ON REPRESENTATION OF INTEGERS FROM THIN SUBGROUPS OF
SL(2,Z) WITH PARABOLICS

XIN ZHANG

ABSTRACT. Let A < SL(2,Z) be a finitely generated, non-elementary Fuchsian group of
the second kind, and v, w be two primitive vectors in Z2 — 0. We consider the set S =
{{vy,W)gs : v € A}, where {-,-)p. is the standard inner product in R?. Using Hardy-
Littlewood circle method and some infinite co-volume lattice point counting techniques
developed by Bourgain, Kontorovich and Sarnak, together with Gamburd’s 5/6 spectral
gap, we show that if A has parabolic elements, and the critical exponent § of A exceeds
0.998317, then a density-one subset of all admissible integers (i.e. integers passing all local
obstructions) are actually in S, with a power savings on the size of the exceptional set
(i.e. the set of admissible integers failing to appear in §). This supplements a result of
Bourgain-Kontorovich, which proves a density-one statement for the case when A is free,
finitely generated, has no parabolics and has critical exponent § > 0.999950.

1. INTRODUCTION

In the last few years there has been a rapidly increasing interest in studying integers from
thin group orbits. Bourgain, Gamburd and Sarnak [3],[4] introduced the notion “affine linear
sieve”, which stresses the application of ideas from classical sieve methods to finding integers
with few prime factors from orbits of groups of affine linear maps. So far the affine linear
sieve has successfully produced almost primes in great generality, but just like most other
sieves, the affine linear sieve has not been able to produce primes.

Nevertheless, in some sporadic situations, one can do better with other methods. For
example, in [5] Bourgain and Kontorovich studied the following question: Let A < SL(2,Z)
be a free, finitely generated Fuchsian group of the second kind with no parabolic elements,
and let v = (vy,v9),w = (wy,ws) be two primitive vectors in Z* — 0. Then what integers
can appear in the set § = (VA, W), = {{(v7y, W)p> : 7 € A}, where (-, ). is the standard
inner product of R??

Using Hardy-Littlewood circle method, Bourgain and Kontorovich successfully showed
that as long as 6(I"), the critical exponent of T exceeds 0.9999493550, the integers appearing
in the set S has full density in the set of all admissible numbers (defined at (1)), with a
power savings in the asymptotic convergence rate. A direct but very interesting corollary is
that there are infinitely many primes in S. See [5], [7], [6], [11], [15] and [10], for other works
on the local-global theorems for thin group orbits.

The work [5] left the case when A has parabolic elements open. The purpose of this
paper is to extend the result of [5] to cover this case. Inspired by [5], we will also use circle
method, and the infinite-covolume lattice point counting technique developed by Bourgain,
Kontorovich and Sarnak [8]. However, we have to use a different setup of the ensemble. It
doesn’t seem likely that the setup in [5] (or its variants) can cover the parabolic case. Roughly
speaking, this is because the existence of parabolic elements would create high multiplicity

among the input vectors, which would detriment the minor arc analysis. Instead of using the
1
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setup of [5], we exploit the parabolic structure in our approach. The existence of a parabolic
subgroup implies that the representation set S contains lots of arithmetic progressions. A

heuristic is that sufficiently many arithmetic progressions should cover a density-one subset
of S.

1.1. Statement of the main theorem. Let A < SL(2,Z) be a finitely generated, non-
elementary Fuchsian group of the second kind containing parabolic elements. Let v =
(v1,v2), W = (wy,ws) be two primitive vectors in Z? (i.e. ged(vy,vs)=ged(wy, we)=1). The
purpose of this paper is to study the set S = {(v7y, W)g. |7 € A}. The two vectors v and w
are fixed throughout this paper.

Let A be the set of admissible integers by S, i.e.

A ={neZneS(mod q)} for all g € N. (1)

Since I" has a parabolic subgroup, the critical exponent 6(I") is greater than 1/2 [1], thus
A is a Zariski-dense subgroup of SL(2,7Z). A more-or-less direct corollary from the strong
approximation property for A [14] is that the local obstruction of A is completely determined
by some positive integer Z:

Proposition 1.1. There exists a positive integer Z, such that
ne A<= ne Almod Z).
Thus if we let A(N) = A [—N, N], then
#A(N) =2¢N + 0O(1),
where
c== #{admissible congruence classes mod Z}. (2)
We have an obvious inclusion S < A, but on the other hand a local-global principle also
predicts that A < S. The purpose of this paper is to prove an asymptotic local-global
principle in the following sense, which is our main theorem:

Theorem 1.2. Let A © SL(2,7Z) be a finitely generated Fuchsian group with parabolic ele-
ments. Let S(N) = Sn[—N,N|. Then there ezists 5/6 < 0y < 1, such that if § = §(A) > o,

we have
#S(N) = 2¢N + O(N'™). (3)

for some n > 0, where ¢ is given in (2). One choice for dy can be %2 = (0.998316498 - - - .

Thus under the assumption of Theorem 1.2, most admissible integers are represented, with
a power saving on the size of the exceptional set.

1.2. A closer look at local-global principle. Returning to the setting of Theorem 1.2,

suppose A has a parabolic subgroup, say 'y, = { ((1) 7;) 'ne Z}. Then <v ([1) 7;) ,W> =
RQ

viwy + vawy + viwon, viewed as a linear form of n, already gives a positive density subset
of Z when n goes over all integers. Moreover, we can obtain other such linear forms by
precomposing v with some element v € A. One might wonder if this problem is elementary
after all: can one cleverly find finitely many such forms which obtain all admissible integers,
thus the whole local-global principle is proved?
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Indeed, let’s take a look at the Lubotzky 3-group as an example. Let A = < (é ?) , (; (1)> >

and v = w = (0, 1), then we are looking at the 2-2 entries of A. Write v = CCLV 27 It is
v Oy
not hard to see that the local obstruction for S appears at 9: if v € A, then d, = 1(mod 9).
On the other hand, a single linear form <(O, 1) <513 (1)> <(1) 31n> , (0, 1)> = 9n + 1 has
2
already produced all admissible integers. 8

However, if we set v = (0,1), w = (7,5), then the local obstruction appears at 3 (if v € A,
then 7c, + 5d, = 2 (mod 3)), but the numerical evidence shows that among all admissible
integers up to 200000, 593 are missing to be represented, and no admissible integer greater
than 200000 is found missing ever since. If one can find finitely many linear forms to cover
all represented integers, then the admissible set A is the same as represented set S. In other
words all admissible integers are represented. Thus as long as we have at least one admissible
integer missing, we would need infinitely many linear progressions to cover all represented
integers. In this case, any finite union of arithmetic progressions S’ can not cover a density
one subset of A. This can be seen as follows: both &’ and A can be written as finite unions
U; and Us of congruence classes mod Z, for some common modulus Z,. Since &’ is a proper
subset of A, U; is a proper subset of U,. As a result, S8’ covers a positive-density, but not a
density-one subset of A.

Next, to show that Theorem 1.2 indeed covers nontrivial examples, in Theorem 1.3 we
prove the existence of a family of groups containing parabolics whose critical exponents can
get arbitrarily close to 1 and whose 2-2 entries can miss arbitrarily finitely many admis-
sible integers. In [5] Bourgain-Kontrovich proved similar properties for certain subgroups
of a parabolic free group I'(2). We add an extra parabolic element to these groups in our
construction.

Let T'(q) be the classical principle congruence subgroup of level ¢, i.e. T'(q) = {v €
SL(2,Z) :v= I(mod q)} (we extend this definition to other algebraic groups in an obvious

way).

It is well known that I'(2) is a free group generated by

a=(o1)m=(2 ) g

Let TV = [T'(2),T'(2)] be the commutator group of I'(2). Then all elements in I are of the
form

A B Am2 pne . ATk BTk (5>
with >}, m; = >, n; = 0.
We will show:

Theorem 1.3. For any M > 0 and 0 < 6; < 1, there exists a finitely generated subgroup

A=Ay, of <F’(2), <(1) ?>> such that:
(1) 0(A) > oy
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(2) A contains (1) 1)
(3) Let A be the set of integers admissible by ((0,1)A, (0,1))g2, then
#(A - <(07 1)A7 (07 1>>R2) > M.

Proof. The group I" is an infinite index, Zariski dense subgroup of SL(2,7Z), with critical
exponent being 1 (followed by a counting argument in [9]). Tt is straightforward to see that
an integer can appear at the 2-2 entry of some matrix in I if and only if this integer is odd.

For any matrix in I'(2), composing by a multiple of A on the left and a multiple of B on

the right, one can always bring a matrix to a unique matrix of the form (3 Z) with the

2-2 entry d unchanged and |bl, |c| < |d|, and we call such matrices primitive.
Thus, for any odd dy, there exist finitely many primitive matrices My, 1, May2, -+ » My n(do)
in I'(2) with the 2-2 entry being dy. Then all matrices with 2-2 entry dy can be expressed by
Ui U U oA My i B (6)

Each Mg, ; might not be in I, but from (5) there’s a unique way to left multiplying a mul-
tiple of A and right multiplying a multiple of B, to get a matrix My, ; € I".

Since the critical exponent of I' is 1, by Corollary 6 of [13], we can find a finitely generated
subgroup A’ of I such that §(A’) > §; for any 0 < 6; < 1. If §; > 1/2, then the Zariski
closure of A’ is SL(2,R), and it is known that A’ satisfes a strong approximation property
[14]. In other words, there exists an integer By, such that A’(By), the principal congruence
subgroup of A’ of level By, satisfies

N'(Bo)/ N (Bo)(q) = I'(Bo)/T'(Bo)(q)
for any ¢ € N.

Now take N distinct odd primes pi,po,--- ,py which are congruent to 1 mod By. Let
A" = (N, A). Then the set of all matrices in A” that have p; as the 2-2 entry in A; can be
expressed as

{Amm:meA’,l<j<n(pi),—oo<m<oo} (7)

It is noted that there are only finitely many different 2-1 entries in (7). Let K, denote
the maximum of the absolute values of the 2-1 entries from (7).

Now we pick up a large prime number P such that P > maxgq<ny K. Let A =
A" A To(P), where

To(P) = {(i Z) e SL(2,Z)|c = 0 (mod P)} .
Then no matrix in A has the 2-2 entry any of the p;’s. But on the other hand it is

straightforward to check that each of the p;’s passes every local obstruction. 0

We hope we have illustrated effectively the subtlety of our problem. While being trivial
in certain cases, the problem can become quite nontrivial in some other cases.



ON REPRESENTATION OF INTEGERS FROM THIN SUBGROUPS OF SL(2,Z) WITH PARABOLICS 5

Our method for proof of Theorem 1.2: Just like the predecessor of this paper [2], we
will use Hardy-Littlewood circle method combined with the orbital counting technique de-
veloped in [8] to prove Theorem 1.2. Let N be the main growing parameters, and write
N =TX, where T is thought to be a small power of N. Our ensemble is a set By consisting
of elements v € A pointing at some specific angles with matrix norm bounded by T'. Each ~
corresponds to a linear form f,. We then let x range over some interval comparable to X (in
reality we weight x by (the dilation of) some compactly-supported smooth function ). We
then define a function Ry on Z such that Ry (n) roughly captures the number of times n is
represented as f,(z) and has the property that Ry (n) > 0 if and only if n is represented. By
analyzing the Fourier transform of Ry, we show that R (n) > 0 for almost every admissible
n, thus most admissible integers are represented.

Remark: One might ask if one can improve Theorem 1.2, say, by impriving the errior term
to be O(1), or by relaxing the restriction that ¢ is sufficiently close to 1. In both cases, it
seems that significantly new ideas are needed. We have tried to introduce two and more
variables (corresponding to multiple copies of parabolic subgroups), but just like the one-
variable method in our paper, they lead to a same obstacle in some part of the minor arc
analysis, which requires the critical exponent to be sufficiently close to 1 in order to get
cancellation in average.

Plan of the paper: In Sec.2, we describe the setup of the ensemble for the circle method.
In Sec.3, we state some counting results on infinite co-volume lattices of SL(2,R) developed
by Bourgain-Kontorovich-Sarnak [8]. Sec.4 and Sec.5 are devoted to major and minor arc
analysis, respectively.

Notations: The Greek letters €,n are small positive numbers, and the letter L is a large
positive number, all of which appear in several contexts. We assume that each time when
€, 1, L appear, we let €, not only satisfy the current claim, but also satisfy the claims in all
previous contexts. The symbol Za( 9 denotes a summation over all residues mod ¢ and the

symbol Z;( ;) denotes a summation over all residues @ mod ¢ with (a,q) = 1. The relation
f « g is synonymous with f = O(g), and f = g means f « g and g « f. Without further
specifying, all the implied constants depend at most on the group A, the vectors v and w
and the quantities €, 7, L.

Acknowledgement: The author is grateful for Professor Alex Kontorovich for proposing
the question, and his many detailed comments which lead to an improvement of an earlier
version of this paper. Thanks are also given to Junxian Li, for her numerous corrections for
a preliminary version of this paper.

2. SETUP OF THE CIRCLE METHOD

Recall that A is a finitely generated, non-elementary subgroup of SL(2,7Z) containing a
parabolic subgroup. Without loss of generality we can assume this parabolic subgroup is

0 1
group. Let v = (v1,v3) and w = (wy,w;y) be two primitive vectors in Z? — 0. We assume

1 . .
Ay = { ( Jn) ‘ne Z}, because we can conjugate any parabolic subgroup to be such a
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that vy, wy # 0; otherwise we can always precompose v, w with some group elements from
A to have this property since A is non-elementary.

Observe that the set (v - Ay, W)go = {v1w; + wevy + Jwevin|n € Z} already gives a posi-
tive density subset of S. Moreover, other sets of such linear progressions can be obtained by

precomposing v - I'o, with some ~ = <a7 b”) €A
Cy  dy

Write §,(n) = Ayn + B,, where
A, = vi(cywy + dyws)J (8)
B, = vi(a,wy + byws) + va(cywy + dyws). (9)
Then we have (v -T'y, - 7, W)p. = {A,n + B,|n € Z}.
Let G = SL(2,R). We use the standard matrix norm | - | on G given by
H(a b)H =V + 02+ 2+ &
c d

Let N be the main growing parameter. We introduce two parameters 7' and X with
TX = N. The parameter T is a small power of N. In fact T could be any N¢ with
a € (0,1/2). We define the following homogeneous growing set By:

T
Bri={veAlhl <T.|4, > 1.
rim {realll <Al > 1o}

Let ¥ be a smooth non-negative function supported on (0.5,2.5) and ¢» = 1 on [1,2].

Now we are ready to define our representation function Ry:

Ru(n) = Y, v (5 ) Hh@) = n}. (10)

yeBT x€Z

Note that Ry (n) > 0 implies n is in the set S.

The Fourier transform of Ry is

Ru(0) = Y Yv(5) el (@)0). (11)

yeBT z€Z

One can recover Ry from 7%1\/ by the following Fourier inversion formula:

R(n) = f R (0)e(—nb)do. (12)

0

From Dirichlet’s approximation theorem, given any positive integer M, and for every real
1
q_M.
Write 6 = % + (. The integer M is also called the depth of approximation. In our context

we set

a

number 6 € [0, 1), there exist coprime integers a, ¢ such that 1 < ¢ < M and ‘0 — 4

<

M = T1+€0’

where ¢ is a fixed and an arbitrarily small positive quantity.
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A general philosophy for circle method is that most contribution to the integral (12)
should come from the neighborhoods of rationals with small denominators, and we call such
neighborhoods major arcs. We introduce two parameters )y, Ky such that the major arcs
corresponds to ¢ < Qo, < K. Both Q, and K, are small powers of N and are determined

at (40).

We define the following hat function
t:=min(l+x,1—2)"

i(y) = (“gy))

In particular, t is a nonnegative function.

whose Fourier transform is

From t, we construct a spike function ¥ which captures the major arcs:

STl e

q<Qo a(q) meZ

We then define our “main” term to be
1

Mo (n) = J T(0) B (0)e(—nf)db (14)

0
and the “error” term to be

Enn) = f (1= T(6)) B (0)e(—nb)do. (15)

0

Theorem 1.5 of [8] implies that # By = T2, Therefore, the total input Ry (0) = T%X. We
expect the total mass is equidistributed among all admissible n = N. Indeed, in Section
(4), we will show that all admissible n € [-N,—N/2] U [N/2, N], we have My(n) » T?~1,
ignoring log factors:

Theorem 2.1. For N/2 < |n| < N, the main term My (n) is

1 20—1 .
> 10glog(10+|n\)T an € A’

« T?=1=¢ for some e > 0 otherwise.

We are not able to give a satisfactory individual bound for Ey(n) for each n, which would
improve the error term of (3) to be O(1). However, we are able to give an [? bound for Ey,
which shows £y is small in average:

Theorem 2.2. There exists a positive ) such that

Z En(n)? « TY2N,

nez

Assuming Theorem 2.1 and Theorem 2.2, Theorem 1.2 follows from a standard argument:
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Proof of Theorem 1.2 assuming Theorem 2.1 and Theorem 2.2. Let E(N) be the set of ad-
missible integers in [-N,—N/2] U [N/2, N] not in S, then for each n € E(N),

RN(TL) =0
and
1
_ T26_1.
En(n) = Mn(n) > log log(|n| + 10)
Therefore,
#E(N)T2/(loglog(|n| +10))> « > [Ex(n)]* « Y. |En(n)]> « T¥72N'7,
neE(N) nez

which leads to
#E(N) « N'™,

ignoring the log factors. 0

3. SEVERAL ORBITAL COUNTING ESTIMATES

In this section we state some orbital counting estimates which are used in the sequel. We
carry over all previous notations.

Let G = SL(2,R) and A < SL(2,Z) be a finitely generated, non-elementary Fuchian
group of the second kind containing parabolics, and let ¢ be the Hausdorff dimension of the
limit set of A. We assume § > 5/6.

We require the following Sobolev-type norm. Let {X;} be an orthonormal basis for the
Lie algebra g = s[(2,R). Each vector X; is then extended to a left G-invariant vector field
on (G, for which we still denote by X;. Then the norm S, r is defined by

Seo,rf = sup sup [ Xif(g)],
i gl<T
for f € C*(G). That is, S, 7 is the supreme norm of the first order derivatives of f in the
ball of radius 7" about the identity.
Let A(q) be the principal congruence subgroup of A, i.e. A(q) = {v € Aly = I(mod q)},
and let A, be the set A/A(q).
The following two orbital-counting theorems are due to Bourgain-Kontorovich-Sarnak [8].

Theorem 3.1. Let A be as above. Fix any v € A and ¢ > 1. Let f : G — C be a smooth
function with |f| < 1. There ezists a fivzed “bad” integer B such that for g = ¢'q",q" | B, we
have

S 10 = (3 F0) + €)+ O((1 + Sunf)FTHH) (16)
vzlig\T(Q)) " e

Here €, « T?~% for some ag > 0. All the implied constants are independent of v and q.

Proof. In [8] Bourgain-Kontorovich-Sarnak proved a version of this theorem with By replaced
by the expanding set {7y € A : ||v| < T}. The same proof goes through for Br as well. O
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Theorem 3.2. Let v,w € Z? and assume N/2 < |n| < N and X < x < 2X. Then we have

Loz N T +201
Z 1{|<V (0 1)-7,W>R2—n| 2K0}>>70+0(T i(logT)%)

YEBr

PN

Proof. This is application of Theorem 1.15 in [8]. O

Theorem 3.2 essentially counts points of A pointing at some shrinking angles. Such a
counting is valid, as long as the shrinking rate, measured by Kj) is slow enough (depending
on the spectral gap).

Remark: Theorem 3.1 has been extended vastly to the setting of SO(n, 1) by Mohammadi
and Oh [12].

4. MAJOR ARC ANALYSIS

The purpose of this section is to prove Theorem 2.1. The main player in our analysis is
the Bp-sum of Ry (6) (see (11)), that is, we fix z in (11), and we apply Theorem 3.1 to the
Br-sum to get the desired estimate for Ry(6).

Inserting (11) into (14), we obtain

f ;22 mZZ ( (Mm—%))m(me(—ne)cze
- 5 3 [ 1(%2) R+ 01t opas

q<Qo a(qg
SRR (TR ) P

Now we split >, _p into A(g)-cosets and apply Theorem 3.1, and for simplicity we assume
B =1 so we don’t have the €, term. In general, if B # 1, then the &, term corresponds to
a contribution coming from a “new form” that appears at level ¢’ with spectral parameter
> %. By Gamburd’s Theorem, there are only finitely many such forms, and the bad integer
B is the least common multiple of all such ¢’. Then we can work with A(B), the principal
congruence subgroup of A of level B, so that we don’t have the €, term in the statement of
Theorem 3.1, if we replace A by A(B). The set S can be written as a finite union of the sets
of the form (v;A(B), w;), and we can work with each of them and combine the results.
We have:

S e (e -m (5 +2))
- Y e(la-nt) 3 elh@-n

YoEA q ~YEBT
¥="0(A(q))

=2 ¢ ((fw(w) —n) 5) ( #1Aq (Z e ((j,(x) = n) @)) +0<T?25+5’1>) (18)

GBT
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Plugging (18) back into (17), we have

S e (2 2 e(tut-m?)

z€Z q<Qo a(q) 10
HN QT3 Ko X
ZJ (K) () = )5)d6+0< ikl )
(K, -
Zw( )GQox ) Z t(ﬁ(f’y(ﬂﬂ >>+O(T2é 17%%551)’ (19)
YEBT

where

Sara) = 3 e 2 X e (o) -1 %), (20)

a<Qo Ag a(q) 1€,

It is noted that the definition of &, ,(n) is independent of x and we can abbreviate S, ..(n)
to &g, (n). This is because the innermost sum

Se(t@-ni)= 5 (o 1)wm)g) = B e(enwi),

Thus we have split each z-summand of My (n) into a product of a modular piece Sg,(n)

and an Archimedean piece 524 (£) 2eBy (52 (f,(z) = n)).
The analysis for the the modular piece Gg,(n) is identical to the one in Sec. 4.2 of [5],
from which we have

Lemma 4.1.
1 .
» ifne A
6@0(”) — { « lciglog(10+|n|)

~= for some € > 0 otherwise.

We apply Theorem 3.2 to analyze the sum ) n (19). Noting that {(y) > 0.4 when

ly| < 1/2, so for x € [ X, 2X], we have

veByr 1

> (B -m) » T ot 21

~YeBr 0

Lemma 4.1, together with (21) thus implies Theorem 2.1 once the parameters Ky, Qo are
set with the error term not overtaking the main term, or

QKo « T7073, (22)
Ko « T3%-1, (23)

5. MINOR ARC ANALYSIS

The purpose of this section is to prove Theorem 2.2, which gives an [; bound for £y. The

main player of our analysis is the x—sum of ]?ZN(G), where we can use the Poisson summation
to get cancellation.
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By Plancherel, proving Theorem 2.2 is the same as to prove
J 11— TO)P[Rn(6)Pd6 « TN,

To analyze (24), we consider the following four integrals:

) " (% ) ot + o as

q<Qo a(g
a 2

PPN f Ru(® +5)| dp,

q<Q0a |B|\ qM q

’ ~ a 2

N B2+ )] a5,

Qo<g<M a(q) YW <IBI<gz q
[4 = Z Z J ‘RN + 6)’ dﬁ:

Qo<q<M a(q) YIBl<%

(24)

(25)

(26)

(27)

(28)

and give the bound T%*2N'=" for each. Indeed, the integration intervals of Iy, I, I3, I,
cover the whole interval [0, 1] by Dirichlet’s approximation theorem, and the integrants of

I, Iy, Iy, I, dominate |1 — T(0)|2|Ry(8)[? in the corresponding intervals. Therefore,

f L= SOPRa(O)d6 « I + I + Iy + L.

Recall the definition of Ry from (11). We use Poisson summation for the z variable to

rewrite Ry:

;T;Zw(;) e (R +5>)
<fw ) 3 o ()t

’YGBT zo(g
<fw ) Z v (2 € Gy o + 42)9)
“{GBT zo(q z€Z

YEBT 20(q

_A Z N e <f7 o) ) (%) " (AWXB + %) e(B,f)

'yEBT yeZ x0(q)

Z Z <f7 > il ;—(q$> e (f(zo + qz)pB) e(xy)dx

X ¥ Rttad, -y =oae (U2 )5 (4x54 15 )elmp) (@)

yeBr yeZ

As W is compactly supported, T decays faster than any polynomial rate. Since |f| <

we have |4, X[ < &¥ « 2. Therefore, if y # 0, then |4, X3 + %| » |%| Therefore,

qM qreo
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the contribution from y # 0 terms to (29) is « Zy#O(yLX)L «p (5)* for any L > 1, so is
O(N~L) for any L > 1, thus negligible. We thus have

~ a aB ~
R (24) =X 3 104, =0a)e (“22) § (4, X8)e(B,9) + OV (0
q ~eBr q
for any L > 1.
Since \TJ(AWXﬁ) « (NB)~L for any L > 1, from (30) we have
‘ﬁN (g - 6) ’ <« XT®(NB)~* (31)
for any L > 1, where we used |A,| » T

Set L = 1in (31) and apply it to the integral I;. We have

2
X2T46 Q%XQTM
]1<<ZZJKO<KO) NQBQdB«N—KO' (32)

q<Qo a(q)

Thus if we set
Q5 < Ko, (33)
then we have
I « T¥2N',
For the integral I, again we apply (31) and take L large, and we have
245

X*T
I, « Z Z f X2 TY(NB)tdp « AT

q<Qo af ,8|> 0

« TH2 N1,

We deal the integral I3 in the same way as I5. The integral I, is the most problematic,
and our method requires ¢ close to 1 in order to get cancellation. First we prove an auxiliary
lemma:

Lemma 5.1. Fiz v € By, then we have

Z 1{<Av”Bv/) = (A’Y’B’Y)} «l1

Y'€Br

Proof. Recalling the definition of A,, B, from (8), the relation (A, B,/) = (A,, B,) can be

rephrased as
0 a, by wi) (0 v Ay by w1
v va) \¢y dy) \wa)  \wvi wve) \cy dy) \ws)’

Cancelling the invertible matrix <B Zl
1 V2

ay by _ (ay, by (1 —wwon win
Cyr dy ¢y d, —win 1 4+ wywyn

) in the above relation, we see that v/~ '+ stabilizes

W, or
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for some n € Z. So we have
'll)214,y
U1J

Since A, » T', ¢y,cyy « T and vy, we # 0, we only have « 1 many choices for n, thus the
lemma, follows.

Cyr = Cy —

0]
We split I, dyadically as follows: write
/ - a 2
Io - | R+ o[ as. (34)
Q<q=<2Q a(q) YIAI<% q
where Qp < Q < M. Tt is enough to prove Ig « TH"2N1=" for every Q € [Qo, M].
Using (30), we have
/ a B - B /
e ¥ N[ XY ¥ i =0 = o (B
Q<q<2Qa(q) “IPISN  4eBry'eBr q
x ¢ (A, X ) (Ay X B) e((By — By)B)dB + O(N~F)
X? _
N Z Z 2 H{A, = 0(¢)}1{A, = 0(q)}|cy(B, — By)| + N~* (35)
QR<q<2Q veBr v'€Br
where ¢,(n) = Z;(q)e(%) is the Ramanujan’s sum. Fixing n, ¢,(n) is a multiplicative

function with respect to ¢. In the following, we will use the following elementary bound for
cq(n):
|cq(n)] < ged(g, n).
Apply Lemma 5.1 to (35) and augment the set {(A,,B,) : v € By} to all vectors in a
square [—aT, aT]? (we can take o to be, say \/{V, V)ps - (W, W)gs),

Ip < XWZ Z Z 1{m = 0(q)}1{m' = 0(q)} - gcd(q,n —n') + N~ %, (36)

QR<q<2@Q m,n,m' n'«T

We split (36) into Ié:) and Ig) according to n = n’ or not. For I, we have

5 Y Y Um=0@hm =0} g+ N

Q<q<2@Q m,n,m'<T
X? T3
<57 Y ¢+ NP «TN. (37)
Q<qg<2@Q q
Since § > 5/6, we have

IS « TN « 72N,
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Now we deal with Ig):

1y <<XW2 D> ged(gn—n) D 1{m=0(g)}1{m = 0(g)} + N *

n,n’' «T Q<q<2Q m,m/<T
n#n’

SR N I N e

2
NQ nn/«T t|(n—n') Q<q<2Q
n#£n/ tlq
<« NT® (38)
Q
Therefore we require
Qo » T, (39)
in order to make
Z—gé) « T4572N1777.
Conclusion : Collecting (22), (23), (33), (39), we find we can set
KO = T%_%aQO = T%g_%_el> (40)
where €, is an arbitrary small positive number, and we can take
593
0g = —. 41
0= 205 (41)
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