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ABSTRACT. In this paper we study the rigidity of proper holomorphic maps f: Q — Q' between
irreducible bounded symmetric domains €2 and € with small rank differences: 2 < rank(Q)') <
2rank(2) — 1. More precisely, if either 2 and ' have the same type or € is of type III and ' is of
type I, then up to automorphisms, f is of the form f =120 F, where F' = F; x Fy: Q — Q] x Q.
Here Q}, Q) are bounded symmetric domains, the map F;: Q — Qf is a standard embedding,
Fy, : Q — Q) and : Q) x Q) — Q' is a totally geodesic holomorphic isometric embedding.
Moreover we show that, under the rank condition above, there exists no proper holomorphic map
f:Q—Qif Qis of type I and Q' is of type III, or  is of type IT and €' is either of type I or III.
By considering boundary values of proper holomorphic maps on maximal boundary components of
), we construct rational maps between moduli spaces of subgrassmannians of compact duals of 2
and ', and induced CR-maps between CR-hypersurfaces of mixed signature, thereby forcing the
moduli map to satisfy strong local differential-geometric constraints (or that such moduli maps do
not exist), and complete the proofs from rigidity results on geometric substructures modeled on
certain admissible pairs of rational homogeneous spaces of Picard number 1.

1. INTRODUCTION

In this paper, we are concerned with the rigidity of proper holomorphic maps between irreducible
bounded symmetric domains when differences between the ranks of the domains are small.

A map between topological spaces is said to be proper if the pre-images of compact subsets are
compact. If the spaces are bounded domains in Euclidean spaces and the map extends continuously
to the boundary, the properness of the map is equivalent to the boundary being mapped to the
boundary. Hence if the domains have special boundary structures, the map is expected to have a
certain rigidity. In the case of bounded symmetric domains in their standard realizations, which
are one of the most studied geometric objects since Cartan introduced them in his celebrated
dissertation, the structure of their boundaries was extensively studied by Wolf ([W69, WT2]).

The study of rigidity of proper holomorphic maps between bounded symmetric domains started
with Poincaré ([P07]), who discovered that any biholomorphic map between two connected open
pieces of the the unit sphere in C? is a restriction of (the extension to B2 of) an automorphism
of the 2-dimensional unit ball B?. Later, Alexander [A74] and Henkin-Tumanov [TuK82] gener-
alized his result to higher dimensional unit balls and higher rank bounded symmetric domains
respectively. For unit balls of different dimensions, proper holomorphic maps have been studied
thoroughly by many mathematicians: Cima—Suffridge [CS90], Faran [F86], Forstneric [F86, [F89],
Globevnik [G87], Huang [Hu99, Hu03|], Huang-Ji [HuJOI], Huang—Ji-Xu [HuJX06|], Stensgnes
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[St96], D’Angelo [D88al, ID88bL [DI1], (D03, D’Angelo-Kos-Riehl ([DKR03]) and D’Angelo-Lebl
[DL09, DLIE).

In the case of bounded symmetric domains, Tsai [Ts93] showed that if f: Q — Q' is a proper
holomorphic map between bounded symmetric domains €2 and €’ such that € is irreducible and
rank(£2) > rank()> 2, then rank(2) = rank(€’) and f is a totally geodesic isometric embedding,
resolving in the affirmative a conjecture of Mok [M89, end of Chapter 6]. The proofs in Tsai ([Ts93]
are based on the method of Mok-Tsai [MT92] on taking radial limits on A x ', where Q' is a
maximal characteristic subdomain of €2, in the disk factor A to yield boundary maps defined on
maximal boundary faces, and on the idea of Hermitian metric rigidity of [M87] [M89]. For proper
holomorphic maps with rank(£2) < rank(€’) we refer the readers to Chan [C20l [C21], Faran [F86],
Henkin-Novikov [HN84], Kim-Zaitsev [KZ13| [KZ15], Mok [M08c], Mok-Ng-Tu [MNT10], Ng [N13|
N15a, IN15b], Seo [S15] [S16, [S18] and Tu [Tu02al, [Tu02b]. In particular, in [KZ15], Kim-Zaitsev
showed that under the assumption that p > ¢ > 2,9’ < 2p — 1,¢ < p, any proper holomorphic
map f: D! ~— D! , which extends smoothly to a neighborhood of a smooth boundary point

Z s ( 0 h(oz) ) (1.1)

must necessarily be of the form
where h(z) is an arbitrary holomorphic matrix-valued function satisfying

Iy—qg —h(2)*h(z) > 0 for any z € D! .

Here, D], denotes a bounded symmetric domain of type I (see (2.6)). Recently Chan [C21] gen-
eralized their result to type I domains by removing the smoothness assumption on the map. Our
first goal is to generalize the results of Kim—Zaitsev and Chan to cases in which €2 and €’ are of
the same type or € is of type III and € is of type I without requiring the existence of a smooth
extension to the boundary.

Definition 1.1. Let X and X’ be Hermitian symmetric spaces of the compact type. A holo-
morphic map f : X — X' is called a standard embedding if there exists a characteristic subspace
X" C X" with rank(X"”) = rank(X) such that f(X) C X” and f: X — X" is a totally geodesic
isometric embedding with respect to (any choice of) the canonical Kahler-Einstein metric. For
a nonempty connected open set U C X, a holomorphic map f: U — X’ is called a standard
embedding if f extends to X as a standard embedding.

Theorem 1.2. Let Q and Q' be irreducible bounded symmetric domains with rank q and ¢,
respectively. Suppose
2<q <2¢—1.
Suppose further that either (1) Q and Q' are of the same type or (2)  is of type III and Q' is of
type I. Then, up to automorphisms of  and §Y', every proper holomorphic map f: Q — Q' is of
the form f =10 F, where
F=F xF: Q— Q) xQ,

Q) and QY are bounded symmetric domains, Fy: Q — Q) is a standard embedding, and v : ¥} X
QY — Q' is a holomorphic totally geodesic embedding of a reducible bounded symmetric domain
Q) x 2 into Q' with respect to canonical invariant Kdhler metrics. As a consequence, every proper
holomorphic map f : Q — Q', f =10 F, is a holomorphic totally geodesic isometric embedding
with respect to Kobayashi metrics.
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We remark that in the case of type I domains, our result (which supersedes [C21]) is optimal.
In fact, when ¢’ = 2q — 1 there exists by Seo [S15] a proper holomorphic map called a generalized
Whitney map from D] to D} _,, ; which is not equivalent to (L.I). Note also that for Q and
Y of type IV, both bounded symmetric domains are of rank 2 and rigidity follows from [Ts93].
In the case of exceptional domains DV and DV’ the theorem concerns only proper holomorphic

self-maps which are again necessarily automorphisms by [Ts93] (or already from the method of
[TuK82]).

Theorem 1.3. There exists no proper holomorphic map from Q to ', if one of the following
holds:

(1) Q= D], @ =DM and ¢ <2q—1.

D,q’

(2) Q=D', ¥ =D/ or DI and 2 < ¢ < 2[n/2] - 1.

pq

The basic strategy for the proofs of Theorem [1.2| and Theorem is to generalize a strategy
used in the works of Mok-Tsai [MT92] and Tsai [Ts93] which consists of two main steps. In the first
step, it was shown that any proper holomorphic map between bounded symmetric domains maps
boundary components into boundary components. This result was then used in the second step
under the assumption that the rank of the target domain is smaller than or equal to that of the
source domain. Under the latter assumption, a moduli map was constructed from the moduli space
of maximal characteristic symmetric subdomains to that of characteristic symmetric subdomains
of a fixed rank in the target domain, and the moduli map was proven to admit a rational extension
between moduli spaces of characteristic symmetric subspaces.

If we assume that the difference between the rank of the target domain ¢’ to that of the source
domain g is positive, then for each rank 1 < r < ¢ we need to construct a moduli map f2: D, () —
F; (©) between the moduli spaces of subgrassmannians and show that this map also preserves the
subgrassmannians Z and @7, (Lemma Lemma . It is worth pointing out that there exists
a one-to-one correspondence r — i, between the indices of the moduli spaces of the source and
target domains (Lemma , so that there exists r such that i, = 4,1 + 1 in the case of type-I
and type-III Grassmannians, and 7, = i,_1 + 2 in the case of type-II Grassmannians, and our rank
condition is necessary to guarantee that r exists. The existence of r is crucial to establish the
fact that some moduli map associated with the proper holomorphic map f : Q — €' is a trivial
embedding, from which the form of f as described in Theorem 1.2 can be recovered.

After implementing the aforementioned strategy, for the completion of our proofs we will make
use of rigidity phenomena for CR-embeddings (as in [K21]) in an essential way applied to certain
CR-hypersurfaces in moduli spaces of subgrassmannians, and rigidity results concerning geomet-
ric structures and substructures. Our lines of argumentation concord with the perspective put
forth in Mok [M16] of applying the theory of geometric structures and substructures modeled on
varieties of minimal rational tangents to the study of proper holomorphic maps between bounded
symmetric domains, and, in the special case of proper holomorphic maps from type III domains
to type I domains, a novel element in our proof is the establishment of rigidity phenomena for
admissible pairs of rational homogeneous manifolds not of the sub-diagram type as initiated in
[M19]. In the latter case our proof relies on the solution of the Recognition Problem for symplectic
Grassmannians of Hwang-Li [HwL21].
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Our main technical result is presented in Section 4 and it deals with the rigidity of holomorphic
maps which respect subgrassmannians.

Definition 1.4. Let U C D,(X) be a nonempty connected open subset. A holomorphic map
H:U — Dy (X') is said to respect subgrassmannians if for each 7 € D, (X) and each connected
component U% of UN Z,, a € A, there exists 7/(«) € D,/(X') such that

(1) H(U?) C Zz1(a) and

(2) H|ye extends to a standard embedding from Z, to Z(a).

Under the assumptions of Theorem and the additional condition that H maps a CR
submanifold >,.(€2) to 3; (), Proposition says that the map is a trivial embedding. Here
¥(2) and X; (€Y) are canonically defined CR submanifolds in D, (X) and D;, (X’) respectively.
This generalizes a result of the first author [K21] (cf. [N12]) on the rigidity of CR embeddings
between SU (¢, m)-orbits in the Grassmannian of ¢-planes in CP*? where m =p + q — /.

The proof of Proposition will be given in several steps. First, we will show that the 1-jet of
H coincides with a that of trivial embedding and that H maps projective lines to projective lines
(Lemma5.5). We remark that if X is of type I or type II, then for any projective line L C D, (X),
there exists a subgrassmannian Z, such that L C Z.. Since H respects subgrassmannians, H
sends (open subsets of) projective lines into projective lines. Type III domains require special
attention (Lemma . If the map is defined between domains of the same type, in view of
Theorem 1.1 and Proposition 3.4 of [HoM10] and Lemmal5.6] the proof is complete. Theorem 1.2
of [HoM10] is a generalization of Cartan-Fubini type extension results obtained by Hwang-Mok in
[HwMO1], to the situation of non-equidimensional holomorphic mappings modeled on pairs (X, X)
of the subdiagram type. We refer readers to [KoOS81l, HwMO1l, HwMO04, MO08a, [HoM10, [HoN21]
for developments in this direction.

On the other hand, if the source domain is of type III and the target domain is of type I, then we
need to make use of [M19] Section 6]. In [M19], the second author gave sufficient conditions for the
rigidity of an admissible pair (X, X) which is not of the subdiagram type. As a consequence, he
used this result to prove that the admissible pair (SGr(n, C**), Gr(n,C?*")) is rigid. We generalize
the latter result to the admissible pair (SGr(g, C*"), Gr(q,C*")), 2 < q < n. For the notion of
admissible pairs and the rigidity of the admissible pairs of the subdiagram type, see [MZ19].

It is worth pointing out that the analogous of Theorem and Theorem involving €2 of
type I or type III and ' of type II are not covered in the current article and would be a natural
continuation to our work.

The organization of the current article is as follows. In Section 2, we describe the moduli spaces
D, (X) and D, (X) of characteristic subspaces in X. In Section 3, we present the subgrassmannians
of D,.(X) and D,(X). Then we explain the CR structure of the unique closed orbit ¥, (X) in
D, (X). In Section 5, we investigate the rigidity of subgrassmannian respecting holomorphic maps
between D, (X) and D,.(X’). For the treatment of this topic the cases where X and X’ are of
the same type I, II or III leads us eventually to the rigidity phenomenon for admissible pairs
of the subdiagram type of irreducible compact Hermitian symmetric spaces, which was already
established in [HoMI10] (in the more general context of rational homogeneous spaces), whereas
the case where X is a Lagrangian Grassmannian LGr, (i.e., X is of type III) leads to a rigidity
problem for admissible pairs of non-subdiagram type. In order to proceed with Section 5 in a way
that incorporate all pairs (X, X’) being considered in the article, we first consider in Section 4
the rigidity phenomenon for the pair (SGr(q, C**), Gr(q,C*")). Section 5 then consists of several
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lemmas to prove Proposition which is the main technical result in this paper. In Section 6, we
define moduli maps f# (resp. f?) between D, (X) (resp. D,(X)) and D,»(X") (resp. D,.(X")) which
are induced by a proper holomorphic map between © and €. In Section 7, we show that f? is a
subgrassmannian respecting holomorphic map and extends to a standard holomorphic embedding
for some r. Finally in Section 8, we prove Theorem and [I.3] In the Appendix we prove some
results from the method of moving frames that have been used in the article.
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2. PRELIMINARIES

2.1. Hermitian symmetric spaces. Let (X, go) be a Hermitian symmetric space of the non-
compact type and denote by Gy the identity component of its automorphism group of biholo-
morphic self-maps which are isometries with respect to go. Let K C G be a maximal compact
subgroup, so that Xy = Go/K as a homogeneous space and K C Gy is the isotropy subgroup at
0:=eK, e € GGy being the identity element. Here and in what follows for a Lie group denoted by
a Roman letter we denote the associated Lie algebra by the corresponding Gothic letter, and vice
versa. Write gg = €@ m for the Cartan decomposition at 0 which is the eigenspace decomposition of
do(0) for the involution o of (Xy, go) at 0, corresponding to the eigenvalues 1 and —1 respectively.
There is an element z in the center 3 of € such that ad(z)|y is the almost complex structure at 0.
We write g for the complexification of gy, and G for the complexification of Gy so that Gy — G
canonically. We have the Harish-Chandra decomposition g = m™ @£ @ m~, £¢ := £®x C, which is
the eigenspace decomposition for ad(z), extended by complex linearity as an element of Endc(g),
corresponding to the eigenvalues /—1,0 and —+/—1 respectively. Writing p :=€“@®m~ Cg,p C g
is a parabolic subalgebra, and G/P is the presentation as a complex homogeneous space of a
Hermitian symmetric space X of the compact type dual to Xy. The canonical embedding Gy — G
induces a holomorphic map Xg = Go/K — G/P = X, which is the Borel embedding realizing
X, as an open subset of X. We also have the Harish-Chandra realization of X, as a bounded
symmetric domain Q € m*™ = C", n = dim¢ X (cf.[WT2]).

2.2. Moduli spaces of Hermitian symmetric subspaces and characteristic subspaces. In
this subsection we describe moduli spaces of certain Hermitian symmetric subspaces of subdiagram
type and characteristic subspaces in the irreducible Hermitian symmetric space of type I, II, III.

We refer the reader to [W69, [W72] for more details.
(1) Let X be the complex Grassmannian Gr(q,p) consisting of g-planes passing through the
origin in CP*?%. Then G = SL(p+ q,C)/piprqlp+q, where p,, stands for the group of m-th

roots of unity, and I,,, stands for the m-by-m identity matrix, and for any A € SL(p+q, C),
A acts on A7 (CPT9) by

A(wy A -+ ANwy) = Awy A -+ N Aw,, (2.1)

where wy, ..., w, € CP*9. Taking wy,...,w, to be linearly independent and identifying
Gr(q, p) with its image in P (A7 (CP*9)) under the Pliicker embedding, we have the induced
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action of A € SL(p + ¢q,C) on Gr(q,p). A subgrassmannian in Gr(q,p) is the set of all
elements x € Gr(q, p) such that

VicxecCV, (2.2)

for given complex vector subspaces Vi, Vo C CPT9. Hence, for fixed positive integers a < b,
the moduli space of subgrassmannians with dim V} = a, dim V5, = b is the flag variety

F(a,b;CPT9) = {(V},V5) : {0} € V) C Vo C CP*9 dim V; = a, dim V, = b}.

Since Gr(p, q) is biholomorphic to Gr(q, p), without loss of generality we will assume from
now on ¢ < p, so that Gr(q, p) is of rank ¢. For (V1,V3) € F(a, b; C’*9) we denote the cor-
responding subgrassmannian by Xy, 1,). We denote the moduli space of subgrassmannians
where dimV); = ¢ —r, dimVo=p+rforr=1,...,q—1 by D.(X), ie.,

D.(X)={(Vi;,Va): {0} c Vi C Vo CCPT dim V] = q—r, dim Vo = p+1}. (2.3)

Let X be the orthogonal Grassmannian OGr, consisting of n-planes passing through
the origin in C?" isotropic with respect to a nondegenerate symmetric bilinear form

S, = jp [(;l on C?. Note that ¢ := rank of OGr, = [%]. In this case G =

SO(2n,C)/{£Is,} and it acts on OGr, by (2.1). Consider a subgrassmannian in OGr,
which is the set of all elements x € OGr,, such that

Vcrcvt (2.4)

for a given isotropic complex vector subspace V C C?** with respect to S,, where V+
denotes the annihilator of V' with respect to S,. Let D,(X) and D, 1(X) denote the

moduli spaces of such subgrassmannians in OGr,,, i.e., forr=1,...,¢q—1
D (X) = {(V.V*) € F(2(q —7),2n — 2(q — 7); C*") : S,(V, V) = 0}
D, 1 (X) ={(V, VH e F2(g—r)+1,2n—2(g—71) — 1;C*) : S, (V,V) = 0}

Ty

For (V,V1) € D.(X) or Dr,%(X ) we will denote the corresponding subgrassmannian by
Xy.
Let X be the Lagrangian Grassmannian LGT, consisting of n-planes passing through

the origin in C?" which is isotropic to the nondegenerate antisymmetric bilinear form

Jn = ( _O[ [g ) on C*". In this case G = Sp(n,C)/{+Is,} and it acts on LGr, by
(2.1). Consider a subgrassmannian in LG, which is the set of all elements € LGr,, such
that

VcrcVt (2.5)

for a given isotropic complex vector subspace V C C?* with dimV = n — r, where V*
denotes the annihilator with respect to J,. Let D,(X) denote the moduli space of such
subgrassmannians in X = LGr,, i.e., forr=1,...,n—1

D(X)={(V,VY) e F(n —r,n+r;C*™) : J,(V,V) =0}
For (V,V+) € D,(X) we will denote the corresponding subgrassmannian by Xy
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The topological boundary 02 of € decomposes into a disjoint union J, S, of Gy-orbits S,, r =
0,...,q— 1. Each S, is foliated by maximal complex manifolds called boundary components of €.
For each boundary component 2y C S,., there exists a polydisc A?™" such that A?™" x €}y can be
embedded into 2 as a totally geodesic complex submanifold and € is the image of {t} x g for
some t € (OA)?7" by this embedding. For each z € A?7", the image of {z} x €y in 2 is called
a characteristic subdomain of €). Each characteristic subdomain is a bounded symmetric domain,
which is an open subset of a projective submanifold of X called a characteristic subspace of X.

(1) Characteristic subspaces of rank 7 in Gr(q,p) are the subgrassmannians Xy, v,) with
dimV; = ¢ —r and dimV, = p + r in (2.2) and hence the moduli space of them is

D,(X) given by (£3).

The bounded symmetric domain D!

L.q corresponding to Gr(q,p) is the set of g-planes

I, 0

0 -1,
inite. Write M®(p,q) for the set of p x ¢ matrices with coefficients in C, and denote by
{e1,...,€p1q} the standard basis of CP*7. For Z € M®(p,q), denoting by vy, 1 < k < ¢,

in CP*? on which the nondegenerate Hermitian form I,, = ( ) is positive def-

the k-th column vector of Z as a vector in C? = Spanc{eity, ..., €prq} we identify Z with
the g-plane in CP™? spanned by {e;x + vy, : 1 < k < ¢}. Then we have
D! ={ZeM"(p,q):I,—Z*Z >0} (2.6)

where Z* denotes the conjugate transpose of Z. The characteristic subdomains of rank r
of D], are of the form Xy, v,y N D}, with (Vi,V53) € D,(X).
(2) Characteristic subspaces of OGr,, of rank r are the subgrassmannians of the form (2.4
with dim V' = 2 [%] — 2r. Hence the moduli space of these subgrassmannians is D, (X).
The bounded symmetric domain corresponding to OGTr, is the set of n-planes in X on
which I, ,, is positive definite. It is given by

D' ={ZeMnn):1,—2°2>0,Z=-2"}.

The characteristic subdomains of DX are of the form Xy N DI with (V,V+) € D,.(X).
(3) Characteristic subspaces of LGr, of rank r are of the form (2.5) with dimW = n —r.
Hence the moduli space of of these subgrassmannians is D, (X).
The bounded symmetric domain corresponding to LGr, is the set of n-planes in LGr,
on which I,,,, is positive definite. It is given by

DI ={Ze M n,n):1,—2*Z2>0,2Z=2"}.
The characteristic subdomains of DX are of the form Xy N DI with (V,V+) € D,.(X).
Define
D.(Q):={0eD.(X): Qy :=X,NQ#D},
where X, is the subgrassmannian of X corresponding to o € D,(X). We may consider D,(2) as

the moduli space of the characteristic subdomains of rank r. For each boundary orbit Sy with
k > r, define

D, (Sk) :={0 € D.(X): Q, := X, N Sk is a nonempty open set in X, }.
Similarly we define DT%(Q) and Dr,%(Sk) for the type II domains. Then D,(2), D,(Sx) and
D %(Q), Dré(Sk) are Go-orbits in D,.(X) and Dr’%(X) such that D,.(S;) C 9D, (£2) and Dré(Sk) C

Ty
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oD

-1 (€2), respectively. For notational consistency, we define

Do(X) = X, D0<Q) - Q, DO(Sk) == Sk
Whenever necessary, we will denote by S,.(X) the boundary orbits of Q& C X for a specific X.

1
2

By Section 10 of [W72], we obtain the following lemma.

Lemma 2.1. Let X = Gr(q,p). Then, D,(S,) is parametrized by (q — r)-dimensional subspaces
of CPT jsotropic with respect to I,,. More precisely, any o € D,(S,) is of the form o = (Vi,Va),
where V1 is a (¢ —r)-dimensional isotropic subspace of I, ,, Vs is the annihilator of Vi with respect
to I, , and vice versa.

Since one can embed OGr,, and LGr, into Gr(n,n) as totally geodesic complex submanifolds,
by Lemma [2.1] we conclude that D,(S,) is parametrized by (2[n/2] — 2r)-dimensional isotropic
spaces with respect to I,,, for X = OGr,, and (n — r)-dimensional isotropic spaces with respect
to I, for X = LGry,.

2.3. Associated characteristic bundles. We refer the reader to [M89] as a general reference
for this subsection. For each o € D,(Q), there exists a polydisc A?" such that A" x Q, is
a totally geodesic submanifold of Q. Define €77 (2) C Gr(q — r,T2) to be the set of tangent
spaces of such AY"’s. Define the r-th associated characteristic bundle NS.(X) C Gr(n,,TX)
(resp. NS, () € Gr(n,,T)) to be the collection of all the holomorphic tangent spaces to X,
with 0 € D,(X) (resp. X, with o € D,(2)), which is a holomorphic fiber bundle over X, where
n, = dim(X,) for ¢ € D,.(X). By [MT92], we obtain N'S,(Q) = /\/'ST(Q)|O x €. From [M89,
p.249M1.], NS,-1()|o is a Hermitian symmetric space of the compact type. More generally we
have following statement.

Here in the proof for clarity we denote by [---] the point in a classifying space corresponding
to the object inside the square bracket.

Lemma 2.2. /\/’S,n(X)‘O 1s a Hermitian symmetric space of the compact type.

Proof. (1) Gr(q,p) : For a point [V] € X = Gr(q,p) = Gr(q, CP*?) we have T}y (Gr(q,p)) =
V* @ CPt4/V. Fix the base point 0 = [Vy] € Gr(q,p) and identify ToX with M (p, q).
Denote by K© the image of GL(q,C) x GL(p,C) in GL(Vy @ CP*?/V,, where (A, B) €
GL(q,C) x GL(p,C) acts on Z € M®(p,q) by (A, B)(Z) = BZA™!, which descends to the
isotropy action of K€ on Ty X. By definition N'S,.(Q)]o C Gr(n,, To(2)), n, =r(p—q+71).
The isotropy action of K€ on TpX induces a KC-action on Gr(r(p — q + 1), To(R)), and
K€ acts transitively on N'S,(Q)]o. When o € D,(X) corresponds to X, C Gr(q,p) and
X, passes through 0, we have [To(X,] := [E, ® Fyp_gir| € Gr(n,, To(2), where E,. (resp.
F,_4+r) 1s a vector subspace in Vi = C9 (resp. in CPT7/V; = CP) of dimension r (resp.
p—q+7). The action of K€ on Gr(r(p—q+r), To(Q2)) descends from (A, B)[E, @ F,_44,] =
[(AE,) ® (BF,_44,)]. As a KC-orbit, ./\/'ST(Q)|O =Gr(r,q—r)xGr(p—q+r,q—r).

(2) OGr,, : Recall that X = OGr, consists of isotropic n-planes in (C*",S), S being a non-
degenerate symmetric bilinear form. For [V] € OGr, C Gr(n,n) we have Tjy(Gr(n,n)) =
V* ® C?*/V. Under the isomorphism C*"/V 2= V* induced by S, we have C*"/V =
V*, so that Ty (Gr(n,n)) = V* ® V*, and Tjy)(OGr,) = A?V*. At the base point
0 = [Vo] € OGr, identify TyX with A2Vy = A?(C") = ME(n,n). Take C" to consist
of column vectors w, on which GL(n,C) acts by A(w) = Aw. Let K€ be the image of
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GL(n,C) in GL(A2C") by the action A(Z) = AZA! for Z € MS(n,n). By definition
NS, (D))o € Gr(n., To()), n,. :=r(2r —1). When o € D,(X) corresponds to X, C OGr,,
and X, passes through 0, we have [Ty(X,)] := [A*(Fs,.)] € Gr(r(2r — 1), Ty(Q)), Eo. C C"
being a (2r)-plane. The action of K€ on N'S,(Q)]o descends from A(A%(Ey,)) = A2(A(E»,))
for A € GL(n,C) and [Fy,] € Gr(2r,n — 2r). As a K%orbit, N'S,(Q)o is the image of
Gr(2r,n — 2r) in Gr (r(2r — 1), Tp(2)) under the holomorphic embedding A : Gr(2r,n —
2r) — Gr (r(2r — 1), A*(C")) defined by \([E»,]) = [A%(Es,)] for any (2r)-plane E,, C C™.
LGr, : Recall that X = LGr, consists of isotropic n-planes in (C*",.J,), J, being
a symplectic form. For [V] € LGr, C Gr(n,n) we have Ty (Gr(n,n)) = V* @ C*"/V =
V*@V* induced by J,, and Tjy)(LGr,,) = S?V*. At the base point 0 = [Vy] € OGr, identify
ToX with S2V; = S2(C") = ME(n,n). Let K© be the image of GL(n,C) in GL(S*C")
by the action A(Z) = AZA! for Z € ME(n,n). By definition N'S,.(Q)|o C Gr(n,, To(Q2)),
n, = @ When ¢ € D,(X) corresponds to X, C LGr,, and X, passes through 0, we

have [Ty(X,)] := [S%*(E,)] € Gr (T(T;l),TO(Q)>, E, C C" being an r-plane. The action

of K€ on N'S,(Q)|o descends from A(S?*(E,)) = S?(A(E,)) for A € GL(n,C) and [E,] €
Gr(r,n —r). As a K®orbit, NS,(Q)]o is the image of Gr(r,n —r) in Gr (T(’"—;l),Tg(Q))

under the holomorphic embedding v : Gr(r,n — r) — Gr (T(TTH),SQ((C”)) defined by
v([E,]) = [S*(E,)], E. C C" being an r-plane.

O

3. SUBGRASSMANNIANS IN THE MODULI SPACES

Definition 3.1. (1) For T € Dy(X) or7 € D, 1 with s <, define

(2)

Zl={oeD(X): X, CX,}
and )
z;? ={0eD,1(X): X; C X,}.
For pp € Dy(X) or p € Ds,%(X) with s > r, define
Q= {ceD(X): X, C X,}
and
Qi == {0 €D, 1(X): X, C X,}.

From the definitions, we obtain the following for X, = Xy, v,) or X, = Xy, )

and

Z7 ={(W, W3) € Do(X) : Wy C Vi, Vo C Wa}

Q= {(W1,W3) € D.(X) : Vi € Wy, Wy C Vol

For a given r, we will omit superscript r if there is no confusion.

Let pr: F(a,b; Vx) — Gr(a,Vx) be the projection defined by

pr(Vi, Vo) = V4,

where Vx = CP™9 if X = Gr(q,p) and C**, if X = OGr,, or LGr,,.
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Definition 3.2. For a given r, define

D.(X) =pr(D,(X)), Z;=pr(Z:), Qu:=pr(Q.),
and 1 1 1 1
D,y (X) = pr(D,, (X)), ZF = pr(2}), QF = pr(Qh).

D, (X) is a submanifold of Gr(a, Vx), where a = ¢ — r if X is of type I or III and a = 2(q — r)
if X is of type II and Z,, @, are subgrassmannians of D, (X).

In the case X = Gr(q,p), @, is the image of the holomorphic embedding 2 : Gr(1,V5/V4) —
Gr(a+ 1,V3), a := dim(V}), defined by setting, for any 1-dimensional complex vector subspace
0 C Vo /Vi,1(0) = Wy where Wy, C Va is the unique (@ + 1)-dimensional complex vector subspace
in V4 such that W5, D V4 and such that Wy ,/V; = €. The description of @), for X = OGr,, and
X = LG, are similar. More precisely, for r fixed and for 7 € D4(X), s < r and for u € Ds(X), s >
r, we have Table [1}

TABLE 1. Subgrassmannians

X DT(X> ZT (XT = X(V17V2)) Qu (XM - X(VLVQ))
Gr(q,p) Gr(q —r,CPT9) Gr(q—r,V1) {VeGr(g—rVy): V1 CV}
OGr, | OGr(2[n/2] —2r,C*) | Gr(2[n/2] — 2r,V}) | {V € OGr(2[n/2] — 2r,Vi'): Vi C V}
LGry, SGr(n —r,C™) Gr(n —r, V1) {VeSGrin—nr,Vt): vV, CV}

In particular, if 7 € D,_1(X) and p € D,41(X), we have Table 2}
TABLE 2. Subgrassmannians when the rank difference |s — r| equals 1

X ZT (XT = X(Vl,Vz)) Qu (XM = X(V17V2))

Gr(g,p) | Gr(g—r,V1)=Gr(1,V}) Vi@ Gr(l,V2/Wh)
OGr, | Gr(2[n/2] —2r,V1)=Gr(2, V") | Vi ® OGr(2, V- V)
LGr, Gr(n —r, V1)=Gr(1, V") VidGr(1,Vii/ W)

Table 1 above gives in particular for comparison the pairs (D, (X), Z), where 7 € D4(X) and
the pairs (D,(X),@},), where y € Dy(X), and Table 2 gives the special cases where the gap [s — |

is equal to 1. In the case of type-II Grassmannians we need to consider in addition Dr,%<X ), A
)

where 7 € D,(X), Z, where T € DT_L%(X), and Q,,?, where 1 € D,(X). If we label D,(X) as

being of level ¢, D, 1 (X) as being of level t+3, ZI for 7 € Dy(X) as being of level ¢, ZZ, 7 € D, 1 (X)

as being of level t + 1 5, and Qu , where p € Dt(X), as being of level ¢ + 5 1 then we will need to

consider for comparison the pairs (D, 7%(X), Zy ) where 7 € D, (X), the pairs (D,(X), ZI), where

TE qu,%(X) and the pairs (D, ( ), QT ) where 7 € D,.(X)). These are pairs (A, B), where the

gap of the levels of A and B are equal to —. For this purpose we have the data given by following
Table 3, noting that for type-1I Grassmannians we have D, 1 1 (X) = Gr(2[3] —2r —1,C*"). To be
consistent with the other tables, we drop the reference to r in the table.
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TABLE 3. Subgrassmannians when X is of type II and the gap is %

1 1
X | ZEX = Xgaaa € DiX)) | Z, (X, = Xpaaay, 7 € D,y (X)) | QF (X, = X))

OGr, | Gr(2[3] —2r — 1L, V1)=Gr(1,Vy) | Gr(2[3] —2r, Vi) = Gr(1, V) [ Vi@ OGr(1,VH/Vh)

Let X = G/P, where G is one of the complex simple Lie groups SL(q + p,C)/pptqlpiqs
SO(2n,C)/{£ls,} or Sp(n,C)/{*ls,} according to the type of X and P is a maximal para-
bolic subgroup of G. Then D,(X) and D,(X) are biholomorphic to G/P’,G/P" with parabolic
subgroups P’, P” of G and their automorphism groups are exactly G if r # 0 (see Section 3.3 in
[A95]). In particular, D,(X) and D,(X) are rational homogeneous spaces.

Lemma 3.3. D,(X) is connected by chains of Z. with T € D,_1(X) and chains of Q, with
1

p € Doy (X). If X is of type II, DTé(X) is connected by chains of Z# with 7 € D,(X) and

D, (X) is connected by chains of Z, with T € qu,%(X)

Proof. We will prove the lemma when X is of the type I. The same argument can be applied to

other cases. Let X = Gr(q,p). Then D,(X) = F(q¢ —r,p+r;CP™9) and D,(X) = Gr(q — r,CP*9)

by Table [1} For two distinct points g, z1 € D,(X), choose a sequence Vj, ..., V,, € D,(X) such
that

o=V, x1 =V, dm(V,.1NV))=q—r—1,i=1,...m.
Define
W,=V,+ Vi, i=0,....,m—1.

Then zy and z; are connected by the chain of Z, = Gr(q —r,W;), 1 <i < m, and by the chain
Ome:(‘/Zﬁ‘/erl)@GT(LWZ/(WQ‘/@JA)),Oglgm—l O

Define

By Lemma [2.1| we obtain
Y, =D (X)N{V € Gr(a,Vx) : I, 4]y =0}
for some suitable a and I, ,.

Lemma 3.4. The closed submanifold ¥, C D,(X) inherits from D,(X) the structure of a non-
degenerate homogeneous CR manifold with mized Levi form such that pr : D.(S,) — %3, is a CR
diffeomorphism.

Proof. We only need to show that pr is one to one since it is smooth and regular. Let o € D,.(S,).
Then o is expressed by the set of g-planes x satisfying

Spang{epi1 A Aeprgr} C o C Spang{e,_r A+ Aepiq}

Therefore o is determined uniquely by the I, -isotropic space Cepiq A -+ - Aeptq—r by Lemma .
O

Lemma 3.5. Let s <1 and let 7 € Dy(X). Then T € Dy(S;) if and only if Z, C %,.
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Proof. We only consider the case where X = Gr(q,p). The same argument can be applied to
X = OGr, or X = LGry,. Let 7 € Dy(S,). We may express X, as X, w,) with I, ;-isotropic
(¢ — s)-dimensional subspace W; and (p + s)-dimensional subspace W5. Then any element Xy, v;)
in Z, satisfies V; C W;. Hence we obtain Z, C %,. Conversely, W, is spanned by {V; : V; C W;}
and if W; is not a null space of I,,, then there exists V3 C W; of dimension (¢ — r) such that
IM}VI #0, i.e., pr(o) €%, for pr(c) =V, € Z,. O

Lemma 3.6. Let X = Gr(q,p) or LGry,. If jt € Dyy1(Sp41), then Q, NE, is a real hyperquadric
in Q.

Proof. If X = Gr(q,p), we may express X, as Xy, w,) with I, ;-isotropic (¢ —r — 1)-dimensional
subspace W; and (p + r + 1)-dimensional subspace W,. Hence any element in @), N X, can be

represented by a vector w € Wy /W satisfying I, ,|w,rw = 0. We can apply the same argument to
the case where X = LGr,. O

Let r be fixed. Since a maximal integral manifold of the CR bundle T19%, is a maximal complex
submanifold of ¥,, by Section 3 in [K21], we obtain that Z,, 7 € Dy(Sp), is a maximal complex
manifold in ¥, and vice versa.

Lemma 3.7. Let X = Gr(q,p). Then ¥, is covered by Grassmannians of rank min(r,q — ).

Proof. Choose a point x € 3,.. Then there exists a (¢—r)-dimensional I, ,-isotropic vector space V,
representing . Choose a g-dimensional [, ,-isotropic space W, that contains V,,. Then Gr(qg—r, W)
is a subgrassmannian of rank min(r,¢ — r) in ¥, passing through z. O

Lemma 3.8. The CR structure of %, is Levi-nondegenerate. Furthermore, the CR structure of
Y. is bracket generating in the sense that for any nonzero real tangent vector v, there exist two
(1,0) vectors wy, wy such that 6 A df(v,wy,ws) # 0.

Proof. For the CR structure of ¥, when X is of type I, see [K21]. In the proof, we only consider
X = LGr,. The same argument can be applied for X = OGr,. Let X = LGr, and hence
D,.(X) = SGr(n—r,C*). We regard D,(X) as a submanifold in Gr(n —r, C*"). Since everything
is purely local, we can choose Harish-Chandra coordinates (z;y;z2); x,2 € MS(r,n —1), y €
M®(n —7r,n—r), on a big Schubert cell W C Gr(n —r, C**), where W is identified with M(n +
rn—r)=M(rn—r)® M (n—r,n—7)®M(r,n—7r); and WNSGr(n —r,C*) is defined by
y—y +a'z—2'z=0 (3.1)
since an (n — r)-plane in W lies in SGr(n — r,C*") if and only if it is isotropic with respect to
the symplectic form .J,, on C**, and W N ¥, is defined by (3.1)) and
Iy +2'c—y'y—2"2=0, (3.2)

where 2* = Z' and so on, since WN X, € WnN SGr(n —r,C*) and it consists precisely of
(n —r)-planes therein isotropic with respect to the indefinite Hermitian bilinear form I,,,, on C".
Fix P = (0;,,—,;0). Then,
TpD,.(X) = {dy — dy' = 0}
and
TpY, = {dy — dy' = dy + dy* = 0}.
Therefore we obtain

TpDy(X) = TpS, + J(TpL,), (3.3)
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where J is the complex structure of D,.(X). Since X, is homogeneous, ([3.3)) holds for any P € ¥,.,
ie., ¥, is a generic CR manifold in D, (X).
Now choose 7 € Dy(Sp) such that P € Z.. By Lemma , we obtain Z, C ¥, and hence

TpZ, C TS, = {dy = 0}.

On the other hand, at P = (0; I,—,; 0), subgrassmannians of the form {(z;I,_,; Az) : x € M5, _,}
or {(Az;I,—p;2) : 2 € ME

rn—r

} with r X r symmetric matrices A are contained in >, which implies

Spang {UTPZT} = {dy = 0},

where the union is taken over all 7 € Dy(S) such that Z, 5 P.
Let B
0 = x*der — y*dy — 2*dz, and 0 :=dy+ 2'dz — 2'dx.
Then, 6 is a skew-Hermitian contact form on {I,,_, + z*z — y*y — z*z = 0} and g is a symmetric
one form on D,(X) (by equation (3.1])). Moreover, since J, = 0 on 7 and P € Z, if and only if
P C 7 as subspaces of Vy, by differentiating

Jp(v,w)=0, vCP, wcCr,

we obtain

TpZ, C {6 =0}
for all Z,, 7 € Dy(X) with P € Z,. Hence, by the same argument as above, we can show that 6
and 0 together define the CR structure on X,. Notice that at P = (0; I,,—; 0),

OAdO = dy A (dat Adz — dzt A dx)
on TpD,(X) and hence the proof is completed. O

4. RIGIDITY OF THE PAIR (SGr(q,C*"),Gr(q,C*"))

We consider the question of rigidity for mappings for the pair (X, X’), where X is the symplectic
Grassmannian SGr(q, C*"), 2 < ¢ <n, X’ is the Grassmannian Gr(q, C*"), and X is identified
with its image inside X’ by a standard embedding in the obvious way.

The main result of this section is Proposition proving that for a VMRT-respecting holo-
morphic map H : U — X’ defined on a nonempty connected open subset U C X modeled on the
pair (X, X’) of rational homogeneous manifolds of Picard number 1 which is assumed to extend
meromorphically to H : X --» X’ the extended map is actually a standard holomorphic embed-
ding H : X — Y of X onto some complex submanifold Y C X, i.e., it is the obvious embedding
1: SGr(q,C*") — Gr(q,C*") up to automorphisms of both the domain and the target manifolds.

The problem for the case of the pair (SGr(n,C*"),Gr(q,C*")),n > 2,SGr(n,C*") = LGr,,
the Lagrangian Grassmannian of rank n, has been settled in [M19] in which it was proven that
the admissible pair of compact Hermitian symmetric spaces (LGr,, Gr(n,n)), which is of non-
subdiagram type, is rigid in the sense of the geometric theory of sub-VMRT structures. Here for
the purpose of our application to Theorem 1.2, the map H arises from a proper holomorphic map
f: D" = D, and we will be able to establish that H extends to a holomorphic map from LG,
into X, and we deal in this section with the question whether H : SGr(q, C*") — Gr(q, C*") is a
standard embedding.
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For the purpose of showing that H is a standard embedding, we generalize certain argument
in [M19] for the pair (LGr,, Gr(m,n)) to our situation. Here we will recall some basic notions
from the theory of sub-VMRT structures in order to be able to apply the argument of parallel
transport along minimal rational curves as in [M19]. As opposed to the Lagrangian Grassmannian,
the problem for parallel transport on symplectic Grassmannian X = SGr(q,C*") for 2 < g <n
exhibit new difficulties.

First of all, X is marked at a short root, and the Recognition Problem for X is much harder than
the long-root case. Fortunately, the Recognition Problem has recently been settled by [HwL21],
which, together with the Thickening Lemma, allows us to analytically continue H along certain
minimal rational curves. Secondly, the moduli space of minimal rational curves on X is no longer
homogeneous, and parallel transport for our purpose can only be carried out for general min-
imal rational curves, but we show that it is nonetheless sufficient to prove that the extended
meromorphic map H : X — X’ has no indeterminacies and is in fact a holomorphic immersion.

Local calculations in terms of Harish-Chandra coordinates to be deferred to Section 5 allow
us to show that H : X — X’ can be dilated via C*-action to a standard embedding, and the
homotopy and cohomological arguments (involving volume forms) as in [M19] allows us to recover
H as the obvious embedding up to automorphisms of the domain and target manifolds.

We now consider the pair (X, X’) = (SGr(q, C*"),Gr(q,C*")), 2 < ¢ < n from the perspective
of the geometric theory of sub-VMRT structures. The obvious inclusion map 2: X < X’ sends

minimal rational curves onto minimal rational curves, and we have 1, : Hy(X,Z) — Hy(X',Z). We
identify X’ as a projective submanifold by means of the Pliicker embedding v: Gr (g, C*") — PV,
N +1 = dim¢ A\? ((CQ”) = %. To relate to the theory of sub-VMRT structures as given in
[MZ19] and [M19] we have first of all

Lemma 4.1. In the notation above (X, X') is an admissible pair of rational homogeneous mani-
folds of Picard number 1 in the sense of [MZ19] which is of non-subdiagram type.

Proof. To prove that the pair (X, X’) is an admissible pair of rational homogeneous manifolds of
Picard number 1 in the sense of [MZ19], it suffices to show that X is a linear section of X’ C PV.

Denote by J, the underlying symplectic form on C*". For ¢ > 2 let A: @? (C*") — R4 (c*)
be the linear map uniquely determined by A(u; ® -+ ® uy) = Jp(ur,u2)(us @ -+ @ u,), and
denote by p: A7 (C*) — R (C*) its skew-symmetrization. We have readily p: A? (C*") —
N2 (C*), where A’ C?*" := C. Now, for I € Gr(q, C**) = X’ spanned by uy, - -, ug, Uy A+ - A
Uy (q—2) are linearly independent as x: {1,---,¢—2} — {1,---, ¢} ranges over all injective maps,
hence p(ui A -+ Aug) = 0 if and only if J,(usq), usi2)) = 0 for any permutation s of {1,---,q}.
Thus p(ug A -+ Aug) = 0 if and only if IT is isotropic in (C**, J,,). In other words, X C X’ is the
linear section defined by the vanishing of the vector-valued linear map p on A? (C2”).

Since any rational homogeneous manifold determined by a subdiagram of the marked Dynkin
diagram for a Grassmannian must itself necessarily be a Grassmannian, the admissible pair (X, X’)
is of non-subdiagram type. 0

Note that in the case where ¢ = n, X is the Lagrangian Grassmannian LGr,, and the rigidity
phenomenon for substructures for the admissible pair (X, X’) has been demonstrated in [M19],
which is stronger than the rigidity phenomenon for mappings for the same pair (X, X’). Thus,
in what follows our focus is in the case 2 < g < n, although in the statement of results for the
purpose of uniformity we will include the case where X is a Lagrangian Grassmannian as a special
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case. We refer the reader to [HwMO05] and [HwL21] for descriptions of the VMRT on a symplectic
Grassmannian, and to [MZ19] for basics concerning sub-VMRT structures. For simplicity, we will
consider sub-VMRT structures w: €(S) — S on some locally closed complex submanifolds mod-
eled on the admissible pair (X, X’) which are already known to extend to a projective subvariety
Y C X', since for the application to complete the proof of the Theorem in the case of proper
holomorphic maps from type III to type I domains we will be led to a VMRT-respecting map

h: U —» S C X’ which is known to extend meromorphically to H: X --» X'

We summarize in what follows information about the VMRT of a symplectic Grassmannian
taken from [HwMO05] which is of relevance for our further discussion on the meromorphic map
H. With respect to the standard labeling of nodes in Dynkin diagrams as for instance found in
[Ya93], the symplectic Grassmannian SGr(q, C*"), 2 < ¢ < n (denoted as S,,, in [HwMO05]) is of
type (sp,,, a,). Fix a Cartan subalgebra h C sp,,. For 2 < ¢ < n the symplectic Grassmannian
X := SGr(q,C*) is a rational homogeneous space of Picard number 1 associated to a graded
complex Lie algebra of depth 2, sp, =:g=9g 2B g_1 D go D g1 D g2, where for k£ # 0 the vector
space g is spanned by root spaces g° for roots p with coefficient equal to £ in the simple root
ag, and go = h @ t, where t is spanned by root spaces g” for roots p with vanishing coefficient
in the simple root «,. We have [gk, g¢] C gkis, setting g, := 0 whenever p # {—2,—-1,0,1,2}.
The parabolic subalgebra p is given by p = g_o @ g_1 @ go. Writing G = Sp(n,C) and P C G
for the parabolic subgroup corresponding to the parabolic subalgebra p C g, we have X = G/P
and the identification To(G/P) = g1 @ g2. The vector subspace gg C g is a reductive Lie algebra
corresponding to a Levi factor L := Gy C P, it has a one-dimensional center 3 and we have a direct
sum decomposition of Lie algebras go = 3 ® sl, @ sp,,_, (the semisimple part corresponding to
the Dynkin subdiagram obtained by removing «,). L acts irreducibly on gy and go. The isotropy
action of P on g; defines the minimal G-invariant holomorphic distribution D C Tx. We have
D = U* ® @, where U is the universal rank-¢ holomorphic vector bundle inherited from the
Grassmannian X’ = Gr(q,C*") D SGr(¢q,C*") = X, and Q is a rank 2(n — ¢) holomorphic vector
bundle. At 0 € G/P the direct factor up to isogeny SL(q,C) of L acts nontrivially on Uj while
the direct factor up to isogeny Sp(n — ¢, C) acts nontrivially on Q)y. The isotropy action of P on
g2 defines a holomorphic vector bundle R on X which is isomorphic to Tx/D. R = S*U*.

A point z € SGr(q, C*) corresponds to a g-dimensional complex vector subspace V in (C**, J,,).
Denoting by V+ C C?" the annihilator of V with respect to .J,,, by hypothesis we have V C V*.
(We have Qo = V+/V equipped with a symplectic form induced from J,,.) A minimal rational curve
A on X containing € X is determined by the choice of complex vector subspaces A, B C C?",
dim¢ A =¢q —1, dim¢ B = ¢+ 1, such that A C V C B. We say that the minimal rational curve
A C X is special if and only if B is isotropic in (C*", J,,), otherwise A is referred to as a “general
minimal rational curve” on X. Then, the set of vectors tangent to special minimal rational curves
on X span a proper holomorphic distribution which is precisely D C Tx. For a special rational
curve A passing through = € X, T,(A) =: Ca, we will refer to [a] € €,(X) as a special rational
tangent.

The VMRT %,(X) C PTy(X) can be described explicitly as follows.

Lemma 4.2. The highest weight orbit #4(X) = PU; @PQy — P(Us ®Qo) of the L-representation
in PTy(D) = Py, is the variety of special rational tangents at 0 € X, S (X) C 6o(X), the VMRT
at 0 € X. Writing Wy for the highest weight orbit of the L-representation in Pgs, which is the
image of PUS in Pgy under the Veronese embedding, we have Wy C 6o(X). Let N C P be the
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nilpotent Lie subgroup corresponding to the nilpotent Lie subalgebra nw:=g o @ g1 C p, then the
orbit of [ ® X, 0 # Ao € U, under N is given by N[Ag®Xo] = {[Mo @ i+ A®@Xo] € P(g1 D g2) :
e Qot C 6o(X). Moreover the VMRT 6o(X) is precisely the union of #,(X) and the N-orbits
N[A® A] as X ranges over non-zero vectors in US. As a consequence €o(X) is the union of #(X),
the unique closed P-orbit in 65(X), and the unique open P-orbit O := 6o(X)— S(X). Thus,
Go(X) ={[A@u+ AN : 0# X e U, u € Qo}.

Proof. Since SL(q,C) acts transitively on Wy, and N acts transitively on N[A®A] by definition, P
acts transitively on O = %(X)—(X). Clearly O C %,(X) is the unique (Zariski) open P-orbit.
All other statements are implicitly in [HwMO05, Chapter 2]. O

From the explicit description of the VMRT %(X) on the symplectic Grassmannian X, by a
straightforward determination of the projective second fundamental form of €,(X) C PTy(X) as
a projective submanifold we have readily the following characterization of .#,(X) C %p(X) and
O C %p(X) in terms of projective geometry.

Lemma 4.3 (Lemma 6.6 in [HwL21]). Denote by ¢: S*Tyyx) — Neyx)pro(x) the projective
second fundamental form as a holomorphic bundle map. Then ( is surjective at [o] € 6o(X) if
and only if o] € O.

In Proposition [4.10| we will prove that H is a holomorphic immersion. The proof will rely on
the theory of geometric substructures of [MZ19], especially the Thickening Lemma, and the char-
acterization results of symplectic Grassmannians of Hwang-Li [HwL21]. Here it should be noted
that according to [HwL21], strictly speaking a symplectic Grassmannian other than a Lagrangian
Grassmannian cannot be recognized among projective manifolds of Picard number 1 solely by
the VMRT at a general point. In its place it has been shown in [HwL21] that in these cases
the symplectic Grassmannians are characterized by the VMRT at a general point together with
the nondegeneracy of the Frobenius form associated to a proper distribution determined by the
VMRT. We observe that this condition is automatically satisfied in the problem at hand, when
the geometric substructure arises from a germ of VMRT-respecting germ of holomorphic map.

Given a uniruled projective manifold (M, Ky,) and a locally closed complex submanifold S of
M, for x € S we define €(S) := € (M)NPT(S), €,(5) := €,(M)NPT,(S). Writing pu: T,,(M) —
{0} — PT,(M) for the canonical projection, for a subset E C PT,(M) we write E := y~*(E) C
T,(M) — {0} for the affinization of E. Write @ 1= 7|g(g): €(5) — 5.

Definition 4.4. We say that w = 7|gg): €(S) — S is a sub-VMRT structure on (M, Ky,) if
and only if
(a) the restriction of w to each irreducible component of € (S) is surjective, and

(b) at a general point x € S and for any irreducible component Ty, of €,(S), we have I';, ¢
Sing( €, (M)).

Definition 4.5. Let (M,K,;) be a uniruled projective manifold M equipped with a minimal
rational component Kp;. Let w: €(S) — S, €(S) := €(M)NPT(S), be a sub-VMRT structure
on a locally closed submanifold S of M. For a point x € S, and [a] € Reg(%,(5)) N Reg(€,(M)),
we say that (€,(5),[a]), or equivalently (;JZ(S), «), satisfies Condition (T) (with respect to the
sub-VMRT structure @: €(S) — S on (M, Kar)) if and only if Ta(%5(S)) = Ta(%,(M)) N T(S).
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Concerning Condition (T) we have the following lemma concerning linear sections Y of a pro-
jective submanifold M uniruled by projective lines which is a special case of [MZ19, Lemma 5.5]
in which Y is further assumed nonsingular (and uniruled by projective lines).

Lemma 4.6. Let (M,Ky), M C PN, be a uniruled projective manifold endowed with a mini-
mal rational component consisting of projective lines, and denote by w: € (M) — M the VMRT
structure on M. Let Y C M be a smooth linear section of M and write €(Y) = € (M) NPT(Y),
the sub-VMRT structure on Y. Then, for a general point z € Y and a general smooth point
a] € €.(Y), (6.(Y),[a]) satisfies Condition (T).

For the study of rational curves on a projective variety it is essential to find free rational
curves lying on the smooth locus of the variety. From the perspective of the theory of sub-VMRT
structures the following result, which is a simplified version of the Thickening Lemma in [MZ19]
Proposition 6.1], gives a sufficient condition for finding an open neighborhood of some rational
curve which is an immersed complex submanifold.

Theorem 4.7. Let (M,Ky) be a uniruled projective manifold endowed with a minimal rational
component, dimec M =: n, and w: €(S) — S be a sub-VMRT structure. dimc S =: s, and assume
that there exists a projective subvariety Y C M such that dimcY = s and S C Y. Let [a] € €(5)
be a t point of both €(S) and € (M) such that w: € (S) — S is a submersion at [a], w([a]) =: =,
0] € Kun be the minimal rational curve (which is smooth at x) such that T,(¢) = Ca, and
@: Py — € be the normalization of ¢, P, = P, Suppose (6,(S), [a]) satisfies Condition (T). Then,
there exists an s-dimensional complex manifold E((), P, C E({), and a holomorphic immersion
O: E({) — M such that ®|p, = ¢ and such that ®(E({) contains a neighborhood of x on S.

Crucial to our arguments is the following solution [HwL21] of Hwang-Li giving a solution to the
Recognition Problem for the symplectic Grassmannian.

Theorem 4.8 ([HwL21]). Let X be a symplectic Grassmannian SGr(q,C*), 0 < ¢ < n. Let
Y be a uniruled projective variety containing a smooth standard rational curve £y C Reg(Y') in
its smooth locus. Denoting by KY the normalized moduli space of (unparametrized) free rational
curves £ C Reg(Y') which are deformations of £y inside Reg(Y'). Denote by €, (Y) C PT,(Y) the
variety of K\ -rational tangents at a general point y on Reg(Y) and denote by 6€,(Y") the topological
closure of €,)(Y) in PT,(Y). Assume that there exists a nonempty Euclidean open subset O C'Y
such that for any y € O, €,(Y) C PT,(Y) is projectively equivalent to 6o(X) C PTo(X) for a (
and hence any) reference point 0 € X. Then, given any member [(] € KY. such that ¢ is a standard
rational curve, some Fuclidean neighborhood of ¢ is biholomorphic to a Fuclidean neighborhood
of a general line in one of the presymplectic Grassmannians corresponding to (C*", i), where p
denotes a skew-symmetric complex bilinear form on C*".

For the meaning of presymplectic Grassmannians and that of a general line on such a space we
refer the reader to [HwL21].

By the hypothesis in Theorem for any y € Y, 6,(Y) C PT,(Y) is projectively equivalent
to 6o(X) C PTy(X) for a reference point 0 € X. Assuming r > 1 we have thus on O a uniquely
determined £ C T corresponding to the subspace g;. We have the Frobenius form ¢: FQFE —
To/E defined as follows. Let y € O and v,w € E,. Shrinking the neighborhood U(y) of y if
necessary let v, w by E-valued holomorphic vector fields on U(y) such that v(y) = v and w(y) = w,
then ¢(v,w) = [v,w|(y)/E, € T,(Y)/E, is uniquely determined independent of the holomorphic
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extensions v, w € ['(U(y), F), and the Frobenius form ¢: EQFE — Tp/FE is defined at the arbitrary
point y € O by p(v ® w) = (v, w) and extended to F ® E by complex linearity. Since the Lie
bracket is skew-symmetric we may regard the Frobenius form as ¢: /\2 E —1Ty/E.

Corollary 4.9. In the notation of the preceding paragraph and Theorem [{.8, assuming that the
Frobenius form : /\2 E — Tp/E is nondegenerate in the sense that for any y € O and for any
nonzero vector v € E,, there exists w € E, such that (v Aw) # 0. Then, in the concluding state-
ment of Theorem[].8, there exists some Euclidean neighborhood of ¢ in'Y which is biholomorphic
to a Fuclidean neighborhood of a general minimal rational curve on X.

In what follows we consider holomorphic embeddings defined on some nonempty connected open
subset U C X. Shrinking U if necessary, we may assume that AN.S is either empty or a nonempty
connected open set for any minimal rational curve A on X. (For example, composing the minimal
projective embedding of X with a local affine linear projection in inhomogeneous coordinates, we
may choose an open subset U C X which is identified by means of local holomorphic coordinates
with a convex open subset U’ C C*, so that A N U is an open subset of an affine line whenever

ANU#0.)

Proposition 4.10. Write X := SGr(q,C*") and X' := Gr(q,C*"), 2 < q < n. Suppose there
exists a nonempty connected open subset U C X, and a holomorphic embedding h: U — X'
onto a locally closed complex submanifold S C X' such that for any x € U, writing €p)(S) =
Chiw)(X') NPT (S), the inclusion €,(S) C PT,(S), for any y € S, is projectively equivalent to
%o(X) C PTo(X) for a reference point 0 € X, and such that for any minimal rational curve A on
X such that ANU # 0, h(ANU) is an open subset of some projective line on X'. Assume that

h: U —5 S extends to a meromorphic mapping H: X --+ X'. Then, H: X—Y 1is a holomorphic
immersion onto a projective subvariety Y C X'.

Proof. Since the case of ¢ = n has been established in [M19], in what follows we assume that
2 < g < nso that X is a symplectic Grassmannian other than a Lagrangian Grassmannian.

There is a subvariety A C X such that the meromorphic map H: X --» X’ is holomorphic
and of maximal rank on X — A. Write Y C X' for the Zariski closure of H(X — A). We apply
Theorem [4.7], the Thickening Lemma adapted to our situation, to the meromorphic map H: X --»
Y in order to find an open neighborhood of ¢ in Y which is an immersed complex submanifold
where ¢ is a certain projective line lying on Y. By the hypothesis, for every point s € S, and for
©5(S) := C:(X')NPT,(S), the inclusion €5(S) C PT,(S) is projectively equivalent to the inclusion
%o(X) C PIH(X), 0 € X. For x € X — A, writing z := H(x), H maps some connected open
neighborhood U(z) of x on X — A onto a locally closed complex submanifold S(z) C X'. Define
©.(S(2)) == C.(X') NPT.(S(2)).

Consider the subset W C X — A such that the inclusion %,(S) C PT,(S(z)) is projectively
equivalent to the inclusion %3(X) C P75(X). Then, W contains the nonempty connected open
subset U C X—A (in the Euclidean topology). We claim that W contains a nonempty Zariski open
subset W C X —A. To see this let x: & — X’ be the Grassmann bundle whose fiber over w € X’
consists of s-planes II C T,,(X’). Denote by . C & the fiber subbundle whose fiber over w € X’
consists of s-planes II such that the inclusion PII N %, (X’) C PII is projectively equivalent to
the inclusion %5(X) C PTo(X). .7 C & is a constructible subset. Hence, at every point w € X',
the topological closure 2,, = .7, C P, is a Zariski closed subset of &, and .7, contains a
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nonempty Zariski open subset. Since Zariski open subsets are closed under taking unions, there
is a biggest (nonempty) Zariski open subset in .%,, to be denoted by .#° C .%,. Let G’ be the
identity component of the automorphism group of X’. G 2 PGL(2n,C) is a connected complex
algebraic group. For w € X' write P, C G’ for the parabolic subgroup which is the isotropic
subgroup of G’ at w, so that X = G’/P,. By the maximality of .0 C ., it follows that .2 is
invariant under the isotropy action of P/, and it follows that by varying w over X’ we have an
algebraic fiber bundle .#° over X’ whose fiber at w € X' is given by ..

By assumption, over the connected open subset U C X the holomorphic map h: U =y 5c X’
induces a holomorphic map #: U — %, which is the composition ( o h, here ( is a holomorphic
section of .#° over S. The meromorphic map H: X --» Y induces a meromorphic map O: X --»
9|y (= .Z|y) such that © is holomorphic on U and ©|y = 6. Hence there exists some Zariski
open subset W C X — A containing U such that A is holomorphic and of maximal rank on W and
such that the induced holomorphic map © takes values in the Zariski open subset .|y of .|y,
as claimed.

Write W =X—-A, W C W, AD A. Let now x € Reg(A). Since the VMRT %,(X) C PT,(X)
is projectively nondegenerate (cf. [HwMO035]), there exists some [a] € €, (X) such that o ¢ T,(A).
Since the condition imposed on [] is an open condition on %, (X) without loss of generality we
may assume that [a] is tangent to a general minimal rational curve (in the sense of the paragraph
immediately following Theorem [£.8)). Let now A be the (unique) minimal rational curve on X
passing through z such that 7,.(A) = Ca. For any point y € ANW, H is a holomorphic immersion
at y and €, (X") NPT, (Y"), w := H(y), is projectively equivalent to %,(X) C PTy(X), where we
may take Y’ =Y if Y is smooth at H(y), and in general we take Y’ to be a nonsingular irreducible
branch of Y NV for some neighborhood V' of H(y) on X' such that h (being a holomorphic
immersion at y) is a biholomorphism of some neighborhood U(y) of y onto Y”. From the hypothesis

that h: U — S maps open subsets of minimal rational curves onto open subsets of minimal
rational curves of X’ lying on S C X', by analytic continuation it follows that over W C X — A,
the map H is a holomorphic immersion and it maps any germ of minimal rational curve onto
a germ of minimal rational curve. Thus H maps the germ of A at y to the germ of a (unique)
minimal rational curve ¢ of X’ at w.

By the choice of A, AN W is the complement in A of a finite number of points. Let now
y € ANW (so that in particular H is an immersion at y) and such that H(y) € Reg(Y"). We will
apply Theorem (the Thickening Lemma) to the minimal rational curve ¢ C X’ which lies on
Y. For this purpose we have to check the validity of Condition (T) on the pair (%,,(Y"), [Tw(£)])
for the germ of sub-VMRT structure w: ¢’ (Y') — Y’ for a smooth neighborhood Y’ of H(y) on
Y, €(Y') = €(X') NPT (Y’). Recall that, writing T,(¢) = Cf, by Definition [4.6] (¢.,(Y"),[3])
satisfies Condition (T) for the sub-VMRT structure w: € (Y’) — Y’ on Y’ if and only if

— —

(1) Ta(6u(Y") = Ts(6w(X")) N Tw(Y").

By hypothesis the inclusion %, (Y') C PT,(Y’) is projectively equivalent to the inclusion
%o(X) C PTo(X), hence the statement () is equivalent to the statement

(1) To(%(X)) = Ty(%o(X") N Ty(X)

for v € %(X ) being a vector tangent to a general minimal rational curve on X’ passing through
0. Writing G resp. G’ for the identity component of Aut(X) resp. Aut(X’), and P C G resp.
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P’ C @' for the isotropy (parabolic) subgroups at 0 € X resp. 0 € X', we have the standard
inclusions G C G and P = PPNG C P/, X = G/P C G'/P' = X', which defines the standard
embedding ¢: X — X'. Now P’ acts transitively on the VMRT %;(X’) for the Grassmannian
X = Gr(q,C*) (which is an irreducible Hermitian symmetric space of the compact type), while
by Lemma the VMRT %,(X) of the symplectic Grassmannian X = SGr(q, C*") is almost
homogeneous under the action of P, with a unique open P-orbit O consisting of projectivizations
of non-zero vectors 7 tangent to general minimal rational curves passing through 0, and a unique
closed P-orbit F = %(X)— O consisting of projectivizations of those 7 tangent to special minimal
rational curves passing through 0.

By Proposition X C, X’ C PV is a linear section when the Grassmannian X’ is identified as
a projective submanifold by the Pliicker embedding. By Proposition [4.6] at a general point x € X
and a general point [§] € €,(X), (€.(X),[£]) satisfies Condition (T) (with respect to the sub-
VMRT structure w: € (X) — X on X'). In our case by homogeneity the conclusion holds actually
at any point € X (in place of requiring = to be a general point). Thus, we may take z = 0,
and conclude that (%5(X), [¢]) satisfies Condition (T) for a general point [£] € ,(X). Since the
statement that Condition (T) holds for (5(X), [¢]) is invariant under the action of P it follows
that (1) must hold everywhere on the unique open P-orbit O C %,(X), hence Condition (T)
holds for (66(X), [£]) whenever [£] € O. As a consequence Condition (T) holds for (,(Y"),[5]),
T,,(¢) = Cp for the sub-VMRT structure w: €(Y’) - Y on Y'.

On the Grassmannian X’ the minimal rational curve ¢ C X' is smooth, and the normalization
¢: Py, — ( is just a biholomorphism. It follows by Theorem that there exists some complex
manifold E(¢) containing P, and a biholomorphism ®: E, — ®(E;) C X’ such that ®(E,) =:
Y, C Y. We compare now the two germs of complex manifolds along rational curves given by
(X;A) on X and (Yy; ) on Y. From our choices there is a point y € A and an open neighborhood
U(y) of y on X, such that H is holomorphic on U(y), H maps U(y) onto a neighborhood Y of
w= H(y)on Y, and ANU(y) onto £ NY’, and H is VMRT-respecting on U(y) in the sense that
for any u € Ul(y), writing v = H(u) and %,(Yy) = €,(X') NPT, (Y2), €,(Y') = [dH|(€.(X))
holds true while €, (X) C PT,(X) is projectively equivalent to %,(Y;) C PT,(X’). On Y’ we have
by Lemme4.2] a holomorphic distribution E which is spanned at every point v = H(u) by the
affinization of the subset F,, C %,(Y”) consisting of points where the projective second fundamental
form of €, (Y") C PT,(Y”) fails to be surjective. Since the latter property in projective geometry is
obviously preserved by [dH], it follows that F, = [dH](PD, N%.(U(y))) for every point u € U(y)
where D C Tx is the minimal holomorphic distribution spanned by special rational tangents.
Since the Frobenius form ¢p: A*D — Tx /D associated to D € T(X) is nondegenerate (in the
sense as described in Corollary everywhere on X, and we have [dH (§),dH (n)] = dH (£, n)]) for
holomorphic D-valued vector fields on U(y), it follows that the Frobenius form ¢p: A* E — Ty:/E
associated to the holomorphic distribution E C T'(Y”) is also everywhere nondegenerate on Y’ C
Y (¢). Tt follows by Theorem that, shrinking Y, if necessary, there exists some neighborhood

Uy of A € X and a biholomorphism Oq: Y, = Uy such that Ogl,: ¢ =, A, and moreover by the
statement of Theorem 7.12 in [HwL.21] © preserves VMRTs.
A priori ©g is unrelated to H. However, using ©y we may now identify Y () as an open subset of a

copy X; of X, and consider H|y,: U(y) = Y'asa VMRT-preserving biholomorphism between
the connected open subset U(y) C X and Y’ C Y(¢) C X;. It follows by the Cartan-Fubini

extension theorem of [HwMOI|] that H|y(,) extends to a biholomorphism W: X —=5 X;. Thus,
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shrinking Y'(¢) (as a complex manifold containing ¢) if necessary, there exists a neighborhood
U of A on X and a biholomorphism ©: U —» Y (¢) such that Oluw) = Hluw: Uly) =y,

Olpr: A =5 0. In particular, we have proven that H: X --» Y C X’ is holomorphic and in fact
a local biholomorphism at x € Reg(.A). Since = € A is arbitrary, we conclude that H is a local
biholomorphism at every point z € X —Sing(.A). Replacing now A4 by Sing(.A) and repeating
the argument a finite number of times we conclude that actually H is everywhere holomorphic
and of maximal rank on X, and hence H: X — Y C X’ is a holomorphic immersion onto the
projective subvariety Y C X Since the only possible singularities of Y arise from intersection
of locally closed complex submanifolds, denoting by v: Y — Y the normalization of Y, Y is a
projective manifold, and H: X — Y C X’ lifts to a holomorphic covering map H . X — Y such
that H = v o H*. As X is simply connected, we conclude that H*: X — Y is a biholomorphism,
hence H: X — Y C X’ is a birational holomorphic immersion onto Y, as asserted. The proof of
Proposition is complete. O

Remark 4.11. Note that we have not proven that H is everywhere VMRT-respecting in the sense
explained in the proof of the proposition. The latter is not clear since the VMRT-preserving
property is not a priori a closed property as we vary on X. Nonetheless, the stronger statement
that H: X — Y’ is everywhere VMRT-respecting will not be needed in the final proof of the
rigidity phenomenon for germs of holomorphic VMRT-respecting maps from X to X'.

As will be proven in Lemma , from the VMRT-respecting mapping h: U = ScX , by
using C*-action on X’ which preserves X, one can obtain a holomorphic one-parameter family of
VMRT-respecting holomorphic embeddings hs: U = 8, C X , s € C*. Moreover, if h : U — §
extends to a holomorphic immersion H: X — X’ then h, extends to a holomorphic immersion
H,: X — X’ such that H, restricted to a big Schubert cell converges to the standard embedding
uniformly on compact subsets as s tends to 0 ( c¢f. Lemma [5.7| for details).

Recall that the holomorphic immersion H : X — X’ in Proposition restricted to a general
minimal rational curve in X is a biholomorphism onto a projective line in X’ and therefore pre-
serves the volume of projective lines with respect to the standard metric. Due to the construction,
the same is true for H,, s € C*.

Proposition 4.12. Let H: X — Y be a birational holomorphic immersion onto Y C X' such
that H,: Hy(X,Z) — Ho(X',Z) = Z. Then, there exists a one-parameter family of birational

holomorphic immersions Hy: X — Y, onto Y, C X', s € C* such that Hy = H, and such that the
reduced irreducible cycles [Ys] € Chow(X') converge as cycles to [Yo] € Chow(X'), Yy C X' is the

image of a standard embedding Hy: X =, Yo C X"

Proof. Let w resp. w’ be a Kéahler form on X resp. X’ such that minimal rational curves on X
resp. X' are of area equal to 1. For s € C*, since H,,: Hy(X,Z) — Hy(X',Z) = Z, hence
H*: HX(X',7) — H2(X,7) = Z, the Kéhler forms w and Hw' must be cohomologous, and we
have

Volume(Y;, w') = Volume(X, w).

On the other hand, for the standard embedding 2: X < X’ we also have +*: H2(X',Z) —
H?*(X,Z) = Z, so that we also have Volume(Yy,w') = Volume(X,w). Now H, converges uniformly
on compact subsets of a big Schubert cell . C X to the standard embedding Hy: . — . C
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X', " C X' being a big Schubert cell. Write m := dim¢ X. It follows that as m-cycles, the
reduced m-cycles [Y;] must subconverge to the sum of the reduced m-cycle [Y;] and some cycle R
with Supp(R) C X'—.¢". Finally, knowing that for s € C*, Volume(Y;,w') = Volume(Yp,w') =
Volume(X, w) it follows that Volume(R, w’) = 0 implying that R = (), and hence [Y;] converges to
[Yo] as reduced cycles, as asserted. O

We remark that since Yj in Proposition is a smooth variety, by the same argument in [M19]
H: X — X’ is a holomorphic embedding. Define a family ) := {(s,y) : s € C,y € Y;} which is a
complex analytic subvariety ) C C x X'. Since all fibers of )) — C are equidimensional smooth
and reduced subvarieties of C x X', ) — C is a regular family of projective submanifolds.

Proposition 4.13. The birational holomorphic immersion H: X —'Y C X' in Proposition

15 actually a standard embedding H: X =Y C X' onto a complex submanifold Y C X'. In
other words, regarding X C X' by means of the standard inclusion 1: X — X' of the symplectic
Grassmannian X = SGr(n —r,C*) as a subset of the Grassmannian X' = Gr(n —r,C*"), there
ezists some = € G' = Auty(X') such that Z|x = H, Y = E(X).

Proof. By Proposition and the remark above, there exists a one-parameter family of biholo-
morphism Hy: X — Y; onto Yy, C X', s € C such that H; = H and [Y;] converges to the reduced
cycle [Yp] of the image of a standard embedding Hy of X into X’. We may take Hy to be 1: X — X’
so that Yy = X. We assert that X C X' is infinitesimally rigid as a complex submanifold.

By Lemma 5.1 in [M19], it suffices to check that the restriction map r: I'( X', Tx/) — I'(X, T'x/| x)
is surjective. Moreover by the scheme of Section 6 of [M19], it is enough to show that I'(X, Ny x/)
is an irreducible representation of Aut(X). Since Nx|x+ is a homogeneous vector bundle with the
fiber A2U* which is an irreducible homogeneous vector over SGr(n — r, C*"), by the Bott-Borel-
Weil Theorem, X C X' is infinitesimally rigid.

Since X is infinitesimally rigid, there exists ¢ > 0 such that for any s € C satisfying |s| < €, Y
must be the image =4(X) for some automorphism =; € G'. Fix a complex number s, such that
|so| < €. Since Yy, = @, (Y) for some ®,, € G, we conclude that Y = &1 (Y;,) = ®_1(Z,,(X)) =

S0

O(X) for © := Ol 0 E,) € G, as desired. O
5. RIGIDITY OF SUBGRASSMANNIAN RESPECTING HOLOMORPHIC MAPS

This section is devoted to prove the main technical result (Proposition that will be used
to show the rigidity of induced moduli maps. From now on, we denote by G and G’ the groups of
automorphisms of D, (X) and D, (X'), respectively for r,7" > 0.

We restate the definition of subgrassmannian respecting holomorphic maps as given in Definition
1.4 in a local form.

Definition 5.1. Let U C D,.(X) be non-empty connected open subset. A holomorphic map
H:U — D.(X’) is said to respect subgrassmannians if and only if for any Z, C D,(X) such that
UNZ,; # 0 and for each irreducible component W of UNZ., a € A, there exists Z. (o) C Dy (X')
such that

(1) H(WTC") C ZT/(a) and

(2) H|we extends to a standard embedding from Z; to Z./(4).

Definition 5.2. A holomorphic map H: Gr(a, W;) — Gr(b,Ws) is called a trivial embedding if
there exist a subspace Wy C W5 of dimension b — a and a linear embedding 2: W; — W, such
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that H(V) = Wy @ (V). Let N C Gr(a, W;) be a complex submanifold of some connected open
subset U C Gr(a, Wy). A holomorphic map H: N — Gr(b, W3) is called a trivial embedding if H
extends to Gr(a, W;) as a trivial embedding.

Proposition 5.3. Let P € %,.(X), P’ € X.(X') and let H: (D.(X),P) — (D.(X"),P") be a
germ of a subgrassmannian respecting holomorphic map such that

H(ZT(X>> - Er’(X/)

and
H.(TpD, (X)) & TpX(X).
Suppose that the rank of Z,, T € Do(X), is greater than or equal to 2, then H is a trivial embedding.

The proof will be given in several steps. First, we will show that the 1-jet of H coincides with
a trivial embedding and H maps projective lines to projective lines. To be precise, we will prove
Lemma [5.5] Note that if X is of type I or type II, then for any projective line L C D,(X), there
exists a subgrassmannian Z, such that L C Z.. Since H respects subgrassmannians, H sends
projective lines to projective lines. For the type III case, we need the following lemma which
concerns real hyperquadrics with mixed Levi signature in Euclidean spaces and holomorphic maps
which transform germs of complex lines on such real hyperquadrics to one another. The lemma will
lead to line-preserving rational maps between projective spaces. For a rational map F' : V --» W
between two projective manifolds, writing A C V for the set of indeterminacies (which is of
codimension > 2), we will write F(V') := F(V — A) for the strict transform of V' under F. We
have

Lemma 5.4. Let X C C", n > 3, be a Levi nondegenerate real hyperquadric with mixed Levi
signature passing through 0 and let H: (C*,0) — (CN,0) be a germ of immersive holomorphic
map which maps open pieces of complex lines in 3 into complex lines. Then, H extends to a
projective linear embedding H : P — PV,

Proof. For a point P € ¥, let €p(X) be the set of all complex lines in ¥ passing through P.
We regard €p(X) as a subset of the projectivised complex tangent space IP’T};OE, of complex
dimension = n — 2 > 1 since n > 3 by hypothesis, by identifying a complex line L € €p(2) with
[TpL]. Since X has mixed Levi signature, €p(X) is a nondegenerate real hyperquadric in PTS%.
Choose a representative of H denoted again by H and let Dom(H) be its domain of definition.
Let P € ¥NDom(H). By the assumption on H, for any L € €p(X), H(LNDom(H)) is contained
in a complex line. Hence for any k£ > 1,
71 j N
Spanc (1)) = Spane { (500 S2E0)) 125 < 1

is of dimension < 1, where H(() := H(P + (v) for 0 # v € TpL and ¢ € C. Since the space
Spanc{j% (H1)} depends meromorphically on L € PTp"Y and €p(X) is a nondegenerate real
hypersurface in IPT};OZ, for each integer k > 1 the dimension of Spanc{j% (Hy)} is less than or
equal to 1 for all L € IP’T;OZ. Hence for all P € ¥ N Dom(H) and for all L € ]P’T]i’OZ, H maps L
into a complex line.

Now let T" be a germ of a nonvanishing holomorphic vector field at 0 € C" such that Re(T")
generates a one parameter family of CR translations on 3 and let {&., ¢ € C} be its flow for
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a sufficiently small complex number . Let P € Y. Since & for sufficiently small ¢ € R is a CR
automorphism of ¥, for all L € IP’TII;OZ, H maps &(L) into a complex line. Since the map

teC— Span(c {jg(P) (Hgt(L)>}
is meromorphic and R C C is a maximal totally real submanifold, we obtain
dim Spanc {jgt(P) (Hgt(L))} <1, Vk>1.

Therefore for sufficiently small ¢ € C, H maps &(L) into a complex line.

Let M(PP") be the set of all projective lines in P". Then M(P") is a finite dimensional complex
manifold. Since ¥ is Levi nondegenerate, {{.(L) : P € X, L € ]P’T};OZ, e € C} is an open set in
M(P") and H maps any (open piece of) complex line in {(.(L) : P € ¥, L € PT5Y, € € C} into
a projective line. Then as in [MT92] or in [M99, (2.3)], we can extend H rationally to P", and
the extended rational map will still be denoted by H: P* --» PY. Denote by E C P" the set of
indeterminacies of H, and by R® C P" — E the subvariety consisting of all points y € P* — E such
that dim(dH (y)) < n. Then, R := R0 C P" is a subvariety. Write B :== RUE C P" and pick 2, €
P" — B. Let @ C PV be the projective linear subspace such that Ty ,)(Q) = dH (T, (P")) = C™.
Since H maps the germ (¢;xg) of a projective line ¢ at x to the germ (A; H(zg)) of a projective
line A € PV at H(z), H(P" — B) is an open subset of @) containing H(x), @Q = H(P"). For
the proof of Lemma , we may take Q = P" C PN, n = N > 3. (We note that the rest of the
arguments work also for n = N = 2.)

For a line-preserving surjective rational map H : P* ——» P*, R® C P* — E is the ramification
divisor of H|pn_p. We call R = RO C P" the ramification divisor of H. The rational map H

being the meromorphic extension of a line-preserving biholomorphism h : U =5 V between

certain connected open subsets U,V C P", we can apply the same argument to h=! : U =5 V and
conclude that H : P" --» P™ is birational. Hence, for any rational curve £ such that ¢N(X — B) # 0,
the holomorphic map H|,_p extends to a biholomorphism from ¢ onto a projective line A C P™.

Hence, by [M99, Proposition 2.4.1] and its proof, R = () and H : P" = Prisa biholomorphism.
This completes the proof of Lemma [5.4] O

Lemma 5.5. Forr > 1, let H: U C D.(X) — D.(X') be a subgrassmannian respecting holo-
morphic map defined on a connected open set U such that U NY,.(X) # 0. If

H(UN%,(X)) C Ev(X)
and
H(U) ¢ S, (X), (5.1)
then for each P € U, there exists a trivial embedding H = Hp: D,(X) — D,(X') such that

H.(TpD.(X)) = H.(TpD,(X)).
Moreover, H maps complex lines to complex lines.

Proof. In the proof, we only consider the case when X = LGr, and X’ = Gr(q¢,p’) so that
D (X) = SGr(n —r,C*) and D.(X') = Gr(q¢ — r',C”"*+¢). The same argument can be applied
to other cases.
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For a Lagrangian subspace V; in (C?,.J,), choose a basis {ej,...,ea,} of C** such that
{e1 + eny1,. .., € + €a,} is a basis of V and 7 € Dy(X) such that
Z, =Gr(n—r,Vy) C D.(X).

At a point Spanc{e; + €11, ,€n_r + €2, } € Z., we may take a local coordinate system of Z,
such that Z, is locally given by {(x) : # € M®(r,n —r)}. Since H respects subgrassmannians, H
restricted to Z, is a standard embedding. Hence we may assume that

H|ZT(x) =Wo® () C Wo @ Gr(n—r, W) (5.2)

or

H

for some subspaces W, and W.
Suppose (5.2)) holds. Choose V' € X such that dimVoNV =n—1>n —r. Let

Z,=Gr(n—rV).
Without loss of generality, we may assume
VoNV = Spanc{er + eni1, .- €n1+ €2n_1}-
Since Z, N Z, = Gr(n —r, Vo N'V) and H restricted to Z, is also a standard embedding, by

/
with z = ( xO ), x' € M®(r — 1,n —r), we obtain

4 (@) =Wo& (2') € Wy & Gr(r, W) (5.3)

T

H(Z,) c Wo@® Gr(n—r,W)

for some W such that W3 N W is of codimension one in W; and W. Since D, (X) is connected by
chain of Z,’s with rank Z, > 2, we obtain

H(D,(X)) Cc Wy @ Gr(n —r, Wg").
Let
X" = Gr(d",Wy),
where ¢” = ¢ — dim W,. Then we obtain
H(D,. (X)) C Wy ® Dn(X"), (5.4)
where r” satisfies
Do(X") = Gr(n —r,W§) = Gr(n —r,C™), m = dim Wg".

We will replace X’ and " with X" and r”, still using the same notation.
Suppose (5.3) holds. Similarly, for each Z,, there exist U,, V, C W{ with dim V, = n such that

H(Z;)=U;,®Gr(r,V;) (5.5)

and there exists an (n — r) dimensional vector space L independent of 7 such that any Gr(r,V;)
contains a projective space of the form Gr(1, L + e,) for some vector e,. Let

Up = U-

Since H(Z;) € ¥(X') for all Z,C%,(X), Uy @ L is Iy g-isotropic. Choose the minimal vector
space V that contains |J_ U, @ V,. Write

%:UOEBL@‘/M
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where V; is orthogonal to Uy @ L with respect to I,y ,. Then
H(D. (X)) CcUy® Gr(r",L ® V})=2Gr(n —r,C™), " =dimV,

where 2 in a big Schubert cell is given by (z) — (2'). On the other hand, since H(P) € ¥,/(X’)
for P € ¥,(X), Vi should be I, g-isotropic. Therefore H(D,(X)) C 3,/(X’), contradicting the
assumption on H.

From now on we assume and hold. Choose local coordinates (x;y; 2) of Gr(n—r, C*")
and (X;Y;2) of Gr(n —r,C™) such that X,(X) is defined by (3.1)), and ¥, (X') is defined
locally by

Iy — XX LYY + 257 =0,
where Y € M®(n —r,n—7r), X € M%a,n—r), Z € M®(b,n —r) for some a < b. For i,j =

1,...,n —r, define
0. =Y yidy! =) xjdr] +) =iz
k=1 =1 =1
and ,
0,/ =Y vidy,’ - > XjdX,] + ZZ_;dZLj .
k=1 L=1

Then by Section 3.3, # and © are contact forms of X, (X) and Z /(X'), respectively which define
their CR structures. Since the CR bundles over ¥,.(X) and ¥,/(X’) are defined by

0/ =0, ©7=0, i,j=1,....n—7r
we may assume that for a fixed reference point Py = (0; I,,_,; 0) € X (X),

Y

Tp' S (X) = {dy,” =0}, Tylp,Zr(X) ={dY;" =0 i,j=1,....,n—r}. (5.6)
Since H preserves the CR structure, we obtain
H*(©,/)=0 mod 6. (5.7)

We will omit H* in (5.7) and the following equations if there is no confusion. Let
0,' =) uto/.
jik
By differentiation, we obtain

N dv,TAdY, -y (dXL1 NdX, —dZ, A dZLl) = 3wt (dy,,'; Ady,] — dz,f Adz + dz" A dz/>
i L jklm
(5.8)
modulo #. Choose a maximal subgrassmannian N C 3,(X) passing through P, € ¥,(X). Since
H maps ¥,(X) into X,,(X’) and respects subgrassmannians, by (5.6), we may assume that

N={(z;I,_y;z):x € M(C(r,n—r)},

v ={((3 )it () e weten )
ot = (3 ) s ()

and
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up to Aut(X, (X)) and Aut(3,/(X’)). Define
1/)/ = dzéj —dx/, (=1,...,r
and 4 ' '
V) =dzZ) —dX,/, L=1,...,aq,
U/ =dz/, L=a+1,...,b

Since N and N’ are integral manifolds of ¢y = 0 and ¥ = 0, respectively and H: N — N’ is the
identity map, we obtain

U =0 mod®6, (5.9)
and for j=1,...,n—r,
dX,” =dz,/ mod0,¢, (=1,...,r
dX,”=0 mod 6, L>r.
Then on T}(’)OZ,.(X ), (5.8)) can be written as
Z\Ij_el/\ dr,' +dz,) NV, = Z ujk <w_/“/\ dr,/ + dz,* A ¢£j> , mod ¥ A,
/=1 7,k lm
which implies
@11 = U@ll,
where u = u,! and together with (5.9) and Cartan’s lemma,
U =wp,t mod, £=1,...7
Suppose u = 0, i.e.,
o' =0.
Since 7 = 1 is an arbitrary choice, we may assume
0/=0, j=1,....n—r
Then we obtain
U,/ =0, mod¥0, Vjl
and by differentiating
@ji =0 mod ¢
and substituting ¥ Zj = 0 modulo #, we obtain
0,/=0, uj=1,...,n—r.

In particular, H (X,(X)NU) is an integral manifold of © = 0. Hence there exists a maximal complex
manifold M C X,,(X’) that contains H(X,(X) N U). Since H is holomorphic, by Lemma [3.8] we
obtain

H,(TpDy(X)) = H(TpS(X)) + JH,(TpE(X)) C TayM, VP € S(X)NU.

Hence we obtain
HU)c M cC 2.(X),
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contradicting (|5.1)). Therefore we obtain u # 0 and after dilation (See Appendix), we may assume
that u = 1 on an open set. Since # and © are Hermitian symmetric and H : N — N’ is the
identity map, by continuing the process, we obtain

and A ‘
U/ =4, modf, (=1,...,r (5.10)
Fix j = 1. Then after rotation (See Appendix), we may assume that
dX,! —dz,) =dZ,) —dz,"=0 mod 6, (=1,...,r, (5.11)
dX;' =dZ,' =0 mod 0, {dz,* dz," : k>1}, L>r (5.12)

Since H respects subgrassmannians, by restricting H to subgrassmannians of the form {(z; I,,_,; Uz) :
x € M®(r,n —r)}, where U is an r xr symmetric matrix, (5.11]) implies that forall j = 1,...,n—r,

ngj _ dl’/ — dZeJ' _ dZej =0 mod#, (=1,...,r (513)

Moreover, since H sends all rank one vectors in subgrassmannians to rank one vectors, (|5.13)

applied to (5.12)) implies
dX;! =dZ,) =0 mod 6, L >r.

Since H respects subgrassmannian distributions, this implies that for all j =1,..., n —r,
dX; =dZ =0 mod 0, L >r. (5.14)
Since dx/ , dz/ and dX Lj ,dZ Lj form coframes of T}D(’)OET (X) and T;I’?PO)ET/(X "), respectively, (5.13))

and (.14) imply
H(TH'Sr (X)) = Tyilp Er

T T H(P)
where
S, = EMX’)H{(( ﬁ > S ( S )) cx, 2 € MS(rn —7), yEMc(n—r,n—T)}.
Since n—r > 2, ¢ and L are independent of the choice of j = 1,...,n—r, by the same argument

of [K21], we obtain
dX,) —daz/ =dZ] —dz + &40, =0, (=1,...r,
for some smooth functions &,* and
dX,) =dz/) =0, L>r.

After a frame change of the form @D in Appendix, we obtain

dX,” —dv/ =dz, — dz =dX; =dz,) = 0.
In particular, together with ,

Tipy H(EH(X)) = dH(Tp, 20 (X)) = Trr(pp) -

More generally, we can choose smooth functions g: £,.(X) — G N Aut(X,(X)), ¢ 2. (X) —
G’ N Aut(X,/(X")) such that

dH o g(P) = ¢'(P)old, VP € %,(X). (5.15)
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Since
TPDT(X) - TPET<X) + J<TPET<X))7
implies that N
H*<TPDT(X)) = TH(P)9,<P) ’ DT? P e ET(X),
where

D, :{((g)7y,<8>) cx,z2€ MS(r,n—7), y€ MS(n—r,n —7), y—yt+xtz—ztx:0}.

In particular, H,(TpD,(X)) is contained in the G'-orbit of TpD, for all P € ,(X). Since H is
holomorphic, G" acts holomorphically on T'D,,(X’) and ¥,(X) is a generic CR manifold with a
bracket generating CR structure in D, (X), we obtain that for all P € D,(X), TupyH(D,(X)) is

contained in the G'-orbit of Tpﬁr7 ie.,
Ty(p)H(Dy(X)) = TrapyH (D, (X))

for some standard embedding H.
Now fix P € 3,.(X) and choose a maximal rank one subspace M C D,(X) passing through

P. By (5.15)), H sends rank one vectors in TpY,.(X) to rank one vectors and hence all vectors in
H.(TpM) are rank one vectors. Since H is holomorphic and ¥, (X) is nondegenerate, we obtain

[H,(v)] C Cup)(Gr(n—r,C™)), YveTpM
Since
rank Gr(n —r,C™) >rank Z, > 2, 1 € Dy(X)
and dim M > 3, by [CHO04|, we obtain
HMNE,(X)) € M'NE0(X)

for some maximal rank one subspace M’ in Gr(n — r,C™). Furthermore M N %,(X) is a non-
degenerate hyperquadric in M with mixed Levi-signature and H maps every projective line in
M N3, (X) into a projective line, by Lemma H restricted to M is a projective linear map. In
particular, H maps projective lines to projective lines. 0]

Lemma 5.6. For X = LGr, and X' = Gr(¢,p") or X = OGr,, and X' = OGr,, assumingr > 1
let U C D.(X) be a connected open set and H: U — D,/(X") be a subgrassmannian respecting
holomorphic immersion such that

H(S.(X)NU) C S (X')
and
H(U) ¢ S0 (X).
Then there exists a subgrassmannian M of D,.(X') isomorphic to Gr(n —r,C*") if X = LGr,,
isomorphic to OGr(2[n/2] — 2r,C*) if X = OGr,, such that H({U) C M.

Proof. First we assume that X = LGr, and X' = Gr(q¢,p') so that D.(X) = SGr(n — r,C?*")
and D.(X') = Gr(¢ —r',CP*7). In the proof of Lemma , we can choose a subgrassmannian
of D,/(X’) isomorphic to Gr(n — r,C™) that contains H(D,(X)). Hence we may assume that
D, (X') = Gr(n—r,C™).
Let
Z = H(D,.(X)).
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For P € Z, choose a unique minimal subgrassmannian Mp passing through P such that

TpZ C TpMp. (516)
By Lemma , Mp is of the form Gr(n — r,Vp) for some Vp C C™ with dim V' = 2n. Therefore
we can choose a Grassmannian frame Z,..., Z,_», X;—ri1, ..., Xy of Gr(n — r,C™) such that

Spanc{Zi,..., Zn_} = P
and
P+ Spanc{ X, _,11,..., Xon} = Vp.
Let {uF'} be a collection of one forms such that
dZy = p" Xy mod P.

Then by ,
TpZ c{p =0,H=2n+1,...,m}.
Furthermore, since
TpZ = H.(TpD,(X))

for some standard embedding H : D,(X) — D,/(X’), we can choose Xy, H =n—r+1,..., X,
such that

TpZ ={p =0,H=2n+1,....m}n{p """ —/LB”*HO‘ =0,a,6=1,...n—r}.
Since we choose a Grassmannian frame, we obtain
dp = p, S AQE mod ,uﬁH, 6=1,....n—r
for some one forms 9, such that
dXg = QF Xy mod P.

Therefore on T'Z, we obtain

2n
0= Z . AQH.

k=n—r+1
Since p.f, k=n—r+1,...,2n are linearly independent for all fixed o, by Cartan’s lemma we
obtain
Q=0 mod {uft=n—r+1,...,2n}.
Since k is independent of « = 1,...,n —r and n — r > 2, we obtain

Qf =0
which implies
dZo,=dX; =0 mod Vp, a=1,...,n—7r, j=n—r+1,...,2n,

i.e., Vp is independent of P.

Now assume that X = OGr, and X' = OGr,s so that D,.(X) = OGr(2[n/2] — 2r,C*") and
Dy (X") = OGr(2[n’' /2] — 21", C*"). Since we may regard OGr(2[n’ /2] —2r', C*"') as a submanifold
in Gr(2[n//2] — 2r',C*), by the same argument as above, we obtain that there exists a subspace
W C C* of dimension 2n such that

H(D, (X)) C Wy @ Gr(2[n/2] —2r,W)
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for some Wy. Let a := dim(Wy), b := (2[n/2] — 2r) so that a + b = 2([n’/2] — 217), and let the
base point P correspond to Wy & Ey, where [Ey| € Gr(b,W). In what follows let V' denote any
element in Gr(b, W) such that W, & V' € H(D,(X)). Since

H(D,(X)) C Du(X") = OGr(2[n'/2] — 2¢',C*),

we have
Sn/(W() D V/; Wo D V’) = 0
whenever Wy @ V' € H(D,(X)). In particular, Wy € C*" is an S,,-isotropic a-plane, V! C C?" is
an S,y-isotropic b-plane, and Wy and V' are orthogonal with respect to S i.e., S(Wp, V') = 0. We
claim that actually S(Wp, W) = 0. From Lemma 5.5 it follows readily that S, |w is nondegenerate.
Suppose there exists some w € W such that w is not orthogonal to W with respect to S,,,. Then, for
any S,-isotropic n-plane V" in W containing w S(Wy, V") # 0, so that Wy @ V"] & OGr(2[n’ /2] —
2r',C*"), hence [Wy @ V"] ¢ H(U). Define .7 := (Wo@OGr(n—r, W))NOGr(2[n' /2] —2r',C>™).
Then, .¥ C Wy & OGr(n — r,W), so that dim(H(U)) < dim(¥) < dim(OGr(n —r,W)) =
dim(U), a contradiction since we know that H is a holomorphic immersion. Our claim follows,
and we conclude that H(U) is an open subset of the subgrassmannian M := Wy ® OGr(n —r, W)
isomorphic to OGr(2[n/2] — 2r,C*"), as desired. The proof of |5.6]is completed. O

Proof of Proposition[5.3 If X and X’ are of the same type, then as in the proof of Lemma 5.6
there exists a subgrassmannian Y in X’ which is biholomorphic to X such that H(D,(X)) C
D,(Y). Hence we may consider H as a map from D, (X) into D,(X). By Theorem 9 in [M08b]
and Lemma H is an automorphism of D, (X). Hence we obtain the proposition in these cases.

From now on we assume X = SGr(n — r,C*") and X’ = Gr(n — r,C*"). By Lemma [5.5 we
may further assume H(0;1,—,;0) = (0;1,—,;0) and dH|«,1,_,.0) = Id. Since by Lemma H
is a rational map preserving minimal rational curves, H is a holomorphic immersion into X’ by
Proposition 4.10} Then the following lemma and Proposition [4.13| will complete the proof.

Lemma 5.7. There exists a family of holomorphic maps {Hs}: SGr(n—r,C**) — Gr(n—r, C*")
with s € C* which converges to a standard embedding on a big Schubert cell W = M©(n+r,n—r)
as s tends to 0 with respect to the compact-open topology. Moreover, there exists a C*-action ¥ :=
{U,}secr on Gr(n—r,C?") such that U fizes (0; I,_,;0), preserves SGr(n—r,C*") C Gr(n—r,C*)
as a set and such that Hy(z;y;2) = \If%(H(\Ifs(x; y,2))) — (0; I,,—; 0).

Proof. Choose local coordinates (z;y; z) of Gr(n — r,C?") defined on a big Schubert cell W =
Mg, C Gr(n—r,C*) with 2,z € M®(r,n —r),y € M®(n —r,n —r) so that SGr(n—r,C*")
is defined locally by

y—y +atz— 2l =0.
Let (X;Y; Z) be local coordinates of Gr(n—r, C*") such that X, (Gr(n—r, C*")) can be expressed
b
' —1,, - X' X+YY+ 22 =0,
XeME, ., ZeME

where Y € MC Let (Hx, Hy, Hz) be the coordinate expression of

H with respect_t’o_(X Y5 7). ’Tilen by Lerﬁrgla , we may assume
H = (z3y:2) + O(||(z;y — Ln—r 2)[1?) (5.17)

Moreover, since we have H(%,.(X)) C £,(X’), we obtain
—I, ,—HyHx +HyHy+ H,H; =u-(—I,_, — 2"z +y"y + 2%2)
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for some C¥ function u. Hence by power series expansion,

o+l olN+181 olel+lBly, gl gy,
O=-Hfy ——— 4+ H —— + H} = 5.18
X 920028 +Hy 0x0zP tHz 0r*0zP 0r®0zP ( )

at (0; I,,_,;0) for any multi-indices «, (. Let
Hy =1, + jj[Y =l + Z Bawaa

la>1

with w = (x,y — I,_,, z) be the power series expansion of Hy at (0; [,—,;0). Then ([5.18]) implies

Hy =y Iy + O(|(@, 2)|° + ly = In— ). (5.19)

Now for 0 # s € C, define a holomorphic map H, on X whose restriction on the big Schubert
cell MY, . . NSGr(n—r,C*) is given by

1 1 ~ 1
Hy(z;y;2) = (ng(ws)§ I+ S—2HY(ws); ;HZ(ws)) )

where wy = (sz;8*(y — I,_,);sz). In particular, H,: SGr(n — r,C*) — Gr(n — r,C*™) is a
holomorphic immersion. Furthermore, by (5.17)) and ([5.19)), we obtain

Hy(z;y;2) = (7395 2) + O(s),

implying that H, converges uniformly to Hy(x;y;z) := (z;y;2) on any compact subset K C
MC(n+nrn—r)NSGr(n—r,C") as s tends to 0.

Defining U, (z;y; 2) := w,s + (0; I,,_,; 0) = (sx; s*(y — I,,_,.); 82) + (0; I,,_; 0) on the big Schubert
cell W, for s € C* we have Hy(z;y;2) = Vi (H(Vs(z;y;2)) — (05 I,,—;0). It is clear that ¥ :=
{W,}sec fixes (0;1,—,;0) and that it is a C* action on W. Furthermore, from the defining equation
y—y'+atz—zte = 0 for SGr(n—r, C*")NW, it follows readily that ¥ preserves SGr(n—r, C*")N\W
as a set. To complete the proof of Proposition it remains to check that each ¥, extends to an
automorphism of Gr(n — r; C*") yielding hence a C*-action on the latter manifold.

Writing O(z;y;2) = (s;5%y;52) we have Uy(x,y;2) = Os(w;y — In—p; 2) + (055 2) =
Tp,00s0T_p,, where Py = (0;1,,—,;0) and Tp(w) = w+ Q, for Q € W, is a Euclidean translation
on W. Recall that G’ = Aut(Gr(n — r, C*")). With respect to the Harish-Chandra decomposition
g = m't ®¥C ®m' of the Lie algebra g’ of G’, a Euclidean translation in Harish-Chandra
coordinates extends to an element of the commutative Lie subgroup Mt = exp (m't) C G, thus

{U,}sec+ is a conjugate of {Og}sec+ in G’ and it suffices to check the latter is a C*-action. If in
X

place of the coordinates (z;y; z) we use the matrix foom I' = [ y | € M®(n+r,n—r) as coordinates
z

for points on W, then ©,(T") = D,TI', for some invertible (diagonal) matrix Dy € MC(n+r,n+7).
Now K'C = exp (E’C) consists of invertible linear transformations I' — AI'B where A resp B is an
invertible (n +r) X (n+r) resp. (n —r) x (n — r) matrix, hence ©, € K’ C G’ for s € C*. As a
consequence, © = {O,},cc+ and hence ¥ = {U,} ¢+ are C*-actions on Gr(n —r,C*"), as desired.
The proof of Proposition [5.7] is complete. OJ

We note that in standard notation the C*-action © is generated by an element L of the Cartan
subalgebra b’ C g’ = s[(2n, C) such that ad(L) preserves the Lie subalgebra ¢’ C g, ¢’ = sp(n, C)
and such that the restriction of ad(L) to sp(n,C) defines on the latter the structure of a graded



PROPER HOLOMORPHIC MAPS 33

Lie algebra associated to the marked Dynkin diagram (C,,, a,,_,), in the notation of [Ya93|, which
is the graded Lie algebra structure on sp(n, C) with parabolic subalgebra p underlying the rational
homogeneous manifold G/P = SGr(n —r,C*"). Thus g =g o ® g_1 D go D g1 D g2, To(G/P) =
g/p = g1 D go, [L,v1] = vy for v; € g1 and [L,vy] = 2v9, which explains the different exponents
in O4(z;y;2) = (s;5%y;sz). Thus ad(L)|, defines the standard C*-action © at 0 = eP € G/P
with 0 as the isolated fixed point serving as a 1-parameter group of dilations which replaces
the 1-parameter group of dilations in the case of irreducible Hermitian symmetric spaces of the
compact type in [M19] defined by the Euler vector field and expressible in terms of Harish-Chandra
coordinates as scalar multiplications Og(z) = sz for s € C.

6. INDUCED MODULI MAP

We start with some relevant general facts about subvarieties of irreducible Hermitian symmetric
spaces of the compact type M. A characteristic subspace I' of M is an invariantly totally geodesic
complex submanifold of M according to [MT92] in the sense that it is totally geodesic in (M, s) with
respect to any choice of Kahler-Einstein metric s on M. Equivalently, fixing a big Schubert cell W,
M = C™ in terms of Harish-Chandra coordinates, S C M, 0 € S, is invariantly totally geodesic
in M if and only if for any v € P, y(P) NW is a linear subspace of C™. It follows that the set of
invariantly totally geodesic complex submanifolds of M is closed under taking intersections. In the
case where M is the Grassmann manifold Gr(a,b), 0 = [Vp], writing To(M) = Vi @ C*°/V, =:
A ® B, for an invariantly totally geodesic complex submanifold S C M passing through 0 we
have Ty(S) = A’ ® B’, where A’ C A, B’ C B are linear subspaces. Given any family {S,} of
invariantly totally geodesic complex submanifolds of Gr(a,b), To(S,) =: Aa ® B,, the intersection
S = {S.} is determined by Ty(S) = A ® B, where A := ({A.}, B :=({Sa}. S C M is a
subgrassmannian. In the case of M = LGr,, writing To(M) = S?V}, a characteristic subspace T
passing through 0 € LGr, is determined by Ty(I") = S2A for some linear subspace A C V;, hence
the intersection of any family of characteristic subspaces is necessarily a characteristic subspace.
In the case where M = OGr,,, writing To(M) = A%V, a characteristic subspace I' passing through
0 € LGr, is determined by Ty(T') = A2A for some linear subspace A C V; of even codimension,
hence the intersection S of any family of characteristic subspaces passing through 0 € M is
determined by Ty(S) = A2A. S C M is a characteristic subspace if and only if A C V; is of even
codimension, otherwise embedding OGr,, into OGr,, 11 := M’ as usual, S C M’ is a characteristic
subspace.

Let now € and ' be irreducible bounded symmetric domains of type I, IT or III and let
f: Q — Q' be a proper holomorphic map. In this section, we define induced moduli maps f?, ff 1,

2

f2 and fﬁ,% on D,.(X), DT’%(X), D,(X) and Dré(X), respectively.
Let » > 0 be fixed. Consider a manifold
U(X):={(Po) e X xD,.(X): Pe X,} C X xD,(X).
Then, there is a canonical double fibration
T U(X) = X, m: U (X) — D(X).

Define j: U.(X) — G(n,,TX) with n, = dimTpX, by j(P,0) = TpX,, where G(n,,TX) is a
Grassmannian bundle over T'X. Then, j is a G-equivariant holomorphic embedding such that

JU(X)) = NS (X).
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We will define f? and ffy% as follows. For each o € D,(f2) and ~ € Dn%(ﬂ), define f*(o) and
I72 () by
Xy = (X, and X, 0 = (XY,
o’ ’y’

where the intersection is taken over all characteristic subspaces X/, of X’ containing f(Q2 N X,)
and X!, of X' containing f(€2N X,), respectively.

Then there exists a flag manifold F(a,,b,; Vx/) such that f¥(o) € F(a,,b,; Vx/) for a general
member o € D,(Q2). Denote this F(a,,b.; Vx:) by F; (X'), where i, is defined by i, := ¢ — a, if
X' is one of Gr(¢,p') and LGry, i, == 2[n'/2] — a, if X" is OGr,. If X' is one of Gr(¢,p’) and
LGry, then i, < ¢'—1.1If X" is OGry, then i, < 2[n/2] = 2. Similarly we define F(a, 1,0, 1; Vx/)
and denote it by F; %( "), where i3 1s defined by i, 1 = 2[n' /2] — a, 1. Define

Fi, (Q) :={c" € F, . (X"): X_, nQ 0},
Firiy():i={c" € Fi,, ,(X"): X[, nQ # 0},

Fi, (Sn(X") :={c" € F;, (X'): X, N S,,(X') is open in X/, }.
Lemma 6.1. f*: D,.(Q) — F;, () and ff;i D,1(Q) = Fi , () are meromorphic maps.
i) T

)l

Proof. Since the proof for the map ff , is similar to that for f# we will only give a proof for f%.
Consider a map F, : U,(2) — F;.(X’) defined by
]:T(P’ U) = ff(a)

Suppose F, is a meromorphic map. Then by taking a local holomorphic section of the fibration
7o : U.(2) — D,(£2), we can complete the proof.

Let

M:={(y,0") e X' x F, (X'):y e X_,}.
Then as above, there exist a double fibration
M= X' 1 M= F (X))

and a holomorphic embedding of M into G(n.., TX’) for n, = dim X/,. Hence we may regard M
as a closed submanifold of G(n!, T X").

We regard X’ as a submanifold in the matrix space Hom(E, Vx//FE) on a small neighborhood

of F € X'. Fix a point Py € X and let E = f(F). Let (P,0) € U.(Q) for P sufficiently close to
Py. Consider a subspace

/\/(PU := Spang {8“ (f‘x) (P):]al < k} C Hom(E, Vx//E).
Then there exists an integer ko such that for a general pair (P, o),
Nipoy =Ny k> ko
Define
R(p o) = Spanc {Im(A) A€ ./\/'(]’}8’0)} . Kpoy = ﬂ {Ker( )A€ ,/\f(PU } )
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Then
Gripo) = {A € Hom (E, R(P,g)) : Ker(A4) D K(P,U)}

is a linear subspace in Hom(F, Vx//E) such that

T <P>X}£<a>

for a general pair (P, o) by minimality of X }u ) Moreover the defining function of G'r(p,,) depends

= Grpo)

meromorphically on the ko-th jet of f at P and TpX,. Hence the closure of
{(Po, f(P).Grpg) : (Po) € U(D\S(f])}

in U,.(€2) x M is an analytic variety whose defining function depends meromorphically on the ky-th
jet of f, where we let

S(ff) = {(P,0) : dim Gr(p,) is not maximal},

implying that F, is a meromorphic map. 0
Lemma 6.2. f* has a rational extension f#: D.(X) — F; (X') .

Proof. By using Lemma [2.2] the same proof of Proposition 2.6 in [MT92] can be applied. O

Since f* is rational and D, (S(€)) is not contained in any complex subvariety, we obtain
Dom(f£) ND, (S4(X)) # 0.
Lemma 6.3. For each k > r, there exists my depending only on k such that
FHD:(Sp(X)) N Dom(ff)) C Fi, (S, (X))

Proof. We will prove the lemma when X is of type I. The same proof can be applied to other
types.

Let 09 € D,(Sk(X)) N Dom(f*). Then X,, NSy is a complex manifold in Si. Therefore we can
choose a totally geodesic subspace of 2 of the form A?* x Qg such that X,, NS, = {tx} x Q for
some to € (OA)4*. Choose a sequence t; € AT, j=1,2,..., converging to ¢y and let o; € D,.(Q2)
be the characteristic subspaces such that X, NQ = {t } X QO Fix a point zy € €. By passing
to a subsequence, we may assume that f(t],xo) j =1,2,..., converges. Since f is proper, the
limit y = ll)m f(t;,x0) is in the boundary of €. Since Q’ is convex, there exists a complex linear

J—00

supporting function h of €' such that A(y) = 0. Since h o f is bounded, we may assume that
hj:=hof | (L% is a convergent sequence that converges to H. Since h; never vanishes while its
J

limit vanishes at xo, H is a trivial function, i.e., cluster points of { f(¢;,z): j =1,2,...} for any
x € () is in the zero set of h. Since h is arbitrary, the limit set of f({t;} x ) should be in a
boundary component of {2’ which contains y. Let S,,(X’) be a boundary orbit containing y. Since

0o € Dom(f?), we may assume ff(o;) converges to f?(oo). Then, X },j (o) contains the limit set of
00

F({t;} x Qp), which implies f#(oy) € F;,(S.,(X")). In particular, we obtain

fi(o) € Fi, (Sm(X"))
for a general member o € D,(Si(X)) N Dom(f*#)). By continuity of f, we obtain

FA(D:(Sk(X)) NDom(f7))) € Fi, (Sin(X)).
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Next we will show that m depends only on k. Since Si(X) is foliated by boundary components
of rank k, for any o € D,(Sj), there exists a unique p € Dy (Sy) such that X, NS, C X, N Sk.

Then f#(0) should be contained in f¥(z). Hence m depends only on k. O

Recall that
D.(X) =pr(D.(X)), E.(X)=pr(D.(S.(X))),

where pr: F(a,b;Vx) — Gr(a,Vx) is a projection map defined by
pr(Vi, Vo) = V1.

Define
D (Sin(X)) := pr(D:(Sn(X)))
Define
F (X)) = pr'(Fi,. (X)),
Fz‘r,l/g(X,) = PT/(]:r,l/2(X )),
E () = pr'(F, (),
Fi, () = pr'(Fi,, , (),
Y

F (S (X)) = pr'(Fi, (Sm(X7)),
where pr’: F(a,b;Vx/) — Gr(a,Vx/) is a projection map defined as above. F; (X') is one
of Gr(a,,C"*7), OGr(a,,C*"), SGr(a,,C*) according to the type of X’ and F;  ,(X') is
SGr(ai,,,,, C*™). Note that F; (X'), F; () and F, (Sm(X’)) can be expressed as subsets of
D (Y), D (Qy) and D, (S, (Y)), respectively for suitable Hermitian symmetric space Y and its
dual bounded symmetric domain €2y C Y. For instance, if X’ is one of the type I and III, then
we can choose Y to be X' itself and if X’ is of type II and n’ — a, is odd, then we may regard
OGr(a,,C?") as a submanifold in OGr(a,, C***+?) = D,/(OGr,,) for suitable ' by embedding

OGr,, into OGr,41 in a usual way.

Lemma 6.4. There exists a holomorphic map f’ defined on a neighborhood U of ¥,.(X) N
pr(Dom(f*#)), f>:U — F; (X'), such that
pr'o fi=fopr
Moreover, f° has a rational extension to D,(X).
Proof. Since pr: D,(X) — D,(X) is a biholomorphic map if X is of type I or III, f? := pr' o ffo

pr—! satisfies the condition. Hence it is enough to prove the lemma when X is type I. In this case,
by Lemma |3.4) we can define a smooth CR map by

fr=pr' o ffopr ™ B.(X) Npr(Dom(fH) — F;, (X).

Then by Lemma and analytic disc attaching method ([BER99]), f’ extends holomorphically
to a neighborhood of 3,.(X) N pr(Dom(f#)).
Let

It = {(z, fi(x)): = € Dom(f)}
be the closure of the graph of % Since ff is a rational map, I' and its image under the map

7=prxpr':D.(X)x F, (X)) = D.(X) x F; (X")
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are irreducible closed varieties. Moreover, since f’ satisfies
plofi=fom
we obtain
{(y. S2(y)) : y € Dom(*)} € (%)
as an open subset. Therefore, f’ extends to D,(X) as a meromorphic map whose graph is a dense
open subset of w(T'%). Since D, (X) is a rational variety, by [C49], f* is also rational. O

Note that since f is proper, we obtain

F(De() N F, (Sm(X))

T

0, Vm>1.
Moreover, by Lemma [6.3, we obtain
()7 (i (Sm(X))) © Do(Se(X))

for some m > /4.
Fix r. For 7/ € F; (X') with s < r, define

2l = (o' € F(X'): X0 O XLY, 2L = pr'(2L),

(22 ={o' € Fi, ,(X): X0, D XL}, (22 =pr'(2)%)

and for ¢/ € F; (X') with s > r, define
QL/ ={l0o'] € F.(X"): X/, C XZL/}, QL, :pT/(Q/#,).
Lemma 6.5. Let s < r. Then f° satisfies

2(Z, nDom(f’)) C Z 7 € Dy(Q) N Dom(f?)

()’
and
J(Z- N Dom(f?)) ¢ 7,

s,1/2(7—)’

T € Ds1/2(Q2) N Dom(ffyl/Q).
Similarly fﬁ,1/z satisfies

r

ﬁ,l/z(ZT N Dom(fb,1/2)) - Z}E(T)a 7 € Dy(2) N Dom(ff)

and

f£,1/2(ZT A Dom(fﬁ’l/Q)) - Z}ﬁ 7€ Ds12(Q) N Dom(filﬂ).

e1/2(m)’
Proof. First assume that 7 € D,(2). Choose ¢ € D,(f2) such that o € Z,, i.e.,
04X, NQCX,NAO.
Since
f(X:NQ) C f(X,NQ),
f(X; N Q) is contained in any characteristic subspace containing f(X, N ). Since X',  is the

fi(r)
intersection of all characteristic subspaces containing f(X, N Q), we obtain

/
s Y
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for any characteristic subspace Y containing f(X, N Q). Since f#(c) is the intersection of all
characteristic subspaces containing f(X, N§2), we obtain

/ I
Xt © X gy

ie.,
pr(fio)) € 2l 6.1)
which implies
Let 7 € 0D, (Q)NDom( f#). Choose a sequence 7;, j = 1,2, ... in Dy(Q2)NDom( f#) that converges
to 7. Since pr(o) € Z, if and only if pr(r) C pr(o) as subspaces of Vy, for any pr(o) € Z,, there
exists a sequence pr(o;) € Z,,, j=1,2,..., that converges to pr(c). By (6.1), we obtain
pr'(fi(my)) < pr' (fE(oy)).
By taking limits, we obtain
pr'(Fi(r)) € pr' (fi(0)),
ie.,
pT’/(fﬁ(U)) S Z}g(ﬂ
The same argument can be applied to other cases, which completes the proof. ([l
Similarly, we obtain

Lemma 6.6. Let s > r. Then f satisfies
£(Qr N Dom(f)) € Q' . 7 € Dy(Q) NDom(ff)

and

F(Q NDom(f})) € Q' 7 € Dy1/2(Q) NDom(fE, ).

5,1/2(7')7
Similarly f:,l/Q satisfies
:,1/2(627 N Dom(fk,lﬂ)) C Qlfg(T), T €D,(2)N Dom(fg)

and

fﬁ,l/Q(QT M Dom(f,ilm)) - Qlfg TE Ds,1/2(Q) n Dom(fil/g).

,1/2(7)’

Lemma 6.7. Let 2, be a general rank s boundary component of 0 and let o € D,(Ss(X)) be a
general point such that ), C Q,. Suppose there exists a boundary component QL, of 0 such that

!/ !/

sy C Qe

Then for all general v € D,(Ss(X)) such that Q, C €,
/ /

Q B C Q-

As a consequence,

£(Q, N Dom(f})) C Q.
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Proof. Let Q, C ,. Choose a sequence {p;}; C Ds(£2) N Dom(f?) as in the proof of Lemma
that converges to p. Since €2, and €, are contained in €2,, we can choose sequences {o;}; and {v; },
converging to o and v, respectively such that €2, U€Q, C Q, . Since €}, and €}, are contained in
the same characteristic subdomain of €2, we can choose x; € §),, and y; € 2, such that Kobayashi
distance between z; and y; is bounded above by a fixed constant C' independently of j. Since f is
holomorphic, Kobayashi distance between f(x;) and f(y;) is bounded above by the same constant
C'. Therefore any cluster points of { f(x;)} and {f(y;)} should be contained in the same boundary
component. Hence by the same argument as in the proof of Lemma , Q’fE ©) and Q/f}i ) should

be contained in the same boundary component.

Now consider all moduli maps
fD.(X)—= F (X", r=1,...,q—1.

Lemma 6.8. For each r, we have i,_1 < i,. Furthermore, if X is of type II, then i,_; < i,_11/2 <
i forr=2,...,q—1.

Proof. By definition, we obtain i,y < 4,. Suppose i,_1 = i,. Let 7 € D,_1(2) N Dom(ff_l) and
let V € Z.. By Lemma 6.5, we obtain

b /
fr(v) € Zf£_1(7')7

which implies that as a subspace of Vy,

FV) Cpr'o fiy(m).
Since i, = i,_1 by assumption, we obtain

dim (V) = dimpr’ o f}_,(7)

and hence

RWV)y=pr'o fiy (),
i.e., fis constant on Z,. Since D, () is Z,-connected, we obtain that f? is a constant map. On
the other hand, by Lemma [6.3] we obtain

FHDH(X)) N Fi (Sk(X")) # 0
for some k, which implies
V) =pr'(1)
for some fixed p' € F;, (Sp(X')). In particular,
f() € Sp(X')
contradicting the assumption that f is a proper holomorphic map between 2 and 2.
Now suppose = DI and 2'1_17% = 1,. Then by the similar argument given above, we obtain

that f is a constant map which is a contradiction. Suppose i, ; = (N 1. Then again by the

(€2). Since

similar argument, we obtain that f° , is a constant map on D, ;1
—L35 2

X,= |J X., nen(X),
UEQ‘l/Q

f? is also constant which is a contradiction. O
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7. RIGIDITY OF THE INDUCED MODULI MAP

Let (©,Q) be a pair of bounded symmetric domains with rank ¢ and ¢/, respectively that
satisfies the conditions in Theorem or Theorem Suppose that X and X' are one of the
type I and III, 7, > 4,1+ 2 forall r=1,...,q — 1, where we let 7o = 0. Since

i1 <q¢ —1<2¢—2=2(¢—1),

this is impossible. Hence there exists r > 1 such that 4, = 7,_; + 1. Similarly by Lemma we
obtain that if X and X’ are of the type II, then 2 <4, < 2(2¢ — 3) and there exists r such that
Iy = iT,L% +1or ir’% =1, + 1. If X is of the type II, X’ is one of the type I and III, then the only

possible case is ¢ = 2[n/2] — 1 and iy = 1, 4, = 4,1 + 2, r > 1. In this section, we will show the
rigidity of the induced moduli map f? for such r. More precisely, we will prove the following.

Lemma 7.1. There exists r such that f° extends to a trivial embedding.

The proof of Lemma will be given in several steps. Let r be an integer such that
b =tp_1 + 1 (7.1)

whenever X' is of type I or III. If X and X’ are both of type II, then we let » = 1 if i; = 2 and
we let 1 < r be an integer such that

b1l = o1 +1 or 1= b1l +1

if 4, > 2.
Proof of Lemma [T.1] when r» = 1 : In this case we obtain
£(Di(X)) C pr'(Dy(X")).

In particular f sends minimal discs of € into balls in €. Hence by [M08b], and [N15a], f is a totally
geodesic isometric embedding and preserves the variety of minimal rational tangents. Let 0 € §2
be a general point. Assume that f(0) = 0. Since df preserves VMRT, dfy : To(X) — Tp(X') is an
embedding that preserves rank one vectors. For instance if X = LGr, and X' = Gr(¢,CP'*9),
then dfy satisfies

[dfo][S*v] = [a ® b]

for some a and b. Consider
[dfo][S?(vo + tv1)] = [a; ® b), t ER.

By comparing the coefficient of t*, we obtain that either one of a; and b; is constant or a; = ag+ta,
and by = by + tby. In the first case, we obtain that [dfy] maps PT,X into %o(X’). Since the
holomorphic map f : 2 — €' is already known be a totally geodesic isometric embedding, it would
follow that S := f(2) C ' is a Hermitian symmetric subspace of rank-1, which is impossible given
that €2 is not biholomorphic to a complex unit ball. Hence the second case holds. Since vy and v,
are arbitrary, we obtain

[dfo][S*v] = [L1(v) ® La(v)]
for some linear embeddings L; and Ly. After composing with a suitable automorphism of X', we
may assume without loss of generality

[dfo] (S%v) = [1u(v) ® 22(v)],
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where 2; : C* — C? and 1, : C" — C? are trivial embeddings. Since f is an isometric embedding
and the set of all rank one vectors spans Ty(X), this implies that f : DI — Dé,,q, is a trivial
embedding. The same argument can be applied to the other cases.

Proof of Lemma when 2 < r < ¢—1: In this case, as subgrassmannians in D,(X) and
F, (X'), respectively, we have
rank Z, > 2, 1€ Dy(X) (7.2)
and
rank Z., > 2, 7' € Dy(X').

If X and X' are of type II, then as subgrassmannians in D,_;(X) and F;
have

X", respectively, we
(X'), resp y,

r—1

rank Z, > 2, 7€ Dy(X)
and
rank Z/, > 2, 7' € Dy(X').

Therefore the following two lemmas and Lemma [5.3] will complete the proof.

Lemma 7.2. f2: Dom(f}) C D.(X) — F, (X') or fi_;: Dom(f_,) C D, (X) — F,
respects subgrassmannian distributions.

(X7)

r—1

Proof. Suppose that X is of the type [ or III and ¢, = 4,_; +1. Then by Table[2land Lemma|6.5] we
can show that f? maps all rank one vectors in TZ,, T € Dy(X) into rank one vectors in T' Z}jj )
0 T

Then by Mok’s result ([MOSbH]) and (7.2), we obtain that either f> restricted to each general
maximal subgrassmannians in D, (X) is a standard embedding or the image of f* is contained in
a fixed rank one subspace in F;_ (X'). But since f is proper, the latter case does not happen.

Suppose that X and X’ are of the type II. Note that in this case, f# = f°. Suppose that
ir =i, 41 + 1. Then by the similar argument above we can show that f2: Dom(f?) € D.(X) —
F;, (X') respects subgrassmannian distribution. Now suppose 7, _; 1= iy—1+1. Then by the similar
argument, we can show that f:—1 , respects subgrassmannian distributions. Let 7 € Dg(Q2) so that

2
Z. C D,_1(€). Then it is enough to show that f°_, is a standard map on Z, for all 7 € Dy(Q).
Let
ZI7t = Gr(a, V).

Then

r—1

Z: 2 =Gr(a—1,V)
and by assumption, ffq , : Gr(a—1,V) — Gr(b, V') is a standard embedding for some Gr(b, V') =
)
Z!,. For a fixed £ € Gr(a — 1,V), consider a rank one subspace

Le ={[toW]e€Gr(a,V):WeGr(1,V),W ¢ &}

1

Then for each [ & W] € Lg, there exists oy € 772 such that
X[g@w] = X:NX,

%7
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where Xegw is the rank r — 1 characteristic subspace corresponding to [ @ W] and X, and
Xy, are totally invariantly geodesic subspaces corresponding to  and oy, respectively. By the
definition of f* |, for gy = [£ @ W] € L¢, we have

/ ﬂ X, C X nx’

F w) 1@ 11(Uw)
’2

where the first intersection is taken over all characteristic subspaces X, containing f(2 N X, ).
Since ir—l,% =i,_1 + 1, this inclusion implies

! _ / _ /
fialmw) AT (oo )ﬂXf“ (aw)_Xf{ll(&)+f{1l(aw>

and fﬁ (f) is a codimension one subspace of fti 1 (§) —l—fli 1 (ow). Here fti (5) +ff_171(0'W>

is the smallest subspace in V' that contains fti 5 l(f) U fﬁ (ow). Moreover since ff_l , is a
2

72 72
standard embedding, we obtain that on Lg, fﬁ f )+ [ ( w) is either constant or of the form

ff,1<£> e ¢><W>

for some projective linear embedding ¢ : Gr(1,V) — Gr(1,V”’). In the first case, since 7 and & are
arbitrary, ff_l is constant on D,_1(€2), which is impossible. Therefore the second case holds and

{Fo @+ ow): Wear V), waeh 2 {ff @+, (ow):Wear,V),W¢e)

if & # 5 Since £ is arbitrary, ff_l restricted to Z7! is a standard embedding by [MO08a]. O

We may assume that f(£2) is not contained in any proper totally invariantly geodesic subspace
of V. Let V € X(= Dy(X)). Let Zy = Gr(a,,V). Since f° respects subgrassmannians, there
exists subspaces W, W such that on a big Schubert cell, f’ is given by

(x) € Zy — Wy & (z) € Wy & Gr(a,, W) (7.3)
or

(SC) e Zy - Wy (l’t> e Wy ® GT(()T, Wl), (74)
where b, = r if X is one of the type I and III, b, = n — 2[n/2] + 2r if X = OGr,,. Suppose
holds. Since D, (X) is Z,-connected with 7 € Dy(X), as in the proof of Lemma [5.3] there exist
subspaces W, W[, W} C Vx: independently of 7 € Dy(X) with dim W{| = b, > 0 such that for
T € Do(X),

(2 c W@ Gr(e,, W] @W3), ¢, = dim W},
On the other hand, since f> maps Zy to Z}(V) = Gr(a;., f(V)) for V € Q, in view of , we
obtain
Wi c f(V), vVeqQ.

Therefore f(€2) is contained in a totally invariantly geodesic subspace of €', which is a contradic-
tion. Hence fﬁ on Z, is of the form and there exists a subspace W5 such that

A(Dy(X)) € Wy @ Gr(ar, Ws),

where W) is given in ([7.3). Since
(D)) C F, (),

r
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we obtain

Ip,’q,|W0 > 0.
Write
=W, H.
Choose I, ,-isotropic subspace WO such that dim Wo = dim W, and Ip/7q/(WO, W5) = 0. Then, we
obtain the following lemma.

Lemma 7.3. H satisfies

Wo® H(Z,(X)) C 2 (X)), (7.5)

Wo @ H(Dy(X)) ¢ B (X'). (7.6)
Proof. By Lemma [6.3, Lemma [6.4] there exists m such that

F(E(X)) C F (Sm(X)). (7.7)

Since I,y >0, to show ([7.5]), it is enough to show that m <4, — dim W,. Suppose that (|7.5))
does not hold. Then m > i, —dim Wj. Let V; € £,(X) be a general point. Choose oy € D,.(S,(X))

such that Vo = pr(og). By ( - there exists a unique boundary component Q’ A of 2 with rank
m such that Q} {(o0) C Q . Since m > 4, — dim Wy, pr'(p) is a proper subspace of H(Vp). Since
r{00

Q’fﬁ (00) is contained in a unlque boundary component, pr'(p) is the unique maximal I, ,-isotropic
r\00

subspace of H (V). In what follows, we will show that
(D) CQyy,

which is a contradiction to the assumption that f is proper.
Choose a general 7 € Sy(2) such that Vo(= pr(oy)) € Z, C £,.(X). Write

Z, = Gr(n., V;)

for suitable V. C Vx. Since fﬁ respects subgrassmannian distributions and f’ restricted to Z,

satisfies ((7.3), we obtain

£2(Z,) =Wy @ Gr(n,, L,)

T

for some L.. Then there exists a unique subspace R C V such that
FUVe€Z VDO RY)={V"€ f(Z): V' D pr'(uy)}.
Since R is a subspace of Vj, we obtain
I,,(R,R) =0.

Hence there exists a unique boundary component €2, = X,N0Q of rank s > r such that pr(p) = R
and 02, D €.
Consider
= {pr(c) € D,(X): X, C X,}.
By definition, we obtain
H(V)Dpr'(uy), VeQ,NZ,.
Since Z, is of rank > 2 and
RCWC IV,
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(), N Z, contains a rank one subspace of dimension at least 2. Since f? on each Z, satisfies ,
we obtain
[V €D(X):V DR} C{V' € F.(X): V' D pr'(up)},
ie.,
F(Q,) € Qy (7.8)
Choose a general o € Q, such that €, C €,. Then Q’ ©)
component of €. By ., we obtain that m' = m "Since Q, and  are rank s and rank m

is contained in a rank m’ > m boundary

boundary components of 2 and ', respectively, by Lemma [6.3], we obtam

FHD,(S4(X) N Dom(fy)) C F; (5 (X))
Let
A= (fﬁ)_l(Q;/D) N DT(SS(X))
Then A is a nonempty set containing {pr(r) € @, : Q, C Q,}. Let v € A be a general point. Then
by definition
Vs © Yy

Choose a rank s boundary component €25 of {2 such that €, C ; and choose a general ¢ such
that (5 is a rank r boundary component of €25. Then by Lemma , we obtain

Q ) C Q
On the other hand, by (7.7)), &/ should be contamed in a rank m boundary component of 2.

Since QLG is a rank m boundary component of €', we obtain

Q’ CQ’

c

Since {25 is a boundary component of €25, by the same argument as above, we obtain
b
Since any two points 01,09 € X, are connected by @z-chain for p € D,(S5(X)). we obtain
F(S, N Dom(f?)) € Q.

Since ¥, (X) is a Levi nondegenerate generic CR manifold, we obtain
f(D(X) N Dom(H)) C Q)

T

Next suppose (7.6) does not hold. Then there exists m such that f2(D,(X)) C D; (Sm(X")).
Hence we obtain f*(D,.(2)) C D;, (S (X’)), which contradicts the assumption that f is proper. [

Proof of Lemma when r = ¢ — 1 : Assume that X’ is of type I or III. If 4; = 1, then r = 1
satisfies the condition ([7.1)). By the proof of Lemma in the case of r = 1, then f is a standard
embedding. We may therefore assume without loss of generality that i; > 1. If i,_1 < ¢’ — 1, then
since 1 < 4y and 4,1 < ¢ —1 <2 — 3, ig_o = i;-1 — 1 < 2¢ — 4, hence there must necessarily
exist another 7 satisfying 2 < r < ¢ — 1 such that 4, = 4,_; + 1, which has already been taken
care of in the above.

Without loss of generality we may therefore assume that i,_; = ¢’ — 1, in which case 7,1 <
2(¢ — 1) and hence X cannot be of type II. Therefore X is of type I or III and i, = i;—o + 1,
which implies that fg_l maps Z,, T € Dy_2(5,-2(X)) to Z.,, 7" € Dy_5(X’). By Lemma ,
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Zr, T € Dy9(S4—2(X)) and Z.,, 7" € Dy_o(X’) are projective lines in ¥, 1(X) and D,_1(X’),
respectively. Hence f(';_l sends projective lines in 3, 1(X) to projective lines in Dy_;(X’). Note
that fg_l maps X,-1 to E;,_l. Since »,_; and E;,_l are Levi nondegenerate CR hyperquadrics

and fg_l(Dq_l(X)) is not contained in ¥, ,, fg_l restricted to ¥,_; is a transversal CR map at

b

a general point. In particular, f; ; is of maximal rank at a general point. Therefore Lemma

completes the proof.

Assume now that X’ is of type II. Since the pair (X, X’) satisfies the hypothesis in Theorem
or Theorem , X must necessarily be of type II. Therefore Z, and Z!, are of rank greater or
equal to 2. Therefore by the same argument as in the case of r < ¢ — 1, we can show that fg_Q is

a trivial embedding if lg-91 =i+ 1 and fg_l is a trivial embedding if i, = lgo1 T L

By Lemma , we can choose 7 > 1 such that f? is a trivial holomorphic embedding. Moreover,
if r < ¢ — 1, then there exists a natural embedding of v : Vx — Vx given by f such that

fADe(X)) C Vo & Gr(ay, u(Vx))

and f2 =V, @ S,, where a, = ¢ — r if X is of type I or III and a, = 2(q —r) if X is of type II and
Syt D.(X) — Gr(a,,1(Vy)) is a trivial embedding. We will identify Vx with (V) and regard Vx
as a subspace of V.

Lemma 7.4. There exists Vo C Vxr such that

fr-1=Vo® 841 : Dy (D) = Vo & Gr(1, V)
of X is of type I or I1I and

= Vo®S,1: Dy1(D) = Vo & Gr(2, V")
if X is of type I1.

Proof. First we assume that X is of type I or III. Then by assumption on the pair (X, X’) in
Theorem [I.2) or Theorem [1.3| X" is of type I or ITI, too. If 4,y = ¢’ — 1, then it is clear. Suppose
ig—1 < ¢ — 1. Then we can choose r < ¢ — 1 such that i, =i,y + 1. Hence it is enough to show
that if r < ¢—1 and i, = 4,_; + 1, then i,,1 = 7, + 1 and fﬁﬂ =Vo® Sr11. Let p € D,y1(2) be a
general point. Let V,, be a subspace of Vx of dimension ¢ —r — 1 such that

Q.={VeD(X):V,CV}
Since f? preserves Q,, we obtain
FQu) CQp
Let L, C Lx be a minimal subspace such that
Qs N F(D(X)) = Vo @ {V" € Gr(ay, Vi) : Ly C V'}.
Since S, is a standard embedding, we obtain dim L, = dim V,,. We will show that
faV)=WeL,

or equivalently
' (Fa(w) = Vo & L.
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By assumption on f’ and Lemma , we obtain
£(Qu) =Vo®{V €Gr(a,Vx): L,CV}CQ

f£+1 (:u) )
Since by definition
Qs oy = V' Vi () € V),

we obtain
pr'(fia(n) C Voo L,

as a subspace. On the other hand, for any o € D,(2) with pr(o) € Q,, we obtain
pr' o fi(0) = £ o pr(o) € £(Qu) = Vo @ {V € Grlar, Vx): L € V),
which implies
fi0) € {(Vo © V1, Va) € Flay ) (¥): L, € Vi)

Since

F) c | £(9),

UEQu

we obtain
f(€,) C XéVg@L#,W)

for some W C V.. Since f* 11(pe) is the smallest Hermitian symmetric subspace that contains
f(€,), we obtain

Vo ® Ly C pr'(fi1 ()
completing the proof. The same argument can be applied to the type II case. 0

8. PROOF OF THEOREMS

8.1. Proof of Theorem . By Lemma (7.4 we obtain f)_; = V@ S;_1: Dy1(X) = F,
is a trivial embedding. Then we obtain

f=Vief: 9=V,

(X7)

q—1

for some subdomain € of €’ with rank < ¢'. By replacing f : Q@ — € with f: Q — Q”, we may
assume that f}_,: D,_1(X) = Gr(1,Vx/) C F;,_,(X’) is a trivial embedding if X is of type I or
II and f}_,: Doy (X) — Gr(2,Vx) C F;,_,(X’) is a trivial embedding if X is of type II. Let
j : Vx — Vx/ be a linear embedding induced by fgfl. Then j defines a standard holomorphic

embedding g: X — X’ such that g}, = f_,.

Lemma 8.1. Let g: X — X' be the standard holomorphic embedding induced by j : Vx — Vx
andY C X' be the mazimal Hermitian symmetric subspace such that g(X) XY is a totally geodesic
subspace of X'. Then there exists a holomorphic mapping h: Q — Y such that

f=gxh:Q—g(Q)xY.
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Proof. Assume that f(0) = ¢g(0). Assume further that {2 and €’ satisfy the condition 2), i.e., Q is
of type IIT and €' is of type I. Since f;fl = ggfl is induced by a standard holomorphic embedding,
by Lemma 6.3 we obtain

fa-1(Zq1(X)) C Bga(X).
Moreover, since pr': Dy_1(Sy—1(X')) = Xy—1(X’) is one to one, for each o € D,_1(S,-1(X)),
there exists a unique maximal boundary component M, of ' such that

!/
9(92,) C Qgg,lm C M,.

Note that since fg_l = gz_l and M, is a maximal boundary component, we obtain

!
7o) © Mo (8.1)

For a maximal characteristic subdomain €2, C €2, choose a minimal disc A, C €2 passing through
0 such that A, x €, is a totally geodesic subspace of € and hence 0A, x £, C S,-1(2). Let

Qa(t) = {t} X Qoa te Zcr-
Since g : X — X’ is a standard embedding and
g (Qo(t)> C Ma(t), vVt € 0A,,

there exists a minimal disc A/ of €’ such that

9 () C A, x g(Q) C AL x M, VtEA,, (8.2)
Since fg_l = gZ_l, by (8.1) and (8.2)), we obtain
/ /
f (Qd(t)) - Qfgil([g(t)}) CA, xM,, VteA,. (8.3)

Define
Z = ()(Ah)",

where the intersection is taken over all minimal disc A, passing through 0, A’ is the minimal disc
given in and (A!)+ is the maximal characteristic subspace passing through f(0) such that
Tro)(AL)T = Ny, v € TyAL. Then by (8.2), Z is a maximal Hermitian symmetric space such that
g(X) x Z is totally geodesic in X’. We let Y = Z.

Choose the minimal Hermitian symmetric subspace X(y; y,) C X’ of rank ¢ such that g(X) C
X éVth)' Considering 0 as a subspace, decompose 0 into Vi & Wj. Choose a local coordinate system
of X" at f(0) such that f = (Fy, F3) satisfies

Fl: Q%X(/VlA/X/), FQ. Q_>X(,W1,VX/)'

By (8.3) and induction on dimension, we can show that for any properly embedded maximal
polydisc A? C €, there exist a ¢g-dimensional polydisc A? C X(/V1 Vi) and a subdomain " C

QNX (/Wl Vi) of rank ¢’ — ¢ orthogonal to A? such that A? x Q” is totally geodesic and

F(A%) € Rex o,

which implies that on A C €2,
<F1, F2>p’,q’ = 0.
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By differentiating it, we obtain
<8F1, F2>p’,q’ =0
on AY. Since A? is arbitrary, we obtain
<8F1, F2>p’,q/ =0. (84)
On the other hand, since f is proper, by (8.3)), we obtain
li C O(AY) x Q' C %Y.
reaiintpian T () © OA7)

/

In particular, F;: Q — X Viven N (Y is proper. Then by [T's93], F; is a totally geodesic isometric

embedding. Since fq[1 = 92717 we obtain 0F) = dg. Hence by complexifying (8.4)), we obtain that
F5(Q) is contained in a subdomain of €2’ orthogonal to g(2), i.e., f(2) C g(Q2) x Y and

FlEg.

The same argument can be applied to the case when Q and ' satisfy the condition (1).

We have proven that writing F' = F} x Fy: Q — Q) x Q}, F; : Q — Q' is a standard embedding,
and it follows that F' : Q — Q) x Q) is a holomorphic totally geodesic isometric embedding
with respect to Kobayashi metrics. By Mok ([M22] Theorem 3.1), the holomorphic embedding
10 Q) x Q) — € is a holomorphic totally geodesic isometric embedding with respect to Kobayashi
metrics. It follows that f : 2 — Q' is also a holomorphic totally geodesic isometric embedding
with respect to Kobayashi metrics, as desired. 0

Remark Given a complex manifold X hyperbolic with respect to the Kobayashi metric, a point
r € X, and a nonzero real tangent vector v € T=(X), there can be more than one germ of
real geodesic curve 7 : (—¢g,e) — X such that y(0) = = and +/(0) = v. We say that a complex
submanifold S C X is totally geodesic to mean that given any two distinct points z1,x9 € S,
there always exist a real geodesic curve v on X joining x; to xs such that the image of v lies on
S (while there may be other real geodesic curves on X joining x; and xs that do not entirely lie
on S).

8.2. Proof of Theorem . First assume that Q and ' satisfy the condition 1). Suppose that
there exists a proper holomorphic map f: D]iq — Dé,H with 2 < ¢ < ¢ < 2¢ — 1. By composing
a standard embedding j : DJ/' — D], ,, we may assume that f: D] ~— D], . is a proper
holomorphic map. Then by Theorem f is of he form g x h, where g : Dziq — Dé,’q, is a
standard holomorphic map and h: Q — " is a holomorphic map for some subdomain €” C Dé’,’q/
orthogonal to g(D]g,q). Since f (D;vq) C Dg,l ! this implies that Dé,l I contains a rank ¢ characteristic
subspace that contains Déq, which is impossible.

Next assume that 2 and € satisfy the condition 2). By the same reason as above, we may
assume that ' is of type I. Suppose there exists a proper holomorphic map f: Dif — DJ, , with
2 < ¢ < 2[n/2] — 1. Since ' is of type I, we obtain iy = 1, i,y = ¢ — 1 and i, = 4,1 + 2
forall r =2,...,¢ — 1. Since i1 = 1, f preserves VMRT and therefore is a standard embedding.
Then by the same argument in the proof of Lemma(7.2] we obtain that for all r =1,...,[n/2] — 1
and all 7 € Dy(X), f? restricted to Z, is a standard embedding. In particular, f5: Z, N Z, —
Z ol A 7o) is a standard embedding from a Grassmannian of rank 3 to a Grassmannian of rank
2 it dim Z; N Z, > 0, which is impossible.
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9. APPENDIX

For X = Gr(q,p), see [K21]. Let p, g be positive integers such that ¢ < p. Define a Hermitian
inner product (, ),, in CP*? by

q
(U, V)pg = a1 + - + Ugly — Ugs1Tg1 = *** = UpqUpiq,
for u = (uy,...,uprq) and v = (v, ..., Vp44). Recall
Y. (Gr(q,p)) ={Z € Gr(q —r,C?™) : { ), 4lz =0} forr <gq,

Y(0OGr,) ={Z € Gr(2[n/2] —7,C*") : { Yumlz =0, Sulz =0} forr <n,
S (LGr,) ={Z € Gr(n —r,C*) : { Vpulz =0, Ju|z =0} forr <n.

For X = Gr(q,p), OGr, or LGr,, let ¢ denote ¢ — r, 2[n/2] —r, or n —r, G denote SU(p, q),
SO(n,n) or Sp(n), and g denote su(p, q), so(n,n) or sp(n) respectively. If X = OGr,, or LGr,,
then p = ¢ = n. For X = Gr(q,p), OGr, or LGr,, a Grassmannian frame adapted to ¥,(X), or
simply X, (X)-frame is a frame {Z1, ..., Z,,} of CP*? with det(Zi, ..., Z,4,) = 1 such that

(Zas Zprq—t+8)p.a = (Zpta—t+ar Z8)pa = Oapy (Zetjs Zerk)pg = Ojk, (9.1)
fora, 3=1,...,0, j,k=1,...,p+q—2( and
(ZA, Zr)pq, =0 otherwise,

where ZS\Jk = d;, if min(j, k) < q— ¢, @k = —0,, otherwise, and the capital Greek indices A, T, {2
etc. run from 1 to p + ¢, i.e., the scalar product (-,-),, in basis {Zi,..., Z,4,} is given by the
matrix

o 0 0 I
0 I, 0 0
0 0 —I,, 0

I, O 0 0
We use the notation

7 = (Zh,..., 70,
X = (X17 cee 7Xp+q—2£) = (ZZ—H, ceey Zp—l—q—é)a
Y=1,....Y) = (Zprgrts1:--s Zpq)-

Let B,(X) be the set of all ¥,(X)-frames. Then B,.(X) can be identified with G by the left
action. By abuse of notation, we also denote by Z the g-dimensional subspace of CP*4 spanned by
Zy,...,Z,; Then we can regard B,(X) as a bundle over 3, (X) with respect to a natural projection
(Z,X,Y) — Z. The Maurer-Cartan form 7 = (') on B,(X) is a g-valued one form given by the
equation

dZA = WAFZF
satisfying the structure equation
dry =P Ay
We use the block matrix representation with respect to the basis (Z, X,Y’) to write

B £+j p+q—L+5 B J B
W% 7ra€ Ty s waﬁ 0. gbaﬁ
+j p+q—L0+ . J
Ttk ZHk Motk s | o wy ]
+J prq—t+ B J B
Tptg—t+a Tptg—t+a Tptg—tta 50& O wa
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which satisfies the symmetry relations

v 0] o) %Zﬁdf ;5\;9;% Zi
B gi B x Fi_a . a
Sa O-a] ¢o¢ 5 Ba 5; O-{ “ w Ba

that follow directly by differentiating (9.1)). For a change of frame given by

Z Z
X|=U|X],
Yy Y

7 changes via
T=dU-U'+U-7-U"
If X = LGry, {Z;....,Z2,} satisfies
Jo(Zos Zg) =0, a,f=1,...,L
We may regard X, (X) as a submanifold of ¥, (Gr(n,n)). Since ¥, (LGr,,) is a generic CR manifold
in SGr(n —r,C*"), we obtain
CTpY, (X)/(TH*S(X) 4+ T '8, (X)) = TpSGr(n — r,C*) /D = S?U*,

where D and U* are defined in section 4. Therefore we obtain a reduction of frame by

o — ¢4 =0 (9.2)

and ¢° + ¢g*, a,B=1,...,¢ span the contact forms. That is, the set of all ¥,(Gr(n,n))-frames
adapted to X,(X) is the maximal integral manifold of (9.2). If X = OGr,, then {Z...., Zs,}
satisfies

Sn(ZayZg) =0, a,f=1,...,¢(
and
CTpE (X)) (TH'S(X) + Tp'S.(X)) = TpOGr(2([n/2] — r),C*") /D = A*E*,
where for P = [E],
D=E®(E+/E), E*=C™/E"
Therefore we obtain a reduction of frame by
¢aﬂ + ¢ﬁa - O
and ¢/ — ¢g", o, =1,...,L span the contact forms.
There are several types of frame changes.
Definition 9.1. We call a change of frame
i) change of position if
Za=W,2Zs, Yo=V./Ys X;=X

where W = (W, %) and V = (V_,?) are £ x ¢ matrices satisfying VIW = I, and if X = OGr,
or LGr,, W and V are symmetric or skew-symmetric, respectively;
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ii) change of real vectors if
Zo="70, X;=X;, Yo=Y,+HZs,
where H = (H_,?) is a Hermitian matrix;
iii) dilation if
Zo =220, Yo=2AYa, X; =X
where A\, > 0;
iv) rotation if
Zo=Zo, Yo=Ya, X;=U"X,,
where (U;") is an SU(q — ¢,p — {) matrix.
Change of position in Definition [9.1] sends ¢ and 6 to
- S+ « T A j
ol =W W owr S =wl 67 =w,0,.
Dilation changes ¢, 67 to

- 1 ~ 1 .
B _— B g = g
qba )\O[AB ¢a ? o )\a o)

while rotation remains ¢ unchanged and changes 6.7 to

0] =0rU7.

Finally, we will use the change of frame given by

Ly = Za; Xj = Xj + Cjﬁzﬁa )704 =Y, + AaBZB + Banj

such that
CjOé + BJOZ — 0
and L .
Al +A7+BJB" =0,
where

BjOé = ZS\JkB_ak.
Then the new frame (Z, X,Y) is an %, (X)-frame and the related one forms ¢, remain the same,
while 67 change to

0] =0 — ¢ B .

a
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