — u2)(x(t),t):

7 (1) = PPG2(a(t) — a(t)) — P*G2(a(t) — (1))
= P26 (0) - p*G2(0) = £

= the correct definition for G2(0):

2o gy L L
G2(0) = G*(0) - < = —
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One peakon: one time mollification

Let p(x) be an even function with [ pdz =1, ¢ > 0.

pee) = —p (%), G(@) = (pe* O)w),

3

Then, one time mollification gives wrong travelling speed:

(pe % G2)?(0) = 0, [pe * (G3))(0) = =, & —0.

| =
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One peakon: one time mollification

Let p(x) be an even function with [ pdz =1, ¢ > 0.

pee) = —p (%), G(@) = (pe* O)w),

3

Then, one time mollification gives wrong travelling speed:

(pe % G2)?(0) = 0, [pe * (G3))(0) = =, & —0.

| =

Double mollification gives the right one (independent of p)

1

lim[pe  (G2)?1(0) = 75 ()
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Double mollification

For N-peakon:

Nz {zp}) - szGex—a:z) UN (z; {z1}) == [u]” = [ul]”.

1=1
Double mollification (particle blob method):
d € N € € .
25(t) = (pe * UN) (@5 (0): (= (0)}), i=1, N,

= Global approximated trajectories:

zi(t): tel0,00), i=1,2,--- N.
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Collision avoidance

Initial data z$(0) = ¢;:

N N
m(])V = Zpﬂs(ﬂ? —¢), g <cp<---<ecn, Z pi| < M.
i=1 i=1

Theorem (Theorem 3.2, Gao, Li & Liu 2018)

Let {x5(t)}Y., be trajectories obtained by approvimated ODEs with
initial data x5(0) = ¢;. Then, for any t > 0, we have

xi(t) <z5(t) < --- < aiy(t), VE>0.

Proof: only need the following estimate:
€ € d € € € €
—Ce(@jy1 —a}) < E(xk—kl — a3) < Ce(@hq — 7).
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Weak consistence

Approximated N-peakon solutions:

N
uNa,t) = piG(x — (1)
i=1
“Distance” to weak solutions:

En. = L(u™* @) + / o(z,0)my (dx).
R

We have
Proposition (Proposition 3.1, Gao, Li & Liu 2018)

There exists a constant C independent of N, e such that En . satisfies

‘EN,e‘ S CE.
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Limiting trajectories

Trajectories x§(t) are globally Lipschitz:

0] < 4%

= {2{(t) }e>0 is uniformly bounded and equicontinuous in [0, 7.

Arzela-Ascoli Theorem = {z;(t)}Y., C C(]0, +0)) satisfying

< -ME i=1,---,N

1

x;(t) never cross with each other.
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Global N-peakon weak solutions

Approximated N-peakon weak solutions:

N
uNE(x, t) = ZPiGE(Jf — z;(1))

converges a.e. (x,t) to

N
uN (x,t) = Z piG(z — z;(t)).

Lebesgue dominated convergence theorem implies

uNe s, udt s ul e =0, Li.(Rx[0,+00))

T 7

+ weak consistency =

uN (z,t) is an N-peakon weak solution to the mCH equation.
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Gloabl existence of weak solutions in M(R)

Theorem (Theorem 4.1, Gao, Li & Liu 2018)

For any initial Radon measure mg € M(R), there is a global weak
solution u to the mCH equation, which satisfies that

u € C([0,00); H'(R)) N L>(0, 00; WH*(R)) N WH(0, 00; L2(R)),
and for any T > 0,
u, uz € BV(R x[0,T)).
Moreover, we have
m = (1 —0pz)u € MR x [0,T))
and there exists a subsequence of m* (also labeled as m” ) such that

mY S m in MR x[0,T)) (as N — c0).

v
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Equations with multi-peakon solutions

fg-family of equations for multi-peakon solutions (Anco & Recio 2019):

me + f(u,ug)m + [g(u,uz)ml, =0, z€R, t>0.

(i) f = ug, g =wu: CH equation;

(i) f=0,9=(u*—u2)" (n € Ny): generalized modified
Camassa-Holm (gmCH) equation.

me + [(u? —u2)"m], =0, m=u—uy, xR, t>0.
X

n = 1: modified Camassa-Holm equation.
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Double mollification for the gmCH

The gmCH equation (n € Z4):
me + [(u? —u2)"m]y =0, M =1u— Uy, TER, t>0.

Double mollification:

( {CEkz}k 1 ZPkG ZU—CEk:

U (25 {a}ily) = [(@™)? = (8:u™ )] (s {xndily),
and
UM (w; {xr}iemr) = (pe x UL ) (x5 {andiy).
The regularized ODEs:

d . o
() = UV (i) {2 0}L)), =1, N,
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Traveling speed of single peakon solutions:

Consider the case for single peakon weak solutions. When N =1,

Last) = U4 (0).1) = 0 (o # (@) — (G2)7]") (0).

We have the following theorem:

Theorem (Theorem 3.2, Y. Gao & H. Liu 2021)

The following identity holds

n n _1\k
MM%Wﬁﬁ%me}LZ(yl)

For any amplitude p # 0 and n € N, the single peakon weak solutions to
the gmCH equation s given by

s =reteen (35 ()2

k=0

v
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Thank you!
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