ON THE LOCAL-GLOBAL PRINCIPLE FOR INTEGRAL APOLLONIAN
3-CIRCLE PACKINGS

XIN ZHANG

ABSTRACT. In this paper we study the integral properties of Apollonian-3 circle packings,
which are variants of the standard Apollonian circle packings. Specifically, we study the
reduction theory, formulate a local-global conjecture, and prove a density one version of this
conjecture. Along the way, we prove a uniform spectral gap for the congruence towers of
the symmetry group.

1. INTRODUCTION

Apollonian circle packings are well-known planar fractal sets. Starting with three mutu-
ally tangent circles, we inscribe one circle into each curvilinear triangle. Repeat this process
ad infinitum and we get an Apollonian circle packing. Soddy first observed the existence
of some Apollonian packings with all circles having integer curvatures, and we call these
packings integral. The systematic study of the integers from such packings was initiated by
Graham, Lagarias, Mallows, Wilks, and Yan [9] [10]. We first briefly review what is known
for integral Apollonian packings. Fix an integral Apollonian packing P, and let IC be the set
of curvatures from P. Without loss of generality we can assume P is primitive (i.e. the ged
of K is 1). We say an integer n is admissible if it passes all local obstructions (i.e. for any
q, we can find k € KC such that n = k (mod ¢)). Finally, let I be the orientation-preserving
symmetry group acting on P, which is an infinite co-volume Kleinian group. We have:

(1) The reduction theorem: Fuchs in her thesis [7] proved that an integer is admissible if
and only if it passes the local obstruction at 24.

(2) The local-global conjecture: Graham, Lagarias, Mallows, Wilks, Yan [9] conjectured
that every sufficiently large admissible integer is actually a curvature.

(3)A congruence subgroup: Sarnak [20] observed that there is a real congruence subgroup
lying in I'. As a consequence, some curvatures can be represented by certain shifted qua-
dratic forms.

(4) The congruence towers of I' has a spectral gap (See Page 3 for definition): This fact
was proved by Varjii in the appendix of [4], using Theorem 1.2 of [3].

(5)A density one theorem: Building on the works of Sarnak [20], Fuchs [7], and Fuchs-
Bourgain [1], Bourgain and Kontorovich [4] proved that almost every admissible integer is a
curvature, which is a step towards the local-global conjecture.
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FIGURE 1. An integral Apollonian-3 circle packing

In this paper we generalize the above results to the type of circle packings illustrated in
Figure 1. To construct such a packing, we begin with three mutually tangent circles. We iter-
atively inscribe three circles into curvilinear triangles, and obtain a circle packing, which we
call an Apollonian 3-circle packing, or Apollonian 3-packing. (By comparison, if we inscribe
one circle in each gap, we obtain a standard Apollonian packing.) As shown in Figure 1,
there also exist integral Apollonian-3 packings. This was first observed by Guettler-Mallows
[11].

We carry over the notations P,IC,I" to our Apollonian-3 setting. We fix a primitive
Apollonian-3 packing P, let I be the set of curvatures from P, and I' be the orientation-
preserving symmetry group acting on P. We first state a reduction theorem for P.

Theorem 1.1. (Reduction Theorem) An integer n is admissible by P if and only if it passes
the local obstruction at 8.

Let Ap be the set of admissible integers of P. In the case of Figure 1,
Ap ={n € Z|n = 2,4,7(mod 8)}.

A general result from Weisfeiler [24] implies the existence of a number () which completely
determines the local obstruction. However in practice it’s a hard problem to determine Q).
In our case = 8. Technically, we will prove the following lemma, which directly implies
Theorem 1.1. Let K4 be the reduction of K (mod d), and p,m be the natural projection from
Z/p™Z to Z/p™Z. Write d = ], p}*, then we have

Lemma 1.2.
(1) ]Cq = Hz ICp?if
(2) Kym =Z/p™Z for p >3 and m >0,
(3) p;,i+1(lC2m) = Kom+1 for p=2 and m > 3.
Based on Theorem 1.1, we formulate the following local-global conjecture:

Conjecture 1.3. (Local-global Conjecture) Every sufficiently large admissible integer from
P is a curvature. Or equivalently,

#{neKKin<N}=#{neApl0<n < N} +0(1).
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However, it seems that the current technology is not enough to deal with this conjecture.
Instead, we prove a density one theorem:

Theorem 1.4. (Density One Theorem) There exists n > 0 such that
#{neKn<N}y=#{nec Apl0 <n < N} +O(N'").

To deduce Theorems 1.1 and 1.4, we need to study the symmetry group I, or more con-
veniently its orientation preserving subgroup I'. The group I C Isom(H?) is generated by
eight reflections corresponding to eight mutually disjoint hemispheres, and our Apollonian-3
packing can be realized as the limit set of a point orbit under T' (see Figure 2). Therefore
I is geometric finite. It is clear that I'\H® has infinite volume, so T is a thin subgroup of
SL(2,C). The local structure of I' will lead to Theorem 1.1. Here we exploit a crucial fact
that I' contains a real congruence subgroup, which is the analogue of Sarnak’s observation
for the Apollonian group [20]. This congruence subgroup also implies that some curvatures
can be represented by certain shifted binary quadratic forms (See Theorem 3.1), which is a
key starting point for proving Theorem 1.4.

Another crucial ingredient for Theorem 1.4 is a (geometric) spectral gap for ', as we
explain now. For any positive integer ¢, Let I'(¢) be the principle congruence subgroup of
I'at ¢ (i.e. T'(¢q) = {y € I'|y = I(mod ¢)}). Let A be the hyperbolic Laplacian operator

. . 2 2 2
associated to the metric ds? = dx+c++dz on H3:

The operator A is symmetric and positive definite on L?(I'(¢q)\H?) with the standard inner
product. From Larman [16] we know that the Hausdorff dimension 0 of our packing P is
> 1. Hence Patterson-Sullivan theory [19][22], together with Lax-Phillips[17] tell us that for
each ¢, there are only finitely many exceptional eigenvalue for A acting on L*(T'(¢q)\Hj3), and
the base (smallest) eigenvalue \g(q) of A on L*(T'(q)\H?) is equal to 6(2 — §).

However, a priori the second smallest eigenvalue \;(q) might get arbitrarily close to A\g(q).
But in the case of I'; this phenomenon does not happen:

Theorem 1.5. (Spectral Gap) There exists 69 > 0 such that for all q,
Ai(g) = Aol(q) > do

For the modular group SL(2,Z), the celebrated Selberg 1—36 Theorem says that 6y > 13—6.
For an arbitrary finitely generated subgroup of SL(2,7Z), a spectral gap when ¢ is ranging
over square free numbers was obtained by Bourgain-Gamburd-Sarnak [3]. Recently this re-
sult was extended to much more general groups by Golsefidy-Varji[8], again over squarefree

numbers . But for our need, we need to require ¢ to exhaust all integers.

We then follow the strategy in [4] to prove Theorem 1.4. The main approach is the
Hardy-Littlewood circle method. The spectral gap given in Theorem 1.5, together with the
bisector counting result from Vinogradov [23], allows us to do various (thin) lattice point
counting restricted to certain regions of SL(2,C), effectively and with uniform rates over the
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FIGURE 2. The fundamental domain for T' and the orbit of an point under T

congruence towers ['(¢) and their cosets. All these are encoded in Lemma 5.2, Lemma 5.3
and Lemma 5.4 from Bourgain and Kontorovich’s work on Apollonian packings [4]. These
Lemmas can be modified word by word to fit our setting. Another ingredient which appears
in the minor arc analysis is the elementary % bound for the Kloosterman sums.

Plan for the paper : In §2 we discuss the local properties of I, these properties are
revealed by I' and its subgroups. Theroems 1.1 and 1.5 are proved at the end of this section.
The main goal of §3 is to prove Theorem 1.4. In §3.1 we introduce the main exponential
sum and give an outline of the proof of Theorem 1.4. In §3.2 we analyze the major arcs, and
from §3.3 to §3.5 we give bounds for three parts of the minor-arc integrals. Finally in §3.6
we conclude our proof.

Notation: We adopt the following standard notations. We write e*™* as e(x), and e r
as e,(z). The relation f < g means that f = O(g), and f < g means f < g and g < f. The
Greek letter € denotes an arbitrary small positive number, and 1 denotes a small positive
number which appears in several contexts. We assume that each time when n appears, we
let 7 not only satisfy the current claim, but also satisfy the claims in all previous contexts.
The symbols p and p; always denote a prime. The relation p’||n means p’|n and p’*! { n.

2mix

The expression Z;( ;) means sum over all r(mod ¢) where (r,q) = 1. For a finite set Z, its

cardinality is denoted by |Z] or #Z. For an algebraic group I' (or A, A) over Z, T'(¢) (or Alq),
A(q)) denotes its principle congruence subgroup of level ¢. Without further mentioning, all
the implied constants depend at most on the given packing.

2. LocAL PROPERTY

2.1. Apollonian 3-Group and Its Subgroups. We start with three mutually tangent
circles C1, Cy, C3 (suppose C is bounding the other two). In each of the two gaps formed
by these three circles, there’s a unique way to inscribe three more circles, in a way that
each of these six circles is tangent to four other circles and disjoint to the last one. Let’s
say Cy,Cy,Cy is one such inscription (see Figure 3). It is known that their curvatures
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K1, K2, K3, Ky, Ky, Ky satisfy the following algebraic relations [11]:
K1+ Ky = Ko+ Ky = Kg + Ky 1= 2w (1)
Q(K1, ka2, K3, w) = w* — 2w(ky + Ko + K3) + KT + K3 + K3 = 0 (2)

The Mobius inversion via the dual circle of Cy, Csy, Cs takes C)r, Cy,Cy to three other
circles Cy», Cyr, Cyr, which gives the other way of inscribing. There are two solutions for w
in (2), which correspond exactly to two ways of filling.

FIGURE 3. Reflection via the dual circle of Cy, Csy, Cs

We associate a quadruple r = </€1,I§2,/€3,U]>T to the six circles Cy, Cy, Cs,Cyr, Cy, Cyr,
which we call the root circles. There are eight gaps formed by circular triangles. Each gap
corresponds to one Mobius inversion, which takes three of the six root circles to three new

circles and fixes the rest three. We associate a vector v = <x, Y, 2, w'>T to this new collection
of six circles, where x, y, z are the curvatures of the circles which are the images of Cy, Cy, C3
under the reflection, and w’ is the sum of any pair of disjoint circles from this new collection,
as w in (1). From (1) and (2) it follows that z,y, z,w" has linear dependance on k1, kg, k3, W.
Eight gaps correspond to eight linear transformations which take r to v:

100 0 —3 4 4 4

010 0 0 100
Sm=1g 91 ¢ | Sts=1 9 01 0l

2 2 2 -1 —2 2 2 3

1 0 00 10 0 0

4 -3 4 4 01 0 0
Sia's = o 0 1 0ol Siay = 4 4 =3 4|’

2 -2 2 3 2 2 -2 3

3 —4 4 12 —3 4 —4 12

4 —3 4 12 0 1 0 0
Syys = o o0 1 0| Svag = -4 4 =3 12|’

-2 -2 2 7 -2 2 -2 7

1 0 0 0 —3 —4 —4 20

4 -3 —4 12 —4 -3 —4 20
512/3/ pr— 4 _4 _3 12 y 51/213/ p— _4 _4 _3 20 . (3)

2 -2 -2 7 2 —2 -2 11
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The subtitles of the above notations keep track of the circles forming the triangular gap. For
example, S/ denotes the reflection via the dual circle of C}/, Cy, Cs. The group generated
by these eight matrices is called Apollonian 3-group, denoted by A:

A= <5123’ 51’237 512’37 5123'7 51/2/3, Sl'2'3? 51’23’7 51’2’3’> (4)
Then we have

K={le,A1)i=1,23U{(e;, A-r)|i =1,2,3} (5)

where r’ = (Kqry Ky s Ky, w). It then follows that if the initial six circles have integral curva-
tures, then P is integral.

In light of (7), we reduce studying K to studying the group A which acts on some quadru-
ples containing full information of . A is a Coxeter group with the only relations

123 —
It preserves the quadratic 3-1 form Q, so Aa C Oq(Z). Furthermore, we pass to its

orientation-preserving subgroup A = AN SOq(Z), which is an index-2 subgroup of A and a
free group generated by

512351’237 5123512’37 31233123/a 312331’2’37 812381’23’7 8123512'3/a 812331’2’3" (6)

From (5) we also have
K= {<ei>~’4' I‘>|Z = 172a3} U {<ei>~’4' rl>|i = 1a2>3} (7)

This is because if a word from A consists of odd number of reflections, we can always pre-add
Siaz (or Syryy) without changing r (or r'). The augmented word is even, thus lies in A.

Recall the spin homomorphism pg : SL(2,C) — SOyq,, where Qo(x,y, z,t) = t* — 2 —
y* — 2% is the standard 3 — 1 form (see [6]):

R(ad+be)  S(ad — be) R(—ac + bd) R(ac + bd)

Po (( a b )) _ [ S(-ad—=be) R(ad—be)  S(ac—bd) S(—az — bd)

¢ d R(—ab+cd) S(—ab+cd) LEolelHd?  —laPopPrieria? | (8)
o wr e 2 2
R(ab+cd)  Sab+ed) LHA LA ol t1p ol vld?
The isomorphism between SOq, and SO is given by
A— J AT,
where

100 —1

010 —1

T=1o 01 -1

00 0 v2

The spin homomorphism that we use is p, defined from SL(2,C) to SO as

p(v) =J " po ((1\;; ;f) gl (1\22 IE) _1> J 9)
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1+ —\/5)

The good thing about conjugating ~ with ( JB 14 is that the preimage of the

generators in (6) is

(12 (1 —2V2i 2 (10 (1422
Ml_<—2 —3>’M2_(2+4\/§i —3+2x/§z‘>’M‘°’_(—4 1>’M4_( —4V2i T-2V2

[V S - U O B Ve —2 Ao - (122 4
P72 =5 T N6 —av2i 5—2v2i) T\ 4+4V2i —9+2V2i)°
(10)
which all lie in SL(2, Z[v/2i]), and we let I' = (M, My, Ms, My, Ms, Mg, M).

If we write a = a3 + agi, b = by + boi, ¢ = ¢1 + coi, d = dy + dai, one can verify (with the aid
of computer) that p maps the matrix ( CCL Z ) to a 4 x 4 matrix, each entry of which is a

homogenous quadratic polynomial of ay, as, by, bs, c1, co, dy, do, with half-integer coefficients.
Therefore, p can descend to a homomorphism from I'/T'(q) to A/A(q) for any ¢ that does
not contain a power of 2.

The group T' contains a real subgroup I'c, = (M;, M3, M5). Geometrically, T'c, fixes the
circle Cs. It turns out that I'c, is a congruence subgroup:

Proposition 2.1. The group I' is a congruence subgroup of level 4. Explicitly,

d

Proof. We notice that the C direction is straightforward, then we can prove the proposition
by explicitly constructing the fundamental domain (See Figure 4). Indeed once we show that
the fundamental domain of I'c, is as shown in Figure 4, we can compute the covolume of
I'c, to be 81, which coincides with the covolume of the group described by the righthand
side of (11), thus the proposition is established.

To, = {(Z b) € SL(2,Z)|a = d = 1(mod 2),b = ¢ = 0 or 2(mod 4)} (11)

First we replace the generators M, M3, Ms of I', by three parabolic generators My, My 1 -
( 411 (1) ) , My My = ( :; ?) ) which fix -1,0,1 respectively. We denote the corresponding
parabolic subgroups by B_1, By, Bi. We have M;(00) = —1, My ' (—1) = 1 and M; ' M;5(3) =
oo. It turns out that the open region F¢, bounded by the closed loop co = —1 — —% —
0 — 3 — 1 — oo is the fundamental domain for T'c,.

Associate the open regions I, I, 11T (See Figure 4) to B_1, By, By, then B_; maps II, 11
to I, By maps I,III to II and B; maps I,II to III. We can apply the Pingpong Lemma to
show that I' is freely generated by these three elements. To show that F¢, is a fundamental
domain, one needs to show

(D)y(Fey) N Fey =0 if v # 1.

(i) Ty (Fe,) = H.

—4

)
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For (i), first write v = Ty T3 - - - T},,, where each T; comes from one of the parabolic sub-
groups B_1, By or B;. We say the length of this word is m. We assume the length of the
word is minimal so that 7}, T;,, are not in a same parabolic subgroup. Then one can prove
that v(F¢,) lies in one of the regions from I, II, ITI, which is determined by 7}. Since I, II, III
are disjoint from Fe,, (i) is thus proved.

For (ii), suppose z € I'¢,(Fe,) = H, we want to show that z lies also in the interior

of I'(F¢,). First one can check that for each side of F¢,, there’s one element v from
My, Mt My, M3t MaM; ', Myt My such that v(Fg,) and Fg, share this given side. Now
we place a ball of radius e sitting at each of the cusps —1,0,1 and we say the complement
of these balls to F¢, the compact part of F¢,, denoted by ]-"g; We define the compact
part of v(Fg,) simply by v(F¢;). Then there exists a universal constant [(¢) such that if z
lies within the [(¢) distance of some v(F¢;), then z lies either within (F¢,) itself, or some
7' (Fe,) next to y(Fey,), or on the common boundary of these two domains. In both cases 2
is an inner point of I'c, (Fey).

It’s an elementary geometric exercise to check that any v € I'c, will send these e-balls

to balls with radii no greater than e (by induction on the minimal length of word). This
Imz

means that if we choose € = 22 and some I(e) < %22, and some 7, such that d(y¢(Fc)), ) <

min{%% I(¢)}. In other words, z is very close to the compact part of the fundamental

domain v.(F¢,). Therefore z is an inner point. Since I'(F¢,) is both open and closed,

['(Fe,) = H. 0

—‘2 -1 I 0 1 é
F1GURE 4. The fundamental domain for I'c,

. . 1 0 1 0 1 0
Conjugating I'c, by (\/iz 1), one gets ', = (\/iz 1) Ce, <—\/§z 1) = (My, M3, M),
which is a subgroup of T" fixing C';. Similarly,

(1 1+/2i o, (! 14+ +/2i
%@ \=1 —14+v2i) P \-1 —1+V2i

which is a subgroup fixing Cy .

-1
) =< M; ' Mz, M; ' Ms, M7 Mg >,
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Let
Ap(q) ={g1haji - grhidr 2 91, gk € Loy has oo hi € Doy gy oo gk € FCBI} (12)
We have the following proposition:
Proposition 2.2. Let ¢ = [[, p}"*, then I'/I'(¢) = A109(q).
Before proving Proposition 2.2, we prove a few lemmas first.
Lemma 2.3. Ifp > 5, then Az (p™) =T/T'(p™).

Proof. Since I'¢, is a congruence subgroup of level 4, we have I'c, /T'c, (p™) = SL(2,Z/p™7Z).

We also have
b=t 0 — 0 9 1 0 4 (b 0 _ 1 0
(o b)'(— —2)'M2'(—§ 1)'M2 o o) = svar 1)
Now we show that VM > 1, we can find at most four elements a,b,c,d € Z/p™Z) such that
a® 4+ b* + & + d* = M(mod p™)

ENEN I

This is true for m = 1 by the Lagrange’s Four Square Theorem, which states that every
integer can be written as a sum of at most four squares of integers. Choose M' = M (p) with
0 < M' < p, then we can choose a’,b’, ¢ ,d such that

’

a2—|—b/2—|—cl2—|—d/2:M/7 (13)

Necessarily all a',b', ¢, d have to be strictly less than p, and at least one of them is not zero,
thus invertible in Z/pZ. So when mod p, (a',b’,c,d ) is a regular point on the curve

2? + 92 + 22 + w? = M (mod p). (14)
The general case follows from Hensel’s lemma by lifting the solution (a’,b’, ¢, d) of (14) to
a solution (a, b, ¢, d) of

2* +y* + 22 + w? = M(mod p™)
This shows that

1 0 .
(ax/?i 1) € Ag(p™)
Multiplying the above matrix by <2 (1)> ,b € Z/(p™), which can be found in I'¢, since it

. 10
contains ( 4 1), we have

(i (1)> € Ay(p™)

for any ¢ € Z[v/2i]/(p™). Conjugating the above element by <(1) _01), which is also con-

gruent to some element in I'¢, (mod p™), we have

((1) i) € Apa(p™)
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for any ¢ € Z[/2i]/(p™). Now
1 a\y (1 0\ (1 ¢\ _ (l+ab a+c+abc
01 b 1 0 1) b 1+ be '
a b m
(C/ d/) € F/F(p )
for any ¢ invertible in Z[v/2i]/(p™) and a'd —b'¢’ = 1. There are p>™~!(p—1) such elements.

The size of SL(2,Z[v/2i]/(p™)) is p>™3(p — 1)(p*> — 1), which is strictly less than twice of
p*™1(p — 1), this means that As4(p™) has to be full of the group SL(2,Z[v/2i]/(p™)). O

Lemma 2.4. A107(2m) = F/I‘(2m>7 and A107<3m) = P/F(Sm)

This shows that

Proof. We prove the case when p = 2 and explain the difference when p = 3. For p = 2, we
first prove the following claim by induction:

Claim: For every m > 6 and g € ['(2%)/T'(2™), we can find g1, g2, 93 € ['c,(23) /T, (2™)
such that
9= g1Mogo My M3 g3 M.
For m = 6 we can choose g; = ¢go = g3 = 1. For m > 6, we now assume this holds for
m — 1. By the induction hypothesis, there exists hy, ho, h3 € T'(23) such that
g = haMyhy My MZhs My % 4 2™ 'z (mod 2™)

Now we choose some z; € Mat(2,Z) such that z; = 0(2™73) and tr(z;) = 0(mod 2™) for
1 =1,2,3. We have
g = (hl + 1‘1)M2(h2 + xz)MglMg(hQ -+ l’g)m;Q
— (1 + Mamo My 4+ M3xoMy ) + 2™ o (mod 2™)
Since Det(x; + h;) = 1(2™) and z; + h; = [(2%), x; + h; is congruent to some element
gi € I'cy(mod 2™) using the congruence property of I'c,. The matrices z1,x9, 23 can be

chosen as a suitable linear combination of the matrices in the following calculations to cancel
the term 2™~ lz:

mo1 (0 1 _ o ome1 [0 1 m
2 1(0 O)+M20M21+m§0M22:2 1(0 O)(modz)
gm—1 (00 + MoOMy ' 4+ m30M,y 2 = 2™t 00 (mod 2)
10 10
gm-1 (L0 + MyOMy* + m30M, 2 = 2! L0 (mod 2™)
0 —1 0 —1
2m—3 (i :;)+M22m—3 ((1) g) Myt 4+ MZ0M; 2 = 2m ! (8 \/(?Z) (mod 2™)
mes (=2 4 mes (00 0\ 21 aprr2_omo1 (V200 m
mes (4 0 _ mes (0 O\ 9 oma (0 O m
2 3<1 4>+M20M21+M§2 3(1 0)1\422:2 1(1 0)(mod2)
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Thus we showed that
Ag(2™) D T(2%)/T(2™).
Now since the index of T'(2°)/T'(2™) in T'/T'(2™) is |T'/T'(2°)] = 226, this implies that
Ayr(27) = T/T(2™) (15)
For the case p = 3, the proof goes in the same way. We choose the linear combinations of
the following:

gmt (0 1) + My0My ' 4+ MFOMy? = 3™ (8 é) (mod 3™)

0 0

0
0 0 ~1 20172 — qm—1 m

3ml ((1] _01) + MyOM; ' + MZOM;? = 3™ 1 ((1) _01> (mod 3™)

-1 0 00 V2 0

1 m—1 0 0 -1 2 -2 _ oqm—1 \/§Z 0 m

m—1 -1 1 —1 2om—1 00 2 m—1 \/§Z m

0 1) + My3™! <O 1> Myt + M;0M;? = 3" ( 0 —\/ﬁz) (mod 3™)

10

The constant 107 also works in this case. [l

Now we are able to prove Proposition 2.2.

Proof of Proposition 2.2. First we embed I'/I'(d) into le-”in I'/T(p™). Forany z € Hp:niH /T (p™),
from Lemma 2.3 and Lemma 2.4, we can write
107
x = ijcg A, B

for each ¢, where 71('%3 € Fc3,7](»%1 € l'eq, 73(.1)0, € ch" Since ['¢, is a congruence subgroup
K b 9 3

and I'¢,, ch' are conjugate to I'c,, we can find 1, 72,3 such that
N = 7 ¢, (mod pi)
Y2 = 7 ¢, (mod pi™)
8 =V, (mod pi™)

for each i. So z = y17273 € I'/T'(d). So we have

[ r/rem) = /T

p™||d

From the above proposition, it follows directly that
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Lemma 2.5.

(1) If ¢=T1; P}, then T'/T(q) = [L; /T (p}"),

(2) If (¢,6) = 1, then T/T(q) = SL(2,(Z[v2i]/(q)))-

(3) If 1 > 3, then the kernel of I'/JT'(2!) — T'/T'(8) is the full of the kernel of SL(2, Z[\/2i]/(2")) —
SL(2,Z[/2i]/(8)); If | > 1, then the kernel of T/T\(3") — T'/T\(3) is the full of the kernel

of SL2, Z[V31]/(3))) — SL(2, ZIv/2i]/(3)).

Since p : SL(2, Z[/2i]/(p]")) — SOq(Z/p™Z) is surjective for each i, the above theorem
also holds for A. We state it here:

Lemma 2.6.
(1) If ¢=11; p;", then A/ A(q) = [T, A/ Alpi"),
(2) If (.6)=1, then A/ Alg) = SO(Z/qZ).
(3) Ifl > 3, then the kernel of AJA(2!) — A/ A(8) is the full of the kernel of SOg(Z/2'7) —
SOQ(Z/8Z); If | > 1, then the kernel of AJA(3") — A/A(3) is the full of the kernel of
SOg(Z/3'Z) — SO (Z/3Z).
Now we can study the local obstruction of P. We let V' be the set of vectors I' - r and V

be the reduction of V(mod d). We define Cpym as follows:

o if p >3,

Cpm = {v € (Z/p"Z)"|Q(v) = 0(mod p™)}
o if p=2,
Com = {v € (Z/2™Z)*|Q(v) = 0(mod 2™), 3w = v(2™), Q(w) = 0(mod 2™)}
Let
mpm  Cpmir — Cpm

be the canonical projection. We have following lemmata:

Lemma 2.7. Ifp > 5, then
‘/;)m = Cpm

Proof. This follows from Lemma 2.6, and the fact that SOq(Z/p™Z) acts transitively on
Cym. O

When p = 2,3, the argument in Lemma 2.7 does not work because I' reduced at these
local places is not the full group of SL,. But in each case the lifting will saturate for some
finite m, as shown in Lemma 2.8 and 2.9. In the case p = 3, I'(Z[v/2i]/(3™)) is actually big
enough to make Vam = Cgm:

Lemma 2.8. If p =3, then
‘/ém — Cgm.

Proof. Using a program, we can check that |V3| = |C3] = 27, and moreover, there exist
Ti,...,Tor € AN SOg(Z)(3) such that all the solutions of Q(v) = 0(mod 9) lying above r
is given by:

Ti(r) = r+(71 — I)r (mod 3)

Tor(r) = r+.(T27 — Ir (mod 3).
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Then for any m > 0 the liftings from Vim to Vam+1 are given by
T3 (r) = v+(Ty — 1)*"r (mod 3™)

T237m (I‘) = I'+(T27 — ])3

We find that |[Vim| = |Csm|.

Lemma 2.9. If p =2, then for m > 3,

2m+1 (‘/QW)
Proof. We prove this by effective lifting. This argument is due to Fuchs [7

m

‘/2m+1

13

r (mod 3™t

] Forn > 3, let

m—3 m—3
W(m) = (Sy93-Syy3)*" 7, X(m) = (S13-S195)*" Y (m) = (S99 -Syy3)*" . Then
1 0 0o 2m!
2m—1 1 + 2m—1 2m—1 2m—1
Wi =1"g 0 1 0 ’
0 27! 0 142m!
1 0 0 0
0 1 0 0
X(m) = 2m—1 2m—1 1 + 2m—1 2m—1 )
0 0 gm—1 1+ 2m1
1 — 2m72 _2m72 2m72 _2m72
_2m72 1— 2m72 2m72 _2m72
Y(m) = 2m72 _2m72 1+ 2m72 _2m72
_2m—2 _2m—2 2m—2 1 + 2m—2

Then for example if r = (3,2,2,3)(mod 4), then
Ir =r +2"7%0,0,0,0)(mod 2™)
W(m)r =r+2"1(1,0,0,1)(mod 2™)
X(m)r =r+2"70,0,0,1)(mod 2™)
Y(m)r =r+2"(1,1,1,0)(mod 2™)

W(m)X(m)r =r + 2™ (1,0,0,0)(mod 2™)
W(m)Y (m)Ir =r+2™%0,1,1,1)(mod 2™)
X(m)Y(m)r=r+2"1,1,1,1)(mod 2™)
W(m)X(m)Y (m)r=r+2"0,1,1,0)(mod 2™)

O

Collecting the result from Lemma 2.7 to Lemma 2.9, we obtain the following proposition
which describes the local structure of V.

Theorem 2.10.
(D)Ve =11 Vo,
(2)7r mle( ):‘/;)mel forp>3 and m >0,
(3)7T2m+1(‘/2m) Vomi1 for p=2 and m > 3.
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Lemma 1.2, thus Theorem 1.1 then follow directly from Theorem 2.10 because the first
three components of V' are curvatures.

Now we prove Theorem 1.5. Bourgain, Gamburd and Sarnak [3] established an equivalence
between a geometric spectral gap and a combinatorial spectral gap for a finitely generated
Fuchsian group F. Let S be a finite symmetric (S = S™!) generating set of F. For each g,
we have a Cayley graph of F//F(q) over S. There’s a Markov operator (which is a discrete
version of Laplacian) on the functions of this Cayley graph. A Combinatorial spectral gap
is then a uniform positive lower bound of the distance between the biggest two eigenvalues
Ao(q) = 1 and X (F(q),S) of this operator. Later this equivalence is generalized by Kim
[13] to Kleinian groups, which applies to our case I'. From the celebrated Selberg’s 1%
theorem we know there are geometric spectral gaps for I'c,, 'y, FCs" It then follows that
the combinatorial gaps exist for these groups from [2]. Now we apply Varjii’s lemma in the
Appendix of [4]:

Lemma 2.11 (Varjii). Let G be a finite group and S C G a finite symmetric generating set.
Let Gy, Gy, ..., Gy be subgroups of G such that for every g € G there are g1 € G1,...,gr € G
such that g = g1 ...q,. Then

1 - (G,S) > min

T 1<i<k

|SNGi| 1= X(Gi, SNGy)
EE 2k?

In our case G is I'(mod q), G;’s are 'y, ', or ch’ (mod ¢), in light of Proposition 2.2.

And we let S to be the union of My, My, M3, My, M5, Mg, M7_1M3 and their inverses. Clearly
Lemma 2.11 provides a spectral gap for I'. This implies a geometric spectral gap for I' again

by [3].

3. CIRCLE METHOD

In this chapter we are proving Theorem 1.4 via the Hardy-Littlewood circle method. In
§3.1 we set up the ensemble for the circle method. In §3.2 we do major arc analysis, where
we crucially use the spectral gap property of I' for several counts. From §3.3 to §3.5 we do
minor arc analysis, and several Kloosterman-type sums naturally appear here. §3.6 gathers
all the previous results and finishes the proof of Theorem 1.4.

3.1. Setup of the circle method. Recall that I'¢, is a congruence subgroup

{(‘C‘ Z) € SL(2,Z)|a=d = 1(mod 2),b = ¢ = 0 or 2(mod 4)} |

Therefore, for any z,y € Z with (z,2y) = 1, we can find an element ¢, , of the form

(i 2*y> € I'c,. Under the spin homomorphism p, &, will be mapped to

22—y —1+a22+y? 22y —2xy + 297

0 1 0 0
* * * *
* * * *

Hence we have the following theorem:
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Theorem 3.1. Let z,y € Z with (x,2y) = 1, and take any element v € A with the corre-
sponding quadruple

vy =7(r) = (ay, by, ¢y, dy).
Then the number

(e1,&y 1) = A2 + 2B oy + Cy° — b, (16)
1s the curvature of some circle in P, where
A, =a,+b,
B,:=c, —d,
C, = —a,+b, +2d, (17)

We can view (16) as a shifted quadratic form f(z,y) determined by v with variables z,y.
We define

f(ZE, 2y) = <elv fﬂr,y"y(r»
%(I, 2y) = Ava +2Byzy + CV?JQ

Then | = f — by, and the discriminant of f is —8b§.

Now we set up our ensemble for the circle method. Let N be the main growing parameter.
Write N = TX?, where T = N Tio a small power of N, and X = N 0. We define our
ensemble to be a subset of A (with multlphclty) of Frobenlus norm < N. The ensemble is a
product of a subset § of norm 7', and a subset X of norm X2. We further write 7' = 1175,
where Ty, = TY and C is a large number which is determined in Lemma 3.11 . We define §

in the following way:

71,72 € A
T <|nl <20
T < H")/QH < 2T,
< €z,7172r > %

Recall that the Hausdorff dimension of the circle packing ¢ is strictly greater than 1. The

size of § is < T°, which can be seen from [15]. The last condition in the definition of §
implies that b, < T', which is crucial in our minor arc analysis later. The subset of norm X?

2y

is the image of some elements of the form . ) in I'c,, with 2,y < X, under the map p.

For technical reasons we need to smooth the Variables x and y. We fix a smooth, nonneg-
ative function ¢ which is supported in [1,2] and fR xz)dx = 1. Our main goal is to study
the following representation number

=3 X u(y)v (i(—y) Lin=i(e.20)) (18)

fe¥T 2,yeL(z,2y)=1
via its Fourier transform:

=Y ¥ o(g)e(R) o) (19)

fefr x,yeZl(x,2y)=
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_ /1 Rv(8)e(—nb)db.

Therefore, Ry(n) # 0 implies n is represented. Since § > 1, one expects roughly that
each admissible n is represented by 7°~! times. One important thing for circle method here
is that 797! is a positive power of N, so we have enough solutions to play with.

Another technicality is that we replace the condition (x,2y) = 1 by the M&bius orthogonal

relation:
uin ifn> 1.

din

Ry and ﬁN is related by

We introduce another parameter U which is a small power of N. It is determined in (56).
We then define the corresponding representation function

=X X ()% (%) oo

feST ,y€Z ul(x,2y)
u<U

=X 3wt () v (%) lorto )

feST ©,Y€EZ u|(z,2y)
u<U

The ¢! norm of Ry is < T°X2. We first show that the difference between Ry and RY, is
small in ¢!, compared to T°X?:

and its Fourier transform:

Lemma 3.2.

§ v 24e€
Z‘RN(n)—R%(n)‘<<ETX .

U
n<N
Proof.

[\'.)

> Raln) = REMI=D 13 > > w DD L o2y

n<N n<N |fe€ST (2,2y)=1 u|(z,2y)
u>U

<SS | Y uw)

fEF z,yeZ ul(z,2y)
u>U

T5X2+e
5D 3) Dl S e

fe¥ sk X u>U y<X
ulz 2y=0(u)

O

Now we decompose [0,1] into “major” and “minor’ arcs according to the standard Diophan-
tine approximation of real numbers by rationals. Let M = T'X be the parameter controlling
the depth of the approximation. Write o = % + (. We introduce two parameters Qy, Ky
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such that the major arcs corresponds to ¢ < Qo, 5 < % Both Qg and K| are small powers
of N, and they are determined in (56).

Next we introduce the “hat” function
t:=min(l+xz,1—2)"

whose Fourier transform is

i) = (L)

From t, we construct a spike function ¥ which captures the major arcs:

- EEEE)

q<Qo (r,q)=1 meZ q

The “main” term is then defined to be:
1 ~
My (n) ::/ T(O)Ry(0)e(—nb)do (20)
0
and the “error” term
1 ~
En(n) = / (1 — ()R (8)e(—nb)db. (21)
0

We define MY (n) and £ (n) in a similar way.
Now we explain the general strategy to prove the Theorem 1.4.

Ry = My + En

| | | (22)
Ry = MK + £

STRATEGY :

(1) The difference between Ry and RY; is small in ¢'. We have shown this in Lemma
3.2.

(2) My is large for each n admissible in the range (5, N) (See Theorem 3.5), and the
difference of My and MY, is small in ¢2 (See Lemma 3.6). This will be done in §3.2.

(3) Step 2 will imply that the difference between £§ and £y is also small. §3.3 to §3.5
will show that the £Y is small in [? (See Theorem 3.7), which implies that &y is
small in ¢*. This would greatly restrain the size of the set of admissible n’s where

Ry(n) =01in (§, N), because each term would contribute large to Ey.
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3.2. Major Arc Analysis. From (20),

/ > Z Yo <KO <6+m—2))7€ (0)e(—nd)do

q<Qo 7( meZ

—/ =)o (D)o (o)

° q<Qo r(
(23)

Now we cite Lemma 5.3 from [4] to deal with the § sum in (23).

1
Lemma 3.3 (Bourgain, Kontorovich). Let 1 < K < T,°, fiz |8] < £, and fix z,y < X.
Then for any vo € I', any ¢ > 1, we have

1
> elBhlr2m) = gy Do e, 20) + O(TK)

yeF 0T (q) feF

where © < § depends only on the spectral gap for T, and the implied constant does not depend
on gq,%o,x 0rYy.

Returning to (23), we can decompose the set § as cosets of I'(¢). Applying Lemma 3.3
and setting K = Ky, we have

My = X 0(5)e(B) T T e Ltz -n)

z,y€Z q<Qo r(q) ~€l'/T(q)
(z,2y)=1

S [ t(50) 00 .20 - mpas
we@ -

- S o@D IE T (i)

z,y€el q<Qo r(q) ~€I'/T(q

(z,2y)=1

(S () v o (55
=3 (%) (§> Sy (m)M(n) + O (%)
_ %’¢ (%) b (%) Sq, (n)M(n) + O (N7) (24)
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where 7, > 0, as can be seen from (56), and

Say(1) = Sauy(n) 1= 3 Z DD e(g(h(wﬂy))—n) (25)

q<Qo (r,q)= el /T(q)
= Z ( )] Z CQ(f’V(xa 2y) - n) (26>
fI<Q0 7€l /T(q)

and

M(n) = =3 [ () et o)~ )i

763 -

~ X (R - ) 27)

~EF

The function ¢,(n) in (25) is the classical Ramanujan’s sum, defined by

- (%)

¢q(n) is multiplicative with respect to ¢, and

0 if p"||n,m < k — 2,
cpe(n) = =P if p*~1|n,
PP ip—1) if p¥in.
Now I (n) > TWé for ¥ < n < N, which can be seen from the following lemma by Lemma
5.4 in [4]. We record it here:

1
Lemma 3.4 (Bourgain, Kontorovich). Fiz N/2 <n < N,1 < K < T,°, and x,y < X.
Then

T° o
Z 1{|fv($,2y)—n|<%} > ? + T ,

vEF
where © < § depends only on the spectral gap for I'. The implied constant is independent of
x,y and n.

Now we are at a position to analyze the non-Archimedean part Sg,. We push S, (n) to
infinity, and define

[e.o]

1
n) = Z mverz/;( )Cq(fv(% 2y) —n)
_Zl ZZ/ZTq Jeq(a —n) ZBq

where
#{(u,v, w)(mod q)|{a,u,v,w) € P}
#{(x,u,v, w)(mod q)|(z,u,v,w) € P}

74(a) =
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From Theorem 2.10 we know that 7,(n) is multiplicative in the ¢ variable, and so is B,(n).
Therefore, we can formaly write

S(n) = H(1 + By(n) + By(n) +...)

p

For p > 3, by Theorem 2.10, we can show that

ey ifp|n
24+ (1+(=2))p+1 '
Bp(”) =<7 p(*2p+1p

and By = 0 for k > 2. For p = 2, we have Bom = 0 for m > 4 and

14 By(n) 4+ Bs(n) + Bs(n) =

8 if n = k1(mod 8)
0 otherwise.

Thus we see that &g, is a non-negative function which is non-zero if and only if n =
k1(mod 8), which matches exactly the local obstruction described in Theorem 2.10. For
such admissible n's, G, satisfies N7¢ <, S, (n) < N-.

To analyze RY, we need to extend the definition of &, ,(n) restricted to (z,2y) = 1 to
all pair of integers z,y. If (z,2y) = u > 1, the same calculation shows that &g, ,(n) has
the same local factor for p # 2, and Bym = 0 for m > 4. Therefore, &, ,(n) <. N€ for any
z,y € 2.

The difference between & and Gy, is small. In fact, we have

16(1) = Squey(M < Y [By(m) <D [Bu(n)] Y |By(n)] (28)
q>Qo qin (g2,91)=1
q1922>Qo
Here we write ¢ = ¢q1q2, where ¢, : n means that ¢; is the product of all primes dividing n.
We also know that B,(n) as a function of ¢ is supported on (almost) square-free numbers
(as can be see by the previous paragraphs), we have

where w(n) denotes the number of primes dividing n. Therefore, we conclude that if n is
admissible, then N7¢ < g, (n) < N°. In summary, we have

Theorem 3.5. For % <n < N, there exists a function Sg,(n) such that if n is admissible,
then

My (n) > &g, (n)T°,
where
N7 <, Bg,(n) < N°.

Next we show that the difference of My and MY, is small in ¢'.
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Lemma 3.6.
NEXQTé T®X2K2 2
> My(n) - ME(n)] < T i OQU,

%<n<N

where © is the same as in Lemma 3.5.

Proof. Going in the same way as (23) to unfold M¥% (n), we have

M) = M5 = 3 i) ¥ 0 () e () T X X ( (s, 20) = )

;‘%gd z,y€Z q<Qo r(q) 7€r'/T(q
X Z / < > 0(f, (zu, 2yu) —n))do
vETF
y=%(mod TI'(g))
S Y (e (Y Y Y ( (o) — )
22U z,y€Z 9<Qo r(q) €I'/T(q
X Z / < ) 0(f, (zu, yu) —n))do
VETF
y=%(mod I'(g))
2 K. (K
= 1;] p(u) zézw (%) v ( ;J(“) S o, (zu,2yu) (1) X % N (Wo(ffy(xu 2yu) — n))
u odd ’
o 3 0 3 0 ()0 () Savimmion x 51 (R enm) )
T®X2K2Q2
+ 0 (—NUO °>
Therefore,
> [Mu(n) = ME(n)|
ﬂ<n<N
yu\ Ko . (K,
<X T o(H) () RE T samt(Finm -n)
u>U wyel fe¥ N <n<N
0 v2 122
D IICOTICSED DD DI R ) R
u>U x,y€Z feg %<n<N
XQTéNe T9X2K2Q2
<. o i - 0o
O

In light of (56), we have
S [Ma(n) = MY ()| <, TP X2N~

%<n<N
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3.3. Minor Arc Analysis I. The rest fiw sections of the paper is dedicated to proving
Theorem 3.7, which shows that (1 —%(0))R% is small in L2. By Plancherel formula this will
imply that £J is small in ¢2, fulfilling Step 3 of our strategy.

Theorem 3.7.
1
/ (1 - %(0)RY(0)|" do < NT*O-D N
0

We divide the integral into three parts.

L= 5 [7 - seRE )P (20)

q<QD 7 (q) q qM
T 1
E+W

L= Y Y / " - T0)RY(6)[2d6 (30)

T 1

Qo<q<X r(q) q aM
S Z / T(0)RY (0)Pdo (31)
X<Q<M r(q) Vi~ an

corresponding to different ranges of q. We will show that Z;,7Z,, Z3 are bounded by the same
bound as in Theorem 3.7, which immediately implies Theorem 3.7. This section is to deal
with Z;, and the next two sections deal with Z,, 73 respectively.

First we re-order the sum in 7%% according to the u variable:

- ¥ St (5) v (2) o 20

z,y€Z fe§ u<U

=Y )Y Y v () (2}1/(“) e(0f(zu, 2yu))

u odd fes x,yeZ
+ 30w > e (5w (X)) eiteu yw)
u even f€F z,yEZ
=3 i)Y Rug(6) (32)
u<U e

For simplicity we restrict our attention to u even. The same argument is applied to u odd.
We write “72 = % in irreducible form, then we have

Rug (248) = 3 wtwrw (5) o (%) e (om g (£ +5)

T, YEZL

= (—bf (g + 3)) Z e (%f(ﬂfo,yo)r)

z0,y0(qo0)

<Y we(5) e (%) eliwuywp) (33)

z=z0(q0),y=y0(q0)
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Now applying Poisson summation to the bracket, we have

-y / / ( 20 + o) u ) 5 ((?JQO + yo)u> e (Bi((0 + 2a0)u, (yo + yao)u) — o€ — ¢ ) dady

X

2o YoC § X(¢
(‘*‘)/ / Vi (“ vXB - qﬁ‘u—q@y>dxdy

CEZ

%45 £CET
(34)

Putting (34) back to (32), we have

2
Rug (5 48) = e (-0 (548) ) X St uon & 0051w, 6.),

u2
§,CEL

where

1 -
S(QO,UOTfC :—(Q) yz (ﬂf $ano)+qif+y;—f)

and

Foun&) = [ [ wwne (ﬂx, DX~ f—(fy) dndy.

We can compute & explicitly. For simplicity we assume g is odd, and A; is invertible in
Z./qoZ. We record a standard fact of exponential sum:

Z eq<x2) = iG(q)qéa

a€Z/qL
where €(q) = 0 if ¢ = 1(4) and €(q) = 1 if ¢ = 3(4). From this, one can get
2y — (1) je@) 5
> eylra?) = (=) itg (35)
re’Z/qZ q

if (r,q) = 1. Now complete square of S; and apply (35) to S, we get

1 ~
Si(qo, uor, €, C) = — Z €q0 (Uorf(xoa Yo) + o€ + yoC)
o z0,y0(qo)
1 _
== Z (& (uorAf (ZL’Q + BfAfy()) —f-g (l’o + BfAny) + QUOT’Af fyO (C ngAf) y())
o z0,Y0(q0)
1 ugrA _ _
q2qzle(¢I0) (%) 6(10 4u0TAf§ Z eqo 2u07‘Afbf2y§ + (C — foAf) yo)
0 0
Yo(qo)

(36)
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2

. . . .. b
To deal with the sum in the above expression, we write q_; = % where (by,¢1) = 1. Then

after a linear change of variables and completing square we obtain

) ( O) ((] ) f
7/6 qo)+e UOTA 2“’070& ‘l
S; (q07 U/OT, 5’ C) — — I{ f: Bff(qq )} ( ) ( )
f 1 5 1 QO 21

2
X €q, (—4u07"Af£2) eq (—8u0rb1A,c (M) ) (37)

qo0

1
From (37) we see trivially that |Sj(qo, uor, €, ()| < gy *

Now we deal with J;. For this we need standard results from non-stationary phase and
stationary phase, and we record them here.

Non-stationary phase: Let ¢ be a smooth compactly supported function on (—oo and f

o0)
be a function which satisfies |f ()| > A > 0 in the support of ¢ and A > |f?)(x )| o f(2)
in the support of ¢. Then

/ ¢ d$<<¢NAN

Proof. By partial integration,

| ewetran= [ “”; (@)

:_/Z (}i) els N ﬁ 2 ){x)))(f)dx

From here, we see already that

/ ¢ d$<<¢NA1

Iterating partial integration N times we can get the A~ bound. 0

Stationary phase: Let f be a quadratic polynomial of two variables x and y with discrim-
inant —D, where D > 0. Let ¢(z,y) be a smooth compactly supported function on R?

then
/_Oo/_ooqﬁ(x,y)e(f(x,y))dmy < %.

Proof. After using an orthonormal matrix L to change variables we can change the above

integral into the from
| [ otvteae (~at - Do) day

Using Plancherel formula,

//gb (z,9)) <x—§ )dmdy—l\/_/ / b o L(u,v)e (f %)dudv
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We caution the reader that e(—z? — 2¢?) is not in L?, the above formula is obtained in
1

—22-Dy2)

the following way: first approximate e2(-#*=7)v* Ly e(—ct2mi)( , where we can apply

Plancherel formula, then let ¢ — 0 and pass the limit. Therefore,

[T 1
/_oo /_OO o(z,y)e(f(z,y))dzdy < \/_||¢oL|]1 < \/5H¢H1 (38)
0]

If either £ > U > T X Puqy or ( > U > T X Puq, then the non-stationary phase condition
is satisfied, we have J;(53; ugo, &, () < (“qo)N for any N, so these terms are negligible. Now

we deal with the case £, < U. Recall that the discriminant of § is —8bf2, by the stationary
phase, we have

. 1
J3(B; ugo, &, €) <<m1n{1jm} (39)
With this, one gets
u
R, ( QO 1
u? 542«: X2|5| qﬁT\ﬁ\

using the fact that u?qy > ¢q. Therefore, we have

T6—1U2
%(Z+B> <7y L« (40)
q = q2T|B| q2 |8

Now we are able to bound Z;

Lemma 3.8.
T, < NT?0-DN=

Proof. We divide the integral into three parts:

2

=Y Z / ' —T(0))RY.(9)| do
q<Qo 7( q ql\
—ZZ/ |2cw+[< ol pag [ pas
q<Qo r( ~ M
For the first summand, we insert [1 — T(7 + AI? = ® and bound RU by (40). For the

K§
second and the third summands, we trivially bound |1 — T()[2 by 1 and RY, by (40). Then
we get

NQOTZ(J—I)U4
Ko

I < <, T IXANT, (41)

which is a power saving. 0J
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3.4. Minor Arc Analysis II. In this section we deal with Z,. We divide the g-sum 2-
adically:

= > > / N "y (42)

Q<q<2Q r(q) "4

We will show that for all @y < @ < X, Zg has a power saving, in the next section we will show
that Zg has a power saving for the range X < ) < M. Clearly these will imply Theorem 3.7.

Recall from (32) that

Ry, (Hﬁ) =3 Y Ruy <f+ﬁ>
q u<U fE€F q
r 2

u<U feF §,CEL

Apply Cauchy-Schwartz inequality to the u variable, we have

2
R, (5 +5> S ( ( )) (a0, uars €, )T (B: o, €.0)
q feS &,CEZ
=X*) e ( (b5 — by) )Z > Sig0, uor, €, ¢)Sy (g0, uor, €, C')
i.f € §CELE ('en

‘-7f<5 UC]oaf C) (ﬁauqoag C) ( (bf - bf’)ﬁ)
Changing variables § = £ + 5 in (42) and putting (44) back to (42), we get

IQ < X4 Z Z Z Z Zle (_ (bf - bf') g) Sf(QmUoT, §7 C)Sf’(QQ,UoT‘, gf’ CI)

i, egECELE ez R<a<2Q \ r(q)

< [T 6w, O T e € el (b + b)) (44)

We again split Zg into non-Archimedean and Archimedean pieces. For the Archimedean
part, we use (39) to bound J. We have

—0o0

<</_”1j 1d5+</ / )TZX%Q 5<<T;(2. (45)

TX2

[e%¢) ]_ 2
/Mjfﬁ,uqo,f OJy (Biugo, €', ¢ )e((—=by + b;) B)dp <</ min{1=TX2|5|} ap

Now we analyze the non-Archimedean part. Again for simplicity we only deal with ¢o odd,
and A;, Ay invertible in Z/qoZ. We set

S(q> q07u07§7C7f7 §/7C,7f/) = Zle <_ (bf - bf ) ) Sf(CIOaUOT 5 C) (CIOaUUT 5 C ) (46)

7(q)
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2 b2 b
Recall that gg = 2—1, and similarly we write - = —}. Plug (37) in(46) , then we obtain
4

ror 1€ e(q1)— ql) Af Af
S(QuQ(J?uO?f?C?f?é 7<- 7f) =1 AfC;Bfg(‘LO) X ——
) waid: \%/ \ @
AyC=By¢ (%9) 091 q1*

1

X Z (2u07"blAf> <2UOT{)1AF> eq((_bf—l—bf’)T)eqo ( 8uOb1A ql ((h(Afg Bfg)) )

qy qo

AyC — By /
X €q | Suob; A /q— (ql( qu S )) T | eq (—4u07“Af§2 + 4u0rAf/§ 2) (47)
1

This is a type of Kloosterman sum. For our use in (47) we only need an elementary 2
bound originally due to Kloosterman [14] (compared to the 1 bound implied by the Weil
conjecture). We stated it here:

/

Lemma 3.9. Let S(m,n,q,X) = _,, €o(mz +nZ)x(z), then we have

I
S(m,n,q,x) <. min{(m,q), (n,q)}* gite.
We have an extra multiplicative character y compared to the original paper by Klooster-

man [14], but his proof is easily modified to suit our case.

, then we obtain

Apply Lemma 3.9 to (47), and recall that ¢; = (qg—(’bg), q = o b2
bf

2
ror g 1/1q 1 L 5.
’S(Q7 QO7u07§>C7f>£ 7C >f)| < (bf - bf’aq) (%) (qD»be)Q(Q[):bf’Q)Qq ate, (48)

In the case when by = by and (&, —() # i (¢, —C"), we prove a better bound for
S(q, qo,u0,&,¢,§,€,¢ ). This will be needed in the next section.

Lemma 3.10. If b; = by, then

|5

|S(Q7 qo, Yo, 57 Ca f; 5/7 C/J fl)| <e (q(]a b?)q_%—i_e (2) f(f? _C) - f/ (5/7 _C/) ’

qo

Proof. If by = by, then ¢ = q = From (47) we have

(20 b2)
(20,57 ¢ ,(AfAf,)
80,0, 0,6, G 1.6¢ ) = = (Z) @
xeqo( Sugh A2 (M> F) e, | Bugb A <q1<A /¢ = By f)) )
Q1 qo 91 %

X ego (—dugr A;E* + 4u0rAf/§’2)‘
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Clearly the term |- | is multiplicative. We apply the Kloostrman 3/4 bound to | - | using the
T coefficient:

b , b2 E
|S(Q7QO7UO7§7<7f7£ 7< 7f)| < (qoqu) (2> QO4+

0 qo0

N

<l <pj’_Af€2 _2b1Af—L2+A 3 +2b1A,_°L’2) (49)

p7]lgo 0
where [ = 8250 and 1) = M
% q0

qo into two sets P; and P,, where P; contains primes p such that

Affz + leAf@LQ = 14}/{2 + 2b1Af/ @LIQ(p[J/Q])
0 ¢

. Now we divide the set of all the primes dividing

and P, is the complement of P;.

For p € Py, the ged of p/ and — A% — 2b1Afg—(1’L2 + /fff/z + 2b1Af/g—‘l’L/2 is at most p?.
Therefore,

I1 <p7, — A —2b1Af—L2+A &7+ WAL f—L ) <I]rt<a (50)
pEP2 pEP2
For p € Py, we have
Ag+ 2b1Af— = A + 22 (AR — Bi)? = 26F(&, —()(mod pl3). (51)
Similarly,
A€ + 20, A L = 2 (€, () (mod plE) (52)
1

Since b = by, we have §(¢, —¢) = (¢, —¢')(mod p% for every p € P;. Thus we have
P

11 (p] —A;€? —2b1Af L2+A ¢ +2b1A/—°L’2) < [V <litc. =) —7(€,=¢)P
pEP1 N pEP1

(53)
Plugging (50) and (53) back into (49) we obtain our lemma. O

Now we go back to Zy. Again by non-stationary phase the sum is supported on the terms
£,¢,¢,¢ < U. Using (48) we have

N€X4U4 1(q 2 1 15
To < > G-t (L) ot
f.f €F @<9<2Q 0
N€X2U8 1 1 15
Kc—=—>_ > (b5—=by,q)3(q.b)7 (g0, b%)2q (54)

ff €F Q<q<2Q
We further split (54) into two parts according to by = by or not:

To <15 +15).
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We first deal with Ié:). Noticing that qio < U, we have

o Nex?U® (q,7)
o <=2 > 2]

feF Q<q=<2Q q i e
by =by
NeX2U®
B ST ST ¥
fES albf Q<g<2Q i e
by =by
Nex2U8
L NN 5 5
IS ey

by =bj

For the last sum above, we introduce Lemma 5.2 from [4]:
Lemma 3.11 (Bourgain, Kontorovich). There ezists a positive constant C and there exists
some ng > 0 which only depend on the spectral gap of I' such that for any 1 < q < N and
any r(mod q),

T6

D Lerm=r(mod ) < Py
VEF
The implied constant is independent of r.

Now we can finally determine Ky, Qg and U. We set

3

Qo=T"%" Ko= Q3 U = Q. (56)
Apply Lemma 3.11 to (55), then we get
Ié):) <, N—770+5T25—1X2U9 <<77 T26—1X2N—n (57)

which is a power saving.
Now we deal with Igé). We introduce a parameter H which is small power of N. We

further split Ié;é) into Iz; 4+ Igé’g) according to (bj,by) > H or not. We first handle big
ged.

Lemma 3.12.

Ig’>) < NT206-1) n—n
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Proof. Apply (54) and replace (qq, b? i) by (q,b ) and (b — by, q)

14 <. N€X2U8Z DS (4,0

by q:

q,b2)%

€5 g Q<a<2Q
(brby )>H

<. N€X2USZZ Z Z (¢,b

0.52)

NI

fes h|bf fe& Q<q<2Q
h>H by =0(h)

«TEEY Y Y Y

L = L Ib2
h>Hb/ O(h)

Now since [y, ¢'] > ((jlcj}/)%, the above

LYY Y Y

fes h|bf fGS ql‘bf2 q1 |b2
h>H by =0(h)

From Lemma 3.11, we have ) teg L <gmo We set H = Q

HWO
bfl Eo(h)

NeX2 U9T2<5 N6T26—1X2 U9
T Hmo e Hmo

(59) <.

which is a power saving.

Next we deal with small ged. We write (b, by) = h and b; =
Then ¢1, g2, g3 are mutually relatively prime. We have

Lemma 3.13.

Igéé) <<77 Nl—nT2(5—1)

@)y Y o1 (58)

hgl) bf’

Q<q<2Q
[d1,61 ]|q
1 (59)
. Therefore,
<<77 T25—1X2N—77
[l

= hga, by — by = hgs.



ON THE LOCAL-GLOBAL PRINCIPLE FOR INTEGRAL APOLLONIAN 3-CIRCLE PACKINGS 31

Proof. From (54),

NX2U8 (g0, b
ZARR

€5 yep QSas2Q 4
(bf/vbf)SH

eY2r78
6]\/vT);f] Z Z Z QO7bf qo, b )(bf—bf/,q)i

€F yey Qe<2Q

N[

( - aq)i

I

(b/,bf)SH
NeX?2U®
A aD VD DI IRIDIPD > ool Y 1
fes f €3 h|(bf7b/) gl‘bf g?‘b / gs\b,c b / QR<q<2Q
(bf/ ,bf)SH 93<<Q [hgl 7h927h93} |q

€ 8 i
<<€N*’;5H XX EY Y s L

fes gl|bf g2‘b/ gg‘bf b/
fes

(b ’ bf)<H g3<<Q
N6X2U8H% 3
N DED DD SRS
TQx e feg  9slb—by

(b b)<H  g3<Q

<€wZzggi 1

TQs FEF gs<Q fes
bf/ Ebf (g3)

By Lemma 3.11, Zfleg 1bf,5bf(g3) < gTTZ. Therefore,
3

Qi < NT¥ X2 HIQy™ <, T¥ 1 XN

NeX2UH i
Igéé) <. . Z T‘S

Qs feF
Again we have a power savings for Ig’s). ([l

In summary, we have

Lemma 3.14.
1'2 <<17 N1*WT2(5*1)

3.5. Minor Arc Analysis III. In this section we deal with the last part of the integral,
which is on the minor arcs corresponding to X < ¢ < M, namely Z3. We keep all the
notations from the previous sections. Return to (32), and again for simplicity we restrict
our attention on the summands of RY where u even:

Ry (L48) = 30 o (%) v (%) e (1w (£ +5) )

T, YEZ

¢ (— (g - 5) bf) Su(s)v(5)e (W) e(f(e.p)u’s)  (60)

T, YL
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Now we rewrite e, (Tuof(x, y)) into its Fourier expansion. We have

eqo (Tuof(z, 7)) Z Z Z Zeqo ruof(l, t) + Im + tn)eg, (—ma — ny)

9 1m(q0) n(40) Ugo) t(0)

Z Z Sf qo, UoT, M, N)eq, (—max — ny)

m(qo) n(qo)

Therefore,
Ruj (g —1—5) = eq(—rbf)n%)n(zq;)sf qo, UoT, M, M) Af (X 5, Zz, ;,u) ,
where
m n . TU yu ma o ny
() = 30 () (5 e (<) (-2 ettou ).

T, YL

We apply the Cauchy-Schwarz inequality to the u variable for Zg:

2
Z Z / <f+ B) dp
Q<q<2Q r(q) qM q
1 2
<y ¥ 3 [ S (L) as
u<UQ<q<2Qr T gM | fEF q

< UZZZ Z Z Z/Sf(q()?uOT?mvn)Sf’(q()aUOT, m/,nl)eq(’r(—bf—}—bf/))

u<U f€§ § e§ Q<a<2Q mn,m/,n' (g0) \7(@)

a1 n ’
X/1)\f<Xﬁ q() ) (Xﬁ’QO’QO )dﬁ

qM

Since m,n,m’,n’ comes from congruence classes (mod ¢y), we can choose representatives
such that m,n,m’,n" with absolute values bounded by 2. The main contribution of Zg
comes from the terms m n,m,n < “£ by non-stationary phase. To see this, for the terms
with any of m,n,m’,n’ > “L (let S say m > %), we use Poisson summation to rewrite A;:

e ey
AR e S R—

(&, C)?"é 0 0)
If € # 0, since 2= mX < £ and f(zX,yX)B < 1, we have

[t -25) (S -25) Yo« ()
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for any Ny > 0, by first applying non-stationary phase to the  variable and trivially bounding
the y integral. From this, one gets

() [ L (). (8)

(61)
10 ((%)N) (62)

for any Ny > 0. We use non-stationary phase again to treat the above integral, then we
obtain

m n X2 ugo \2No 7 ug\ 2No X2 /ugy 2No 1
() S ) )7 < ()
’ f( B do 4o u) < U2 mln{ Xm Xn < u2 X mNOnNO

Therefore, we have

1

M n m' n 1 X* fugy\4No 1
W (x e (2 g LY umy
/ 1 f( ﬁ " qo u) F < & 9% G’ ) b < QM X mMNopNo )/ Nopy No

qM

Now we use (48) to bound |S|, we thus have

UZZZ Z Z ZSf(CIo,UQT,m,TL)Sf'(qO,UQT, mlvn/)eq(r(_bf +bf/))

u<U JE€F ' e§ Q=4=2Q py n m/ or n/>>m r(q)

X/QM Af<)(/8a 7n7 ) (Xﬁv ,Z,U)dﬁ
—1 do 4o 4o

qM

Tivt 1 X* ugo \ Vo 1
€ 20 0
SNUTRD, D o i () 2 o (03

NopNo
m-"on-"9m
u<U Q<qg<2Q m,n,m’ or n/>>%

If We set Ny = 5, then the above
< N2+ i

Thus We see |S| is indeed mainly supported on m, n, m,n < =, Now we split the terms
m,n,m’,n < “£ into two parts according to whether b; = by or not:

Io < I, + 13,

where

= ZZ Z Z Z S(qaqmu(),gaC?f?flaClafl>

u<U f€F f,GS Q<q=L2Q m,n,m,,n/<<%
b =b;

_1
x/ " (X,ﬁ;T,ﬁ, ) (X LS u)dﬁ (64)
_1 qo 9o q0 9o
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and

Igé) = Z Z Z Z Z 8(Q;Q07u07£7<7f7 5/7C/7fl>

u<U feF f’e%’ Q<q=<2Q m,n,m/,n/<<%
by by

x/q” A (X B~ ”u) Ay (X,ﬁ;@,”—,u>dﬁ (65)
1 CIO q0 4o

qM

For A, since the sum is supported on x,y =< %, A has a trivial bound )5_22 Therefore, for
O € {=,#}, we have

ID<—Z ZZ > Z S| (66)

U<U fes f €5 Q<q¢<2Q mn,m’ n <<uq0
by by

If by # by, then we could use the bound from (48) to estimate S. We have

2
1(4q 1 1 5.,
- I.5 DD DD DI SIUE LY -3 WU EUN e
u<U fes f/e% Q<q¢<2Q mn,m' n
b =by

e Ne UX Z Z >y (%) ThtQ-1 <, T20-D NI (6 x4 176)
u<U fES fE§ QR<q<L2Q
bjby

(67)

where we replaced (b; — by, q), (qo, b,?)% nd (qo, bf ) by T'. Thus we have a significant power

saving for Ig) :

Next we deal with Ié;), we further split Ié;)

into two pieces
(=) _ 7==) (=#)
I, =1y " +1,

according to whether f(m, —n) = f (m’, —n’) or not. For Ié?:’#, we use Lemma 3.10 to bound
|S|. We have

hegne XY % et (f)

s

u<U Q<g<2Q mn,m' n'< =0 f,fleg o
by=by
fm—m)#f (m' =)
(68)
Noticing that (go, b7) < T2’ L < U? and f(m, _n)v fi(m',—n") < T(52)?, we have
_ Ux* U v ;
I57) <« N2 UQ Q P U iriU% o NUtTrE xR (69)
Q QM Qs X

which is again a significant power saving.

1

f(m7 _n) - fl (ml7 _nl) :
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Next we deal with Ig’:). This will complete our minor arc analysis. From (48) and (66)
we have

Iéf"’<<—2 SIDID IS 42 2. !

wt fEF Q<q<2Q mn< 0 i egb m' 0 <0
"= (=) =1m, )

For the inner double sum we shall prove the following lemma:

Lemma 3.15.
1
Z Z 1 <, N°© G(m, —n), —8bf2> ’
feg  min <t
=01 (o )=f(m,—n)

Proof. This lemma will follow from the following three claims.

Claim 1: The number of classes of equivalent quadratic forms having discriminant —8bf2
and representing the integer z = f(m, —n) is bounded by N¢(f(m, —n), —8b?)%.

Suppose z = f(m, —n) is primitively represented by a quadratic form fy (i.e. (m,n) = 1),
then fo is equivalent to a quadratic form zz? + Boxy + Coy?, with |By| < 2. Now since
Bf —42Cy = —8bf, we have Bf = —8b7(2). From the Chinese Remainder Theorem, the
number of solutions of

Bf = —80b%(2) (70)
is the the product of the numbers of solutions of

By = —8b; (p;") (71)
for each p;"||z

If (;?) = —1, then there’s no solution to (71). If ( > =1, let —8b? = kpli(p}") where
0 <I; <n;and (k,p;) = 1. Noticing that [; is even, all the solutions of (71) are given by

L L
tp2l+p"i s,
where [ is a solution of

—8b? ‘
P= (72)

and 0 < s < p% — 1. Thus we see there are at most Qp% such solutions to (71). By
multiplicativity, the number of solutions of (70) is bounded by Qw(f(m’_”))(f(m, —n), —Sb?)%.
Therefore, our choices for By is at most 220(m=)+1(f(m, —n), —Sb?)%. If 2 is not primitively
represented by fo, then a divisor zg of z is primitively represented. There are at most d(z)

many such cases, and the bound 2¢Gm=m)+1(§(m, —n), —8bf2)% works for each case. Thus
Claim 1 follows.
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Claim 2: In each equivalent class in §, the number of equivalent quadratic forms is
bounded: Suppose f = (A',2B',C") and § = (A",2B",C") are two equivalent quadratic

forms in §, then we can find (f ?) € SL(2,Z)U ((1) _01) SL(2,7) such that

A" = g?A' +2¢iB +i*C,
B" = ghA' + (gi + hj)B +ijC’,
C" = h*A 4+ 2njB + j2C (73)

. . " ’ B \2 22 5 2b2 "
The first equation above can be rewritten as A" = A <g + z%) —HQA—,f. So from zzA—,f <A,

I\ 2 .
by < T, A A" < T, weknowi < 1, and A", A" > T. Then from A’ (g + i%) <A KT
we also know ¢ < 1. Similarly A,j < 1, so the number of quadratic forms in § in each
equivalent class is bounded. Therefore Claim 2 holds.

Claim 3: given an integer z < N and a quadratic form f of discriminant —Sbfz, there are
at most N pairs of integers m, n such that f(m, —n) = z.

This is because Am? — 2Bmn + Cn? = z can be rewritten as
(Am + (B + v —2b;)n)(Am + (B — vV —2b;)n) = Az

Since Az < N2, the number of divisors of Az in Z[v/2i] is bounded by N¢. The pairs (m,n)
can be identified with Am + (B + +/—20b;)n, which is a divisor of Az. Therefore, Claim 3
also holds.

Our lemma then follows Claims 1, Claim 2 and Claim 3. 0

We need the following final ingredient to estimate Ié?:’:):

Lemma 3.16. Given a primitive quadratic form (A,2B,C) of discriminant —8bf2, for any
d|20?, and any integer W > 0, we have

> 1< W2~ + W
m,n<W
Am?2—2Bmn+Cn?=0(d)

The implied constant is absolute.

Proof. First we show that 3y = (; ‘ZL) € SL(2,7Z) and A, B,C € Z such that

Ax® + 2By + Cy® = A(iz + gy)* + B(ij + gh)zy + C(jz + hy)?
and
(A,—-2b) =1,B=C = 0(d).

Indeed, for each p;“||d, since f is primitive, at least one of A, B, C' can not be divided by p.
For example, if (A, p) = 1, then

Az? + 2Bay + Cy* = A(x + BAy)* + 2bf2/_1y2 = A(x + BAy)*.
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We set
1 BA -
Vpri = (O 1 ) € SL(2,Z/p}"Z)

0 Y, (A,2B,C) = (A,0,0)(p;"). Now from the Chinese remainder theorem, we could find
Ya € SL(2,Z/dZ) such that v4 = y,m in SL(2,Z/p]") for each p;"[|d. Since (A,d) =1 and
B = 0(d), it forces C' = 0(d). Therefore,

o= ) 1

m,n<W mn<W
f(m,—n)=0(d) (im-+gn)?=0(d)

If (im + gn)? = 0(d), then im + gn can be parametrized by sdy, where s € Z and dy > dz.
Therefore, we have

im + gn = 0(dy) (74)

For the above equation to have a solution, since (i, g) = 1, gn should be of the form k(i, dy)
where k € Z, so there are at most % + 1 choices for n. Fixing such an n, (74) can be

reduced to

There are at most %~ + 1 such choices for m. Therefore,
do

o= > 1<<<

m,n<W mn<W
f(m,—n)=0(d) (im+gn)2=0(d)

w 14 1
— +1)<d0 +1><<W2d2+w.
(ZJ 0) (’L,do)

Now we can show that
Lemma 3.17.

I(:’:) <<77 T25—1X2N—n
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Proof. Applying Lemma 3.15 and Lemma 3.16 to (68) with W = %L, we have

@«WMZEZZE: m,—n), —S02)}

u<U fe¥ R<q<2Q mn< 0

D) DD DI TR

u<U feF Q<q¢<2Q mn<<uq0
N UX f q Z
Y Y ¢y
u<U fe§F Q<q<2Q d1|—2b7 m,ng 0
f(m,—n)=0(d1)
NEUX f ,q) uqo L ugo
g ((BR) a+ 5
ey y > i + 4
u<U fe§ Q<q<2Q d1|—2b7
“sz*ﬂﬂ
feg Q<q<2Q

err4 yv3

€S doft?  Q<a<2Q

q=0(da)
& NU'XT° <« NU*X?T2- 17170 (75)
Therefore, we have a power saving here. U
From (67), (69) and (75) we obtain
Lemma 3.18.

Ty <, TP 'XANT,
3.6. Proof of Theorem 1.4. We are now ready to give the proof of Theorem 1.4 following
the strategy at the end of §3.1.

Proof of Theorem 1.4. From Lemma 3.2 we know that
5)(%&

T
> Ru(n) = REM)| < —— <, T7X*N 7",

n
§<H<N

From Lemma 3.8, Lemma 3.14 and Lemma 3.18 we know that
S lEYm)P < / (1= S(0)RY(6)[2d8 <, T~ XN,
7<n<N
By Cauchy inequality, we then have
S €S ) <, TP XN,
F<n<N
From Lemma 3.6, we also have

> IMy(n) = ME(n)| <, T°X*N .

n<N
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Since My = Ry + Ex and MY = RY, + Y, we then have

D lEn(n) — EX(n)] <, T XN,

n<N
As a result,
> IEn(n)| <, T°X?N .

n<N

Let Z be the exceptional subset of {n|n = x1(mod 8)} N (§, N) consisting of all numbers
which are not represented by our ensemble §. Then for z € Z, we have My (2) >, N=¢T°1,
Since Ry (2) = 0, we have |Ey(2)| > N=¢T° L.

Therefore,
1ZIT N~ < Y |En(2)| <, TP XN,

nez

So |Z] < N'77 and we prove the density one theorem for the Cj-orbit under I'. There are
six orbits in P, namely C, Cy, C3,Cyr, Cy, Cy. We can prove the same conclusion for every
orbit simply by changing the order of components of r or r'. Thus Theorem 1.4 follows. O
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