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Abstract

In many color image processing and recognition applications, one of the most
important targets is to compute the optimal low-rank approximations to color
images, which can be reconstructed with a small number of dominant singular
value decomposition (SVD) triplets of quaternion matrices. All existing meth-
ods are designed to compute all SVD triplets of quaternion matrices at first and
then to select the necessary dominant ones for reconstruction. This way costs
quite a lot of operational flops and CPU times to compute many superfluous
SVD triplets. In this paper, we propose a Lanczos-based method of computing
partial (several dominant) SVD triplets of the large-scale quaternion matrices.
The partial bidiagonalization of large-scale quaternion matrices is derived by
using the Lanczos iteration, and the reorthogonalization and the thick-restart
techniques are also utilized in the implementation. An algorithm is presented
to compute the partial quaternion singular value decomposition. Numerical
examples, including principal component analysis, color face recognition, video
compression and color image completion, illustrate that the performance of
the developed Lanczos-based method for low-rank quaternion approximation is
better than that of the state-of-the-art methods.

1 Introduction

Quaternions, proposed by W. Hamilton in 1843 [10], and quaternion matrices [29]
have been applied into many research fields. In particular, the quaternion approach
is to encode the red, green and blue channel pixel values on the three imaginary
parts of a quaternion in image processing. This quaternion representation of color
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images has been well studied in the literature; see [6, 21, 25], and the main ad-
vantage is that color images can be processed and analyzed holistically as a vector
field. Recently, many gray-scale image processing methods have been extended to
color image processing using the quaternion algebra, for instance, Fourier trans-
form [21], wavelet transform [7], principal component analysis [28], and independent
component analysis [26].

In many color image processing applications, it is necessary and important to find
an optimal low-rank approximation of a quaternion matrix A. Based on the singular
value decomposition (SVD) [9] (and the generalization to quaternion matrices [29]),
the best rank-k approximation of A, denoted as Ak, in terms of Frobenius norm can
be reconstructed from the first k dominant SVD triplets (i.e., left singular vectors,
singular values and right singular vectors). That means Ak = UkΣkVk, where
Uk = [u1, · · · ,uk], Σk = diag(σ1, · · · , σk), and Vk = [v1, · · · ,vk]. We call that
Ak of A. Such Ak is readily computed if the singular value decomposition of A is
available. It is very interesting and challenging to efficiently compute the dominant
SVD triplets of a large-scale quaternion matrix.

The bidiagonalization Lanczos method [3, 5, 23, 9] has been elegantly developed
to solve the optimal low-rank approximation problem of real/complex matrices. By
exploiting bidiagonalization Lanczos process, the partial singular value decomposi-
tion of real/complex matrices can be obtained, see for instance [1, 11, 8, 12, 27]. The
aim of this paper is to develop an iterative algorithm based on the Lanczos bidi-
agonalization for calculating and approximating first k dominant SVD triplets of a
quaternion matrix. To the best of our knowledge, there is no development of Lanczos
method for computing such partial quaternion singular value decomposition. The
state-of-the-art algorithms (the quaternion Householder-based method [22], the real
structure-preserving algorithm [18] and the implicit Jacobi algorithm [2]) have been
developed for computing quaternion singular value decomposition. It is interesting
to note that the key step of the above mentioned first two algorithms is the bidiago-
nalization of a quaternion matrix. This step is obtained by applying the quaternion
Householder transformations and its variants; see [4, 22, 19, 16]. We find that these
methods need to compute all quaternion SVD triplets. In practice, it is necessary
to compute the best rank-k approximation of A (i.e., SVD triplets corresponding to
dominant singular values of A) where k is usually small. For example, we only need
to compute several principal components in the analysis of color images [28].

The rest of this paper is organized as follows. In Section 2, we introduce the
notations and some preliminaries of quaternion matrices. In Section 3, we develop
the Lanczos method for quaternion matrices. In Section 4, we report numerical
results for synthetic data, color images and color videos to demonstrate that the
quaternion Lanczos method is quite efficient for calculating partial SVD triplets.
Finally, concluding remarks are given in Section 5.
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2 Preliminaries

In this section, we introduce the basic information of quaternion matrices and the
quaternion singular value decomposition.

An m× n quaternion matrix has one real part and three imaginary parts given
by

A = Ar +Aii+Ajj+Akk

where Ar, Ai, Aj , Ak ∈ Rm×n and i, j and k are three imaginary units satisfying

i2 = j2 = k2 = −1, ij = −ji = k, jk = −kj = i, ik = −ki = j.

i, j and k are the fundamental quaternion units. When Ar = 0, A is called a pure
quaternion matrix. For simplicity, we denote Qm×n by a set of m × n quaternion
matrices. Let A,B ∈ Qm×n and C ∈ Qn×ℓ. The sum A+B of A and B is

(Ar +Br) + (Ai +Bi)i+ (Aj +Bj)j+ (Ak +Bk)k,

and the multiplication AC is given by

(ArCr −AiCi −AjCj −AkCk) + (ArCi +AiCr +AjCk −AkCj)i+
(ArCj +AiCk +AjCr −AkCi)j+ (ArCk +AiCj −AjCi +AkCr)k.

(1)

The conjugate and modulus of a quaternion number a = ar + aii + ajj + akk are

respectively defined by a∗ = ar−aii−ajj−akk and |a| =
√

a2r + a2i + a2j + a2k. Note

that quaternion matrix-matrix operation is defined similar to classical matrix-matrix
operation, except the operation between two quaternion numbers are employed. The
identity quaternion matrix I is the same as the classical identity matrix. A square
quaternion matrix is unitary if A∗A = AA∗ = I. The norms of quaternion vector
and matrix can also be defined.

Definition 2.1. The 2-norm of quaternion vector x = [xi] ∈ Qn is ‖x‖2 :=√∑
i

|xi|2. The 2-norm of quaternion matrix A = [ai,j ] ∈ Qm×n is ‖A‖2 :=

maxσ (A), where σ (A) is the set of singular values of A, and the Frobenius norm

is ‖A‖F =
√∑

i,j

|ai,j|
2
.

The singular value decomposition of a quaternion matrix is firstly proposed in
[29, Theorem 7.2].

Theorem 2.1 (Quaternion Singular Value Decomposition (QSVD)). Let

A ∈ Qm×n. Then there exist two unitary quaternion matrices U ∈ Qm×m and

V ∈ Qn×n such that U∗AV = Σ, where Σ = diag(σ1, · · · , σℓ), with σi ≥ 0 denoting

the singular values of A and ℓ = min(m,n).
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3 The Lanczos Method

In this section, the Lanczos method for quaternion matrices is proposed for comput-
ing partial singular value decomposition triplets. The first step is to compute the
partial bidiagonalization of quaternion matrices. The second step is to calculate the
partial quaternion singular value decomposition.

Theorem 3.1. Let A ∈ Qm×n and 0 < k ≤ rank(A). Then there exist two

quaternion matrices with unitary columns, Uk ∈ Qm×k and Vk ∈ Qn×k, such that

U∗
kAVk = Bk is a k × k real bidiagonal matrix.

Proof. Suppose that Uk = [u1, · · · ,uk] ∈ Qm×k, Vk = [v1, · · · ,vk] ∈ Qn×k, and
Bk ∈ Rk×k is of the form

Bk =




α1 β1 0 · · · 0

0 α2 β2
. . .

...
...

. . .
. . .

. . . 0
...

. . .
. . .

. . . βk−1

0 · · · · · · 0 αk




,

where αi > 0 and βi ≥ 0 are undetermined real numbers. Now we prove that such
Uk, Vk and Bk with k ≤ rank(A) exist and satisfy

U∗
kUk = Ik, V∗

kVk = Ik and AVk = UkBk. (2)

The proof below provides a constructive procedure for the algorithm.
Choose a proper unit quaternion vector v1 ∈ Qn, and let β0 = 0, u0 = 0. For

i = 1 : k (k ≤ rank(A)),

{
ûi = Avi − βi−1ui−1, αi = ‖ûi‖2, ui = ûi/αi if αi > 0;
v̂i+1 = A∗ui − αivi, βi = ‖v̂i+1‖2, vi+1 = v̂i+1/βi if βi > 0.

(3)

These computed uis, vis, αis and βis satisfy

A[v1, · · · ,vk] = [β0u0 + α1u1, · · · , βk−1uk−1 + αkuk],

A∗[u1, · · · ,uk] = [α1v1 + β1v2, · · · , αkvk + βkvk+1].

Let Uk = [u1, · · · ,uk] and Vk = [v1, · · · ,vk]. Then

AVk = UkBk and A∗Uk = VkB
T
k + βkvk+1e

T
k , (4)

where ek denotes the kth column of the identity matrix.
Clearly, V∗

1V1 = 1. Assume that V∗
kVk = Ik holds for some integer k ≥ 1,

where range(Vk) := span{v1, · · · ,vk} = K (A∗A,v1, k). In reality, (3) implies

(αiβi)vi+1 = (A∗A)vi − (β2
i−1 + α2

i )vi − (αi−1βi−1)vi−1. (5)
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From (3) and (4),

A∗AVk = Vk(B
T
k Bk) + [(A∗A)vk − (β2

k−1 + α2
k)vk − (αk−1βk−1)vk−1]e

T
k .

With the assumption V∗
kVk = Ik in hand,

V∗
kA

∗AVk = BT
k Bk +V∗

k[(A
∗A)vk − (β2

k−1 + α2
k)vk − (αk−1βk−1)vk−1]e

T
k .

Notice that (5) is equivalent to

(A∗A)vi = (αi−1βi−1)vi−1 + (β2
i−1 + α2

i )vi + (αiβi)vi+1.

This equation implies that for integers i and j (1 ≤ i ≤ j ≤ k),

v∗
i (A

∗A)vj = v∗
j (A

∗A)vi =





0 if i < j − 1,
βj−1αj−1 if i = j − 1,
β2
j−1 + α2

j if i = j.

HenceV∗
kA

∗AVk = BT
k Bk. So thatV

∗
k[(A

∗A)vk−(β2
k−1+α2

k)vk−(αk−1βk−1)vk−1] =

0. If (A∗A)vk−(β2
k−1+α2

k)vk−(αk−1βk−1)vk−1 6= 0, then vk+1 =
1

αkβk

[(A∗A)vk−

(β2
k−1+α2

k)vk− (αk−1βk−1)vk−1] is orthogonal to v1, · · · ,vk. It follows that vk+1 /∈
K (A∗A,v1, k), but vk+1 ∈ K (A∗A,v1, k + 1). Thus V∗

k+1Vk+1 = Ik+1, where
Vk+1 = [Vk,vk+1], and range(Vk+1) = K (A∗A,v1, k + 1). If [(A∗A)vk − (β2

k−1 +
α2
k)vk − (αk−1βk−1)vk−1] = 0, then the second equation of (4) becomes A∗Uk =

VkB
T
k , and range(Vk) = K (A∗A,v1, k) = K (A∗A,v1, n).

By introduction, we have proved V∗
kVk = Ik for integer 1 ≤ k ≤ rank(A).

Similarly, we can prove that U∗
kUk = Ik. Then multiplying two equations in (4) by

U∗
k and V∗

k, respectively, we derive that U∗
kAVk = Bk and V∗

kA
∗Uk = BT

k .

Let U⊥
k and V⊥

k denote the orthogonal components of Uk and Vk, respectively.
If k reaches the rank of A, then we have

[Uk U⊥
k ]

∗A[Vk V⊥
k ] =

[
Bk 0
0 0

]
.

Therefore, we obtain

{
AVk = UkBk,
A∗Uk = VkB

T
k ,

with k = rank(A) (6)

⇔

{
Avi = βi−1ui−1 + αiui,
A∗ui = αivi + βivi+1,

i = 1, · · · , k, (u0 = 0, β0 = 0,vk+1 = 0)

⇔

{
αiui = Avi − βi−1ui−1,
βivi+1 = A∗ui − αivi.

i = 1, · · · , k, (u0 = 0, β0 = 0,vk+1 = 0)

Based on Theorem 3.1, we can present the (full) bidiagonalization of quaternion
matrix.
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Corollary 3.2 (Quaternion Bidiagonalization [22]). Let A ∈ Qm×n. Then

there exist two unitary quaternion matrices U ∈ Qm×m and V ∈ Qn×n such that

U∗AV = B is an m× n upper real bidiagonal matrix.

Corollary 3.2 can also be shown by applying quaternion Householder transfor-
mations instead. We remark that Li et al. [18] also derived the quaternion bidiag-
onalization by applying the real structure-preserving method proposed in [13]. The
structure-preserving transformations in [13, 18] can be seen as improved versions of
quaternion Householder transformations firstly proposed in [4]. See [16] for more
improved quaternion Householder transformations.

Based on the bidiagonal form, we present the partial singular value decomposi-
tion of quaternion matrix.

Theorem 3.3. Let A ∈ Qm×n. Then there exist two quaternion matrices Uk ∈
Qm×k and V ∈ Qn×k with unitary columns such that

U∗
kAVk = Σk,

where Σ = diag(σ1, · · · , σk), with σi ≥ 0 denoting the singular values of A and

k ≤ min(m,n).

Proof. The proof follows that of the partial bidiagonal form in Theorem 3.1 and the
singular value decomposition of Bk.

We remark that when k is the rank of A, Theorem 3.3 is the thin quaternion
singular value decomposition. If k is equal to the minimum of m and n, then we can
get the quaternion singular value decomposition in Theorem 2.1.

3.1 Lanczos-based Algorithms

In the proof of Theorem 3.1, we have generalized the Golub-Kahan-Lanczos bidiago-
nalization [9] to the quaternion skew field. Here we further present the Lanczos-based
algorithms for quaternion matrices, armed with reorthogonalization and restarting
techniques.

The computed right Lanczos vectors vjs constitute an orthonormal basis of the
Krylov subspace

K (A∗A,v1, k) = span{v1, (A
∗A)v1, · · · , (A

∗A)k−1v1}.

In fact, AVk = UkBk and A∗Uk = VkB
T
k + βkvk+1e

T
k are combined by pre-

multiplying the first one by A∗, resulting

A∗AVk = A∗UkBk = VkB
T
k Bk + βkvk+1e

T
kBk = VkB

T
k Bk + αkβkvk+1e

T
k .

Similarly, the computed left Lanczos vectors uj constitute an orthonormal basis of
the Krylov subspace

K (AA∗,u1, k) = span{u1, (AA∗)u1, · · · , (AA∗)k−1u1}.
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Thus, the quaternion Lanczos bidiagonalization is equivalent to the Lanczos tridi-
agonalization on the quaternion Hermitian matrices A∗A and AA∗.

After k Lanczos steps, define Uk = [u1, · · · ,uk] and Vk = [v1, · · · ,vk], and
compute the singular value decomposition of Bk as

XTBkY = diag(σ̃1, · · · , σ̃k), X = [x1, · · · , xk], Y = [y1, · · · , yk]. (7)

The computed singular values σ̃i of Bk are called the Ritz values (approximate
singular values) of A, and the columns ũi = Ukxi and ṽi = Vkyi are called the left
and right Ritz vectors, respectively. Then

Aṽi = AVkyi = UkBkyi = Ukxiσ̃i = ũiσ̃i,

A∗ũi = A∗Ukxi = (VkB
T
k + βkvk+1e

T
k )xi = ṽiσ̃i + βkvk+1e

T
k xi.

The left and right residual vectors associated to the Ritz singular triplet, (σ̃i, ũi, ṽi),
are defined as

rLi = A∗ũi − ṽiσ̃i, and rRi = Aṽi − ũiσ̃i. (8)

The residual norm of the Ritz singular triplet is defined as

ri =
√

‖rLi ‖
2
2 + ‖rRi ‖

2
2 = ‖βkvk+1e

T
k xi‖2 = βk|e

T
k xi|. (9)

Generally, we stop the iteration when ri is less than a user-prescribed tolerance.
Since Uk and Vk may loss orthogonality rapidly in finite precision arithmetic,

several reorthogonalization strategies for real/complex matrices can be generalized to
quaternion matrices, such as full reorthogonalization [8], partial reorthogonalization
[17], and one-side reorthogonalization [23]. The partial orthogonalization will first
estimate the level of orthogonality, and then applies some corrective measures when
the level is under a given threshold. We need two recurrences to monitor the loss
of orthogonality among left Lanczos vectors and that among right Lanczos vectors.
The one-side reorthogonalization reorthogonalizes Vk only when Bk is not very
ill-conditioned, which can reduce the computational cost considerably when m ≪
n. We define the levels of orthogonality of the left and right quaternion Lanczos
vectors calculated in finite precision arithmetic as ‖I − U∗

iUi‖ and ‖I − V∗
iVi‖,

respectively. These two levels of orthogonality are very close to each other unless Bi

is extremely ill-conditioned. If necessary, the reorthogonalization of vi (1 < i ≤ k)
to {v1, · · · ,vi−1} can be processed as

{
κj = v∗

jvi, j = 1, · · · , i− 1,

vi = vi − v1κ1 − · · · − vi−1κi−1, vi = vi/|vi|, (|vi| 6= 0).
(10)

Notice that κjs are quaternions, and vjκj in (10) can not be replaced with κjvj .
Now we adapt the thick-restart technique to the quaternion Lanczos bidiagonal-

ization. The full k-step Lanczos bidiagonalization, (4), can be reduced to
{

AṼℓ+1 = Ũℓ+1B̃ℓ+1,

A∗Ũℓ+1 = Ṽℓ+1B̃
T
ℓ+1 + β̃ℓ+1ṽℓ+2e

T
ℓ+1,

(11)
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where ℓ is less than k. We want to keep the wanted spectral information in this
reduced decomposition. For instance, the first ℓ columns of Ũℓ+1 and Ṽℓ+1 corre-
spond to left and right singular vectors of A, respectively. Let ℓ be the number of
wanted singular values. Ṽℓ+1 is constructed with first ℓ Ritz vectors, ṽi = Vkyi,
and the last Lanczos vector, i.e.,

Ṽℓ+1 = [ṽ1, · · · , ṽℓ,vk+1].

And similarly, Ũℓ+1 is constructed with first ℓ Ritz vectors, ũi = Ukxi and a unit-
norm quaternion vector ũℓ+1, i.e.,

Ũℓ+1 = [ũ1, · · · , ũℓ, ũℓ+1].

Here ũℓ+1 is obtained by orthogonalizing Avk+1 against the first ℓ left Ritz vectors.
With these starting constructions, the projected matrix B̃ℓ+1 becomes

B̃ℓ+1 =




σ̃1 ρ̃1
σ̃2 ρ̃2

. . .
...

σ̃ℓ ρ̃ℓ
α̃ℓ+1



,

where σ̃is are Ritz values (approximate to singular values), ρ̃is are the coefficients
of the orthogonalization of Avk+1, i.e.,

ρ̃i = βke
T
k xi, (12)

and

α̃ℓ+1 = ‖Avk+1 −

ℓ∑

i=1

ρ̃iũi‖.

If the Lanczos algorithm is run for i = ℓ+2, · · · , k with starters β̃ℓ+1 and ṽℓ+2, the
quaternion Lanczos bidiagonalization relation will be maintained and thus, a new
full-size decomposition is obtained. On the other hand, the projected matrix is no
longer bidiagonal,

B̃k =




σ̃1 ρ̃1
σ̃2 ρ̃2

. . .
...

σ̃ℓ ρ̃ℓ
α̃ℓ+1 βℓ+1

. . .
. . .

αk−1 βk−1

αk




. (13)

We sum up the thick-restart quaternion Lanczos bidiagonalization with one-sided
orthogonalization method in Algorithm 1, which outputs the approximations (called
Ritz triplets) to partial SVD triplets.
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Algorithm 1 Partial SVD Based on Thick-restart Quaternion Lanczos Bidiagonal-

ization
1: input:

2: quaternion matrix: A ∈ Qm×n

3: number of bidiagonalization steps: k

4: output: s Ritz triplets, with s ≤ ℓ < k

5: initialization:

6: a unit-norm vector: v1 ∈ Qn

7: setting: ℓ = 0

8: while if not converged do

9: Run the thick-restart Lanczos bidiagonalization with one-sided reorthog-

onalization as in (10), get U∗
kAVk = Bk, Uk = [u1, · · · ,uk], Vk = [v1, · · · ,vk]

10: Compute the SVD of Bk, Bk = XΣkY
T , as in (7)

11: Compute the orthogonalization coefficients, rLi and rRi defined as in (8),

i = 1, · · · , ℓ

12: Stop if s Ritz triplets have enough small residual norms, ris, defined as

in (9), otherwise lock newly converged triplets

13: Update ℓ and set vℓ+1 = vk+1

14: Compute Ritz vectors, Vℓ = VkY (:, 1 : ℓ) and Uℓ = UkX(:, 1 : ℓ)

15: Insert ρ̃is, defined as in (12), in the appropriate positions of Bk

16: end while

3.2 Practical Implementations

In Algorithm 1, the value of k is generally set larger than s, and the value of
ℓ is dynamically changing in-between the maximum subspace dimension (k) and
the number of currently converged SVD triplets (s). We can set that ℓ increases
progressively with a fixed rate as singular values converge. Based on the former
(Ũℓ+1, B̃ℓ+1, Ṽℓ+1), the thick-restart Lanczos bidiagonalization procedure in line 9
of Algorithm 1 will generate a new projected matrix B̃k of the form (13). This
Lanczos bidiagonalization step takes the mainly computational cost (O(n2) quater-
nion flops) of the whole processing. Note that the computational complexity of the
procedure in lines 10-14 is O(n), which can be overlooked at counting operations.
Suppose that the frequency of restarting is t, then Algorithm 1 will run the Lanczos
bidiagonalization for t times, and totally costs about 4(k − ℓ)tn2 quaternion flops.

In the literature, there are two known direct methods (svdQ[18] and eigQ[13])
for computing quaternion singular value decomposition. In these two methods, they
involves the quaternion matrix-vector product (QMV), the quaternion vector in-
ner product (QMI), and the generation of quaternion Householder transformation
(QHT) in the computational procedure. Each QMV, QVI, and QHT costs 2j2

(20j2), 2j (20j), or 4j (28j) quaternion (real) flops, respectively, when acting on
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j × j quaternion matrices and j dimensional quaternion vectors. Therefore, the
number of quaternion flops required by svdQ is

n∑

j=1

(
2(2j − 3)2j2 + (2j − 3)2j + (2j − 3)4j

)
≈

8

3
n3

and the number of quaternion flops required by eigQ is

n∑

j=1

(
2(j − 2)2j2 + (j − 2)2j + (j − 2)4j

)
≈

4

3
n3.

We see that when the number of SVD triplets requires is small (i.e., k is small) and
the number of restart (t) is small, the computational cost of the proposed iterative
algorithm lansvdQ, which is about 4(k − ℓ)tn2 quaternion flops, would be less than
that of svdQ and eigQ. In many practical applications, we only compute a few
dominant SVD triplets (k is small) and we expect the proposed algorithm can be
efficient. In the next section, we demonstrate some imaging processing applications
that the number of restart is also not high, and its computational time is less than
that required by svdQ and eigQ.

4 Numerical Examples

In this section, we apply the proposed quaternion Lanczos SVD algorithm (lansvdQ)
to four examples: the principle component analysis, the color face recognition, the
low-rank approximation of color video, and the color image completion. For compar-
ison, we use the structure-preserving quaternion SVD algorithm (svdQ) [18] and the
structure-preserving algorithm of Hermitian quaternion eigenvalue decomposition
(eigQ) [13]. All the experiments were performed in Matlab on a Mac Pro with 2.4
GHz Intel Core i7 processor and 8 GB 1600MHz DDR3 memory. The codes and the
numerical examples below are available at http://www.math.hkbu.edu.hk/∼mng/quaternion.html.

4.1 Example 1: Principal Component Analysis

The principal component of a set of data, represented by quaternion vectors, can
be computed by the quaternion singular value decomposition. Suppose we have n
samples of m dimension, denoted by ai ∈ Qm (i = 1, . . . , n). Let A = [â1, · · · , ân] ∈
Qm×n, where

âi = ai −

∑n
j=1 aj

n
.

Then k principal components of the given n samples are exactly right singular vectors
of A corresponding to first k singular values.

Let m rise from 200 to 3200 with step 100, and n = 10% ×m. The quaternion
matrix A ∈ Qm×n is generated by using the Matlab code (randn). The first k =
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10% × n SVD triplets, denoted by (Uk, Sk, Vk), of A are computed. The relative
residue error is defined as

Residue =
‖AVk −UkSk‖2

‖A‖2
. (14)

We compute the quaternion SVD by applying lansvdQ and svdQ to randomly gen-
erated quaternion matrices. The corresponding CPU time and the residue of two
algorithms lansvdQ and svdQ, are shown in Figure 1. We see that lansvdQ is
significantly faster than svdQ. The residues computed by the two algorithms are
comparable.
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Figure 1: The CPU time (a) and the residue (b) by lansvdQ and svdQ.
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Figure 2: The CPU time (a) and the residue (b) by lansvdQ and svdQ.

Next we consider the case that m rises from 200 to 5000 with step 200, and
n = 10% ×m. The quaternion matrix A ∈ Qm×n is generated by using the Matlab
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code (randn), with fixing rank r = 5. The first k = 5 nonzero singular values and
corresponding singular vectors, denoted by (Uk, Sk, Vk), are computed. In Figure
2, we display the CPU time and the residue by the two algorithms. We find that the
CPU time by lansvdQ is about the same even when n increases, i.e., the proposed
algorithm depends on how many SVD triplets are to be computed. lansvdQ is 2×103

times faster than svdQ when n = 5000. Moreover, the residues by two algorithms
are about the same.

4.2 Example 2: Face Recognition

Color information is one of the most important characteristics in reflecting the struc-
tural information of an image. Face recognition performance with color images can
be significantly better than that with grey-scale images [14]. Recall that a color im-
age with the spatial resolution of m×n pixels is represented by an m×n quaternion
matrix A in Qm×n as follows:

As,t = Rs,ti+Gs,tj+Bs,tk, 1 ≤ s ≤ m, 1 ≤ t ≤ n,

where Ri,j, Gi,j and Bi,j are the red, green blue pixel values at the location (i, j)
in the image, respectively. Suppose that there are ℓ training color image samples,
denoted by m× n pure quaternion matrices F1,F2, · · · ,Fℓ, and the average is Ψ =
1
ℓ

∑ℓ
s=1Fs ∈ Hm×n. Let

X = [vec(F1)− vec(Ψ), · · · , vec(Fℓ)− vec(Ψ)],

where vec(·) means to stack the columns of a matrix into a single long vector. The
core work of color principal component analysis approach is to compute the right
singular vectors corresponding to first k largest singular values of X. These vectors
are called eigenfaces, and generate the projection subspace, denoted as V. Both
svdQ and lansvdQ algorithms can be applied to compute the partial singular value
decomposition. We find that the computational time required by svdQ is significantly
large. It is not practical to use svdQ in the comparison. An alternative method to
compute the eigenfaces can be found from [14], where eigQ is applied to compute
the eigenvalue problem of XX∗ or X∗X.

In this experiment, we compare lansvdQ and eigQ by applying them into color
images principal component analysis. We use the Georgia Tech face database [30].
The samples of the cropped images are shown in Figure 3. All images in the Georgia
Tech face database are manually cropped, and then resized to 120×120 pixels. There
are 50 persons to be used. The first ten face images per individual person are chosen
for training and the remaining five face images are used for testing. The number of
chosen eigenfaces, k, increases from 1 to 30. In each case, we need to compute k
SVD triplets of a 14400 × 500 quaternion matrix X. Here the 14400 rows refer to
120× 120 pixels and the 500 columns refer to 50 persons with 10 faces each. In this
experiment, the svdQ algorithm does not finish the computation of the singular value
decomposition of X in 2 hours. However, both lansvdQ and eigQ can be finished
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Figure 3: Sample images for one individual of the Georgia Tech face database.

within 60 seconds. The detailed comparison of CPU time and recognition accuracy
of these two methods are shown in Figure 4. We see from the figure that lansvdQ
is faster than eigQ, while the recognition accuracies of the two methods are almost
same.
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Figure 4: The CPU time (a) and the color face recognition accuracy (b) by lansvdQ

and eigQ.

4.3 Example 3: Video Processing

Based on the quaternion framework, the optimal low-rank approximation of color
video can be reconstructed from partial quaternion SVD triplets. All frames of
a color video can be stacked into a quaternion matrix, A ∈ Q(ℓm)×n, where ℓ is
the number of frames, and m and n denote numbers of rows and columns of each
frame, respectively. Based on the SVD theory of quaternion matrix (see [29] for
example), the optimal rank-k approximation to A can be reconstructed from its
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Table 1: The average relative distances, PSNR and SSIM values of the approxima-
tions of 10 frames with applying k SVD triplets (k = 30)

Video Method PSNR SSIM
‖Ak−A‖2

‖A‖2

‖Ak−A‖F
‖A‖F

yunlonglake eigQ 29.5953 0.9236 0.0148 0.0620

lansvdQ 29.5953 0.9236 0.0148 0.0620

children eigQ 23.4508 0.8428 0.0273 0.1243

lansvdQ 23.4508 0.8428 0.0273 0.1243

first k largest singular values and corresponding left/right singular vectors. Denote
such approximation as

Ak = UkSkV
∗
k,

where Sk = diag(σ1, · · · , σk) consists of the first k largest singular values of A, and
the columns of Uk and Vk are left and right corresponding singular vectors. Then
the relative distances from Ak to A are

‖Ak −A‖2
‖A‖2

=
σk+1

‖A‖2
,

‖Ak −A‖F
‖A‖F

=

(∑min(ℓm,n)
j=k+1 σ2

j

) 1

2

‖A‖F
. (15)

In this example, we apply lansvdQ to compute partial quaternion SVD triplets of
large-scale video quaternion matrix. For comparison, we also apply eigQ on AHA
to compute all left singular vectors in unitary matrix V and all singular values in
diagonal matrix S, and generate the right singular vectors by U = AVS−1. Let
Ûk = U(:, 1 : k), Ŝk = S(1 : k, 1 : k), and V̂k = V(:, 1 : k), then we get another
approximation to A, Âk = ÛkŜkV̂

∗
k. We expect that these two methods can arrive

the same accuracy, but the cost is quite different in CPU times.
Let F and Fk denote the original frame and its approximation, respectively. The

peak signal-to-noise ratio (PSNR) value of Fk is defined as

PSNR(Fk,F) = 10 ∗ log10

(
2552mn

‖Fk − F‖2F

)
.

The structural similarity (SSIM) index of Fk and F is defined as

SSIM(Fk,F) =
(4µxµy + c1)(2σxy + c2)

(µ2
x + µ2

y + c1)(σ2
x + σ2

y + c2)
,

where x and y denote the vector forms of F and Fk, respectively, µx,y denotes the
average of x, y, σ2

x,y the variance of x, y, σxy the covariance of x and y, and c1,2 are
two constants.

Firstly, we take the color video yunlonglake.mp41 for testing the efficiencies
on compression and reconstruction of lansvdQ and eigQ. This video consists of 31

1We filmed this video of the Yunlong Lake scenic zone with a cellphone.
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frames (each frame is of size 544 × 960). Secondly, we test two methods with the
color video, children.mov, filmed by ourself, which consists of 20 frames and each
frame is of size 1280 × 360. The relative distances defined as in (15), PSNR and
SSIM values of the approximations to randomly chosen 10 frames by two methods
are computed and the average values are shown in Table 1. The CPU times of
computing k SVD triplets by lansvdQ and eigQ, respectively, are shown in Figure
5.
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Figure 5: The computational CPU times of k SVD triplets by lansvdQ and eigQ.
x-axis: the number of SVD triplets; y-axis: CPU times.

A better approximation can be reconstructed with applying more SVD triplets.
That means when k increases, the PSNR and SSIM values will become higher and
the relative distances will become smaller. We list the randomly chosen 10 frames
and their low-rank approximations with applying k = 30 SVD triplets in Figure
6. The PSNR and SSIM values are also proposed under the approximate frames.
Visually, there is no difference between original frame and its approximation. We
can conclude that the low-rank approximation based on lansvdQ of the color video
efficiently preserves the important information of each frame. Once the color video
is compressed into a small number of SVD triplets, we can get a low-rank color
video with no visually difference. This can save a mount of storage space. Take
the children video for instance, we need to store (ℓm)×n = 9, 216, 000 quaternion
numbers to save the original video. To save its low-rank approximation, we only
need to store (ℓm + n) × k = 25, 960 × k quaternion numbers and k real numbers.
That is about 0.28× k percent of the original storage.

4.4 Example 4: Color Image Completion

The robust quaternion matrix completion, proposed in paper [15], aims to recover an
m-by-n quaternion matrix L0, and among those a fraction happens to be corrupted,

15



2 4 6 8 10

2 (30,29.82,0.93) 4 (30, 29.65,0.93) 6 (30,29.53,0.92) 8 (30,29.74,0.93) 10 (30,29.62,0.93)

12 14 16 18 20

12 (30,29.66,0.93) 14 (30,29.70,0.92) 16 (30,29.57,0.92) 18 (30,
29.48,0.92)

20 (30,29.18,0.92)

Figure 6: Optimal low-rank approximations of the yunlonglake video with applying
first 30 SVD triplets. The original frames are listed in 1st and 3rd rows; the approx-
imations of rank 30 are listed in 2nd and 4th rows. The title of each approximation
is No.of frame (rank, PSNR, SSIM).

and we do not know their entries. A few available data of L0 + S0 which are in the
subset Ω, can be written as

X = PΩ (L0 + S0)

where PΩ as the orthogonal projection onto the linear space of matrices supported
on Ω ⊆ [m]× [n],

PΩ(X) =

{
xi,j, (i, j) ∈ Ω
0, (i, j) /∈ Ω.

The recovery model is given as follows: Let X be an m× n quaternion matrix. The
minimization problem is

min
L∈Qm×n,S∈Qm×n

‖L‖∗ + λ ‖S‖1 subject to PΩ (L+ S) = X. (16)
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The above model can be applied to recover a color image from the observed and
corrupted color image pixels. According to Theorem 3.1 in [15], we can recover the
target quaternion matrix with probability near to one from a subset of its entries
if they are arbitrarily corrupted when the singular vectors U and V are reason-
ably spread, the upper bound of the rank of the target quaternion matrix L0 is
ρrn/(µ log2 m), and the corruption term is sufficiently sparse.

In each iteration step of the quaternion matrix completion (QMC) method in
[15], we need to compute the full quaternion singular value decomposition (QSVD)
for one time. With applying svdQ, we get the full QSVD, which costs the dominant
CPU times. In fact, it is not necessary to compute all SVD triplets, since only a
few of them are preserved after thresh-holding. So we can compute half more than
necessary SVD triplets by the Lanczos-based method, lansvdQ, at each iteration
step.

For comparison, we take the nature color images, “ngc6543a”2 , with 20% entries
unknown for testing. Numerical results in Fig. 7 indicate that the color image
completion processing is speeded up by applying lansvdQ in a huge hence.

5 Concluding Remarks

The large-scale quaternion matrices arise from many practical applications, such as
color face recognition and color video processing. The well-known direct quater-
nion SVD algorithm is too costly to treat such huge problems. In this paper, we
present the Lanczos-based algorithms of computing partial SVD triplets of large-
scale quaternion matrices. The one-sided reorthogonalization and restarting tech-
niques are also armed with in the process. We has applied the newly proposed
algorithm, denoted by lansvdQ, in the principle component analysis, the color face
recognition, the low-rank approximation of color video, and the color image com-
pletion. Numerical results indicate that lansvdQ is efficient, and especially, it takes
much shorter CPU time than the state-of-the-art algorithms.
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Figure 7: The comparison of the QMC armed with svdQ and lansvdQ, respectively.
(a) The original image. (b) The observed image. (c) The Recovered image by QMC
with applying svdQ, with PSNR=28.93, SSIM=0.9836. (d) The Recovered image
by QMC with applying lansvdQ, with PSNR=29.54, SSIM=0.9855. (a1-d1) The
zoomed pink parts of (a-d). (e) CPU times at each iteration of QMC with applying
svdQ and lansvdQ. (f) Number of useful singular values at each iteration of QMC.
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